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ABSTRACT

In this paper, a methodology of mixed-tone recur-
sive least squares algorithm development based on
an orthogonal projection approach and a new vari-
able tap-length mechanism is presented for per-tone
equalisation (PTEQ) in discrete multitone systems.
A mixed-tone cost function described as the sum of
weight estimated errors is minimised to achieve the
solutions for different per-tone equalisers simultane-
ously. We describe about the inverse square-root re-
cursive least squares algorithm based upon the QR-
decomposition which preserves the Hermitian symme-
try of the inverse autocorrelation matrix by means
of the product of square-root matrix and its Her-
mitian transpose. Such symmetrical property lends
the benefit to the parallel implementation. In order
to reduce the computational complexity, a new vari-
able tap-length algorithm based on the sense of mean
square mixted-tone errors is introduced to search a
proper choice of tap-length of PTEQ. Simulation re-
sults show the improvement of achievable bit rate and
signal to noise ratio performance as compared to the
PTEQ exploiting conventional recursive least squares
algorithm.

Keywords: Discrete Multitone (DMT), Adaptive
Equalisation, Per-tone Equalisation (PTEQ), Mixed-
tone Cost Function, Mixed-tone Recursive Least
Squares (MT-RLS) Algorithm, Inverse Square-root
RLS (iQR-RLS) Algorithm, a Variable Tap-length
Algorithm

1. INTRODUCTION

Discrete multitone (DMT) is a digital implemen-
tation technique widely used for high speed wired
multicarrier transmission such as asymmetric digital
subscriber lines (ADSLs) [1]. It is a well known issue
that, in DMT theory, there is no overlapping between
tones (subcarriers) due to orthogonality derived from
the discrete Fourier transformation among them. In
practice, frequency selective fading channel generally
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destroys such orthogonal structure leading to infor-
mation interfering from adjacent tones as commonly
known as intercarrier interference.

In such case, information supposedly belonging
to a particular subcarrier (or tone) generally smear
into adjacent tones and leave some residual energy in
them. In order to eliminate intercarrier interference
(ICI) and intersymbol interference (ISI), the cyclic
prefix (CP) is inserted among DMT-symbols to ar-
range subchannels separately.

Conventional equalisation of DMT-based systems
consists of an adaptive (real) time-domain equaliser
(TEQ) which shortens the convolutional result of
TEQ and channel impulse response (CIR), so that
IST can be effectively handled by CP and ICI can also
be mitigated. A (complex) one-tap frequency-domain
equaliser (FEQ) is applied subsequently to compen-
sate for amplitude and phase of distortion [1], [2].
However, TEQs are not designed to achieve the max-
imum bit rate performance [3]. The so-called per-tone
equalisation which is a frequency-domain equalisation
scheme for each tone has been introduced in [4].

A per-tone equalisation scheme using a technique
based on transferring the (real) TEQ-operations to
the frequency-domain is done per tone after the fast
Fourier transform (FFT) demodulation. This enables
us to accomplish the signal to noise ratio (SNR) op-
timisation per tone, because the equalisation of each
tone is independent of other tones as suggested in [4].
This PTEQ performance has been presented to be
better than any TEQ-based receiver, while its com-
plexity during data transmission can be kept at the
same level.

Based on the recursive least squares (RLS) algo-
rithm, adaptive RLS-based PTEQ algorithm requires
second order information as autocorrelation matrix of
the sliding discrete Fourier transform (DFT) of the
received signal. In [5], it is shown that a significant
part of RLS-based computations for storing and up-
dating can be shared among different tones leading
to sufficiently low initialisation complexity.

Nevertheless, the PTEQs concentrate on the detec-
tion on their own tones and do not explicitly reject
the interference of transmitted information suppos-
edly belonging to the others. It is possible for the
equalisation in the tone of interest, however, to re-
trieve adaptively the knowledge of residual interfer-
ing signal energy from adjacent tones to gain SNR
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Fig.1: Block diagram of a discrete multitone system.

improvement of the tone of interest. This principle
leads to the proposal of a novel structure of a mixed-
tone PTEQ for DMT systems [6].

Because of the numerical instability of conven-
tional RLS algorithm, the inverse Square-Root RLS
(iIQR-RLS) algorithm, known as the inverse QR-
decomposition RLS algorithm, is used in parallel im-
plementation in forms of the fast algorithm with the
method of [7], [8]. In addition, the symmetrical LU-
decomposition of inverse covariance matrix also befits
to parallel implementation in forms of systolic array
[9].

