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ABSTRACT

The modified repetitive control system is a type
of servomechanism for the periodic reference input.
That is, the modified repetitive control system fol-
lows the periodic reference input with small steady
state error, even if a periodic disturbance or uncer-
tainty exists in the plant. Using previously proposed
modified repetitive controllers, even if the plants does
not includes time-delay, the transfer function from
the periodic reference input to the output and that
from the disturbance to the output have an infinite
number of poles. When the transfer function from
the periodic reference input to the output and that
from the disturbance to the output have an infinite
number of poles, it is difficult to specify the input-
output characteristic and the disturbance attenuation
characteristic. From the practical point of view, it
is desirable that the input-output characteristic and
the disturbance attenuation characteristic are easily
specified. In order to specify the input-output char-
acteristic and the disturbance attenuation character-
istic easily, the transfer function from the periodic
reference input to the output and that from the dis-
turbance to the output are desirable to have a finite
number of poles. Yamada et al. proposed the concept
of simple repetitive control systems such that the con-
troller works as a modified repetitive controller and
the transfer function from the periodic reference in-
put to the output and that from the disturbance to
the output have a finite number of poles. In addi-
tion, Yamada et al. clarified the parametrization of
all stabilizing simple repetitive controllers. However
the method by Yamada et al. cannot be applied for
time-delay plants. The purpose of this paper is to
propose the parametrization of all stabilizing simple
repetitive controllers for time-delay plants.

Keywords: repetitive control, time-delay plant, fi-
nite number of poles, parametrization

1. INTRODUCTION

The repetitive control system is a type of ser-
vomechanism for periodic reference input. That is,
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the repetitive control system follows the periodic ref-
erence input without steady state error, even if a pe-
riodic disturbance or uncertainty exists in the plant
[1-13]. Tt is difficult to design stabilizing controllers
for the plant, because the repetitive control system
follows any periodic reference input without steady
state error is a neutral type of time-delay control sys-
tem [11]. In order to design a repetitive control sys-
tem that follows any periodic reference input without
steady state error, the plant needs to be biproper [3—
11]. In practice the plant is strictly proper. Many
design methods of repetitive control systems for the
strictly proper plants are given [3—11]. These studies
are divided into two types. One uses a low-pass fil-
ter [3-10] and the other uses an attenuator [11]. The
latter is difficult to design because it uses a state vari-
able time-delay in the repetitive controller [11]. The
former has a simple structure and is easily designed.
Therefore, the former type of repetitive control sys-
tem is called the modified repetitive control systems
[3-10].

Using the modified repetitive controllers in [3—10],
even if the plants does not include time-delay, the
transfer function from the periodic reference input
to the output and that from the disturbance to the
output have an infinite number of poles. When the
transfer function from the periodic reference input to
the output and that from the disturbance to the out-
put have an infinite number of poles, it is difficult to
specify the input-output characteristic and the distur-
bance attenuation characteristic. From the practical
point of view, it is desirable that the input-output
characteristic and the disturbance attenuation char-
acteristic are easily specified. In order to specify the
input-output characteristic and the disturbance at-
tenuation characteristic easily, the transfer function
from the periodic reference input to the output and
that from the disturbance to the output are desirable
to have a finite number of poles. Yamada et al. pro-
posed the concept of simple repetitive control systems
such that the controller works as a modified repeti-
tive controller and the transfer function from the pe-
riodic reference input to the output and that from
the disturbance to the output have a finite number
of poles [17,18]. In addition, Yamada et al. clarified
the parametrization of all stabilizing simple repeti-
tive controllers. However the method by Yamada et
al. cannot be applied for time-delay plants.



A Design Method for Simple Repetitive Controllers for Time-Delay Plants 43

In this paper, we propose the concept of simple
repetitive controllers for time-delay plants. In ad-
dition the parametrization of all stabilizing simple
repetitive controllers for time-delay plants are clar-

ified. This paper is organized as follows: In Section 2.

