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ABSTRACT

The multi-period repetitive control system is a
type of servomechanism for a periodic reference in-
put. Even if a plant does not include time-delays,
using multi-period repetitive controllers, the trans-
fer function from the periodic reference input to the
output and that from the disturbance to the output
of the multi-period repetitive control system gener-
ally have infinite numbers of poles. To specify the
input-output characteristic and the disturbance at-
tenuation characteristic easily, Yamada and Takenaga
proposed the concept of simple multi-period repeti-
tive control systems, such that the controller works
as a stabilizing multi-period repetitive controller and
transfer functions from the periodic reference input
to the output and from the disturbance to the out-
put have finite numbers of poles. In addition, the pa-
rameterization of all stabilizing simple multi-period
repetitive controllers was clarified. Recently, the pa-
rameterization of all robust stabilizing simple multi-
period repetitive controllers for the plant with uncer-
tainty was clarified by Yamada et al. However, they
did not clarify the parameterization of all robust sta-
bilizing simple multi-period repetitive controllers for
multiple-input /multiple-output plants. In this paper,
we propose the parameterization of all robust sta-
bilizing simple multi-period repetitive controllers for
multiple-input/multiple-output plants.

Keywords: Robust Stability, Parameterization,
Multi-Period Repetitive Controller, Finite Number of
Poles, Multiple-Input/Multiple-Output Plant

1. INTRODUCTION

A modified repetitive control system is a type of
servomechanism for a periodic reference input, i.e.,
it follows a periodic reference input without steady
state error, even when there exists a periodic distur-
bance or an uncertainty of a plant [1-10]. However,
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the modified repetitive control system has a bad effect
on the disturbance attenuation characteristic [11], in
that at certain frequencies, the sensitivity to distur-
bances of a control system with a conventional repet-
itive controller becomes twice as worse as that of a
control system without a repetitive controller. Gotou
et al. overcame this problem by proposing a multi-
period repetitive control system [11]. However, the
phase angle of the low-pass filter in a multi-period
repetitive controller has a bad effect on the distur-
bance attenuation characteristics [12,13]. Yamada
et al. overcame this problem and proposed a design
method for multi-period repetitive controllers to at-
tenuate disturbances effectively [14, 15] using the time
advance compensation described in [12,13,16]. Using
this multi-period repetitive control structure, Stein-
buch proposed a design method for repetitive control
systems with uncertain period time [17].

On the other hand, there is an important control
problem of finding all stabilizing controllers, named
the parameterization problem [18-22]. The param-
eterization of all stabilizing multi-period repetitive
controllers was solved in [23,24]. However, when we
design stabilizing multi-period repetitive controllers
using the parameterization in [23,24], the input-
output frequency characteristics of the control sys-
tem cannot be determined easily. From a practical
point of view, the input-output frequency character-
istics of a control system must be determined easily.
Satoh et al. proposed the parameterization of all sta-
bilizing multi-period repetitive controllers with spec-
ified input-output frequency characteristics [25, 26].
However, multi-period repetitive controllers in [25,
26] cannot guarantee the stability of control system
for plants with uncertainties. Almost all real plants
include uncertainties. In some cases, the uncertain-
ties in the plant make the control system unstable.
Yamada et al. proposed the parameterization of all
robust stabilizing multi-period repetitive controllers
for plants with uncertainties [27].

Using the multi-period repetitive controllers in
[11,14,15,23-26], even if the plant does not include
time delays, the transfer function from the periodic
reference input to the output and that from the dis-
turbance to the output have infinite numbers of poles.
In this situation, it is difficult to specify the input-
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output characteristic and the disturbance attenua-
tion characteristic. From a practical point of view, it
is desirable that the input-output characteristic and
the disturbance attenuation characteristic are easy to
determine. To do this, transfer functions from the
periodic reference input to the output and from the
disturbance to the output should have finite num-
bers of poles. To overcome this problem, Yamada
and Takenaga proposed simple multi-period repeti-
tive control systems such that the controller works as
a multi-period repetitive controller and transfer func-
tions from the periodic reference input to the output
and from the disturbance to the output have finite
numbers of poles [29]. In addition, Yamada and Tak-
enaga clarified the parameterization of all stabiliz-
ing simple multi-period repetitive controllers. How-
ever, simple multi-period repetitive controllers in [29]
cannot guarantee the stability of control system for
plants with uncertainties. Yamada et al. proposed
the parameterization of all robust stabilizing simple
multi-period repetitive controllers for plants with un-
certainties [30]. However, the parameterization in [30]
cannot be applied to multiple-input/multiple-output
plants, because this parameterization is obtained us-
ing the characteristics of single-input/single-output
systems. Many real plants include multiple-input and
multiple-output. In addition, the parameterization is
useful to design stabilizing controllers [18-22]. There-
fore, the problem of obtaining the parameterization
of all robust stabilizing simple multi-period repetitive
controllers for multiple-input/multiple-output plants
is important.