According to the complexity and convergence rate,
the tap-length of a linear filter is an important param-
eter that influences significantly the performance and
computational complexity of a minimum mean square
error (MMSE) adaptive filter. As proved in [10], the
shorter filter has faster convergence than the longer
one. It is desirable to derive algorithms that can au-
tomatically find the optimum tap-length. In recent
years, several variable tap-length mechanisms have
been proposed in [11]-[13].

Based on the least mean square (LMS) algorithm,
the computational complexity cost and excess mean
square error will increase if the tap-length is too
long [12]. Therefore, a variable tap-length algorithm
needs to search a proper choice of the tap-length. The
fractional tap-length (FT) algorithm is designed to
consider the optimal filter tap-length based on the
MSE output. As analysed in [11], the variable tap-
length algorithm using the concept of the FT algo-
rithm is more robust and has lower computational
cost when compared with other methods. But there
is no scheme that optimises the tap-length based on
the mean square mixed-tone errors and the recursive
least squares (RLS) algorithm.

We describe an overview of system model and no-
tation in Section 2.and a solution of the PTEQ de-
sign criterion as given in Section 3. The derivation
of proposed mixed-tone inverse squre-root recursive
least squres (MTiQR-RLS) criterion is described in
Section 4.and can be designed recursively with the
orthogonal projection.

We introduce a new variable tap-length RLS algo-
rithm with reduced computational complexity per up-
date in Section 4.5based on the fractional tap-length
mechanism for the complex-valued PTEQ framework.
The proposed MTiQR-RLS algorithm with a new
variable tap-length method presented in Section 5.

which is particularly designed to work in conjunc-
tion with the complex-valued PTEQ structure. Anal-
ysis of proposed variable tap-length algorithm is in-
troduced in Section 6. Simulation results show in Sec-
tion 7and Section 8concludes the paper.

2. SYSTEM MODEL AND NOTATION

We describe briefly the basic structure of the DMT
transceiver shown in Fig. 1. The incoming bit stream
is mapped using the quadrature amplitude modu-
lation on each tone and then split into N parallel
paths. A sequence of N x 1 input vectors X n,
where Xp N = [Zro Zr.n-1]T, is also mod-
ulated with the method of inverse discrete Fourier
transform (IDFT). Including the CP among symbols,
the IDFT outputs are then transformed into serial
DMT-symbols and sent through the channel.

The data model based on an FIR model of the
transmission channel is presented in (1) shown at the
bottom of this page, where A is the synchronisation
delay and [ denotes the first considered sample of the
k-th received DMT symbol vector y and transmitted
vector X.

Hr
——
Yk, 1+A [ BT ] 0 - Xk—1,N Nk, 1+A
| ~ [og) . |0 TOPFN) X | : ’ (1)
Yk, N—I+A R Xk+1,N M, N—I+A
0[h ] M
Yy n
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The 7 is a vector with the additive white Gaussian
noise (AWGN) and near-end crosstalk (NEXT). The
h is channel impulse responce (CIR) vector in reverse
order. The Fiy = F&¥ is of N x N (I)DFT matrix
and N is the size of (I)DFT. The (N +v)x N P, ma-
trix which adds the CP of length v. The matrices 01
and 0 g) are also the zero matrices. The matrix I is an
identity matrix. The parameter Ny is range of active
tones, n is the tone index and k is the symbol index.
Some notation will be used throughout this paper
as follows: the operator ()7, ()7 and (-)* denote
as the Hermitian, transpose and complex conjugate
operator, respectively. A tilde over the variable indi-
cates the frequency-domain. The vectors are in bold
lowercase and matrices are in bold uppercase.

3. PER-TONE EQUALISATION

This section describes the concept of per-tone
equaliser (PTEQ) in DMT-based systems. We re-
fer the readers to [4] for more details. The per-tone
equalisation structure is based on transferring the
TEQ-operations into the frequency-domain ones after
DFT demodulation, which results in a L-tap PTEQ
for each tone separately. For each tone n, the TEQ-
operation is shown as follows.

