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ABSTRACT

A common practice in designing a feedback sys-
tem with a non-rational transfer matrix is to replace
the non-rational matrix with an appropriate ratio-
nal approximant during the design process so that
reliable and e�cient computational tools for rational
systems can be utilized. Consequently, a criterion
of approximation is required to ensure that the con-
troller obtained from the approximant still provides
satisfactory results for the original system. This pa-
per derives such a criterion for the case of two-input
two-output feedback systems in which the design ob-
jective is to ensure that the errors and the controller
outputs always stay within prescribed bounds when-
ever the inputs satisfy certain bounding conditions.
For a given rational approximant matrix, the criterion
is expressed as a set of inequalities that can be solved
in practice. It will be seen that the criterion gen-
eralizes a known result for single-input single-output
systems. Finally, a controller for a binary distillation
column is designed by using the criterion in conjunc-
tion with the method of inequalities.

Keywords: Feedback systems, Rational approxi-
mants, Two-input two-output systems, Non-rational
systems, Peak outputs, Method of inequalities.

1. INTRODUCTION

A common practice in designing a feedback system
in which the plant is described by non-rational trans-
fer functions, is to replace the non-rational functions
with rational approximants so that well-developed
computational tools for rational systems can be uti-
lized. To this end, a number of researchers have been
prompted to investigate and/or develop methods for
approximating a non-rational transfer function by a
rational one. For example, Gibilaro and Lees [1] and
Zakian [2] investigated methods for simplifying trans-
fer functions using moment approximants, whereas
Lam [3] reduced models of delay systems using Padé
approximants for exponential functions. In addition,
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Gu et al. [4] used a method based on Fourier trans-
form techniques. A number of references can be found
in the literature concerning how to obtain rational ap-
proximants (see, for example, [1�4] and the references
therein).

The approach of replacing non-rational transfer
functions with rational approximants in the design
process is useful especially when computational tools
for non-rational transfer functions are not readily
available. However, it may fail to give satisfactory
results for the original system if the approximants
are not su�ciently close to the original models. In
order to ensure that the design carried out with the
approximants is valid for the original system, a cri-
terion of approximation needs to be explicitly taken
into account in the formulation of the design problem.

Consider the two-input two-output feedback sys-
tem described by

ui = ki1 ⋆ e1 + ki2 ⋆ e2

ei = fi − gi1 ⋆ u1 − gi2 ⋆ u2

}
, i = 1, 2 (1)

where f , [f1, f2]
T is the input vector, G(s) ,

[Gij(s)]2×2 is the plant transfer matrix andK(s,p) ,
[Kij(s,p)]2×2 is the controller transfer matrix char-
acterized by a design parameter p ∈ RN (see Fig. 1).
Let e , [e1, e2]

T and u , [u1, u2]
T be the error vector

and the control vector of the system (1), respectively.
Also, let kij : [0,∞) → R and gij : [0,∞) → R de-
note the inverse Laplace transforms of Kij(s,p) and
Gij(s), respectively. The symbol ⋆ denotes the convo-
lution; that is, for x : [0,∞) → R and y : [0,∞) → R,

(x ⋆ y)(t) =

∫ t

0

x(t− λ) y(λ) dλ, t ≥ 0.

Suppose that the input vector f is known only to
the extent that for i = 1, 2, the input fi : [0,∞) → R
belongs to the possible set Pi where Pi ⊆ L∞ and,
as usual, L∞ denotes the set of all bounded functions

d K(s,p) G(s)- - - -
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Fig.1: The feedback system given in (1).
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de�ned on the half line [0,∞). Suppose that P1 and
P2 are the sets of input signals whose magnitude and
whose slope satisfy certain bounding conditions; see
Section 2 for details on various models of the possi-
ble sets Pi. In this connection, de�ne the Cartesian
product of the possible sets as follows.

P , P1 ×P2.

For the system (1), de�ne the performance mea-
sures

êi , sup
f∈P

∥ei∥∞ and ûi , sup
f∈P

∥ui∥∞. (2)

Note that êi and ûi are called the peak values of ei
and ui, respectively, in association with the Cartesian
product space P . Clearly, the peaks êi and ûi are
functions of the design parameter p.

The problem considered in the paper is to �nd a
design parameter p ∈ RN such that the following
criteria are satis�ed.