In this paper, we propose the parameterization of
all robust stabilizing simple multi-period repetitive
controllers for multiple-input/multiple-output plants
such that the controller works as a robust stabilizing
multi-period repetitive controller and transfer func-
tions from the periodic reference input to the output
and from the disturbance to the output have finite
numbers of poles, when the uncertainty does not ex-
ist. This paper is organized as follows. In Section 2.

, the concept of the robust stabilizing simple multi-
period repetitive controller is presented. In addition,
in Section 2., the problem considered in this paper
is described. In Section 3., the parameterization of
all robust stabilizing simple multi-period repetitive
controllers is clarified. In Section 4., control char-
acteristics of a robust stabilizing simple multi-period
repetitive control system are described. In Section 5.

, we present a design procedure of robust stabiliz-
ing simple multi-period repetitive control system. In
Section 6., we show a numerical example to illustrate
the effectiveness of the proposed method. Section 7.

gives concluding remarks.

Notation

R the set of real numbers.

R(s)  the set of real rational functions
with s.

RH,, the set of stable proper real rational
functions.

H, the set of stable causal functions.

D+ orthogonal complement of D, i.e.,

[ D D+ ] or [ I?L ] is unitary.

AT transpose of A.

Af pseudo inverse of A.

o({-}) spectral radius of {-}.

a({-}) largest singular value of {-}.

I{H=  Heo normof {-}.

represents the state space descrip-
tion C(sI — A)™'B + D.

2. ROBUST STABILIZING SIMPLE MULTI-
PERIOD REPETITIVE CONTROL SYS-
TEMS AND PROBLEM FORMULATION

Consider the unity feedback control system in

Y
u
where G(s) € R™*P(s) is the plant, C(s) is the con-
troller, u € RP is the control input, d € R™ is the

disturbance, y € R™ is the output and r € R™ is the
periodic reference input with period T satisfying

=G(s)u+d
— Cls)(r—y) 0

r(t+T)=r() (Vt>0). (2)

It is assumed that m < p. The nominal plant of G(s)
is denoted by G,,(s) € R™*P(s). Both G(s) and
G (s) are assumed to have no zero or pole on the
imaginary axis. In addition, it is assumed that the
number of poles of G(s) in the closed right half plane
is equal to that of G,,(s). The relation between the
plant G(s) and the nominal plant G,,(s) is written as

G(s) = (I +A(5))Gm(s), (3)

where A(s) is an uncertainty. The set of A(s) is all
rational functions satisfying

o {A(jw)} < [Wr(jw)| (Vw e Ry), (4)

where Wr(s) € R(s) is a stable rational function.
The robust stability condition for the plant G(s)
with uncertainty A(s) satisfying (4) is given by

IT(s)Wr(8)ll oo <1, ()

where T'(s) is the complementary sensitivity function
written by

T(s) = (I + Gu(s)C() " Gm(s)C(s): (6)

According to [11,14,15,23-26], in order for the
output y to follow the periodic reference input r with
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period T in (1) with small steady state error, the
multi-period repetitive controller C(s) is written as

C(s) =
N —1
<I - Z qz‘(S)@sn) ) (7)

where N is an arbitrary positive integer, T; > 0 €
R (i = 1,...,N), Co(s) € RP*™(s), Cyi(s) €
RP*™(s)(i =1,..., N) satisfying rank C;(s) = m(i =
1,...,N), qi(s) € R™*™(s)(i = 1,...,N) are low-
pass filters satisfying Zf\[:l ¢:(0) = I and rank ¢;(s) =
m(i = 1,...,N). In the following, e *Ti(I —
Zivzl qi(s)e=*T:)~1 defines the internal model for the
periodic signal with period T. According to [11, 14,
15,23-26], if the low-pass filters ¢;(s)(i = 1,...,N)
satisfy

N

where wi(k = 0,..., Njuaz) are frequency compo-
nents of the periodic reference input r written by

2
WE = ?k

and wy,,,, is the maximum frequency component of
the periodic reference input r, then the output y in
(1) follows the periodic reference input r with a small
steady state error. The controller written by (7) is
called the multi-period repetitive controller [11,14,
15,23-26].

Using the multi-period repetitive controller C(s)
in (7), transfer functions from the periodic reference
input r to the output y and from the disturbance d
to the output y in (1) are written as

(I +G(s)C(s)) " G(s)C(s)r

(I + A(3))Gon(s) {C’o(s) + Z (Ci(s)
—sT; }

<
I

—Co(s)q

I+(I+A(s)G

)= {1+

N
=1
(I + A(s))Gm(5)C ( )}ai(s) — (I +A(s))
(10)

G (8)Ci(s)] efSTl] r

and
y = (I+G(s)C(s) " d
N
= (I — Zqi(s)eSn)
=1 N
I+ +A(s)G N I+
(I + A(5)Grn(5)Cols)} ails) — (I + A(s))
Gon(5)Ci(s)] 7] ' d, (11)
respectively.