1DFT
—N—
n = Zn  row, (Fn)- (Y- -w),
row, (Fy-Y)-
—_——

L DFTs

1-tap FEQ
(2)
(3)

W Zp ,
———

L—tap FEQ v,

where d,, is the output after frequency-domain equal-
isation for tone n. The Z, is the (complex) 1-tap FEQ
for tone n. The parameter w is of (real) L-tap TEQ.
The matrix Y is a Toeplitz matrix of channel output
samples.

The PTEQ output Z; on each tone n can be speci-
fied forn € Ny as &y, = f)kH-jfk , where p,, is the L-tap
complex-valued PTEQ vector at symbol k. The y, is
the sliding DFT output as

I, | O |

- Iy

Fn(n,:) Yo

F’Vl

(4)

where F,, isa (L —1) x (N + L — 1) matrix. By using
the sliding DFT, the first block row of matrix F,, in
(4) extracts the difference terms where Fy (n,:) is the
n-th row of Fs, while the last row corresponds to the
usual DFT operation as shown in [4]. The vector y
is of channel output samples as described in (1).

4. MIXED-TONE INVERSE SQUARE-ROOT
RECURSIVE LEAST SQUARES PER-
TONE EQUALISATION WITH VARI-
ABLE TAP-LENGTH

In this section, we describe shortly the orthogo-
nal projection matrix for the mixed-tone PTEQ in
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Fig.2: A p,, and its orthogonal projection as well
as Ty, are shown in two-dimentional subspace S* [6].

Section 4.1. The mixed-tone cost function which is
presented as the sum of mixed-tone weight-estimated
errors in Section 4.2

In Section 4.3 , we derive an adaptive mixed-
tone RLS with orthogonal projection algorithm for
per-tone equalisation by means of the mixed-tone
cost function. Section 4.4 introduces the inverse
square-root recursive least squares (IQR-RLS) algo-
rithm based on the mixed-tone cost function. Then,
we introduce a new variable tap-length method in the
sense of mean square mixed-tone errors presented in
Section 4.5.

4.1 The orthogonal projection matrix

The illustration of the p,,, and its orthogonal pro-
jection as well as X,,, for two-dimensional subspace 52
is depicted in Fig. 2. The error e;: associated with
the orthogonal projection of p,,, II:p,,, where IL;
denotes as the orthogonal projection matrix of p,,,
will be used in the update of the p, where g # m.

The orthogonal projection matrix Il which is
the matrix difference determined by the vector P
as [14]

()

where I denotes as the identity matrix. We note that
the orthogonal projection matrix is mentioned by the
vector p,,, at tone m.

4.2 The mixed-tone recursive least squares
cost function

We introduce the idea of using orthogonal projec-
tion of adjacent equalisers to include the information
of interfering tones while equalisation of the interefer-
ing tones themselves are not affected. Therefore, the
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mixed-tone exponentially least squares cost function
to be minimised is defined as [6]

M k
DD NTHEWY, (6)

m=1 =1

DN =

where &; ,, denotes as the mixed-tone estimate error
with the parameter estimate tap-weight py, ,,, for tone
m € M as

L
~ ~H ~ ~
Ei,m = Tim — pk,in,m - Z(Hk l pk l) Yi,l ) (7)
=1
form#1l, L<M—-1.

and A is the exponential weighting-factor or
forgetting-factor. The orthogonal projection matrix
applied to the tap-weight vector py ,, as Hklmf)k,m
yields the mixed-tone estimated error & . 7

With the definition for this cost function, the mth
term on the right-hand side of (6) represents as the
estimated error of the step k due to the m!*-tone
equaliser Py, ,,.

4.3 A mixed-tone recursive least squares al-
gorithm

We now demonstrate the derivation of adaptive
mixed-tone recursive least squares (MT-RLS) algo-
rithm for per-tone equalisation in DMT-based sys-
tems.

The objective of this proposed algorithm is to min-
imise the mixed-tone cost function Jj,, shown in (6)
for each tone m, where m € M.

