74 ECTI TRANSACTIONS ON ELECTRICAL ENG., ELECTRONICS, AND COMMUNICATIONS VOL.13, NO.2 August 2015

The Ultimate Detection Capability of Diversely
Polarized Antenna Arrays using Higher Order
Statistics

Supawat Supakwong*!, Non-member

ABSTRACT

The use of diversely polarized antennas in an ar-
ray system can significantly improve the overall’s ar-
ray performance. However, its capability does not get
utilized to its full potential when the conventional ar-
ray processing methods are based on the second-order
statistic of received signal. The use of higher-order
statistic in signal processing is presented in this work.
The performance enhancement is evaluated in terms
of an array detection that represents the system abil-
ity to correctly determine the total number of sources
present in an environment. The analysis uses the dif-
ferential geometry as a tool to analyze the geomet-
rical shape of the corresponding diversely polarized
manifold for different orders of statistic. The mani-
fold’s intrinsic parameter is then used for the deriva-
tion of the detection’s lower bound. The theoretical
framework is supported by computer simulations to
examine the detection capability for various types of
antenna arrays with different orders of statistic.

Keywords: Higher-order statistics, Diversely-
polarized antennas, Detection, Array manifold

1. INTRODUCTION

In a conventional array system context, an array
consisting of uniformly polarized antennas is oper-
ated in a multi-source environment. The received
signal vector that represents a superposition of in-
dividual sources is then processed using the second-
order statistic to extract information of interest. This
standard framework has long been employed since the
early days of array processing [1]. However, its capa-
bility does not get utilized to its full potential due to
several factors.

First, the system of this type assumes that all
sources are transmitted with the same polarization
state, and it is perfectly aligned with respect to
the orientation of the antennas. This assumption is
hardly satisfied in practice. As a result, the polar-
ization mismatch is treated as part of the channel
fading.
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With the advancements in antenna technology
nowadays, specialized antennas that can measure
multiple components of the electromagnetic wave are
commercially available. For example, a vector sensor
in [2] can measure all six electromagnetic components
of the incident, wavefield from a single spatial location.
The array performance is significantly improved due
to additional information that allows sources to be
distinguished on the basis of polarization [3-5]. In ad-
dition, there are distributed vector sensors that can
measure partial components of the electromagnetic
field. For instance, a tripole antenna contains a set of
three mutually perpendicular dipoles that can mea-
sure three electric field components. A loop triad
antenna consists of a set of three identical orthogo-
nally oriented magnetic loops that can measure three
magnetic field components. The performance of these
distributed vector sensors is varied based on the num-
ber of electromagnetic field components the antenna
can measure. This comes as a trade-off between the
array performance and the computational complex-
ity.

Another limitation factor is due to the use of con-
ventional array processing methods that focus on the
received signal’s second-order statistic. In spite of
providing a high-resolution performance, the methods
suffer with several drawbacks. These include the lim-
ited number of sources, the system degradation due
to Gaussian noise, and the inability to process non-
Gaussian signals. Array processing techniques based
on a higher-order statistic (HOS) have been proposed
to overcome this limitation [6-8]. This is specifically
helpful for digital communications where the signals
are non-Gaussian.

The purpose of the work presented herein is to as-
sess the performance enhancement of diversely po-
larized antenna arrays when a HOS of the received
signal vector is employed. This is particularly dif-
ferent from a majority of the work [9-12] that has
focused on uniformly polarized arrays. In particular,
the array performance in terms of the detection capa-
bility shall be evaluated. The term “array detection”
used in this context refers to the ability of an array
to correctly estimate the number of sources. In gen-
eral, this can be calculated from the dimensionality
of the noise subspace [13-14]. However, in the pres-
ence of noise and a limited number of samples, it is
more difficult to precisely estimate. The ability to
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detect the presence of closely-located sources defines
an ultimate array detection [15].