Generally, transfer functions from the periodic ref-
erence input r to the output y in (10) and from the
disturbance d to the output y in (11) have infinite
numbers of poles, even if A(s) = 0. When transfer
functions from the periodic reference input r to the
output y and from the disturbance d to the output y
have infinite numbers of poles, it is difficult to specify
the input-output characteristic and the disturbance
attenuation characteristic. From the practical point
of view, it is desirable that the input-output charac-
teristic and the disturbance attenuation characteris-
tic are easily specified. In order to specify the input-
output characteristic and the disturbance attenuation
characteristic easily, transfer functions from the peri-
odic reference input r to the output y and from the
disturbance d to the output y are desirable to have
finite numbers of poles.

From above practical requirement, we define a ro-
bust stabilizing simple multi-period repetitive con-
troller as Definition 1 and clarify the parameteri-
zation of all robust stabilizing simple multi-period
repetitive controllers for multiple-input/multiple-
output plants.

Definition 1: (robust stabilizing simple multi-

period repetitive controller for multiple-input/multiple-
output plants)
We call the controller C(s) a “robust stabilizing sim-
ple multi-period repetitive controller for multiple-
input/multiple-output plants”, if following expres-
sions hold true:

1. The controller C(s) works as a multi-period repet-
itive controller. That is, the controller C(s) is written
by (7), where Cy(s) € RP*™(s), C;(s) € RP*™(s)(i =
1,..., N) satisfies rank C;(s) = m(i = 1,...,N) and
i(s) € R™™(s) (i = 1,..., N) satisfy YN, ¢;(0) =
I and rank ¢;(s) =m(i=1,...,N).

2. When A(s) = 0, the controller C(s) makes transfer
functions from the periodic reference input r to the
output y in (1) and from the disturbance d to the
output y in (1) have finite numbers of poles.

3. The controller C(s) satisfies the robust stability
condition in (5).
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3. THE PARAMETERIZATION OF ALL
ROBUST STABILIZING SIMPLE MULTI-
PERIOD REPETITIVE CONTROLLERS
FOR MULTIPLE-INPUT/MULTIPLE
-OUTPUT PLANTS

In this section, we clarify the parameterization of
all robust stabilizing simple multi-period repetitive
controllers for multiple-input/multiple-output plants
defined in Definition 1.

In order to obtain the parameterization of all ro-
bust stabilizing simple multi-period repetitive con-
trollers, we must see that controllers C(s) satisfying
(5). The problem of obtaining the controller C(s),
which is not necessarily a simple multi-period repet-
itive controller, satisfying (5) is equivalent to the fol-
lowing H., control problem. In order to obtain the
controller C(s) satistying (5), we consider the control
system shown in Fig. 1. P(s) is selected such that

P,
C(s) |«

Fig.1: Block diagram of Hy, control problem

the transfer function from w to z in Fig. 1 is equal to
T(s)Wr(s). The state space description of P(s) is, in
general,

z(t) = Az(t) +Biw(t) +Boul(t)
Z(t) = C’lx(t) +D12u(t) 5 (12)
y(t) = Coz(t) +Dxw(?)

where A € R"*" By € R"*™, By € R"*P, (] €
Rmxn’ CQ c Rmxn, D12 c Rmxp, D21 c Rm><m7
x(t) € R™, w(t) € R™, z(t) € R™, u(t) € RP and
y(t) € R™. P(s) is called the generalized plant. P(s)
is assumed to satisfy the following assumptions [31]:
1. (Cy, A) is detectable, (A, Bg) is stabilizable.

2. D15 has full column rank, and D,y has full row
rank.

A—jwl B
3. rank [ Ci sz } =n+p (Mwe Ry),
rank [ A—ngl DB211 } =n+m (Ywe Ry).

Under these assumptions, according to [31], follow-
ing lemma holds true.
Lemma 1: If controllers satisfying (5) exist, both

X (A - BQDIQQ) + (A - BQDIQCI)T X
X {BlBlT — By (D,Dy5) " BQT} X

T
+ (D13C1)" Di;C1 =0 (13)

and
Y (A - Blpglcg)T + <A - BID;@) Y

+Y {cchl —cf (DyDL) ™ 02} Y

T
+B1Dy; (B1D3) =0 (14)
have solutions X > 0 and Y > 0 such that
p(XY) <1 (15)

and bOth A*BQD1201+{BlBT7.BQ(Dngg)7lBg}X
and A — B, D},Cy + Y{CTCy — CT(Dy1 DL) 10y}
have no eigenvalue in the closed right half plane. Us-
ing X and Y, the parameterization of all controllers
satisfying (5) is given by

C(s)
= C11(s) + C12(s)Q(s)(I — Coz(s5)Q(s)) " Caa(s),
(16)
where
A, | By B,
gu(s) gm(s) } — |, | Dcll1 DC122 (17)
21(s)  Ca(s) Cea | Dea1 Deas
A, = A+BBTX-B, (DIQC1 + E;;BQTX)
(I -vx) (BlD;1 + YCQTE;ll)
(Co+ Dy BY X)),
Ba = (I-YX)"' (BiD}, +YCIE;),
By = (I-YX) ' (By+YCI Do) Er)/?,
Ca = -Di,C,—EL'BIX,
Coo = —Ey'"*(Co+ DyBTX),
Do =0, Dea=Ej,"? Deot = Ey''?, Deas =0,

E1g = D{,D19, B9 = Dy D3,

and Q(s) € Hy is any function satisfying ||Q(s)||,, <
1.

