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Robust H,, State-Feedback Control Design for
Nonlinear Time-Varying Delay Systems Based
on An LMI Approach

Wudhichai Assawinchaichote!, Non-member

ABSTRACT

This paper examines the problem of designing a ro-
bust H., state-feedback controller for a class of non-
linear systems with time-varying delay described by
a Takagi-Sugeno (TS) fuzzy model. Based on a lin-
ear matrix inequality (LMI) approach, we develop a
robust H,, state-feedback controller which guaran-
tees the Lo-gain of the mapping from the exogenous
input noise to the regulated output to be less than
some prescribed value for this class of nonlinear sys-
tems. A numerical example is provided to illustrate
the design developed in this paper.

Keywords: H., control, Time-varying delay, Fuzzy
systems, Linear Matrix Inequality (LMI).

1. INTRODUCTION

Over the past few decades, the nonlinear Hoo-
control theory has been extensively studied by many
researchers; e.g., [1]-[5]. The nonlinear Ho,-control
problem can be stated as follows: given a dynamic
system with the exogenous input noise and the mea-
sured output, find a controller such that the L£o-gain
of the mapping from the exogenous input noise to
the regulated output is less than or equal to a pre-
scribed value. Clearly, it is known that delays may
appear in many dynamic nonlinear systems and are
often a source of instability and encountered in con-
trol analysis and design problem. In recent years, the
‘Hso problem for delayed system has also received con-
siderably attention by a number of researchers; e.g.,
[1]-[3]. Until now, there are two commonly used ap-
proaches for providing solutions to the nonlinear H .-
control problems. The first approach is based on the
dissipativity theory and theory of differential games;
see [4]-[7]. The second approach is based on the non-
linear version of classical Bounded Real Lemma; see
[5]-[8]. Both approaches show that the solution of the
nonlinear H,-control problem is in fact related to the
solvability of Hamilton-Jacobi inequalities (HJIs). So
far to our best knowledge, there exists no computa-
tion to solve those inequalities.
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Recently, a great amount of effort has been made
on the design of fuzzy H., control for a class of non-
linear systems which can be represented by a Takagi-
Sugeno (TS) fuzzy model; e.g., [9]-[10]. Fuzzy system
theory enables us to utilize qualitative, linguistic in-
formation about a highly complex nonlinear system
to construct a mathematical model for it. Recent
studies [11]-[18] show that a fuzzy linear model can
be used to approximate global behaviors of a highly
complex nonlinear system. In this fuzzy linear model,
local dynamics in different state space regions are rep-
resented by local linear systems. The overall model
of the system is obtained by “blending” of these lin-
ear models through nonlinear fuzzy membership func-
tions. Unlike conventional modelling which uses a
single model to describe the global behavior of a sys-
tem, fuzzy modelling is essentially a multi-model ap-
proach in which simple sub-models (linear models)
are combined to describe the global behavior of the
system. Recently, the design of fuzzy H., control for
a class of nonlinear systems without delays has been
significantly considered and many results have been
reported; e.g., [9]-[10]. However, there have been also
some attempts in [12]-[15] in which robust fuzzy con-
trol analysis and synthesis for nonlinear time-delay
systems have been examined. Nevertheless, so far,
to the best of our knowledge, the global robust H,
fuzzy state-feedback control problem for a class of
uncertain nonlinear systems with time-varying delays
via LMIs approach has not yet been considered in the
literature.

What we intend to do in this paper is to design a
robust H., fuzzy state-feedback controller for a class
of nonlinear systems with time-varying delay. First,
we approximate this class of nonlinear systems with
time-varying delay by a Takagi-Sugeno fuzzy model.
Then based on an LMI approach, we develop a tech-
nique for designing a robust H, fuzzy state-feedback
controller such that the £5-gain of the mapping from
the exogenous input noise to the regulated output
is less than a prescribed value. This paper is orga-
nized as follows. In Section 2, system descriptions
and definitions are presented. In Section 3, based on
an LMI approach, we develop a technique for design-
ing a robust H., fuzzy state-feedback controller such
that the Lo-gain of the mapping from the exogenous
input noise to the regulated output is less than a pre-
scribed value for the system described in Section 2.
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The validity of this approach is demonstrated by an
example from a literature in Section 4. Finally in
Section 5, conclusions are given.