ê1 ≤ E1 and ê2 ≤ E2, (3)

û1 ≤ U1 and û2 ≤ U2 (4)

where the bounds Ei and Ui are speci�ed. One should
note that the inequalities of the form (3) and (4) have
long been investigated by many researchers [5�14] and
have been used as design criteria for ensuring that
|ei(t)| and |ui(t)| are kept within respective bounds
Ei and Ui for all t and for all f ∈ P .

Following previous work [6�9, 12�14], it is readily
appreciated that satisfactory computational methods
are available for obtaining solutions of the inequalities
(3) and (4) for various models of the possible set Pi

when every element of the plant transfer matrix G(s)
is a rational function. Furthermore, for non-rational
systems that are described by retarded delay di�er-
ential equations and retarded fractional delay di�er-
ential equations, the inequalities (3) and (4) can be
solved by means of the computational tools presented
in [15�17]; also see [18] for a design example. How-
ever, the numerical solution of the inequalities (3) and
(4) for general non-rational systems is still an open
research problem.

To alleviate the di�culty in solving the design
problem for non-rational systems, Zakian [10�14] de-
rived a criterion of approximation for single-input
single-output (SISO) feedback systems. The criterion
provides practical su�cient conditions for ensuring
that the design solution for the nominal system (that
is, the system obtained by replacing the plant trans-
fer function G(s) in the original system with a ra-
tional approximant G∗(s)) still provides satisfactory
results in the sense that the original design criteria
(3) and (4) are satis�ed. The criterion was applied to
the design of SISO control systems with a time delay
[19, 20]. Furthermore, on the basis of Zakian's crite-
rion, useful inequalities for designing control systems

with plant uncertainties were derived in [11, 13, 14]
and were used in designing robust control systems in
[14, 21, 22]. Such inequalities have recently been ex-
tended and used in developing methods for designing
feedback systems with a nonlinear element [23, 24]. It
should be noted that Zakian's criterion is not appli-
cable to the case of MIMO systems (1).

The main purpose of the paper is to derive a cri-
terion of approximation for the system (1) where the
plant transfer matrix G(s) is replaced with a rational
approximant matrix G∗(s) during the design process.
The criterion provides su�cient conditions for ensur-
ing that when the controller K(s,p) that is obtained
from the design carried out with G∗(s) is used in the
original system (1), the design criteria (3) and (4) are
satis�ed. As will be seen later, the results obtained in
the paper are generalizations of Zakian's results [10�
12] for two-input two-output systems.

The structure of the paper is as follows. Section 2
provides a review of Zakian's criterion of approxima-
tion for SISO feedback systems. Section 3 derives the
criterion of approximation for 2× 2 systems; in fact,
the main results of the paper are stated in Theorems
3 and 4. Section 4 derives su�cient conditions for the
�niteness of the associated matrices (see Theorem 5);
the conditions are used for enabling a numerical al-
gorithm to search for a design solution in the space
of design parameters. Section 5 illustrates the e�ec-
tiveness of the developed method by carrying out an
example of controller design for a binary distillation
column using the criterion in conjunction with the
method of inequalities. Finally, the conclusions and
discussion are given in Section 6.

2. CRITERION OF APPROXIMATION FOR
SISO SYSTEMS

This section recapitulates Zakian's criterion of ap-
proximation [10�14], which was derived for SISO feed-
back systems.

Consider the SISO feedback system described by

u = e ⋆ k,
e = f − g ⋆ u

(5)

where G(s) denotes the plant transfer function and
K(s,p) denotes the controller transfer function with
the design parameter p ∈ RN (see Fig. 2). The
responses e and u are the error and the control of
the system, respectively, and k : [0,∞) → R and
g : [0,∞) → R denote the inverse Laplace transforms
of K(s,p) and G(s), respectively.

Suppose that f is a possible input (that is, input
that happens or is likely to happen in practice) and
is known only to the extent that it belongs to a set
P. Accordingly, the set P contains all possible inputs
and is called the possible set. In this work, the set P is
a subset of L∞, which denotes the set of all bounded
functions de�ned on [0,∞).
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d K(s,p) G(s)- - - -
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Fig.2: The SISO feedback system given in (5).