C(s) in (16) is written using Linear Fractional Trans-
formation(LFT). Using homogeneous transformation,
(16) is rewritten by

C(s) =
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where Z;;(s)(1 = 1,2;j =
1,2;j =1,2) are denoted by

Zu(s)  Zia(s)
[ Z21(8)  Zaa(s) }
[012(5)_011(5)05}(3)022(5) 011(8)03(8)]

1,2) and Zi;(s)(i =

B —Cy1(5)Caa(s) Coi(s
(19)
and
[ Zn(s) Zrals) }
Z21(s) Z22( )

Zoa(s)  Zia(s) Z11(s)
7 2o ]|

221 8) le(s) _221(5) 222(8)

= 1

_ l: le(s) 7212(5) :| |: ZQQ(S) Zlg(S) :l
—Z21(s)  Za(s) Zo1(s)  Zui(s)

(21)

Using Lemma 1, the parameterization of all robust
stabilizing simple multi-period repetitive controllers
for multiple-input/ multiple-output plants is given by
following theorem.

Theorem 1: If simple multi-period repetitive con-
trollers satisfying (5) exist, both (13) and (14) have
solutions X > 0 and Y > 0 such that (15) and both
A — ByDI,Cy + {BBT — By(D%,D15)"'BT} X and
A—B D}, Co+Y{CTC,—CT (Dy1 DL)~1C5} have no
eigenvalue in the closed right half plane. Using X and
Y, the parameterization of all robust stabilizing sim-
ple multi-period repetitive controllers satisfying (5) is
given by

C(s) = (Zu(s)Q(s) + Z12(s))
(Zzl() (5)+Z22(5))71

)+ Zaa(s ))71

8) + Z1a(s ))

(Q s (22)
where Zij(s)(i = 1,2;5 = 1,2) and Zi;(s)(i =
1,2;j = 1,2) are written by (19) and (20), and satisfy
(21) Cij(s)(i = 1,2;j = 1,2) are given by (17) and
Q(s) € Hgoxm is any functlon satisfying ||Q(s)[/,, <1
and written by

Qs) =

(Qn0<s> + Z Qni(s)e_sn)
(Qdo - Z Qai(s ‘STi> , (23)

Qni(s) = G2a(s)Qi(s) € RHE™
(i=1,...,N) (24)
and
Qai(s) = —G1a(s)Gan(s)Qi(s) € RHZ*™
(i=1,...,N). (25
Here, Gin(s) € RHZ*™, Giq(s) € RHZ*™,

Gon(s) € RHZ*P and Gaq4(s) € RHEXP are coprime
factors satisfying

Z23(8) + G () Z12(s) = G1n(s)G1, (s) (26)

and

G1,1 (5) (Z21(5) + Gn(5) Z11(5)) = Gan(5)Gay (3)-

(27)

Qno(s) € RHEX™ Quo(s) € RH™*™ and Q,(s) €
RHEX™ (4 =1,...,N) are any functions satisfying

5{222( (Qdo +Zde )

+221(0) (Qno + Zan >} =0,(28)
rank (Qni(s) — Quo(s)Qgg (5)Qai(s ))
=1, N) (29)
and rank Q;(s) =m (i=1,...,N).

Proof: First, the necessity is shown. That is,
we show that if the multi-period repetitive controller
written by (7) stabilizes the control system in (1) ro-
bustly and makes transfer functions from the periodic
reference input r to the output y in (10) and from
the disturbance d to the output y in (11) have fi-
nite numbers of poles, when A(s) = 0, then C(s) and
Q(s) are written by (22) and (23), respectively. From
Lemma 1, the parameterization of all robust stabiliz-
ing controllers C(s) for G(s) is written by (22), where
1Q(8)|leo < 1. In addition, Q(s) € HEX™ is any func-
tion. In order to prove the necessity, we will show
that if the controller C'(s) written by (22) works as a
multi-period repetitive controller, then Q(s) € HEX™
in (22) is written by (23). Substituting C(s) in (7)
into (22), we have (23), where

@Qno(8) = = Zon(5)Za(s) Zoa(s) Za(s)qa(s),  (30)
Qni(s) = —Zin(s) ~od(S):d(éi)qii(s)
+Zon(8)Za(s) Zoa(s) Za(s)qin(s)
(i=1,...,N), (31)
Qao(8) = Zon(8) Za(s)qa(s) (32)