From the differential geometry perspective, the
studies in [15] investigated the geometrical shape of
an array manifold (the locus of all manifold vec-
tors over the set of signal parameters). It showed
a direct impact of manifold’s intrinsic properties on
the overall’s array performance such as the Cramer
Rao’s lower bound (CRB), and the array’s detec-
tion and resolution. Consequently, the concept of
array manifold has been used in a number of ar-
ray processing applications. These include subspace-
type direction-finding algorithms, superresolution ar-
ray design, modelling error analysis, and the pres-
ence of manifold ambiguities. For instance, in [16],
the impact of antenna positioning on the array de-
tection capability was investigated from the differen-
tial geometry perspective. In an array consisting of
vector sensors, it is interested to find (1) an opti-
mum vector sensor placement that can maximize the
prescribed detection performance, and (2) the impor-
tance of individual antennas in the array that con-
tributes to the overall performance. In [17], the pres-
ence of manifold ambiguity in diversely polarized an-
tenna array was investigated. This undesirable inci-
dent occurs when diversely polarized manifold vectors
corresponding to the sources are linearly dependent.
This results in spurious peaks in the direction-finding
spectrum. The use of medium substrate was proposed
to effectively break down the linear dependence. In
both [16] and [17], the framework was based on the
analysis of the second-order diversely polarized man-
ifold. Meanwhile, in [18], the performance enhance-
ment of a linear uniformly-polarized antenna array
was examined when the fourth-order of statistic is
employed. The result was based on the analysis of a
(single-parameter) manifold “curve”.

In contrast, the work presented herein examines
the HOS performance of a diversely polarized antenna
array in the presence of sources impinging from any
direction in the space and in arbitrary polarization.
To assess the detection capability of this array type,
it involves the analysis of four-parameter diversely
polarized manifold characterized as a function of di-
rection and polarization parameters. The geometrical
visualization of this manifold is rather difficult to de-
scribe. Consequently, the differential geometry plays
an important role in characterizing the array man-
ifold. The manifold’s intrinsic parameters are later
used to derive the detection’s lower bound.

An organization for the rest of the paper is given as
follows. In the next section, the signal modelling and
problem formulation are first presented. Then, the
differential geometry is proposed in Section 3 to inves-
tigate the geometric properties of the associated four-
parameter HOS diversely polarized manifold, before
proceeding to derive the array’s detection capability.
The theoretical framework is supported by computer

Fig.1: A coordinate system of a planar array of
vector sensors operated in the presence of an incoming
source from an azimuth-elevation (0, ¢).

simulations in Section 4 to examine the detection ca-
pability for various types of antenna arrays and with
different orders of statistic, followed by a conclusion
in Section 5.

2. PROBLEM FORMULATION

Consider an array system consisting of N anten-
nas, located at r = [r,,r,,r.]" € R¥N mea-
sured in half wavelengths. The array is operated
in the presence of a single source from an azimuth-
elevation (6, ¢), where 6 € [0,360°) is measured anti-
clockwise from the positive x—axis, and the elevation
@ € [0,90°) is measured anti-clockwise from the x —y
plane, as shown in Figure 1. A spatial manifold vector
a(f,$) € CN that corresponds to the array complex

response, is given by
§(97¢) = exp{—er(0,¢)} ) (1)

where (0, ¢) = 7 [cos 6 cos ¢, sin 6 cos ¢, sin d)]T €R3
is the wave-number vector pointing toward the emit-
ter at (0, @) .

Suppose the array is configured with vector sen-
sors. Hence, each antenna can measure all six elec-
tromagnetic components of the wavefield. That is,
three electric field components (E,, E,, E,) along the
r—,y—, and z— coordinates, and three components
of the magnetic field (H,, Hy, H,) . The field compo-
nent vector ¢ € C% is given by

q= [EmyEy»EmHachy»Hz]Ta (2)

which can be expressed as

—sin 6 — cos 0 sin ¢
cos @ — sin 0sin ¢
© = wiws 0 | (). @)
q =) = cos 6 sin ¢ — sin @ sin v 7 ’

sin 0 sin ¢ cos 6
—cos ¢ 0

with the polarization parameters v € [0°,90°) and
n € [—180°,180°) denote the auxiliary polarization
angle and the polarization phase difference respec-
tively. For simplicity, let’s define the path’s propaga-
tion state as © 2 0, gb,%n}T.