Note, in passing, that di�erent models of the possi-
ble set P have been investigated by many researchers.
For example, the set P given by

P = {f : ∥f∥∞ ≤ M∞ and ∥ḟ∥∞ ≤ D∞} (6)

was investigated by [5, 9, 14, 25], while the set P given
by

P = {f : ∥f∥2 ≤ M2 and ∥ḟ∥2 ≤ D2} (7)

was investigated in [6] (see also Chapter 2 of [14]) and
was used in the controller design for buildings subject
to seismic disturbances in [26]. Recently, the set P
given by

P = {f : ∥f∥i ≤ Mi and ∥ḟ∥i ≤ Di, i = 2,∞}
(8)

has been considered in [7, 8]. For details on the char-
acterization of the above sets P and their implica-
tions, see, for example, [6, 8, 14] and the references
therein.

In connection with the possible set P, de�ne the
performance measures ê and û as follows.

ê , sup
f∈P

∥e∥∞ and û , sup
f∈P

∥u∥∞. (9)

Note that ê and û are the error peak and the con-
troller output peak for the possible set P. Methods
for computing such peak values in association with
the possible sets described by (6), (7) and (8) are
readily available. For the details of such methods,
readers are referred to [6, 8, 14] and also the references
cited therein.

Suppose that the design problem for the system
(5) is to determine a design parameter p ∈ RN such
that the following design criteria are satis�ed.

ê ≤ Emax and û ≤ Umax (10)

where the bounds Emax > 0 and Umax > 0 are speci-
�ed.

Let G∗(s) be an approximant of the original plant
transfer function G(s). In connection with the system
(5), the nominal system (shown in Fig. 3) is described
by

u∗ = e∗ ⋆ k,
e∗ = f − g∗ ⋆ u∗ (11)

where e∗ and u∗ are the error and the control of the
nominal system (11), respectively, and g∗ : [0,∞) →
R be the inverse Laplace transform of G∗(s). Let ê∗

d K(s,p) G∗(s)- - - -
6
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Fig.3: The nominal system for (5).

and û∗ denote the peak values of e∗ and u∗, respec-
tively, for the possible set P. That is to say,

ê∗ , sup
f∈P

∥e∗∥∞ and û∗ , sup
f∈P

∥u∗∥∞. (12)

Let µ denote the approximation index and be de-
�ned by

µ , ∥w∥1
where w : [0,∞) → R is the inverse Laplace transform
of W (s) given by

W (s,p) =
K(s,p)

1 +K(s,p)G∗(s)
[G(s)−G∗(s)] .

Now it is ready to state the main theorem on the
criterion of approximation for SISO systems.

Theorem 1: [10] For the nominal system (11), sup-
pose that ê∗ < ∞ and û∗ < ∞. Let µ < 1. Then the
original design criteria (10) for the system (5) are sat-
is�ed if the following inequalities hold.

ê∗

1− µ
≤ Emax and

û∗

1− µ
≤ Umax. (13)

Furthermore, it follows that

ê∗

1 + µ
≤ ê ≤ ê∗

1− µ
,

û∗

1 + µ
≤ û ≤ û∗

1− µ
.

(14)

Proof: See [10].
Since the approximant G∗(s) and the controller

K(s,p) are rational functions, the peaks ê∗ and û∗ of
the nominal system (11) are easily obtainable for var-
ious cases of possible sets in (6)�(8); for more details,
see [8, 9, 14] and the references therein. When tools
for stability analysis and computing time-responses
for non-rational systems are not available, inequali-
ties (13) are more computationally tractable than the
original design criteria (10).

Following the method of inequalities [10, 12�14,
27], it is readily appreciated that in solving the in-
equalities (13) by numerical methods, it is necessary
that a search algorithm should start from a point
p ∈ RN such that µ(p) < ∞. In this connection,
the following theorem provides a practical su�cient
condition that enables the algorithm to start from an
arbitrary point in RN .

De�ne Λ as the set of all of the �nite poles of the
transfer function

F (s)

U∗(s)
=

K(s,p)

1 +K(s,p)G∗(s)
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where F (s) and U∗(s) are the Laplace transforms of
f and u∗, respectively.

Theorem 2: [10, 12, 13] Assume that G∗(s) and
K(s,p) are rational transfer functions. Then µ < ∞
if the two conditions hold.
(a) ∥z∥1 < ∞, where z , g − g∗.
(b) Reλ(p) < 0 for all λ(p) ∈ Λ.