By taking the derivative of (6) with respect to
ﬁgm, we have

agk,m b P~ L
Dy

=1

(8)

Setting the result in (8) equals to zero. Then, we
get

k k
- Z )‘k_iyi,'rnyfm IA)k,m + Z )‘k_i yi,m'i;k,m
=1 =1
k _ L o
- Z)\kﬂ{f’k-,z Z(Htl Prs) Yri} =0
=1 =1
9)

The complexed value of tap-weight estimated py, ,,
vector in (9) can be expressed by the normal equa-
tions as

]Rk,m f)k7m = ik,m 5 (10)

= Z Ak_lytm{i;m - Z(Hﬁ,z pk,l)Hyk,l} .
i=1

where Ry ., denotes as an autocorrelation matrix of
the tap-input vector y, ,, as

Rk,m = Z Akii yz7myzH,m ) (11)

where A is a forgetting-factor parameter and zj ,, is
the cross-correlation vector as

k L

zk,m:ZAk Z~zm{mzm_Z(Htl pk,l) ykl}

i=1 =1
(12)

We may rewrite (11) in the recursion form as

]R/k:,m = )\ Rk—l,m + {yk,m ka7m} 9 (13)
where Ry, ,, denotes as the autocorrelation matrix of
tap-inputs yy, ,,, for each tone m at symbol k.

In a similar fashion, the cross-correlation vector
Zi.m in (12) can be expressed recursively as

L

Zim = A Zk—1,m + Vi {Zhm — Z(Hk 1 Pk l) Vi) -
=1
(14)

From (10), the estimate of tap-weight p, ,,, vector
is then defined as
Brom = R Zhm - (15)
where IRk m denotes as an inverse of the autocorrela-
tion matrix for tone m at symbol k and zj ,, is given
n (14).
Using the matrix inversion lemma', the inverse of

the autocorrelation matrix len can then be calcu-
lated in the following form as

Aisz 1 myk myk mRk 1,m
1+ A~ lyk,mkaLmyk,m

i |
Rk,m =A IRkfl,'m -

(16)
Substituting (16) in (15), we have
Phm = A~ 'R, mZhkm — A_ll;k,mygmﬁlz_leik,m )
(17)
where &k,m is the gain vector as given as
- AR ke 18)

= “1-H m-1 = :
I+A 1yk,mRk71,myk,m

THE MATRIX INVERSION LEMMA [15] Let A and B be two posi-
tive definite M-by-M matrices related by A= B~14C-D~1.
CH where D is a positive definite N-by-M matrix and C'is a
M-by-N matrix. We may express the inverse of the matrix A
by A= =B - BC (D+CH BC)~' CH B.
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Then, substituting (14) in (17), we arrive

f’k,m = A_lRI;—ll,m)\ 21@*117"
L
AR i - Y (b))
=1
L

on the inverse autocorrelation matrix, in place of op-
erating on the correlation matrix as in the conven-
tional QR-RLS algorithm [16].

Considering the step-by-step among the Kalman
and RLS variables, the iQR-RLS algorithm is a fun-
damentally square-root covariance Kalman algorithm
as given in [17].

- A_ll;k,mka,mRE}LmS’km{jz,m - Z(Hkl,lf)k,l)HS’k,l}

=1
— A‘ll;kymkaymR;_leA Zk—1,mPr—1,m -
(19)

We may rewrite (19) as

~ ~ ~H A
Pim = Pr—1,m — Kkm¥kmPr—1,m

For the convenience of computation, let
Qrom = Rigp, - (26)

Following [18], the inverse autocorrelation matrix
in (16) may be expressed as

-1 —2 ~ -1 ~H
Qrm = A7 Qi—1,m — A" Qi—1,mY bk Ve m Y k,m Qk—1,m

L
—17 ~H - - % 1 - H.
—-A lkk,myk,mRk_leYk,m{xk,m - Z(Hk,lpk,l) Vi) (27)
=1
L where the parameter v ,, is given as
— -1 ~ ~ % 1 - H . >
AR Ve (B = Y (TPr) Vi) -
=1 Ye,m = 1 + Ailyngkfl,myk,m' (28)

(20)
By rearranging (18), we obtain

- Ap-l = “1f  oH m-1 =
kk,m =A Rk_ljmyk,m - A kkvmyk,mRk—l,myk,m

= [A_lRl:il,m - A_llék,myk}{mﬂlzil,m] yk,m .
(21)

Using (18), we may rewrite the inverse autocorre-
lation matrix IR;}W in (16) as

Ry, = AR, — A*1Rk7my,§{m]ﬁ;fl7,,b . (22)

We note that the expression inside the bracket on

the right-handed side of (21) equals Rﬁn in (22). We
may simplify the gain vector ky, ,,, in (21) to

l;k,m = ]R];}n S’k,m . (23)