2. SYSTEM DESCRIPTIONS AND DEFINI-
TIONS

The class of nonlinear systems under consideration
is described by the following fuzzy system model:
Plant Rule i:

IF Vl(t) is Mz'l and --- and Vﬁ(t) is Miﬂ THEN

K-
—~
~
~—
Il

[A; + AAx(t) + Ag,z(t — (1))
+[B1, + ABy, Jw(t) + [Ba, + ABy,Ju(t),
[C1, + ACy,J2(t) + [Di2, + AD12,Ju(t)
P(t), te[-1,0], 7(t) <7 (
1

where M;;(j = 1,2,---,9) are fuzzy sets, z(t) € R”
is the state vector, u(t) € R™ is the input, w(t) €
RP is the disturbance which belongs to £3]0,00),
z(t) € R* is the controlled output, the matrices
A, Ag;B1,, Ba,,Cy, and Dy, are of appropriate di-
mensions, 7 is the number of IF-THEN rules, 7(¢) < 7
is the bounded time-varying delay in the state and
P(t) is a vector-valued initial continuous function
defined on the interval [—7,0]. The matrices AA;,
ABy,, ABy,, AC;, and AD;,, represent the uncer-
tainties in the system and satisfy the following as-
sumption.
Assumption 1:

8
—
NN
|

ABgi = F(.%‘(t),t)Hgi, ACL = F(l‘(t),t)Hzli
and ADsy, = F(x(t),t)Hs,

where Hj;,j = 1,2,---,5 are known matrix functions
which characterize the structure of the uncertainties.
Furthermore, the following inequality holds:

[1E (@), )] < p (2)

for any known posmve constant p.

Let @;(v(t)) = [Thmy Mar(vi(t)) and pui(a(t)) =
% where M, (v (t)) is the grade of mem-
bership of vy, (t) in M. Tt is assumed in this paper

that

>0, i=1,2,..,m

@i(v(t)) = 0,

> @i(v(t) >0
i=1

for all £. Therefore,

> (1) =1
i=1

For the convenience of notations, we let

i (v (t)).

for all t.
w; = w;(v(t)) and p; =

State-Feedback Control Design for Nonlinear Time-Varying Delay Systems Based on An LMI Approach 127

The resulting fuzzy system model is inferred as the
weighted average of the local models of the form:

() = iy g [[Ai + AAJa () + Ag (t = (2))
By, + AByJuw(t) + [Ba, + ABsJu(t)],
2(0) = Xiy | [C, + AC Ja()
+[D12, + ADlzi]U(t)]
3)
We recall the following definitions.
Definition 1: Suppose 7 is a given positive number.

A system (3) is said to have £5]0,T}] gain less than
or equal to 7 if

/Tf 2T () z(t)dt < ~? [/Tf wT(t)w(t)dtl .4
0 0

In this paper, we consider the following H, fuzzy
state-feedback which is inferred as the weighted aver-
age of the local models of the form:

= ZqujfU(t)- (5)

where K is the controller gain.

Before ending this section, we describe the problem
under our study as follows.

Problem Formulation: Given a prescribed Ho, per-
formance v > 0, design a robust H., fuzzy state-
feedback controller of the form (5)such that the in-
equality (4) holds.

Note that for the symmetric block matrices, we
use () as an ellipsis for terms that are induced by
symimetry.

3. ROBUST H. FUZZY STATE-FEEDBACK
CONTROL DESIGN

The following theorem provides a way of designing
a fuzzy state-feedback controller.

Theorem 1: Consider the system (3). Given a pre-
scribed Ho performance v > 0 and a positive con-
stant §, if there exist symmetric matrices P > 0,
W > 0, and matrices Y;, j = 1,2,--- ,r, satisfying
the following linear matrix inequalities:

Qi < 0, i=1,2,---,r (6)
Qij + Qﬂ < O7 7 <j <r (7)
where
s R
_ BY, = (x)7 (9T
Qij = ) P~ 0 v ve (*)T (8)
Cy, P+ Dlgin 0 0 -1
and

®;j = AP+ PAT + By Y; + Y'B] + Ag, WA} (9)
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with where R is a positive definite matrix, we have
By, =[0I I 6I By, |,
V(z(t) = ZZWJ[ (A + By K;)TQ