Proof: See [10, 12, 13].
It is clear from Theorem 2 that with an appropri-

ate choice of approximant G∗(s), condition (a) is al-
ways satis�ed. Consequently, condition (b) provides
a useful inequality for computing a point p satisfying
µ(p) < ∞ by numerical methods. This is because the
number Reλ(p) is �nite for every p ∈ RN . See [12]
for more discussion.

3. CRITERION OF APPROXIMATION FOR
2× 2 SYSTEMS

This section derives the criterion of approxima-
tion for the system (1). To this end, let G∗(s) ,
[G∗

ij(s)]2×2 be a rational approximant matrix ofG(s).
Then replacing G(s) with G∗(s) yields the resulting
system which is called a nominal system (see Fig. 4)
and described by

u∗
i = ki1 ⋆ e

∗
1 + ki2 ⋆ e

∗
2

e∗i = fi − gi1 ⋆ u
∗
1 − gi2 ⋆ u

∗
2

}
, i = 1, 2 (15)

where e∗ , [e∗1, e
∗
2]

T and u∗ , [u∗
1, u

∗
2]

T are the error
vector and the control vector of the nominal system
(15), respectively, and g∗ij : [0,∞) → R denotes the
inverse Laplace transform of G∗

ij(s).
Let ê∗i and û∗

i denote the peak values of e∗i and u∗
i ,

respectively, in association with the Cartesian prod-
uct space P . That is,

ê∗i , sup
f∈P

∥e∗i ∥∞ and û∗
i , sup

f∈P
∥u∗

i ∥∞. (16)

Now, de�ne

X(s) = [Xij(s)]2×2 , [I +G∗(s)K(s,p)]−1, (17)

Z(s) = [Zij(s)]2×2 , G(s)−G∗(s), (18)

W(s) = [Wij(s)]2×2 , X(s)Z(s)K(s,p), (19)

V(s) = [Vij(s)]2×2 , K(s,p)X(s)Z(s), (20)

M = [µij ]2×2, µij , ∥wij∥1, (21)

N = [νij ]2×2, νij , ∥vij∥1 (22)

where wij : [0,∞) → R and vij : [0,∞) → R are
the inverse Laplace transforms of Wij(s) and Vij(s),

d K(s,p) G∗(s)- - - -
6

f e∗ u∗
+

−

Fig.4: The nominal system for (1).

respectively. The following results provide useful
mathematical expressions for upper bounds and lower
bounds of êi and ûi.

Lemma 1: Suppose that for the nominal system
(15), ê∗1 < ∞ and ê∗2 < ∞. Let µ11 < 1, µ22 < 1 and
det(I −M) > 0. Then it follows that

(1 + µ22)ê
∗
1 − µ12ê

∗
2

det(I +M)
≤ ê1 ≤ (1− µ22)ê

∗
1 + µ12ê

∗
2

det(I −M)
,

(1 + µ11)ê
∗
2 − µ21ê

∗
1

det(I +M)
≤ ê2 ≤ (1− µ11)ê

∗
2 + µ21ê

∗
1

det(I −M)
.

(23)
Proof: From (1), (15) and (19), it is easy to

verify that

Ei(s) = E∗
i (s)−

2∑
k=1

Wik(s)Ek(s). (24)

Consequently,

ei(t) = e∗i (t)−
2∑

k=1

∫ t

0

wik(τ)ek(t− τ)dτ (25)

and, by the de�nition of µij in (21), we have

sup
τ∈[0,t]

|e1(τ)| ≤ sup
τ∈[0,t]

|e∗1(τ)|+ sup
τ∈[0,t]

|e1(τ)|µ11

+ sup
τ∈[0,t]

|e2(τ)|µ12,

(26)

sup
τ∈[0,t]

|e2(τ)| ≤ sup
τ∈[0,t]

|e∗2(τ)|+ sup
τ∈[0,t]

|e2(τ)|µ22

+ sup
τ∈[0,t]

|e1(τ)|µ21.

(27)
When µ11 < 1, µ22 < 1 and det(I−M) > 0, it follows
from (26) and (27) that letting t → ∞ yields

∥e1∥∞ ≤ (1− µ22)∥e∗1∥∞ + µ12∥e∗2∥∞
det(I −M)

,

∥e2∥∞ ≤ (1− µ11)∥e∗2∥∞ + µ21∥e∗1∥∞
det(I −M)

.