Consequently, a diversely polarized array manifold
vector A(©) € C5 in the presence of a single source
is expressed as
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where the operator ® represents the Kronecker prod-
uct. In the presence of M narrowband point sources
with signal parameters ©;, where i € {1,..., M}, the
baseband received signal x(t) € C%V is a superposi-
tion of individual signals, given by

=

I
-

z(t)= Y A(O;)m;(t)+n(t), (5)

3

with m;(t) denotes the zero-mean non-Gaussian com-
plex variable of the i*" source and n(t) is an additive
white Gaussian noise vector with zero mean and vari-
ance o2,

The standard array processing methods exploit the

second-order statistic R, of z(t), where

M
R.’L‘.’E == Z CQ,miA(@i)AH (@L) + 02H6N7 (6)

i=1

with cg,,, denotes the second-order autocumulant
of the message m;(t), Ign is a 6N—dimensional
identity matrix, and () is the Hadamard
operation(conjugate-transpose).

On the other hand, the 2¢—HOS array processing
methods, where g > 1, exploit the information con-
tained in the circular covariance matrix Cyq , of

M
Cago (1) = 3 c20m; [A©)® @ (A(©,)"®(171)] )
x [a@,)%! @ (a(@,) @@ ]",

where coq,m; denotes the 2¢q— order circular autocu-
mulant of m;(¢) and (.)* is the complex conjugation.
In addition, the vector A(©)®! € CSN! is defined as
the [—folded Kronecker products of the manifold vec-
tors A(©,) i.e.

A©)® S a@)sae)e. va@). (g
I terms

In addition, the integer 0 < [ < ¢ denotes an arrange-
ment of the circular covariance matrix Coq (7). The
study in [8] derived a condition to show that the ar-
ray performance shall be optimized when the integer
[ satisfies the condition,

_ q/2,
l*{ (g +1)/2,

It is seen that the 2¢—order circular cumulant ma-
trix Cyq, in Equation (7) can be viewed as being the
second-order covariance matrix Ry, in Equation (6)
with an effective manifold vector A,(©) given by

ifqg even,
ifqg odd. (9)

A

A (8;) = A©)% @ A(,)*® . (10)

This virtual array concept, properly described in [8],
proves to be essential in understanding the signifi-
cance of the higher-order statistics. It provides an in-
sight into the mechanism of HOS methods from the
traditional second-order statistic perspective.

3. IMPROVING THE ARRAY DETEC-
TION USING HIGHER-ORDER STATIS-
TIC

In this section, the geometrical property of the cor-
responding four-parameter diversely polarized array
manifold with respect to a higher order statistic shall
be addressed. The differential geometry is employed
as a tool for this analysis. Then, the ultimate ar-
ray detection that represents the performance’s lower
bound on the system’s ability to determine the num-
ber of sources is derived.

3.1 Differential geometry of HOS diversely
polarized manifold

From Equation (10), it is seen that the 2g—order
circular covariance matrix Cyq, can be written in
terms of the effective manifold vector A.(©) ex-
pressed as a function of the direction-of-arrival (6, ¢)
and its polarization (vy,n). Subsequently, the locus of
these effective manifold vectors A,(©) over the set of
signal parameters defines the four-parameter effective
HOS diversely polarized manifold V. That is,

V= {Ae(97¢77a7]) € CGvav(97¢a’Yan) € Q}7 (11)

where the field-of-view is restricted to

Q={(6,¢,7,n) : 6 €[0°,360°), ¢ € [0°,90°],

v € [0°,90°],n € [—180°,180°)}. (12)

This manifold V may be viewed as a geometrical ob-
ject embedded in a 6 N/—dimensional complex space.
Keep in mind that different order of statistic will re-
sult in a completely different array manifold and is
embedded in a different dimensional complex space.
While the detailed description of the manifold V
shall not be shown, one of the most important mani-
fold’s intrinsic parameters for our analysis in this pa-
per is the first fundamental coefficient Z that repre-
sents the squared distance between points A(©,) and
A(©,) on the manifold. This can be obtained from

7 =d0"Gde, (13)

where dO© denotes signal parameter separation be-
tween the two sources (©) and (0,) , i.e.
ae = @2 - @17
=[02 — 01,92 — 1,72 —v1,m2 —m]T. (14)
The matrix G represents the diversely-polarized man-
ifold metric, where

