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A Simple and Accurate Formula for Oscillating
Amplitude of CMOS LC Di�erential Oscillator

Nikorn Hen- ngam∗ and Jirayuth Mahatanakul∗∗ , Non-members

ABSTRACT

The conventional formula for the oscillation am-
plitude of the CMOS LC di�erential oscillator was
derived under the assumption that the current from
sourced coupled pair �owing though LC tank is a
square wave. This is not in line with the real situ-
ation and the obtained formula is independent of the
MOSFET parameters. In this paper, a derivation of
a simple and accurate expression for oscillating am-
plitude of CMOS LC di�erential oscillator in which
the current from sourced coupled pair is assumed to
be clipped sinusoid is presented. By comparing to the
simulation results, it was found that the new expres-
sion of oscillating amplitude is more accurate than
the widely used conventional expression.
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1. INTRODUCTION

Oscillation amplitude is one of the important pa-
rameters of an oscillator. For a local oscillator (LO)
in the transceiver, phase noise, which is the ratio be-
tween the power of main oscillation amplitude and
sideband noise (see Fig. 1), is one of the key pa-
rameters in wireless telecommunication system. The
e�ect of phase noise in downconversion process in RF
transceiver is illustrated in Fig. 2 where the wanted
signal is corrupted by the interferer even though they
are in di�erent frequency bands [1].

Fig. 3 shows the widely used LC CMOS oscillator,
which is composed of cross-coupled MOS source cou-
pled pair and LC tank. The resistance rs/2 is the par-
asitic element associated with the losses in the induc-
tor. Together with phase noise and power consump-
tion, the oscillation amplitude is one of the most im-
portant speci�cations for a local oscillator employed
in RF applications. The oscillator in Fig. 3 provides
sinusoidal voltage

Vosc(t) = Vp sin(2πfosct+ θ) (1)
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Fig.1: Spectrum of the voltage signal from an actual
oscillator.

Fig.2: Downconversion by mixing the RF signal
with a LO signal.

fosc =
1

2π
√
LsC

(2)

is the oscillation frequency and Vp is the oscillation
amplitude whose expression is conventionally given
as [2-5]

Vp =
2IssLs

πrsC
(3)

However according to (3) the value of Vp is inde-
pendent of the MOSFET device parameters, which
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Fig.3: CMOS cross-coupled di�erential oscillator.

does not re�ect the real situation. In this paper, the
more accurate expression of Vp will be derived and
the results compared with the simulation results.

2. DIFFERENTAIL MODE ANALYSIS OF

SUBCIRCUITS IN CMOS DIFFEREN-

TIAL OSCILLATOR

The oscillator in Fig. 3 can be divided into two
parts, i.e. the LC tank and the cross-coupled CMOS
network. In this section, the di�erential-mode (DM)
half circuits of these subcircuits will be derived. Fig.
4(a) shows LC tank in the oscillator in Fig. 3. Ac-
cording to di�erential-mode (DM) analysis in the Ap-
pendix, the DM half circuit of LC tank in Fig. 4(a)
is shown in Fig. 4(b) where

VD = V1 − V2 and ID = I1 − I2

By performing ac analysis, the impedance of DM LC
tank in Fig. 4(b) can be found to be

Za(f) =
j2πfLs/2 + rs

(j2πf)2LsC + j2πfCrs + 1
(4)

However, at frequencies close to oscillation frequency,
fosc, Za is equation (4) can be approximated as

Za(f) ≈
j2πfLs/2

(j2πf)2LsC + j2πfCrs + 1
(5)

By rearranging Eq. (5), we obtain

Za(f) ≈
1

j2πfoscC/2 + 1
j2πfoscLs/2

+ 1
RL/2

(6)

where

RL =
Ls

rsC
(7)

which corresponds to the LRC parallel network in
Fig. 4(c).

Fig.4: (a) LC tank used in Fig. 3 (b) DM half
circuit of the LC tank in (a) (c) Parallel RLC tank

Fig.5: AC responses of impedance functions in Eq.
(4) and (5) where Ls = 12.6nH, C = 2pf and rs =
4.41 Ω.

As shown in Fig. 5, the impedances of the LC net-
works in Fig. 4(b) and (c) are almost identical to each
other at frequencies close to oscillation frequency. [6]
By using MOSFET square law, the relationship be-
tween DM input voltage and DM output current,

VD = V1 − V2 and ID = I1 − I2

of the CMOS sourced coupled pair in Fig. 6 can be
described by the following equation [7],

ID =


−Iss ; VD < −Vs

gmVD

√
1−

(
V
D

gm
2Iss

)2
; −Vs < VD < Vs

Iss ; VD > Vs

(8)
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Fig.6: CMOS source coupled pair.