(28)

Using (21) and (25), one can see that for each i,

∥e∗i − ei∥∞ ≤
2∑

j=1

µij∥ej∥∞. (29)

Notice that e∗i (t) = [e∗i (t) − ei(t)] + ei(t) for all t.
Then it is clear that

∥e∗i ∥∞ ≤ ∥e∗i − ei∥∞ + ∥ei∥∞.

Consequently, it follows from (29) that

∥e∗1∥∞ ≤ µ11∥e1∥∞ + µ12∥e2∥∞ + ∥e1∥∞,

∥e∗2∥∞ ≤ µ21∥e1∥∞ + µ22∥e2∥∞ + ∥e2∥∞.
(30)
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Then it readily follows from (30) that

∥e1∥∞ ≥ (1 + µ22)∥e∗1∥∞ − µ12∥e∗2∥∞
det(I +M)

,

∥e2∥∞ ≥ (1 + µ11)∥e∗2∥∞ − µ21∥e∗1∥∞
det(I +M)

.

(31)

Thus, the lemma is obtained as a consequence of (28)
and (31).

Lemma 2: Suppose that for the nominal system
(15), û∗

1 < ∞ and û∗
2 < ∞. Let ν11 < 1, ν22 < 1 and

det(I −N) > 0. Then it follows that

(1 + ν22)û
∗
1 − ν12û

∗
2

det(I +N)
≤ û1 ≤ (1− ν22)û

∗
1 + ν12û

∗
2

det(I −N)
,

(1 + ν11)û
∗
2 − ν21û

∗
1

det(I +N)
≤ û2 ≤ (1− ν11)û

∗
2 + ν21û

∗
1

det(I −N)
.

(32)
Proof: From (1), (15) and (20), it is easy to

verify that

Ui(s) = U∗
i (s)−

2∑
k=1

Vik(s)Uk(s). (33)

By using the same technique as in Lemma 1, the re-
sult readily follows from (33).

Now, it is ready to state the main results in this
section.

Theorem 3: Suppose that for the nominal system
(15), ê∗1 < ∞ and ê∗2 < ∞. Let µ11 < 1, µ22 < 1 and
det(I − M) > 0. Then the original design criteria
(3) for the system (1) are satis�ed if the following
inequalities hold.

(1− µ22)ê
∗
1 + µ12ê

∗
2

det(I −M)
≤ E1,

(1− µ11)ê
∗
2 + µ21ê

∗
1

det(I −M)
≤ E2.

(34)

Proof: The theorem readily follows from Lemma
1.

Theorem 4: Suppose that for the nominal system
(15), û∗

1 < ∞ and û∗
2 < ∞. Let ν11 < 1, ν22 < 1 and

det(I −N) > 0. Then the original design criteria (4)
for the actual system (1) are satis�ed if the following
inequalities hold.

(1− ν22)û
∗
1 + ν12û

∗
2

det(I −N)
≤ U1,

(1− ν11)û
∗
2 + ν21û

∗
1

det(I −N)
≤ U2.

(35)

Proof: The theorem readily follows from Lemma
2.

In connection with Theorems 3 and 4, it is im-
portant to note that the left-hand expressions of the
inequalities (34) and (35) are in fact upper bounds of
êi and ûi. They are expressed explicitly in terms of

µij , νij and the peaks ê∗i and û∗
i of the nominal sys-

tem (15). In addition, when the system (1) becomes
the scalar system (5), the conditions in Lemmas 1
and 2 and those in Theorems 3 and 4 turn out to be
identical to the results stated in Theorem 1.

SinceG∗(s) andK(s,p) are rational matrices, sat-
isfactory tools for stability analysis and computing
time-responses are readily available for the case of
the nominal system (15). Hence, when such tools for
the non-rational system (1) are not readily available,
the inequalities (34) and (35) are more computation-
ally tractable than the original design criteria (3) and
(4). For this reason, the inequalities (34) and (35) are
called the surrogate design criteria.

4. FINITENESS CONDITIONS

Following the method of inequalities [9, 10, 12, 13,
27], it is readily appreciated that in solving the in-
equalities (34) and (35) by numerical methods, a
search algorithm needs to start from a point p ∈ RN

such that êi(p) < ∞ and ûi(p) < ∞ for i = 1, 2. In
this regard, the following proposition provides useful
su�cient conditions for ensuring that êi < ∞ and
ûi < ∞ for i = 1, 2.