Finally, using (22) and (23) into (20), we get the
updating the tap-weight estimate PTEQ vector py, ,,
for m € M as

. . -1 = .
pk,m = pkfl,m + Rk,myk,m ék,m ) (24)

where the conjugate of a prior estimate mixed-tone
error &, at symbol k is given as

L

. . . R
Ekom = Thym — Pkalym Yim — Z(thpk,z) Yii -
=1
(25)

form#1, L<M-1

4.4 A mixed-tone inverse square-root recur-
sive least squares algorithm

We then describe briefly the inverse square-root
RLS (iQR-RLS) algorithm that determines especially

We then introduce the block matrix IM, its result
consists of the matrix product of right-handed on (27)
using the Cholesky factorisation as follows.

1 Crm 1 o”
M= ,71 3 H _1 % 7(29)
0 A 2Qk_1,m Ck,m A 2Qk_1,m
1
Ck,m = /\_%S’kH,infl,m' (30)

We may set the prearray to resulting postarray
transformation for inverse QR-RLS algorithm.

3 T
O = k,m 0 ‘|

1

~ 1 1
kk’m’ykz,m Q]k,

(31)

where O is a unitary rotation.
1
Note that the inverse autocorrelation Q; ,, in (31)
is the upper triangular matrix. Accordingly, the in-
verse autocorrelation Qy ,, may be defined with its
factor as
1 H
Qk,m = Q}?jm Qkim’ (32)
in virtue of the product of square matrix and its Her-
mitian transpose is always nonnegative matrix as de-
scribed in [17].  Therefore, the tap-weight estimate
PTEQ vector py, ,,, for m € M based on the proposed
mixed-tone inverse square-root RLS (MTiQR-RLS)
algorithm in the recursion form may be computed by

pk:,m = f)kfl,m + Qk,m S’k,m f;,m ) (33)

where &, ,,, is given in (25).
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4.5 A variable tap-length algorithm

We introduce a new variable tap-length method for
adjusting the tap-length and following the change of
the received signal in the sense of mean square mixed-
tone error described in Section 4.2 We assume that
the tap-length of the adaptive filter at steady-state
condition is a fixed value and denoted by L.

The corresponding steady-state adaptive tap-
weight vector p;, and input vector y;, ,, we define
the segmented steady-state mixed-tone error :Eigﬁk}m
at symbol k as

7k,myG,k,rn (34)

o
Qx

fG,k,m = fi'k,rn -

(TG gy f)G,k,l)HyG,i,l ;

M=

N
Il
-

for m#Il, L<M-—1.

where 1 < G < L. The vectors pg,,, and y¢ i m
are consisting of the first G-coefficient of the steady-
state tap-weight vector p; ,, and the input vector
Y An integer M is called the suboptimum tap-
length. The width of suboptimum is defined as the
number of successive suboptimum tap-length.

The mean square of this segmented steady-state
mixed-tone error with the tap-length G is defined as

gG,k = E{ |£~G,k,m|2 } ) (35)

where E{-} represents the statistical expectation.

The basis of this method is to find the minimum
value of L as min{L | (;_a — C;, < €} , where A is a
positive integer and € is a small positive value.

We introduce an adaptive pseudo-fractional tap-
length algorithm which is controlled using the differ-
ence of square of prediction mixed-tone errors with
the different tap-length, corresponding to Ly — A and
Lj. by the exponential average as

‘C’fk+1 = )"ka + (|£Lk*A,k|2 - |£Lk7k|2) ) (36)
where A is a forgetting-factor which is set close to
1. The parameter [ is the step-size for tap-length
adaptation.

Then, the tap-length Lj is obtained from

Lo :{ L5l

Lk )
where || is the floor operator and rounds the em-
braced value to the nearest integer. The parameter §
is a small integer.

It is obvious from (36) that, we may set
min{Ls } = A+ 1 to ensure Ly, > A + 1. Then,
we can verify that min{L;} = min{Ly, } + J, as con-
cluded in [11]. Thus, the fractional tap-length Ly,
and tap-length Lj should be initialised under this
conditions: L#(0) > A+ 1and L(0) > A+0+1

in the simulations.