30 ECTI TRANSACTIONS ON ELECTRICAL ENG., ELECTRONICS, AND COMMUNICATIONS VOL.10, NO.1 February 2012

and

Qai(s) = Zin(3)qa(s) — Zon(5) Za(s)qin(s)

(i=1,...,N). (33)
Here, Copn(s) € RHEX™, Coa(s) € RHZX™, Cin(s) €
RHEX™, C4(s) € RHZ*™, qin(s) € RHI*™,
qa(s) € RHI*™, Zon(s) € RHE™, Zyg(s) €
RHZ*™ Zin(s) € RHE™, Zy(s) € RHIX™
ZOn(S) S Rmem, Zod() S Rf[gxﬁm Zm(S) S
RH?>™ and Zy(s) € RH ™ are coprime factors
satisfying

CO(S) = COn( )C()dl() (34)
Ci(s)Coa(s) = Cin(s)Cy"(s)

(i=1,...,N), (35)

q(s) = qin(s)chl(s) (i=1,...,N), (36)

(Z2(5)Con(5) = Zra(5)Cua(s) ) Cas)

= ZOn( )ZOd( ) (37)

= Zon(8)Zy7(s) (i=1,...,N) (39)
and
Zo1(5)Cin(8) Zoa(s) Za(8) Zoa(s) = Zin(s)Zy " (s)
(i=1,...,N). (40)
From (30)~(33), all of Qno(s), Qni(s) (i =1,...,N),

Qao(s) and Qgi(s) (i = 1,...,N) are included in
RH,. Thus, we have shown that if C'(s) written by
(7) stabilize the control system in (1) robustly, Q(s)
in (22) is written by (23). Since Zfil ¢:(0) = I, from
(30)~(33) and (21), (28) holds true. In addition, from

the assumption of rank C;(s) =m (i =1,...,N) and
from (36), (38) and (40),

rank Z;,(s)=m (i=1,...,N) (41)
and

rank Zi,(s) =m (i=1,...,N) (42)

hold true. From (41), (42), (30), (31), (32) and (33),
(29) is satisfied. The rest to prove the necessity is
to show that when A(s) = 0, if C(s) in (7) makes
transfer functions from the periodic reference input
r to the output y and from the disturbance d to the
output y have finite numbers of poles, then @Q,;(s)

and Qg;(s) are written by (24) and (25), respectively.
From (23), when A(s) = 0, transfer functions from
the periodic reference input r to the output y and

from the disturbance d to the output y are written
by

Y= Gryn(s)GT_yld(s)r (43)
and
y = Gayn(5)Gayq(s)d, (44)

respectively, where

Gryn(s)
= Gm(s {le( )Qdo( )+le(5)QnO<s>

N
+ > (Z12(5)Qui(s) + Zua (s )Qm‘(s))e_sn},
i=1

(45)
ryd(s
= (Z22(s) + Gi(s) Z12(s)) Qao(s)
+(Zzl() Gm(5)Z11(8)) Qno(s)
+ Z {(Z22(s) + Gi(5) Z12(8)) Qai(s)
i—1
+(Z21(3) + G (8) Z11(8)) Qui(s)} e T,
(46)
Gayn(s)

= Z92(8)Quao(8) + Z21(5)Qno(s)
N

+ Z (Z22(8)Qui(8) + Zo1(3)Qni(s)) e T
=1

(47)
and
Gdyd(s
= (Z22(8) + Gm(s)Z12(s)) Qao(s)

+ (Zzl( )+ Gm(8)Z11(5)) Qno(s)

+ Z {(Z22(s) + Gin(5)Z12(5)) Qai(s)

+ (Z21(5) + Gm(5) Z11(5)) Qni(s)} e T
(48)

From the assumption that transfer functions from the
periodic reference input r to the output y in (43) and
from the disturbance d to the output y in (44) have
finite numbers of poles, (46) and (48),

(Z22(5) + G7rL(S)Z12(S)) Qdi(s)
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is satisfied. Using (26) and (27), this equation is

rewritten by

Qui(s) = 5 (8)Qui(s). (50)

Since @Qni(s) € RHEX™ and Qui(s) € RHI*™,
Qri(s) and Qg;(s) are written by (24) and (2 ), re-
spectively, where Q;(s) € RHEX™ (i = 1,...,N).
From the assumption that rank C;(s) = (z =
1,...,N) and from (31) and (33), rank Q;(s)
m(i = 1,...,N) holds true. We have thus proved
the necessity.