Proposition 1: Consider the original system (1)
and the nominal system (15). Suppose that
{AG∗ , BG∗ , CG∗ , 0} and {AK , BK , CK , DK} are state-
space realizations of G∗(s) and K(s,p), respectively.
Let Λcl denote the set of all the eigenvalues of the
closed-loop system matrix

Acl =

[
AK −BKCG∗

BGCK AG∗ −BG∗DKCG∗

]
.

Then êi < ∞ and ûi < ∞ for i = 1, 2 if the following
conditions hold.

(a) Reλ(p) < 0 for all λ(p) ∈ Λcl.

(b) µii < 1 and νii < 1 for i = 1, 2.

(c) det(M) > 0 and det(N) > 0.

Proof: Condition (a) is a well-known result of
bounded-input bounded-output (BIBO) stability for
rational systems. It implies that ê∗i < ∞ and û∗

i < ∞
for any bounded input. Therefore, it follows from
(23) and (32) that if conditions (a), (b) and (c) hold,
then êi < ∞ and ûi < ∞ for each i.

An important consequence of Proposition 1 is that
the satisfaction of conditions (a), (b) and (c) guar-
antee the �niteness of the peaks êi and ûi for the
non-rational system (1). In this case, no stability
conditions for the non-rational system are involved.
Further, one should note that condition (a) implies
that the nominal system is BIBO stable, thereby im-
plying that the peaks ê∗i and û∗

i are �nite. Also, the
�niteness ofM andN is necessary for the satisfaction
of conditions (b) and (c).

In the following, su�cient conditions for ensuring
that M and N are �nite are provided. To this end,
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the following notations are useful. For given integers
i, j, k and l, de�ne

αkl
ij (p) , max

λ∈Λkl
ij

Reλ(p)

where Λkl
ij denotes the set of all the poles of the func-

tion Kij(s,p)Xkl(s). Let zkl be the inverse Laplace
transform of Zkl(s).

Lemma 3: Assume that G∗(s) and K(s,p) are ra-
tional matrices. Then, for each i and j, µij < ∞ if
the two conditions hold.

(a) ∥zkl∥1 < ∞ ∀ k, l = 1, 2.

(b) αik
lj (p) < 0, ∀ k, l = 1, 2.

Proof: It is easy to see from (17), (18) and (19)
that

Wij(s) =
2∑

k=1

2∑
l=1

Klj(s,p)Xik(s)Zkl(s).

From the de�nition of µij in (21), one can easily see
that

µij =

∥∥∥∥∥
2∑

k=1

2∑
l=1

L−1
{
Klj(s,p)Xik(s)Zkl(s)

}∥∥∥∥∥
1

. (36)

Evidently, the product KljXik is a proper rational
function of s for any i, j, k, l = 1, 2. Thus,

Klj(s,p)Xik(s) = aiklj +Rik
lj (s) (37)

where aiklj ∈ R and Rik
lj is a strictly proper function

of s. Then it follows from (36) and (37) that

µij ≤
2∑

k=1

2∑
l=1

|aiklj | · ||zkl||1 + ||riklj ⋆ zkl||1 (38)

where riklj denotes the inverse Laplace transform of

Rik
lj (s). By a well-known result (see, for example,

[28]), it follows that if ||riklj ||1 < ∞ and ||zkl||1 < ∞,
then

||riklj ⋆ zkl||1 < ∞. (39)

Condition (b) is necessary and su�cient for ||riklj ||1 <
∞ for all k, l = 1, 2.

Lemma 4: Assume that G∗(s) and K(s,p) are ra-
tional matrices. Then, for each i and j, νij < ∞ if
the two conditions hold.

(a) ∥zlj∥1 < ∞ ∀ l = 1, 2.

(b) αkl
ik(p) < 0, ∀ k, l = 1, 2.

Proof: It is easy to see from (17), (18) and (20)
that

Vij(s) =

2∑
k=1

2∑
l=1

Kik(s,p)Xkl(s)Zlj(s).

From the de�nition of νij in (22), the proof can be
completed by the technique used in Lemma 3.

Now it is ready to state the main theorem for the
�niteness of the matrices M and N.

Theorem 5: Assume that G∗(s) and K(s,p) are
rational matrices. Then all elements of M and N are
�nite if the two conditions hold.

(a) ∥zkl∥1 < ∞ ∀ k, l = 1, 2.

(b) αkl
ij (p) < 0, ∀ i, j, k, l = 1, 2.

Proof: The theorem readily follows from Lem-
mas 3 and 4.