\Lk = Lp | 26,

otherwise (37)

5. MTIQR-RLS PTEQS WITH VARIABLE
TAP-LENGTH

A recursive initialisation based on the QR
decomposition-based iQR-RLS algorithm [16] which
stores and updates the upper triangular of square-
root inverse matrix Uy, ,,, where the inverse autocorre-
lation Qg ., given in (27) is redefined using the prod-
uct of square matrix and its Hermitian transpose in
(32) as

Qi = U, UF,, (38)

We then introduce the proposed mixed-tone in-
verse square-root recursive least squares per-tone
equalisers (MTiQR-RLS PTEQs) with variable tap-
length that adjust adaptively for tone m € M. The
following pseudocode constitutes this algorithm.

Adaptive Algorithm : MTiQR-RLS with vari-
able tap-length

For m=1,....M
For k=1,...,K
Initialise the tone independent L(0), £(0), Uy, Py,

QOJ and §O~
1. Update L as

ﬁfk+1 =ALp + (‘ka—A,km’LF - |£Lk,7€7m|2)
L _ (Lpls Lk —=Lyp| 26
ktl L., otherwise
2. Form the matrix-vector product as
1.
a=\ 2ygk’k’mULk,k71,m

3. Determine Givens rotation [15] Qf for t =
1,..., Ly and update Ly, ,, as

O(L,—1)x1] a
[(%)X <~ QLk 'QLk—l Qg {ﬂ
D < A 2UL p1m
Ur, .k m- [ D }
Shekml Q. Qe Q|
&Ky m | br =t "0 ()
QLk,k,m <~ ka,k,mUng,k,m

4. Update &1, km as

For I=1,....M and [#m
L A CH 1. H
HLk.,k,l <I- Pr,. k1 [ka,k,l ka,k,l] Pr, k1
~ ~H ~
§Ly kym = Thym — PrL, k—1,mYL;.km
1 . H -
— (g, ki Prykt)” Yigh
1 . H -
_(HLk,k,l—lka,k,l—l) YL, k-1

1 .\ H -
Sl (HLk,k,Mka,k,JVI) YL, kM

end
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5. Update Py, ., as

~ ~ = *
Prokm < Prok—1mtQLikm Yi, km Ly km

end
end

By applying this algorithm to adaptively Lg-tap
PTEQ Py, km, an active tone has a Ly-tap PTEQ
which its input is the complex sliding-FFT output for
that tone and Ly — 1 difference terms. The upper tri-
angular matrix Uy, is stored and updated that can
be used to adapt the inverse autocorrelation matrix
Qr, k,m for every symbol.

The update of weight-vector py, ; ,,, with variable
tap-length Lj at symbol k£ and tone m is also per-
formed separately for each tone and every symbol by
means of adaptive inverse autocorrelation matrix.

6. ANALYSIS OF VARIABLE TAP-LENGTH
ALGORITHM

We analyse the convergence of proposed adaptive
pseudo-fractional tap-length algorithm which is intro-
duced in Section 4.5. According to Ly — A and Ly,
an pseudo-fractional tap-length parameter Ly, is ad-
justed adaptively by means of the difference of square
of prediction mixed-tone errors with the different tap-
length.

By taking expectations on both sides of (36), we
then arrive at

E{‘ka-u} =A E{‘ka} + 5 E{(éik—A,k) - (5Ek,k)} y
(39)

where L;, = E{L;}, which is an average tap-length
and

Coon = E{I¢0, 4% (40)
where ¢ ..k 18 the mean square mixed-tone error with
the average tap-length Ly, .

It is observed from (39), if L(0) = min{L;} and
A is larger than the width of the suboptimum tap-
length, Lj keeps increasing until

EEFA,IC - 5Ek,k <e. (41)
On the other hand, if L(0) is too large, Lj keeps
decreasing until

éﬂk—A,k - éf,k,k > €. (42)

It is noted that if 6 = 1 in (37), Lj, can converge
to the optimum tap-length L,,:. Generally, if § # 1,
L, will converge to a range of Lopt — 6 and Loy + 6
as described in [11].

We study the steady-state performance and as-
sume that the system has arrived at steady-state
when k& — oo . Therefore, the steady-state of tap-
length will converge to a fixed value as [12]

Lopt S L(OO) S Lopt + A (43)

As presented in [19], the initial parameters should
be predicted in order to obtain a small fluctuation of
the tap-length at the steady-state condition as

[Lopt = 0] +1 < L(0co) < [Lope +0] +1,  (44)

where 6 < 1.