G, =[2HT 0 VaapHT Vaxcl 1" st
+Q(A; + B, Kj) + S)I(t)
Dio,=[0 %H] V2pHL VDR, 1", T ()QA4, w(t—T( )
! (t = 7(t)Ag,Qu(t)
v H —IT(t—T( ))Sx(t—f(t))
= (1+p222 [IIHzTinjI]) +a" (1) B, Qx(t) + T(t)QBhw(t)}

» [xT(t) ((Ai + By, K;)7Q

N
-

then the inequality (4) holds. Furthermore, a suitable

choice of the fuzzy controller is =1 4=l
+Q(A; + B2, K;) + S)x(t)
t) = uK;x(t) (10) +aT (H)QAq, ST AL Qu(t)
= +al(t —7(t ))S:Z:(th(t))
(¢ = (1)t = (1)
where ~
@ ()BT Qa(t) + T ()QB1, i (1)
K; =Y;P7". (11)
= ZZM@{ (A + By K)TQ
=1 j=1
Proof: The state space form of the fuzzy system +Q(A; + By, Kj)
model (3) with the controller (10) is given by +QAdiS_1AdTiQ N S)x(t)
Bt) = Y S g ([Ai + By, K (t) +a" () BY,Qx(t) + & () QB1,@(t) |-
+Aa,a(t = 7(0) + By (1)) (15)
(12)

Adding and subtracting —z7'(¢)Z(t)

where r r r r . _
+7? 22‘21 Zj:l Zm:1 En:l il o fon, [wT(t)w(t)]
to and from (15), we get
Bli:[(ﬂ I oI By, ]7

T ™ T T
and the disturbance w(t) is Vi(x(t)) = Z Z Z Z M o fm, X

i=1 j=1m=1n=1

LF(a(t), ) Hy, (1) L2 w7 ]
oy = | F@(t), 1) Haw(t) 13) (A + B2, K;)"Q
OO = 1pa), 0B Ko(t) | +Q(A; + By, K;)
w(t) +QA4,S1ATQ+ S ()T
+(Cy, + D121,K )
Let choose a Lyapunov-Kranovskii functional V (x(t)) x(Ch,, + D12, K;)
as BfQ =1

v { ;”]((’?) ] — ST )3()

Vi) =" Qe + [ T 0)sew
—‘,—’y2 Z Z Z Hoi o5 o oy [’[DT(t)’LZ)(t)]

where @ = P~! > 0 and S = W~! > 0. Taking

j=1 m=1n=1
the differentiate V' (x(t)) along the closed-loop system (16)
(12) and using the fact that for any vector x;(t) and
x2(t) and a matrix G where
T T T < ~ _
# (1Go:l) + 3 (G 1(8) ) = 3D wlCr + DinKla(t) (17)

< fET(t)GRilGT"El(t) + l’g(t)Rl’Q(t) (14) i=1 j=1
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with
G, =[ %8L 0 vawHT vt |
and Dyo, = [ 0 %HT V2HI V2ADT, |".
Pre and post multiply (6)-(7) by
Q 00 0
8 é ? 0 yields
0 0 0 I
(A; + B2, Ki)TQ
+Q(A; + B, K;) O OO
B{.Q =L (®)T ()T
I 0 W (x)7T
1 +D12,iK 0 0 -1
<0, (18)
i=1,2,---,r,and
(Ai + B3, K;)TQ
+Q(Ai + B, Kj) O OO
+QAd WAT Q
BLQ = ()T ()7
) I 0 W (%)T
Ci, + D12, K; 0 0 —I
(4 + Ba, Ki)"Q
+Q(A; + By, K;) OO OL
+QA, WAL Q
BrQ I (x)T (H7T
) I 0 W (x)7T
Ch, + Do, K; 0o 0 I
<0, (19)

i < j < r, respectively. Applying the Schur com-
plement on (18)-(19) and rearranging them, then we

have

(A; + Bo, K)TQ
+Q(A; + By, K;)