, the concept of the simple repetitive controllers for
time-delay plants is proposed. In addition, in Section
2., the problem considered in this paper is described.
In Section 3., the controller structure of simple repet-
itive controllers is clarified. In Section 4. and Section
5., using the result in Section 3., the parametriza-
tion of all stabilizing simple repetitive controllers for
stable time-delay plants and for unstable time-delay
plants are clarified. In Section 6., the control charac-
teristics using simple repetitive controllers for time-
delay plants are written. In Section 7., a design pro-
cedure of stabilizing simple repetitive controllers for
time-delay plants is presented. In Section 8., we show
a numerical example to illustrate the effectiveness of
the proposed method.

Notation
R The set of real numbers.
R(s)  The set of real rational functions with s.
RH,, The set of stable proper real rational func-

tions.

2. SIMPLE REPETITIVE CONTROL SYS-
TEMS AND PROBLEM FORMULATION

Consider the unity feedback control system in

{y = G(s)e*tu+d
u =

C)(r—y) W
where G(s)e™*F is the plant, L > 0 is the time-delay,
G(s) € R(s), C(s) is the controller, u € R is the
control input, y € R is the output, d € R is the
disturbance and r € R is the periodic reference input
with period T > 0 satisfying

r(t+T)=nr() (Vt>0). (2)

L is assumed to satisfy T > L. According to [3—
10], when the plant G(s)e™*L has an uncertainty, in
order for the output y to follow the periodic reference
input r with period T with small steady state error,
the controller C'(s) must have following structure

C(s)e=*T
gl o

where C/(s) and C(s) are controller and ¢(s) € R(s)
is a proper low-pass filter satisfying ¢(0) = 1. The
controller in (3) is called by the modified repetitive
controller [3-10]. According to [3-10], if the low-pass
filter ¢(s) satisfies

O(s) = C(s) +

1—q(jw) =0 (i=0,...,Nnas), (4)

where w;(i = 0,..., Npaz) is the frequency compo-
nent of the periodic reference input r written by

P
wi=""i (i=0,...

T 7Nmaz) ) (5)

Npaz 1s a positive integer and wy,, ,, is the maxi-
mum frequency component of the periodic reference
input r, then the output y in (1) follows the periodic
reference input r with a small steady-state error.

Using the modified repetitive controller C(s) in

(3), the transfer function from the periodic reference
input r to the output y and that from the disturbance
d to the output y in (1) have an infinite number of
poles. When the transfer function from the periodic
reference input to the output and that from the dis-
turbance to the output have an infinite number of
poles, it is difficult to specify the input-output char-
acteristic and the disturbance attenuation character-
istic. From the practical point of view, it is desirable
that the input-output characteristic and the distur-
bance attenuation characteristic are easily specified.
In order to specify the input-output characteristic
and the disturbance attenuation characteristic eas-
ily, the transfer function from the periodic reference
input to the output and that from the disturbance
to the output are desirable to have a finite number
of poles. From above practical requirement, we pro-
pose the concept of the simple repetitive controller
for time-delay plants as follows:

Definition 1: (simple repetitive

time-delay plants)

We call the controller C'(s) the simple repetitive con-
troller for time-delay plants, if following expressions
hold true:

1. The controller C(s) works as a modified repet-
itive controller. That is, the controller C(s) is
written by (3), where ¢(s) € R(s) satisfies
q(0) = 1.

2. The controller C(s) makes the transfer function
from the periodic reference input r to the output
y in (1) and that from the disturbance d to the
output y in (1) have a finite number of poles.

controller for

The problem considered in this paper is to propose
the parametrization of all stabilizing simple repetitive
controllers for time-delay plants. That is, we find all
controllers written by the form in (3) to make the
transfer function from the periodic reference input r
to the output y in (1) and that from the disturbance
d to the output y in (1) have a finite number of poles.

3. CONTROLLER STRUCTURE OF SIM-
PLE REPETITIVE CONTROLLERS FOR
TIME-DELAY PLANTS

In this section, the controller structure of simple
repetitive controllers for time-delay plants defined in
Definition 1 is clarified.
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From Definition 1, since the transfer function from
the periodic reference input r to the output y has a
finite number of poles, the transfer function from the
periodic reference input r to the output y in (1) is
written by

% = G1(s)e "L + Ga(s)e™*T + Ga(s)e*T+E) | (6)
where G;(s) € RHy(i = 1,...,3). Using the con-
troller C(s) in (3), on the controller C(s) in (3) to
make the transfer function from the periodic reference
input r to the output y be written as (6), following
theorem is satisfied.