Next, the sufficiency is shown. That is, it is shown
that if C(s) and Q(s) € HEX™ are settled by (22) and
(23), respectively, then the controller C(s) is written
by the form in (7), Zfil ¢i(0) = I holds true and
transfer functions from the periodic reference input
r to the output y and from the disturbance d to the
output y have finite numbers of poles. Substituting
(23) into (22), we have (7), where Cy(s), C;(s)(i =
1,...,N)and ¢(s)(i =1,...,N) are written by

7G1d(5)G2n(5)G

Co(s) = (Z11(5)Qno(s) + Z12(5)Qao(s))
(Z21(8)Qno(s) + Za2(5)Qao(s)) ",

(51)

(QnO $)Qu0 (8) Zan (s +Z225>

(Qm(s QnO( QdO de S )
(Z21(5)Qno(8) + Z22(5)Qao(s)) ™"
(i=1,...,N)

7

(52)
and

— (Z21(8)Qni(8) + Z22(5)Quai(s))

(Z21(5)Quo(5) + Z22(5)Qao(s)) ™
(i=1,...,N). (53)
We find that if C(s) and Q(s) are settled by (22) and
(23), respectively, then the controller C(s) is writ-
ten by the form in (7). From rank Q;(s) = m(i =
1,...,N) and (52), rank C;(s) = m(i = 1,...,N)
hold true. Substituting (28) into (53), we have
ZZ]'V:1 ¢i(0) = I. In addition, from (24) and (25)
and easy manipulation, we can confirm that when
A(s) = 0, transfer functions from the periodic refer-
ence input r to the output y and from the disturbance
d to the output y have finite numbers of poles.

We have thus proved Theorem 1. [ ]

4. CONTROL CHARACTERISTICS

In this section, we describe control characteristics
of control system in (1) using the parameterization of
all robust stabilizing simple multi-period repetitive
controllers C(s) in (22).

First, we mention the input-output characteristic.
The transfer function S(s) from the periodic reference
input r to the error e = r — y is written by

S(s) = (I +C(s)G(s)) " = Su()S; (s),  (54)
where

Su(s)
N
= Cyl(s) {I + Z (Qai(s) — C22(5)Qni(s))

(Quo(s) ~ Caa()Quo(s)) ™ e~}
(Qao(s) — C22(5)Qno(s)) (55)
and
Sa(s)
= (Z22(s) + G(s) Z12(5)) Qao(s)
+ (Z21(s) + G(s) Z11(s)) Qno(s)

Z {(Z22(s) + G(s) Z12(s)) Qai(s)

+ (Z21(8) + G(5) Z11(5)) Qni(s)} e T4 (56)

From (54), for wi(k=0,..., Npmaz) in (9), which are
the frequency components of the periodic reference
input r, if

N
5 {I+ > (Qailjwr) —

i=1

Cm(jwk)Qm(jwk))

(Qao(jwr) — CZQ(jWk)QnO(jWk))il} ~0
(k=0,...,Nmaz),

then the output y in (1) follows the periodic reference
input r with small steady state error.

Next, we mention the disturbance attenuation
characteristic. The transfer function S(s) from the
disturbance d to the output y is written by (54), (55)
and (56). From (54), for the disturbance d with same

(57)

frequency components wg(k =0,..., Nyae) in (9) of
the periodic reference input r, if
N
o {I + ) (Qai(fwr) — Coz(jwr)Qni(jwr))
i=1

(Qaoljwr) = Caa (o) Quolioon)) ™} = 0

(k = 07 s vaax)v

then the disturbance d is attenuated effectively. For
the frequency component wq of the disturbance d that

is different from that of the periodic reference input
r, that is wg # wy, even if

N
a {I‘i' > (Qai(jwa) —

i=1

(58)

Ca2(jwa) Qni(jwa))

(Quoljwa) = Caa(jeoa)Quoljwa) ' } =0, (59)
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the disturbance d cannot be attenuated, because

edwali £ (60)

and

N
G {I + Z (Qai(jwa) — Coz(jwa)Qni(jwa))

(Quo(ja) — Coalio)Quo(jioa) " ¢34} 0.
(61)

In order to attenuate the frequency component wy of
the disturbance d that is different from that of the
periodic reference input r, if

Caa(jwa)Qno(jwa)} = 0,

7 {Qao(jwa) — (62)

then the disturbance d is attenuated effectively.

5. DESIGN PROCEDURE

In this section, a design procedure of robust
stabilizing simple multi-period repetitive controllers
C(s) for multiple-input/multiple-output plants is pre-
sented.

A design procedure of robust stabilizing sim-
ple multi-period repetitive controllers C(s) satisfying
Theorem 1 is summarized as follows:

Procedure

Step 1) Obtain C11(s), Ci2(s), Cai(s) and Caa(s) by
solving the robust stability problem using the Riccati
equation based H,, control.