7. SIMULATION RESULTS

In this section, the ADSL downstream simulations
with the carrier serving area (CSA) loop #1 and #5
were the representative of simulations with all 8 CSA
loops detailed in [20] as follows. The CSA+#1 loop is
a 7700 ft, 26-gauge loop with 26-gauge bridged tap of
length of 600 ft at 5900 ft. The CSA#5 is consisting
of 26-gauge bridged tap of length of 1200 ft at 5800
ft and of 24 and 26-gauge loop of length of 150 ft at
5950 ft and 1200 ft at 7150 and of 24 and 26-gauge
loop of 300 ft at 7450 ft and 300 ft at 7750 ft.

We implemented transmission simulations for the
ADSL-based downstream including additive white
Gaussian noise (AWGN) and near-end crosstalk
(NEXT) detailed as follows. The used tones for down-
stream transmission were starting at active tones 38
to 255 and unused tones including tones 8 to 32 for
upstream transmission were set to zero. The samples
of reference CSA loop were used for the entire test
channel, which comprises 512 coefficients of channel
impulse response.

Other parameters were as the sampling rate
fs = 2.208 MHz and the size of FFT N = 512. The
length of CP (v) was identical to 32. The synchroni-
sation delay was of 45. The SNR gap of 9.8dB, the
coding gain of 4.2dB, the noise margin of 6 dB, and
the input signal power of -40 dBm/Hz were used for
all active tones [21]. With the power of AWGN of
-140dBm/Hz and NEXT from 24 ADSL disturbers
were included in the test channel. The bit alloca-
tion calculation requires an estimate of SNR on tone
n € Ng, when the noise energy is estimated after per-
tone equalisation.

We compare the proposed MTiQR-RLS PTEQ
with variable tap-length method and conventional
complex RLS [22] PTEQ. The proposed MTiQR-
RLS PTEQ and RLS PTEQ were initialised with
Po=[100... 0]7 and Qy = ¢-I1,, where ¢ = 0.095.
The matrix iLk is the Lg x Ly identity matrix. Other
parameters of RLS PTEQ were kg = [100 ... 0]7
and of proposed MTiQR-RLS PTEQ were A = 4,
L(0) = L£#(0) =4 and 10, 6 = 0.025 and 5 = 1.

The forgetting-factor parameter A of adaptive RLS
PTEQ was fixed at 0.99 and the proposed MTiQR-
RLS PTEQ was increased from A = 0.999 during
between the active tones at 38 to 127, to A = 0.97
for the remaining updated active tones. The num-
ber of tap-length for underbounding « and over-
bounding w of proposed MTiQR-RLS were fixed at
a = 4 and w = 32. The number of tap-length of
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Fig.3: Trajectories of tap-length adaptation of pro-
posed MTiQR-RLS PTEQ with the initial tap-length
parameters L(0) = 4 and 10 of CSA loop #1.
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Fig.4: Trajectories of tap-length parameters of pro-
posed MTiQR-RLS PTEQ using L(0) = 4 at tone 50
and 250 of CSA loop #1 and #5.

RLS PTEQ was set to 32. Fig. 3 shows the learn-
ing curves of trajectories of variable tap-length Ly
at two different initialisation of L(0) of proposed
MTiQR-RLS PTEQ at active tone 50 and 250 for
the samples of CSA loop #1. It is noted that Ly
converges automatically to around the optimum tap-
length with the samples of two different values of ini-
tial variable tap-length L(0) = 4 and 10 and of ini-
tial parameter A = 4, respectively. We note that
the steady-state tap-length L(oo) fluctuates slightly
around | Loyt — 0] +1 < L(00) < |Lopt + 0] +1, where
0 < 1, corresponding to Section 6. Fig. 4 illustrates
the trajectories of tap-length L of proposed MTiQR-
RLS PTEQ for the samples of active tones at 50 and
250 with the fixed initial tap-length at L(0) = 4 of
CSA loop #1 and #5. It is shown that the tap-length
of the each tone can adjust adaptively to its own equi-

T T
MTiIQR-RLS, tone 50

= # = MTIQR-RLS, tone 130
MTiIQR-RLS, tone 200(7

. . . . . . .
0 50 100 150 200 250 300 350 400
number of DMT-symbols

Fig.5: Learning curves of SNR performance of pro-
posed MTiQR-RLS PTEQ using L(0) = L¢(0) = 4
with the different tones of CSA loop #1.