Theorem 1: In order for the controller C(s) in (3)
to make the transfer function from the periodic ref-
erence input r to the output y be written as (6), the
controller C(s) in (3) has the structure in

Ci(s) + Cg(s)e_S(T_L) + C3(s)e=sT

C(s) = 1+ Ca(s)e—=L) (1 — g(s)e—<T) ° (7)

where Cy(s) € R(s)(i =1,...,4).

Proof:  Since the controller C(s) is written by
(3), the transfer function from the periodic reference
input r to the error e = r — y in (1) is given by

1
14+ C(s)G(s)e E
1—q(s)e™™"
1—q(s)e™T + {C’(s) (1- q(s)e*ST)

<1

+C’(s)efST} G(s)efSL. ®)

From the assumption that the transfer function from
the periodic reference input r to the output y is writ-
ten by (6), the transfer function in (8) is equal to

e —

- =1-Gi(s)e ™t — Gy(s)e T — Gy(s)e 5T+,

(9)

From (8) and (9), we find that (8) is rewritten as

e 1

r 1+ C(s)G(s)e "
= (1—q(s)e™*T) (14 H(s)e*L).

(10)

This equation implies that C(s) is written by

_H(s) | als) —sropy | (9)H(S) _or
oy~ G GO G(s)
(1+ H(s)e ) (1 — q(s)e™*T)

_ G+ Gs)e T + o)ty
- (14 Cy(s)e L) (1 — g(s)e—sT) 7

where
__H(s)
01(5) G(S) ) (12)
_q(s)
02(8) - G(S)’ (13)
_ a(s)H(s)
CS(S) - G(S) (14)
and
Cy(s) = H(s) (15)
We have thus proved Theorem 1. [ ]

4. THE PARAMETRIZATION OF ALL
STABILIZING SIMPLE REPETITIVE
CONTROLLERS, WHEN THE TIME-
DELAY PLANT IS STABLE

In this section, we propose the parametrization of
all stabilizing simple repetitive controllers for time-
delay plants in the case that G(s)e™*L is stable.

The parametrization of all stabilizing simple repet-
itive controllers when G(s)e *L is stable is summa-
rized in the following theorem.

Theorem 2: It is assumed that G(s)e L is sta-
ble, ¢(s) € RHs and ¢(s)/G(s) € RHs. The
parametrization of all stabilizing simple repetitive
controllers C(s) is written by

Qs) + gi‘?)e-s”-“ — Qs)g(s)e"

(1-Q(s)G(s)e=*L) (1 — q(s)e=*T)

where Q(s) € RH, is any function.

Proof: First, the necessity is shown. From The-
orem 1, the controller C(s) to make the transfer func-
tion from the periodic reference input r to the output
y be in (6) is written by (7). Therefore, we show that
if the controller C'(s) in (7) works as a modified repet-
itive controllers, then the controller C(s) is written by
(16). From the assumption that the controller C(s)
in (7) makes the transfer function from r to y of the
control system in (1) have a finite number of poles,

C(5)G(s)e sk

14 C(s)G(s)e=st
_ (Ci(s) + Co(s)e™*T=L) 4 C3(s)e*T) G(s)e*L
L4 e T (G(s5)Ca(s) — q(5)) + e =L (Cu(s)

O(s) = . (16)

+C1(5)G(s)) + e 5T+ (G(s)Cs(s) — q(5)Ca(s))
(17)

has a finite number of poles. This implies that

(18)
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Ca(s) = —C1(s)G(s) (19)

and
C3(s) = —C1(s)q(s). (20)

Substituting (18), (19) and (20) for (7), C(s) must
take the form

(5) o—s(T—L)

C(s) + Gge T = Culshals)e
(1= Ci(5)GE)e ) (1 = gls)eT)

From the assumption that C(s) in (7) makes the
control system in (1) stable, C(s)G(s)e™*F/(1 +
C(s)G(s)e™>F), C(s)/(1 + C(s)G(s)e*F),

C(s) = .(21)

G(s)e™*L/(14+C(s)G(s)e~*L) and 1/(1+C(s)G(s)e L)

are stable. From simple manipulation and (21), we

have

C(s)G(s)e *F
14 C(s)G(s)e~sL
= Ci(s)G(s)e *L +q(s)e™*T
— Cl(s)G(s)q(s)e_s(T+L), (22)
C(s)

= (1- Cl(s)G(s)e_SL) (1- q(s)e™*T) G(s)e *F

(24)

and
1
1+ C(s)G(s)e—sL
= (1-Ci(s)G(s)e™*F) (1 -

q(s)eiST) . (25)

It is obvious that the necessary condition that the
transfer functions in (22), (23), (24) and (25) are sta-
bleis C(s) € RHoo. Let Ci(s) = Q(s), we have (16).
Thus, the necessity has been shown.