From Theorems 3 and 4, one can see that a solu-
tion of the inequalities (3) and (4) can be obtained by
solving the inequalities (34) and (35). With an appro-
priate choice of approximant matrix G∗(s), condition
(a) of Theorem 5 is always satis�ed. Consequently,
condition (b) of Theorem 5 provides a practical and
useful su�cient condition for the �niteness of the ma-
trices M and N, thereby enabling the algorithm to
start from an arbitrary point in RN .

From the above, one can easily deduce that the
solution of inequalities (34) and (35) involves three
phases of computation as follows.
• Phase I: With an arbitrary starting point, �nd p0

satisfying

αkl
ij (p) ≤ −ε ∀ i, j, k, l = 1, 2 (40)

where 0 < ε ≪ 1 is given.
• Phase II: By starting from p0, �nd p1 satisfying

αkl
ij (p) ≤ −ε ∀ i, j, k, l = 1, 2,
µ11 < 1 and µ22 < 1,
ν11 < 1 and ν22 < 1,

det(I −M) > 0 and det(I −N) > 0.

(41)

• Phase III: By starting from p1, �nd p satisfying the
design criteria (34), (35), and the inequalities (41).

5. NUMERICAL EXAMPLE

In this section, the linearized model of a binary
distillation column obtained from linearization about
an operating point [29] is used. The plant transfer
matrix G(s) is given by

G(s) =


12.8e−s

16.7s+ 1

−18.9e−3s

21.0s+ 1

6.6e−7s

10.9s+ 1

−19.4e−2s

14.4s+ 1

 . (42)

Let K(s,p) take the form

K(s,p) =

 (p2s+ p1)

s
p5

p6
(p4s+ p3)

s


where p , [p1, p2, p3, p4, p5, p6]

T is a design parame-
ter. Assume that the input f1 belongs to the set P
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where

P , {f1 : ∥f1∥∞ ≤ 0.2 and ∥ḟ1∥∞ ≤ 0.2}. (43)

For simplicity, let f2 = 0. It may be noted that if f2
is not zero, one can use the principle of superposition
to compute the peaks due to both inputs f1 and f2.

Suppose that the plant transfer matrix G(s) is re-
placed by a strictly proper rational approximant ma-
trix G∗(s). Here, we replace e−τs with its [1/2] Padé
approximant1, which is

e−τs ≈ 1− τs/3

(τs)2/6 + 2τs/3 + 1
.

Then the resultant approximant matrix G∗(s) is
given by

G∗
11(s) =

−25.6(s− 3)

(16.7s+ 1)(s2 + 4s+ 6)
,

G∗
12(s) =

37.8(s− 1)

(21.0s+ 1)(3s2 + 4s+ 2)
,

G∗
21(s) =

−13.2(7s− 3)

(10.9s+ 1)(49s2 + 28s+ 6)
,

G∗
22(s) =

19.4(2s− 3)

(14.4s+ 1)(2s2 + 4s+ 3)
.

The impulse responses of the original system and the
nominal system are shown in Fig. 5. Obviously, the
chosen approximants G∗

ij(s) are appropriate in the
sense that the impulse responses g∗ij are reasonably
close to the impulse responses gij .

The main control objective is to ensure that, dur-
ing the operation (that is, whenever f1 ∈ P),
• the top product deviation e1 stays within
±0.35 mol%,
• the bottom product deviation e2 stays within
±0.20 mol%,
• the deviation of the re�ux rate u1 stays within
±0.10 lb/min,
• the deviation of the reboiler rate u2 stays within
±0.10 lb/min.

Accordingly, the principal design criteria can be ex-
pressed as

ê1 ≤ 0.35, ê2 ≤ 0.20,

û1 ≤ 0.10, û2 ≤ 0.10.
(44)

Following Theorems 3, 4 and 5, it readily follows
that the controller is obtained by determining a value
of p satisfying the following inequalities.

αkl
ij (p) ≤ −10−6 ∀ i, j, k, l = 1, 2. (45)

1The [M/N ] Padé approximant to a function h(s) is de�ned
as the rational function P (s)/Q(s) that satis�es certain prop-
erties, where P and Q are polynomials of degree M and N ,
respectively. See, for example, [30] for the details.

Fig.5: Comparison of the impulse responses of G(s)
and G∗(s).