+QAWALQ+W! ()T
—|—(C~'~1 + D~12iKi)T <0,(20)
X(Cli :l— DlZiKi)
Bf.Q -1
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i=1,2,---,r, and
(Ai + B2, K;)TQ
TQALWALQ+ W ()7
(Cl + D12 K;)T
(01 + Du K;)
BTlQ
(Aj + By, Ki)'Q
+Q(A; + By, K;)
+QAG, WAL Q+ W
(01 + D12 K)"
(Cl + D12 K;)
BrQ
(21)
i < j < r, respectively. Using (20)-(21) and the fact
that

roor T r
i=1 j=1 m=1n=1
roor

i g Mij;Mij + NijNZ]v (22)

1
1
2

i=1 j=1
it is obvious that we have

(Ai + B2, K;)TQ
+Q(A; + By, Kj)
+QA4STIAT QT S
(01 + D12 K;)T
(Cl :i— Dlng )

Br@Q

()"

_72[

where W = S7! and i,5 = 1,2,--- ,r. Since (23) is
less than zero and the fact that g; > 0and >, _; pu; =
1, then (16) becomes

V() < —ZT(t)i(t)

+° Z Z Z Z it i i [ D

i=1 j=1m=1n=1

o (Bw(t))- (24)

Integrate both sides of (24) yields

Ty

. Ty  Tins
RCOEY R EROED

r r r
+72 Z Z Z Z N’iu'j,umun[
i=1

=1 j=1m=1n=1

wT(t)w(t)]} dt

V) +Vao) < [ =00
AN TNttt

i=1 j=1m=1n=1

@T(t)w(t)]} dt.
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Using the fact that £(0) = 0 and V(z(t)) > 0, we get

Ty
/ () z(t)dt <
0

2 [T  S wssala” O

i=1 j=1 m=1n=1

Putting 2(¢) and w(t) respectively given in (17) and
(13) into (25) and using the fact that ||F'(z(t),t)]| < p,

X = (14 9 S Sy I HE Hy, []) and (22), we
have

/Tfiiuzﬂy< N2 (8)[Cr, + Dz, K]

=1 j=1
X[Cl, +D12K]$(t) (2)\2 2

o (8)[Ha, + Hy, K] [Hy, + Hs, Kl (t) ) dt

<42\ l /O T (t) dt] . (26)

Adding and subtracting

A2y min

[xT(t) (cli + F(a(t),t) Hy,

T
+D12in +F(l‘(t),f,)H51K]) X

M2T()2(t) =

(Cli + F(x(t), t) Ha,

7

4Dy, K + F(x(t), t)H5jKj)x(t)}

to and from (26), one obtains

Ty
/ {)\QT
0 =1 j5=1

aT()[C1, + Dig, K] [Cy, + Do, K (t)
+202p%2" (t)[Hy, + Hs, K;|" [Ha, + Hs, K;)a(t)
=Nt ()[Cy, + F(a(t),t) Hy,

+D12, K + F(x(t),t)Hs, K;]" x

(Ch, + F(e(t),t)Ha, + Dis, K,

FF(x(t), t)H5in]x(t)>} dt
a2 | [T 1
<~°A l/o w” (H)w(t) dt] (27)

(04303 s (20 ¢

Using the triangular inequality and the fact that

|1 F'(z(t),t)] < p, we have

T

A? Z;MM(

=1

[Cl + F(x(t), t)Hy,

i

T
+D12iKJ‘ + F(l’(t), t)H5IK]:|
X [01,,, + F(a(t), t) Hy,

D1y, K + F(a(t), t)H5in}x(t))

< i i ift; (2>\2$T(t

i=1 j=1

{Cli + DuiKJ}x(t) + (2X3%p? x

)[Ch + Dmin}T X

0 [H4l. n H51.Kj} ! [H4i + Hsin} x(t)))(.28)

Using (28) on (27), we obtain

Ty Ty
/ 2T (t)2(t) dt <~2 / wl (w(t) dt.  (29)
0 0
Hence, the inequality (4) holds.