Fig.7: (a) DM I-V curve of CMOS source coupled
pair (b) Piecewise-linear approximation of the curve
in (a).

where

Vs =

√
2ISS

µnCox(W/L)
(9)

and

gm =
√

IssµnCox(W/L) (10)

However in the following analysis the piecewise-
linear curve in Fig. 7(b) will be used in preference to
the curve in Fig. 7(a). This is necessary otherwise the
analysis will become too complicated and we would
not be able to �nd the the closed-form solution for
the oscillation amplitude.

Fig. 8(a) shows the cross-coupled sourced coupled
pair network employed in the oscillator in Fig. 3. By
comparing the circuit of Fig. 8(a) to that of Fig. 6(a),
the large-signal DM half circuit of Fig. 8(a) can be
obtained as shown in Fig. 8(b).

3. OSCILATION AMPLITUDE CALCULA-

TION

According to Fig. 4 and 8 from the previous sec-
tion, the DM half circuit of the di�erential CMOS
oscillator in Fig. 3 can be illustrated in Fig. 9.

Since the upper and lower parts in Fig 9 are con-
nected in parallel, the circuit in Fig. 9 can be redrawn
to emphasize this as shown in Fig. 10.

Fig.8: (a) Cross-coupled source coupled pair in Fig.
3 (b) I-V characteristic of the circuit in (a) .

Fig.9: DM half-circuit of the oscillator in Fig.3.

Fig.10: The circuit in Fig. 9 redrawn to emphasize
parallel connection between the top and bottom parts.
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Fig.11: The circuit of Fig. 10 after scaling.

Fig.12: The waveform of Vosc in Fig. 11.

Fig.13: The waveform of I in Fig. 11.

Referring to Fig. 10, if we scale up the value of
the impedance of the RLC parallel network and scale
down the I-V curve of the block in the left hand side
by the same factor, the value of Vosc will be the same.
By performing such scaling with the scaling factor of
two (such that the inductance, resistance and capac-
itance become Ls, RL and C respectively), we obtain
the circuit in Fig. 11.

According to Fig. 11, the relationship between Vosc

and I can be described by the equation,

I(t) =


−Iss
2Vm

Vosc(t) ; |Vosc(t)| < Vs
Iss
2 ; Vosc(t) < −Vs

−Iss
2 ; Vosc(t) > Vs

(11)

Therefore if the oscillating voltage Vosc is pure sinu-
soidal (Fig. 12), the waveforms of the current I can
be shown in Fig. 13.

3.1 Conventional Expression

Conventional expression of the oscillation ampli-
tude in equation (3) can be obtained by assuming
that the wave form of the current I is a square wave
as shown in Fig. 14. [5]

By employing Fourier analysis, the current I in
Fig. 14 can be broken down into two components as

Fig.14: The waveform of I when approximated as a
square wave.

Fig.15: The waveforms of I(t), Ifund(t) and Ihar(t).

I(t) = Ifund(t) + Ihar(t) (12)

where

Ifund(t) =
2Iss sinωosct

π
(13)

and

Ihar(t) =
2Iss
π

[
sin 3ωosct

3
+

sin 5ωosct

5
+ ..

]
(14)

The waveforms of Ifund and Ihar are shown in
Fig. 15. At oscillation frequency ωosc = 2πfosc , the
impedance of LC is in�nity and thus the fundamental
current Ifund would not �ow into the LC network at
all. As a result, the current Ifund would �ow only
into RL causing Vosc to be sinusoidal with amplitude
[2-5]

Vp =
2IssRL

π
(15)

By substituting (7) into (15), we have

Vp =
2IssLs

πrsC
(16)

However according to (16), the value of Vp is inde-
pendent of the MOSFET device parameters, which
should not be the case. In the next subsection, a
more accurate expression of Vp will be derived and
the results will be compared with the simulation re-
sults

3.2 New Expression

Referring to Fig. 13, according to Fourier series
analysis, the current I, which is a clipped sinusoidal,
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Fig.16: Plots of Equations (17) and (21).

is composed of fundamental element at frequency fosc
and in�nite number of harmonic elements. The mag-
nitude of such a fundamental element can be found
as

Ifund =

(
a
√
1− a2 + sin−1 a

a

)
Iss
π

(17)

where

a =
Vs

Vp
(18)

Now since a is always less than unity, we can use the
following Taylor series approximations√

1− a2 = 1− a2

2
(19)

and

sin−1(a) ∼= a− a3

6
(20)

to approximate equation (17) as

Ifund
∼=
(
2− a2

3

)
Iss
π

(21)

It can be observed from Fig. 16 that equation
(21) is a very good approximation of equation (17)
until variable a is higher than about 0.8. Since the
impedance of LC parallel network at fosc is in�nite,
the fundamental element of the current I would �ow
only through RL producing Vosc with amplitude

Vp = IfundRL (22)

Substituting (21) into (22) gives

Vp =

(
2− a2

3

)
IssRL

π
(23)

It should be noted that in the case where Vs is much
smaller than Vp, the variable a = Vs/Vp will become
small and equation (23) can be reduced to

Vp =
2IssRL

π
(24)

Fig.17: Geometric representation of variable B3 in
the complex plane.