G = Re{uﬂﬁwﬂjac},

960, 96¢, 96~ 96n

— 940, 9o 9o, 9on , (15)
9v0,  G~véy  Gvvs  Gyn
9n6> 9né>  9Gnvs  Gnm
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with J being the Jacobean matrix whose columns con-
tain the tangent vectors,

04, 04, 04, 0A,
00’ 0¢’ oy’ On

6CGNl><4

Jjac = (16)

3.2 The ultimate’s array detection capability

In general, the total number of sources in an array
environment can be calculated from the estimated di-
mensionality of the noise subspace. However, in the
presence of noise (measured in terms of the signal-to-
noise ratio,SNR) and the limited number of sample
size L, the dimensionality of the noise subspace is
more difficult to compute. Manikas studied the im-
pact of SNR and L on the deviation of the man-
ifold vector in [15]. He subsequently proposed to
model these uncertainties as being a sphere embedded
around the error-free manifold vector to probabilis-
tically estimate the position of the actual manifold
vector. The sphere’s radius o, is related to the SN R
and the number of sample size L, where

1

V2(SNRx L)

Consider a scenario when an antenna array is op-
erated in the presence of two closely-located sources
with the signal parameters ©; and O, accordingly.
The parameter separation d® = ©,—0, is very small,
which makes it rather difficult to detect. Suppose
the signal powers for both sources are P; and Py re-
spectively, the ultimate array detection is defined at
the point where the two manifold vectors, A4,(©;)
and A.(8O,) , are still linearly independent to each
other. Geometrically speaking, it is when the two
uncertainty spheres just make a contact, as shown in
Figure 2. That is

O¢ =

(17)

[4c (©1) — A, (8,)[| = er + 0, (18)
where 0.1 + 02 represents the sum of the uncer-
tainty sphere’s radii. Since the two sources are closely
located, one can approximate the manifold vector
A_(8,) in terms of A_(©;) using the first-order Tay-
lor approximation, where

A(©;) = A, (8, +dO) = A, (©1) + Jjacd®. (19)

Hence, the term on the left-hand side of Equation
(18) can be expressed as

14c (©1) — A, (©) = [1JjacdO]l,
_ \/@Tae{ﬂgcjjac}d@,

=/Gde"do,
=7,
Let’s now substitute the expression of the uncer-
tainty sphere in Equation (17) into the right-hand
side of Equation (18). Consequently, we obtained the

origin

Fig.2: The ultimate array detection is defined at the
point when the two uncertainty spheres just make a
contact.

expression of the array detection’s lower bound, ex-
pressed in the product term of the signal-to-noise ra-
tio, SNR, and a total number of snapshotsL , as

2
(SNRy x L) = % (1 + E) L (o)

Note that, the lower bound is inversely proportional
to the parameter Z, i.e. the squared distance between
the two source points on the manifold. This shows the
importance of the manifold’s intrinsic geometry (in
terms of 7) on the overall array detection capability.

4. PERFORMANCE ANALYSIS

The performance analysis is now presented in this
section to evaluate the improved array detection ca-
pability when the HOS is employed. To proceed, let’s
first consider a uniform linear array of 3 antennas
located at r, = [—1,0,1]7, measured in half wave-
length. For the sake of comparison, two types of
antennas are used, namely the vertical dipoles and
the electromagnetic vector sensors. The array is op-
erated in the presence of two closely-located sources
with the azimuth deviation of A6 = 1°, and the same
elevation Af = 0°. Both sources are completely po-
larized, and transmitted with the linear polarization
of (v,n) = (45°,0°). Furthermore, both sources are
zero-mean non-Gaussian sources with the quaternary
quadrature amplitude modulation (QAM) type, sam-
pled at the sample rate.

Let’s consider the intrinsic property of the cor-
responding 2g—order manifold. In Figure 3(a) and
4(a), the first fundamental coefficients Z are plot-
ted as a function of the azimuth direction for q=1,2,
and 4 for the array of dipoles and vector sensors re-
spectively. Notice how the increasing order of statis-
tic enlarges the parameter Z, which represents the
squared distance between points A, (01, ¢1,71,m1) and
A (02, p2,7v2,m2) on the manifold When the source
points are further apart, they are easier to detect.