4. AN ILLUSTRATIVE EXAMPLE

Consider a modified nonlinear mass-spring-damper
system as shown in Figure 1 which is governed by the
following state equation [10]:

#1(t) = —[0.1125+ AR]z1(t) — 0.012521 (t — 7(t))
—0.02z2(t) — 0.67x3(t) — 0.1z3(t — 7(t))
—0.005z2(t — 7(t)) + w(t) + 0.1wq(t)

j?g(t) = J?l(t) + 0.1w2(t)

.Z‘l(t)

2(t) 2a(t)

(30)
where 1 (t) and z5(t) are the state vectors which rep-
resent the velocity and distance, respectively, u(t) is
the control input, wq (¢) and wo(t) are the disturbance
input, z(t) is the regulated output, AR is an uncer-
tain term which is bounded in [0 0.1125], and the
time-varying delay 7(¢) = 4 + 0.5cos(0.9¢). It is as-
sumed that

x1(t) € [-1.5 1.5] and x2(t) € [-1.5 1.5].
Based on [10], the nonlinear term can be repre-
sented as
—0.67z5(t) = -0 - wa(t)
( M) - 1.5075z4(t),
—0.1z5(t — (1) = “xa(t = 7(1))
(1 - Ml) 0.225z5(t — 7(t)).

Solving the above equations, M; is obtained as fol-
lows:

x2

Mim(t) = 1
x3(t)
My(za(t)) = 1— Mi(z2(t)) .
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u(t)

X, (t) l

Mass

* X(t)

Spring — Damper

Fig.1: Mass-spring-damper system.

Note that M (z2(t)) and Mj(xz2(t)) can be interpret
as the membership functions of fuzzy set.

Fig.2: Membership functions for two fuzzy set.

Using these two fuzzy set, the uncertain nonlinear
system with time-varying delay can be represented by
the following TS fuzzy model:

Plant Rule 1: IF z5(t) is My (z2(¢)) THEN

7(t)) (31)
2(0) = 0,

S
—
~
=

[Ar + AA]z(t) + Ag, z(t —
+B1w(t) + BQU( ),
Chz(t),

Plant Rule 2: IF z5(t) is Ma(z2(¢)) THEN

[Ag + AdoJa(t) + Agyx(t — (1)) (32)
+Byw(t) + Bau(t), x(0) =0,

s.
—~
~
=

z(t) = Ciz(t)
where
—0.113 —-0.02 —0.113 —1.528
Al :|: 1 0 :| 7A2 = |: 1 0 :| )
—0.013 —0.005 —0.013 —0.23
0 =[O Jaa = [0

01 0 1 1
Bl_[ 0 0.1]’ 32[0}’ Cl_[o

AA; = F(:C(t)vt)Hlu AAy =

0
1 )

F(x(t),t)Hy,,
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z(t) = [21 (1) 23 (1)]" and w(t) = [w{ (t) wy (1)]".
Now, by assuming that || F(z(t),t)]| < p = 1, we have
—-0.1125 0
e 05 0]

Using the LMI optimization algorithm and Theorem
?? with v =1 and § = 0.1, we obtain

0471 —0.174 ] W:{ 3.009

—0.124

—0.124

P = 2.889

—0.174 0.137

Vi =[ -1818 -0122], Yp=[ -2.081 0.084 ],

Ky =[—-7940 —11.002 |, K, = [ —7.944 —9.507 |.
The resulting fuzzy controller is
2
u(t) = pi Kja(t) (33)
j=1
where
p1 = Mi(x2(t)) and po = Ma(w2(t)).

Remark 1: The fuzzy controller (33) guarantees
that the inequality (4) holds. The histories of the
state variables, 21 (t) and x2(t) are given in Figure 3.
The disturbance input signal, w(t), which was used
during simulation, is shown in Figure 4. The ratio of
the regulated output energy to the disturbance input
noise energy obtained by using the H., fuzzy con-
troller (33) is depicted in Figure 5. After 5 seconds,
the ratio of the regulated output energy to the dis-
turbance input noise energy tends to a constant value
which is about 0.735. So v = v/0.735 = 0.857, which
is less than the prescribed value 1.

5. CONCLUSION

This paper has presented a robust H, fuzzy state-
feedback controller design procedure for a class of
uncertain nonlinear systems with time-varying delay
which is described by TS fuzzy model. Based on an
LMI approach, we developed a technique for design-
ing a robust Hs fuzzy controller which guarantees
the Lo-gain of the mapping from the exogenous input
noise to the regulated output to be less than some pre-
scribed value. A numerical example has been given to
show the synthesis procedure developed in this paper.
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