By substituting (7) into (24), we have

Vp =
2IssLs

πrsC
(25)

which is the same as the conventional expression in
equation (16).

Now by substituting (18) into (23) and rearranging
the results, we obtain the cubic equation

a3

3
− 2a+ d = 0 (26)

where

d =
πVs

IssRL

(27)

By solving (26), we have

a =
B

4
+

2

B
+ j

√
3(

B

4
− 2

B
) (28)

where for

d < (29/144)1/2 = 1.886 (29)

B is a complex entity and can be expressed as (see
Fig. 17 for the plot of B3 in complex plane)

B =
[
12d+ j

√
29 − (12d)2

]1/3
(30)

It can be observed from Fig. 17 that the magnitude
of B3 is ∣∣B3

∣∣ = √
29 (31)

and thus

|B|2 =
(√

23
)2

= 8 (32)

By substituting the above equation to the identity
equation

|B|2 = BB∗ (33)
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Fig.18: Plots of the left-hand side and right-hand
side of equation (38).

and rearranging the result, we have

2

B
=

B∗

4
(34)

Substituting (34) into (28) gives

a =
B +B∗

4
+ j

√
3

(
B −B∗

4

)
(35)

Then by using the identities

B+B∗

2 = Re [B] and
B−B∗

2 = jIm [B]

equation (35) can be re-written as

a =
Re [B]−

√
3Im [B]

2
(36)

By substituting (36) into (18) we have

Vp =
2Vs

Re [B]−
√
3Im [B]

(37)

According to Fig. 18 we found that

2

Re [B]−
√
3Im [B]

∼=
2

d
− d

π2 (38)

and thus by substituting (38) into (37), we have

Vp
∼=
(
2

d
− d

π2

)
Vs (39)

Substituting (9) into (39) gives

Vp =

(
2

d
− d

π2

)√
2ISS

µnCox(W/L)
(40)

Lastly by substituting (27) into (40) and rearranging
the result, we obtain

Vp =
2IssLs

πrsC
− 2rsC

πµnCox(W/L)Ls

(41)

Fig.19: Simulated waveforms and FFT of the Vosc

of Fig 3 where W/L = 35µm/2µm for (a) Iss =
1.1mA and (b) Iss = 0.9mA.

By comparing (41) to the conventional expression in
(16), it can be found that the value of Vp in (41) is
less than the conventional expression by

Vdiff =
2rsC

πµnCox(W/L)Ls

(42)

which is dependent upon values of MOS parameters
and passive elements.

4. SIMULATION RESULTS

By using the 0.35 micron AMS CMOS technology
process parameters, the oscillator of Fig. 1 was de-
signed to have oscillation frequency of 1 GHz. The de-
signed oscillators were simulated with Virtuoso Spec-
tre and the simulation results are shown in Fig. 19
and 20

It can be observed from Fig. 20(a) that the oscil-
lating amplitude is dependent upon the bias current
Iss and the simulation results are in better agreement
with the derived expression in equation (41) than the
conventional expression in equation (16). However
from Fig. 20(b), we can see that the derived expres-
sion will not give accurate results when d < 1.886
which is the lower limit for d (see (29)).

5. CONCLUSION

In this paper, the CMOS LC di�erential oscillator
is analyzed and the new expression of oscillating am-
plitude is derived. The derived expression in equation
(41) contains a term that is dependent on the MOS-
FET device parameters, which is not the case for the
conventional expression in equation (16). It can be
observed from Fig. 20 that when compared to the
simulation result, the derived expression is found to
be much more accurate than the conventional expres-
sion.
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Fig.20: The oscillation amplitude of the oscillator
in Fig. 3 along with the analytical results Eq. (16)
and (41) where µnCox=0.12mA/V 2

APPENDIX

Fig.21: Analyzed network.

Referring to Fig. 21, the currents I1 and I2 can be
found to be

I1 =
V1

Z2

+
V1 − V2

Z1

(43)

and

I2 =
V2

Z2

+
V2 − V1

Z1

(44)

respectively. If the DM voltage and DM current are
conventionally de�ned as

VD = V1 − V2 (45)

and

ID = I1 − I2 (46)

respectively. Subsituting (43) and (44) into (46)
yields

ID =
V1 − V2

Z2

+
V1 − V2

Z1/2
(47)

Then by substituing (45) into (47), we obtain

ID =
VD

Z2

+
VD

Z1/2
(48)

Fig.22: DM Half circuit of the network in Fig. A1.

According to equation (48), the DM half circuit of
the network in Fig. 21 can be illustrated in Fig. 22.
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