Next, the sufficiency is shown. That is, we show
that if C(s) is written by (16), then the controller
C(s) makes the control system in (1) stable and
makes the transfer function from r to y of the control
system in (1) have a finite number of poles. After
simple manipulation, we have

1+ C(s)G(s)esL
= (1- Q(S)G(s)e*‘qL) (1- q(s)e*ST) . (29)

From the assumption that G(s) is stable, Q(s) €
RHo, q(s) € RHy and ¢(s)/G(s) € RH, the
transfer functions in (26), (27), (28) and (29) are sta-
ble. In addition, because the transfer function from
r to y of control system in (1) is given by (26), the
transfer function from r to y of the control system in
(1) has a finite number of poles. Thus, the sufficiency
has been shown.

We have thus proved Theorem 2. |

5. THE PARAMETRIZATION OF ALL
STABILIZING SIMPLE REPETITIVE
CONTROLLERS, WHEN THE TIME-
DELAY PLANTS IS UNSTABLE

In this section, we propose the parametrization of
all stabilizing simple repetitive controllers for time-
delay plants when G(s)e™*% is unstable.

The parametrization of all stabilizing simple repet-
itive controllers for time-delay plants when G(s)e™
is unstable is summarized in the following theorem.

Theorem 3: Tt are assumed that G(s)e™*L is un-

stable, ¢(s) € RHo, and ¢(s)/G(s) € RHy,. For sim-
plicity, the unstable poles of G(s)e™*F are assumed
to be distinct. That is, when s;(i = 1,...,n) denote
unstable poles of G(s), s; #s;(i # j;i=1,...,nj =
1,...,n). Under these assumptions, the parametriza-
tion of simple repetitive controller is written by

D(s) (G(s) + D(s)Q(s)) + e (1)
C(s) =

{1-(G( Q(S)) ( e—sk}

()(G() ()(5))()7@
T ’ (30)
((1=g(s)e™")

where N(s) € RHy, D(s) € RHy, are coprime fac-
tors of G(s) on RH, satisfying

G(5) = (1)
G(s) € RH, is satisfying
Glss) = — G=1,2....n) (32
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and Q(s) € RH is any function.
The proof of Theorem 3 requires the following
Lemma.

Lemma 1: Tt is assumed that G(s)e*L is unsta-
ble. For simplicity, the unstable poles s;(i = 1,...,n)
of G(s) are assumed to be distinct. Under these as-
sumptions, there exists G, (s) € RHo, satisfying (32).

Proof: For easy explanation, we denote

1

g = W (it=1,...,n). (33)
When G, (s) is constructed by
Gu(s)
n—1
= H,_1(s) 1+HS+ fo ] (34)

from easy computation, we can confirm that @u(s) in
(34) is included in RH., and satisfies (32), where

Hi(s) = g1, (35)
=1
H; = H;_ 1 L. f 36
(5 o (1 T ) o
(t=2,...,n—1)
and
i—1 S; + S5 Gi
fi = ! ]-( ¢ —1>(i:1,...,n).
i=1 S; — Sj Hifl(si)
(37)
We have thus proved Lemma 1. |

Using this Lemma, we shall show the proof of The-
orem 3.
Proof: First, the necessity is shown. From Theorem
1, the controller C(s) to make the transfer function
from the periodic reference input r to the output y
be in (6) is written by (7). Therefore, we show that if
the controller C'(s) in (7) works as a modified repeti-
tive controllers, then the controller C(s) is written by
(30). From the assumption that the controller C(s)
in (7) makes the transfer function from r to y of the
control system in (1) have a finite number of poles,