Step 2) Qno(s) € RHs is settled so that for
the frequency component wy of the disturbance d,
7(Qao(jwa) — Caa(jwa)Qno(jwa)) is effectively small.
In order to design @Qno(s) to make 7(Quo(jwa) —
Ca2(jwa)Qno(jwa)) effectively small, Qno(s) is settled
by

Qno(s) = ;20( )qa(5)Qao(s),

where Ca9,(s) € RH, is an outer function of Cay(s)
satisfying

(63)

022(5) = 0221(5)0220(5)7 (64)
C22i(3)
0221‘(0) = [ and 5’{022i(jw)} =1 (Vw S R+),

a low-pass filter satisfying g4(0) = I, as

€ RH, is an inner function satisfying

qa(s) is

qa(s)

di 1 1
— 1a P
& (14 s741)"" 7 7 (14 s74p) "
(65)

is valid, ag; (i = 1,...,p) are arbitrary positive in-

tegers to make CJ,_(s)ga(s) proper and 74, € R (i =

1,...,p) are any positive real numbers satisfying

1
e

1+ jwgTar)”
1

) WWH ~0. (66)

Step 3) Qi(s) € RH, (i = 1,...,N) are set-
tled so that for the frequency component wy(k =
0,..., Nmaz) of the periodic reference input r, 6{I +
YL (Qai(jr) — Con(jeon)Quilien)) (Qao(jwr) —
Coo(jwi)Qno(jwr)) 1} ~ 0(k =0,..., Nyaa) is sat-

g {I — Ca;(jwaq)diag {

isfied. In order to design Q;(s) (¢ =1,...,N) to hold
N
o {I + Z (Qai(jwr) — Co2(jwr)Qni(jwi))
i=1

(Quoljeor) — Caz(jeon) Quosn)) ™ }

N
G {I > (Gra(jwr)Gan (jwr)

i=1
+C2(jwi) Gaa(jwr)) Qi (jwr)
(Qao(jwr) = Caa(jeon) Qmolwn) ™ }

~ O(k = O max) (67)
Qi(s) € RHy(i=1,...,N) are settled by
Qi(s)
= HJ(5)dri(s) (Qao(s) — Co2(5)Qno(s))
(i=1,...,N), (68)
where H,(s) € RH, is an outer function of
H(S) = Gld(S)ng(S) + CQQ(S)GQd(S) (69)
satisfying
H{(s) = Hi(s)Ho(s), (70)

H;(s) € RH is an inner function satisfying H;(0) =
I and 6{H;(jw)} = 1 Vw € Ry), Gi(s) (i =
1,...,N) are low-pass filters satisfying Zf\; G-:(0) =
1, as

QM'(S)

1 1 1

—di —
N e {(1+sm)aﬂ’ ’(1+srrp)%}
(i=1,...,N) (71)

are valid, a,;(1 = 1,...,p) are arbitrary positive in-
tegers to make H(s)g.;(s) proper and 7,.; € R(i =
1,...,p) are any positive real numbers satisfying

N g 1
5|1 — H,(j E —di - .
7 l (jWk) i=1 N e {(1 “‘jwkﬂ"l)aﬂ

1
,——————————— | =20 (k=0,..., Npaz)-
(1 "’kaTrp) i }} ( )

(72)
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6. NUMERICAL EXAMPLE

In this section, a numerical example is illustrated
to show the effectiveness of the proposed method.

Consider the problem to obtain the parameteri-
zation of all robust stabilizing simple multi-period
repetitive controllers for the plant G(s) in (3), where
the nominal plant G, (s) and the upper bound Wr(s)
of the set of A(s) are given by

s+3 2
Guls) = | CZDET DT )
(s—2)(s+9) (s—2)(s+9)
and
Wir(s) = 2 ;5%00 (74)

The period T of the periodic reference input r in (2)
is T = 4[sec|. Solving the robust stability problem
using Riccati equation based H,, control as Theorem
1, the parameterization of all robust stabilizing simple
multi-period repetitive controllers C(s) is obtained as
(22), where N is selected as N =3 and T; (1 = 1,2,3)
areset as T; =T -1 (1 =1,2,3).
In order for disturbances both

d
Sty
_ sin(t) + sin(27t) + sin(3mt)
- { 2sin(rt) + 2sin(2rt) + 2sin(3t) ](75)

i)
do
sin (%t) + sin (%t + sin 3
2sin (%t) + 2sin (%) + 2sin (%)

and

to be attenuated effectively and for the output y =
[y1,92]T to follow the periodic reference input

1

o
sin (%t) + sin(nt) + sin 2 )

2sin(77}t)—|—2sm (mt —|—251n< )

ﬁ
I

(77)

with small steady state error, Q,o(s) and Q;(s)(i =
1,2,3) are settled by (63) and (68), where

Qao(s) = (78)
1
Ga(s) = 0.00203 1 (1) ’ (79)

0.002s +1

and
_ 1 0
- 3(0.01 1
Gri(s) = ( Os+ ) 1
3(0.01s+1)
(i=1,2,3). (80)

When Quo(s) and Qi(s) (i = 1,2,3) are set as
(78) and (68), the fact that Q(s) € Hy in (23)
is confirmed as follows: Since Qno(s) € RH. and
Qni(s) € RHy (i = 1,2,3), if the Nyquist plot of
det{Qao(s) +Z§:1 Qai(s)e~*Ti} does not encircle the
origin, then Q(s) € H. holds true. The Nyquist

plot of det{Qao(s) + Zle Quai(s)e~*Ti} is shown in
Fig. 2. From Fig. 2, since the Nyquist plot of

3

x 10

E o

_l,

_2,

_3,

Oo6 0997 0998 0.999 Ri 1001 1002 1003 1004
e

Fig.2: The Nyquist plot of det{Quo(s) +

Z§=1 Qai(s)e T}

det{Qao(s) +Z§’:1 Quai(s)e=*Ti} does not encircle the
origin, we find that Q(s) € Hy holds true.