78 ECTI TRANSACTIONS ON ELECTRICAL ENG., ELECTRONICS, AND COMMUNICATIONS VOL.13, NO.2 August 2015

Table 1: The average array detection in terms of
(SNRy x L) for different orders of statistic.
(SNRy x L) | Oder | A8=1° | Ad=Ay=1°
. qg=11| 1132.60 868.20
vertieal =5 754 53740
P g=4 | 83.90 39.22
qg=1 144.99 195.42
zgfst;’fs (=2 2042 16.29
G=4 ] 028 0.23

Suppose both sources are transmitted with the
same power, i.e. P; = P, = 1, then, using Equa-
tion (20), the array detection’s bound expressed in
terms of (SNRy x L) is shown in Figures 3(b) and
4(b) accordingly. Table 1 illustrates the average array
detection when it was analyzed over the whole field
of view 6 € [0°,360°).

Several points can be observed. First, the system
enhancement due to the use of HOS is observed. As
seen in Figures 3 and 4, the required (SNR; x L) is
lowered when the order of statistics 2q is increased.
For example, in Table 1, when a vector sensor array
is operated, the average (SN Ry x L) is reduced from
20.42 to 0.28, for ¢ = 2 and g = 4 accordingly. In
addition, the array detection performance when us-
ing vector sensors, as compared to the use of vertical
dipoles, is significantly better. This is due to the fact
that vector sensors can measure all six components
of the electromagnetic field; hence, the observability
is maximized.

Suppose now that the two sources also have
slightly different in the polarization with Ay =~y —
v1 = 1°, in addition to the angular separation of
Af = 1°. The array detection for this scenario when
averaging over the field-of-view is shown in the last
column of Table 1. Comparing to the first scenario
when both sources have the same polarization, it is
seen that the detection capability is improved. This is
because the difference in signal polarization can add
an extra degree of signal discrimination, which allows
sources to be detected on the basis of polarization.

Not only the detection capability that is improved
when using HOS, the array performance in terms of
the Cramer Rao lower bound (CRB) is also enhanced.
The CRB represents a lower bound on the error co-
variance matrix of an angular estimate. Expressed in
terms of the curve’s geometrical property, in case of
a single emitter, the CRB is found from [15],

1

ORBIf] =3 (SNRx L)% (0)%

where $(6) denotes the rate-of-change of arclength
for the corresponding polarized manifold curve. As
shown in Figure 5, notice the CRB performance en-
hancement from the vector sensor array for different
orders of statistic.

Let’s examine the accuracy of the array detec-
tion based on 50,000 independent Monte-Carlo runs.
The array setting remains the same, where a three-
element uniform linear array with half wavelength
apart is employed. Suppose the array is operated
in the presence of two sources with quaternary QAM
signal type,where

@1 :(013¢1a717n1)T :(3007007300700)7
@2 = (92>¢21727772)T = (330,00,350,00) .

The two sources were slightly apart with A = 3°.
Both were transmitted in a linear polarization state
with small deviation in the orientation, where Ay =
5°. The noise power is 2 = 0.1,and different numbers
of snapshots were examined L = {10,30,...,170}.
The number of detected sources is estimated using
Akaike Information Criterion (AIC) [13] based on the
eigen-decomposition of the circular covariance matrix
Cyoq,» and is determined from the estimated dimen-
sionality of the noise subspace. The accuracy rate is
computed based on the total number of correct de-
tection over 50,000 Monte-Carlo runs.

The result is shown in Figure 6, where several
points can be addressed. As expected, the accuracy
rate of an array detection is improved when increas-
ing the statistical order ¢, increasing the number of
sample size L and when the diversely polarized an-
tennas were used. It should be noted that the ar-
ray detection performs very poorly with the accuracy
rate less than 10% when the dipole antennas were
employed with the order ¢ =1 and 2. This shows
that the detection performance gets strongly affected
when the sources are poorly separated. In the pres-
ence of a limited number of samples, the array indeed
sees these two incoming plane waves as it is from a
single source. On the other hand, the vector sensor
array with HOS can accurately distinguish the pres-
ence of both sources. It is seen that there are cases
when we cannot find a single error detection from the
total of 50,000 runs.