C(s)G(s)e L
1+ C(s)G(s)e

(Cl +02 —s(T L) +C (S) —sT)
1+ (G(s)Ca(s ) a(s)) e + (Cu(s)
G(s)e™*F
+C1(s)G(s)) e + (G(s)Cs(s)
(38)

—4(5)Cu(s)) eTHH)

has a finite number of poles. This implies that

Cals) = &% (39)
Cy(s) = —C1(s)G(s) (40)

and
C3(s) = —q(s)C1(s) (41)

are satisfied, that is, C'(s) is rewritten by

C1(s) + AT () (s)e T

(1= Ci(s)G(s)e=F) (1 = g(s)e*T)

From the assumption that the controller C(s)
in (7) makes the control system in (1) sta-
ble, C(s)G(s)e™*L/(1+C(s)G(s)e %), C(s)/(1
+O(s)G(s)e™*L), G(s)e™*L/(1+C(s)G(s)e™*L) and
1/(14+C(s5)G(s)e™*L) are stable. From simple manip-
ulation and (42), we have

C(s) = - (42)

C(s)G(s)e st
1+ C(s)G(s)e 5L
= C1(s)G(s)e L +q(s)e™*T
—q(s)C1(5)G(s)e T, (43)
C(s)
14+ C(s)G(s)e~sL
Cols) + e —a(s)Cr(s)e .
(44)
G(s)e st

and

1+ C(s)G(s)e—sk

= (1-Ci(s)G(s)e™"") (1= g(s)e™T) . (46)

Since the transfer function in (43), (44) and (46) are
stable, from ¢(s) € RH, and g(s )/G(s) € RHOO, we
have C1(s)G(s) € RHo and Ci(s) € This
implies that C}(s) is written by

Ci(s) = C1(s)D(s),

where Ci(s) € RH,. From the assumption that the
transfer function in (45) is stable and from (47), for
si(i=1,...,n) which are unstable poles of G(s),

(47)

1—Ci(s)G(sp)e L = 1= Cy(s;)N(s;)e =T
= 0(i=1,...n) (48)
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must be satisfied. From Lemma 1, there exists G(s) €
RH, satisfying
1—-G(si)N(si)e ™t =0(i=1,...n). (49)
Note that (49) is equivalent to (32). From (48) and
(49),
Ci(si) = G(si) =0 (i=1,...,n) (50)
) ’I’L),
which are unstable poles of G(s), are zeros of Cy(s) —

is satisfied. Equation (50) implies that s; (1,...

G(s), because Cy(s) € RH,, and G(s) € RH
When we rewrite Cy(s) — G(s) as
Ci(s) = G(s) = D()Q(s), (51)

then Q(s) € RH., because Cy(s) € RHy, G(s) €
RH, and D(s) € RHe. From (51), (47) and (42),
we have (30). In this way, it is shown that if the con-
troller C(s) in (7) makes the transfer function from r
to y of the control system in (1) have a finite number
of poles, then C(s) is written as (30).

Next, the sufficiency is shown. That is, we show
that if C(s) is written by (30), then the controller
C(s) makes the control system in (1) stable and
makes the transfer function from r to y of the control

system in (1) have a finite number of poles. After
simple manipulation, we have
C(s)G(s)e””
1+ C(S)G(s)e_SL
= (G(s)+ () (5)) N(s)e " +q(s)e™"
— (G(s) + D(s)Q(s)) N(s)q(s)e T+,

(52)

)e—sL}

(54)

and

14+ C(s)G(s)e
{1-(G(s)+D(s)Q(s)) N
(1—q(s)e™*T). (55)

Since G(s) € RHw, Q(s) € RHu, q(s)/G(s) €
RH.,, q(s) € RHo, N(s) € RHy and D(s) € RH o,

s)est}

the transfer functions in (52), (53), (55) are stable.
If the transfer function in (54) is unstable, unsta-
ble poles of the transfer function in (54) are that of
G(s). From the assumption that G(s) satisfies (32),
the unstable pole of G(s) are not that of {1—(G(s)+
D(s)Q(s))N(s)e *L}(1—q(s)e*T)G(s)e~*L. There-
fore, the transfer function in (54) is stable. In addi-
tion, because the transfer function from r to y of the
control system in (1) is given by (52) and G(s) €
RH, Q(s) € RHu, q(s) € RHy, N(s) € RHy, and
D(s) € RH,, the transfer function from r to y of the
control system in (1) has a finite number of poles.
We have thus proved Theorem 3. ]

6. CONTROL CHARACTERISTICS

In this section, we present control characteris-
tics of simple repetitive control system using the
parametrization of all stabilizing simple repetitive
controllers for time-delay plants in Theorem 3.