The largest singular value plot of Q(s) is shown
in Fig. 3. Figure 3 shows that the designed Q(s)

-1.6

Largest Singular Value [dB]

24 I 1
10° 10° 10"
Frequency [rad/sec]

Fig.3: The largest singular value plot of Q(s)

satisfies ||Q(s),, < 1.
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When A(s) is given by

s —100 200
ao=[ 50 Tl @
s+500 s+ 600

the largest singular value plot of A(s) and the gain
plot of Wr(s) are shown in Fig. 4. Here, the solid

14

120-

100~

Gain[dB]
s (=2} @
? ? 2

n
?

-20 L I

10%

10
Frequency[rad/sec]

Fig.4: The largest singular value plot of A(s) and
the gain plot of Wr(s)

line shows the gain plot of Wr(s) and the dotted line
shows the largest singular value plot of A(s). Figure
4 shows that the uncertainty A(s) satisfies (4).
Using above-mentioned parameters, we have a ro-
bust stabilizing simple multi-period repetitive con-
troller. When the designed robust stabilizing simple
multi-period repetitive controller C(s) is used, the
response of the error ¢ = r —y = [eg,e5]” in (1)
for the periodic reference input = in (77) is shown in
Fig. 5. Here, the broken line shows the response of

0, 10, €0, &0

i

0 2 4 6 8 10 12 14 16
t[sec]

Fig.5: The response of the error e(t) for the periodic
reference input r(t) in (77)

the periodic reference input 71, the dotted line shows

that of the periodic reference input 75, the solid line
shows that of the error e; and the dotted and broken
line shows that of the error es. Figure 5 shows that
the output y follows the periodic reference input r in
(77) with small steady state error, even if the plant
has uncertainty A(s).

Next, using the designed robust stabilizing sim-
ple multi-period repetitive controller C(s), the dis-
turbance attenuation characteristic is shown. The re-
sponse of the output y for the disturbance d in (75)
of which the frequency component is equivalent to
that of the periodic reference input r is shown in Fig.
6. Here, the broken line shows the response of the

5= -
- & Z : . z SR
4f: i i i = FER R d, |
B = o t B i _yl(t)
37 - T yz(t) I
£s n "
I
g i i
> EOREH T S
e © Ve g
Y IS tf@ i
= BN rSE SN
= bR S IR AR S | 2,
< R AT &
S TR AL
- 1; ' H
i at 14
ay ar i
_47 A
_5 o I bl I 4 2 | z
0 2 4 6 8 10 12 14 16

t[sec]

Fig.6: The response of the output y(t) for the dis-
turbance d(t) in (75)

disturbance dy, the dotted line shows that of the dis-
turbance ds, the solid line shows that of the output
y1 and the dotted and broken line shows that of the
output yo. Figure 6 shows that the disturbance d in
(75) is attenuated effectively. Finally, the response of
the output y for the disturbance d in (76) of which the
frequency component is different from that of the pe-
riodic reference input 7 is shown in Fig. 7. Here, the
broken line shows the response of the disturbance dy,
the dotted line shows that of the disturbance ds, the
solid line shows that of the output y; and the dotted
and broken line shows that of the output y,. Figure
7 shows that the disturbance d in (76) is attenuated
effectively.

In this way, we find that we can easily design a
robust stabilizing simple multi-period repetitive con-
troller using Theorem 1.

7. CONCLUSIONS

In this paper, we proposed the parameterization of
all robust stabilizing simple multi-period repetitive
controllers for multiple-input/multiple-output plant
with uncertainties. That is, we found out the parame-
terization of all robust stabilizing simple multi-period
repetitive controllers C(s) written as the form in (7)
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- 40
L |
— v,
0

-3t

-4+

0 5 10 15 20 25 30
t[sec]

Fig.7: The response of the output y(t) for the dis-
turbance d(t) in (76)

such that the control system in (1) is robustly sta-
ble, the output y follows the periodic reference input
r with small steady state error even in the presence
of uncertainty A(s) and transfer functions from the
periodic reference input to the output and from the
disturbance to the output have finite numbers of poles
when the uncertainty A(s) = 0. Control characteris-
tics of a robust stabilizing simple multi-period repet-
itive control system are presented, as well as a design
procedure for a robust stabilizing simple multi-period
repetitive controller. A numerical example was shown
to illustrate the effectiveness of the proposed param-
eterization.

This work was supported by JSPS Grant-in-Aid
for Scientific Research (A20560210).
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