Next, let’s examine the array detection capability
in a two-dimensional array. Consider planar arrays
of N =9 vector sensors, arranged in three different
configurations, namely the circular, triangular, and
crossed arrays, as shown in Figure 7, with the po-
sitions listed in Equation (21)-(23) (bottom of this

page).

T yleircular =

—1.00,—1.88,—1.88,—1.00,0.35,1.53
1.73,0.68,—0.68,—1.73,—1.97,—1.29

( 2.00,1.53,0.35, (21)
0.00,1.29,1.97

T
[rg» Ly]triungular =

—2.00,—0.67,0.67,2.00,1.33,0.

( 67,0.00—0.67,—1.33
—1.15, —1.15,—1.15,—1.15,0.00

,1.15,2.30,1.15,0.00 )

T
[rgs 57/]07‘0.:56(] =

00,0.71,-0.71,—-0.71,0.71,1.41,—1.41,—1.41,1.41
( 0.00,0.71,0.71,—0.71,—0.71,1.41,1.41,—1.41,—1.41
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Fig.3: A linear array with dipole antennas. (a) the first fundamental coefficient Z, and (b) the detection
lower bound in terms of (SNRy x L), plotted as a function of azimuth angle for different orders of statistic.

PadiaN (1) Both sources have the same po-
0 . Specifications: larization state with (v,n) =
. N=9 (45°,0°), and the angular sepa-
. ‘ array aperture p, — 4 ) r.a.ution is (A#, Aqﬁ? = (10,.10).
LI €] (ii) Sources are different in both
the azimuth-elevation direction
(@) and the polarization with Af =
. o N Ap=Ay=An=1°.
'l ° The average (SNR; x L) over the whole field-of-view
. ——y . o is summarized in Table 2. The performances are as-
sessed using the 29— 4*" —and 8*" —orders of statis-
(b) (c) tics respectively.

Fig.7: Configurations of planar arrays with N =9.
(a) circular (b) triangular (¢) crossed arrays. All ar-
rays have the same aperture.

The arrays are operated in the presence of two equi-
power sources. Two scenarios are considered.

Several points can be noted. First, the array en-
hancement is observed when using a higher-order of
statistic. For instance in the circular array, the re-
quired (SNR; x L) is decreased from 17.47 to 0.49
and 7.1 x 104 respectively when using 4" and 8" or-
ders of statistic accordingly. Furthermore, the array
configuration plays a part in the overall array perfor-
mance. In this example, the circular array is shown
to be the optimal choice, followed by the triangle and
crossed arrays respectively. Finally, comparing the
detection threshold between cases (i) and (i), it is
clear how the additional information of the signal po-
larization can help in improving the overall’s array
detection capability.
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Fig.4: A linear array with vector sensors. (a) the first fundamental coefficient Z, and (b) the detection lower
bound in terms of (SNRy x L), plotted as a function of azimuth angle for different orders of statistic.
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Fig.5: A linear array with vector sensors. The CRB as a function of azimuth direction, plotted for different

orders of statistic. SNR =0.01,L = 10, A8 = Ay =1°.

5. CONCLUSION

An ultimate’s array detection capabilities based on
the use of higher-order statistic in diversely polarized
antenna arrays was evaluated in this paper. An array
detection’s lower bound represents the system ability
to determine the number of sources in an environ-
ment. This bound is fundamentally related to the
geometrical shape of the array manifold, specifically
in terms of the first fundamental coefficient Z that

represents the squared distance between two points
on the manifold. Using the differential geometry as
a tool to analyze the corresponding diversely polar-
ized array manifold with respect to different orders
of statistics, the performance analysis was presented
to evaluate the improved ultimate’s array detection
capability.
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Table 2:

The average array detection in terms of

(SNRy x L) for different orders of statistic with the
configurations (a) circular (b) triangular (c¢) crossed

arrays.

(SNRy x L) | Oder :(A(f;)ﬁfg (:A‘?vlf,‘i’gﬁ}fg))
(a) g=1 17.47 15.67
Circular q=2 0.49 0.44
array q=4 | 71x1071% 7.0x 1071

) q=1 1111 11.02

triangular q=2 0.64 0.57

array q= 1.0x 1073 9.0 x 10~ %
© q=1 30.14 25.18
crossed q= 0.84 0.71
array g=4 | 1.3x 1073 1.1x 1073
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