T T T T
10° | RLS, tone 50
—— RLS, tone 125
——=— RLS, tone 225

1111 MTIQR-RLS, tone 50
MTIQR-RLS, tone 125
= MTIQR-RLS, tone 225

E {8}

I I I
50 100 150 200 250
number of DMT-symbols

Fig.6: Sum of squared mized-tone errors curves of
proposed MTiQR-RLS and RLS PTEQs using L(0) =
L(0) = 4 with the different tones of CSA loop #1.

librium.

Fig. 5 shows the learning curves of signal to noise
ratio (SNR) performance of proposed MTiQR-RLS
PTEQ with the different active tones at 50, 130 and
200 for the samples of CSA loop #1. These results
indicate that the proposed MTiQR-RLS PTEQ con-
verge to steady-state at approximate 150 symbols of
all sampled tones. Fig. 6 reveals the sum of squared
mixed-tone errors curves of the proposed MTiQR-
RLS and RLS algorithms for the sample of CSA loop
#1 of active tones as 50, 125 and 225. It is noticed
that the proposed MTiQR-RLS algorithm can con-
verge to steady-state conditions as slower rate than
RLS algorithm with the lower errors shown at tone
225. Fig. 7 depicts the learning curves of trajectories
of variable tap-length L, at two different initialisa-
tion of L(0) of proposed MTiQR-RLS PTEQ for the
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Fig.7: Trajectories of tap-length adaptation of pro-
posed MTiQR-RLS PTEQ with the initial tap-length
L(0) =4 and 10 of CSA loop #5.
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Fig.8: Trajectories of tap-length of proposed

MTiQR-RLS PTEQ using L(0) = 10 at tone 50 and
250 of CSA loop #1 and #5.

samples of CSA loop #b5. Fig. 8 shows the trajecto-
ries of tap-length Ly of proposed MTiQR-RLS PTEQ
for the samples of active tones at 50 and 250 with the
fixed initial tap-length at L(0) = 10 of CSA loop #1
and #5.

Fig. 9 illustrates the learning curves of signal to
noise ratio (SNR) performance of proposed MTiQR-
RLS PTEQ with the different active tones at 50, 120
and 250 for the samples of CSA loop #5. Fig. 10
shows the learning curves of sum of squared mixed-
tone errors curves of the proposed MTiQR-RLS algo-
rithm as compared with RLS algorithm for the sam-
ple of CSA loop #5 of tones as 50, 120 and 250. We
notice that the RLS algorithm converge rapidly to
steady-state condition with higher error rate, while
the proposed MTiQR-RLS PTEQ can achieve lower
error rate than RLS algorithm shown at tone 225.

T T
MTIQR-RLS, tone 50

= + = MTIQR-RLS, tone 120
MTIQR-RLS, tone 250

s bRl A
MV Uy i

. . . . . . .
0 50 100 150 200 250 300 350 400
number of DMT-symbols

Fig.9: Learning curves of SNR performance of pro-
posed MTiQR-RLS PTEQ using L(0) = L¢(0) = 4
with the different tones of CSA loop #5.
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Fig.10: Sum of squared mized-tone errors curves of
proposed MTiQR-RLS and RLS PTEQs using L(0) =
L7(0) = 4 with the different tones of CSA loop #5.

8. CONCLUSION

In this paper, we present the proposed MTiQR-
RLS PTEQ design with variable tap-length algo-
rithm based on the mixed-tone cost funtion. With
the proposed variable tap-length mechanism, the low
complexity solutions for per-tone equalisation based
on RLS algorithm can be achieved. The proposed
MTiQR-RLS algorithm and proposed variable tap-
length method are derived by means of minimising
the mixed-tone cost function as the sum of weight-
estimated mixed-tone errors with the adaptive tap-
length at each iteration. The trajectories of tap-
length parameters are also shown to converge to equi-
librium with different initial parameters. The per-
formance analysis of proposed variable tap-length al-
gorithm at the steady-state is introduced that can
predict the optimum tap-length in order to obtain
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a small fluctuation of tap-length. Simulation results
with several ADSL-based parameters show that the
proposed MTiQR-RLS PTEQ is able to improve the
signal to noise ratio performance as compared with
RLS-PTEQ for the samples of CSA loops.
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