µ11(p) ≤ 0.5,

µ22(p) ≤ 0.5,

ν11(p) ≤ 0.5,

ν22(p) ≤ 0.5,

− det(I −M) ≤ −0.5,

− det(I −N) ≤ −0.5.

(46)

(1− µ22)ê
∗
1 + µ12ê

∗
2

det(I −M)
≤ 0.35 mol%,

(1− µ11)ê
∗
2 + µ21ê

∗
1

det(I −M)
≤ 0.2 mol%.

(47)

(1− ν22)û
∗
1 + ν12û

∗
2

det(I −N)
≤ 0.1 lb/min,

(1− ν11)û
∗
2 + ν21û

∗
1

det(I −N)
≤ 0.1 lb/min.

(48)

From the above, note that the inequalities (45) ensure
the �niteness of M and N, whereas the inequalities
(46) ensure that ê1, ê2, û1 and û2 are �nite. Fur-
thermore, the inequalities (47) and (48) are su�cient
conditions for ensuring that the design criteria (44)
are satis�ed.

In this work, the inequalities (45)�(48) are solved
by using a numerical search algorithm called the
moving-boundaries-process (MBP). The detail of the
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MBP algorithm can be found in [14, 27]. Alterna-
tively, other algorithms for solving a set of inequalities
may be used (see, for example, Chapters 6�8 in [14]
and the references therein). In addition, the nominal
peaks ê∗i and û∗

i associated with the possible set (43)
are computed by the method developed in [8].

After a number of iterations, the MBP algorithm
locates a design solution p resulting in the following
controller

K11(s,p) =
0.0021s+ 0.0152

s
,

K12(s,p) = 0.0309,

K21(s,p) = −0.0389,

K22(s,p) =
−0.0624s− 0.0196

s
.

And the corresponding performance measures are

µ11(p) = 0.0586, µ22(p) = 0.1534,

ν11(p) = 0.0899, ν22(p) = 0.1468,

det(I −M) = 0.7851, det(I −N) = 0.7576,

(1− µ22)ê
∗
1 + µ12ê

∗
2

det(I −M)
= 0.3345 mol%,

(1− µ11)ê
∗
2 + µ21ê

∗
1

det(I −M)
= 0.1722 mol%,

(1− ν22)û
∗
1 + ν12û

∗
2

det(I −N)
= 0.0519 lb/min,

(1− ν11)û
∗
2 + ν21û

∗
1

det(I −N)
= 0.0522 lb/min.

To verify the design, a simulation is carried out
for the case in which the control system is subjected
to a test input f = [f̄1, 0]

T , where f̄1 is generated
randomly so that its magnitude and slope satisfy (43).
The waveform of f̄1 and the corresponding responses
e1, e2, u1 and u2 are displayed in Figure 6. Clearly,
the design objectives are satis�ed.

6. CONCLUSIONS AND DISCUSSION

This paper derives a criterion of approximation for
2 × 2 feedback systems that are subjected to pos-
sible inputs satisfying certain bounding conditions.
The design objective is to ensure that the error peaks
(ê1, ê2) and the control peaks (û1, û2) always stay
within the speci�ed bounds (E1, E2) and (U1, U2), re-
spectively. For a chosen rational approximant G∗(s)
to the plant transfer matrix G(s), the criterion pro-
vides useful su�cient conditions that are expressed
as readily computable inequalities, thereby provid-
ing the surrogate design criteria (34) and (35) to be
used instead of the original criteria (3) and (4). The
surrogate criteria are particularly useful when com-
putational tools for the non-rational system (1) are

Fig.6: Waveforms of e1, e2, u1 and u2 in response

to the test input f̄1.

not readily available. When the plant and the con-
troller transfer matrices become scalar transfer func-
tions, the results obtained in the paper turn out to
be identical to those reported in Zakian's articles [10�
14]. To illustrate the usefulness of the results, a con-
troller design for a binary distillation column is car-
ried out successfully by using the criterion in conjunc-
tion with the method of inequalities.

Although the system treated in the numerical ex-
ample is a time-delay system, the method devel-
oped in the paper is readily applicable to other types
of non-rational systems as long as the impulse re-
sponse matrix [gij ] of the plant is obtained, where
the Laplace transform of gij is Gij(s). For various
non-rational systems that can be found in practice,
see [31]. It is also interesting to note that the gener-
alization of the criterion of approximation to the case
of n × n feedback systems is currently being under-
taken and will be published elsewhere.
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