First, the input-output characteristic is shown.
Using the parametrization of all stabilizing simple
repetitive controllers for time-delay plants in Theo-
rem 3, the transfer function from the periodic refer-
ence input r to the output y and that from the pe-
riodic reference input r to the error e = r — y in (1)
are written by

2= (G(s)+ D()Q(s)) N(s)e™" +q(s)e™"
~ (G(s) + D(s)Q(s)) N(s)g(s)e™*T+H)
(56)
and
= = {1-(G(9)+D(5)Q(s)) N(s)e ™"}
(1= q(s)eT), (57)

respectively. From (57), if ¢(s) € RHx is settled
to satisfy (4), then the output y follows the periodic
reference input 7 with small steady state error.

Next the disturbance attenuation characteristic is
shown. Using the parametrization of all stabilizing
simple repetitive controllers for time-delay plants in
Theorem 3, the transfer function from the distur-
bance d to the output y in (1) is written by

% - {1 - (é(s) +D(S)Q(s)) N(S)est}
(1 — C](S)e_ST) . (58)
From (58), if q(s) € RH« is settled to satisfy (4),

then the periodic disturbance d with period T is at-
tenuated effectively. When the frequency component
w of the disturbance d is different from that of the
periodic reference input r, that is w # w;, the distur-
bance d cannot be attenuated even if

1—q(jw

) ~0, (59)
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because
e T £ (60)
and
1 —q(jw)e T #£0. (61)

In order to attenuate the frequency component w of
the disturbance d that is different from that of the
periodic reference input r, we need to settle Q(s),
satisfying

1— (G(jw) + D(jw)Q(jw)) N(jw)e L ~0. (62)

From the above discussion, we find that the role of
q(s) is to specify the input-output characteristic for
the periodic reference input r and to specify the dis-
turbance attenuation characteristic for the frequency
component of the periodic disturbance d with period
T that is equivalent to that of the periodic reference
input 7 and that of Q(s) is to specify the disturbance
attenuation characteristic for the frequency compo-
nent of the disturbance d that is different from that
of the periodic reference input r.

7. DESIGN PROCEDURE

In this section, a design procedure of stabilizing
simple repetitive controller satisfying Theorem 2 and
Theorem 3 is presented.

When G(s) is stable, the procedure of stabilizing
simple repetitive controller is summarized as follows.

Procedure 1

Step 1) Q(s) € RH is selected so that for the fre-
quency component wy of the disturbance d,

11 — Q(jwa)G(jwa)e 7**| ~ 0 (63)

is satisfied. When frequency components of dis-
turbance d are denoted by wg;(i = 1,...,n4), we
present two design methods of Q(s) satisfying |1 —
Q(jwai)G(jwai)e I@ail| = 0(i = 1,...,ny4) as follows:
a Q(s) satisfying |1 — Q(jwai)G(jwa;)e I«aiL|
0(i=1,...,nq) is constructed by

Q(s) = Ham,—1)(s)

j=1
(64)
where
Hdl (S) = 4gdi, (65)
Hdl(s)
]wdj

= Hy,_ 1 - Jdi

d(i 1) + H S+de] T ag fa
(i:2,...,nd—1), (66)

1
e — izl,...7n 5 67
= G mae O
fai
1:[ Jwai + agi + jwe;
j=1 ]wdz - de_]
1) i=1,... 04
(Hd(z 1) ]wdz ) ( )
(68)
and ag; > 0(i =1,...,ng).
b Q(s) satisfying |1 — Q(jwa;)G(jwa;)e Iwaik
0(i = 1,...,nq) is constructed as follows: A candi-

date of Q(s) satisfying |1 —Q(jwai)G (jwai)e I«aE
0(i=1,...,nq) is written by

nq
E a;s*

Qs) = (69)
[[@+7s)
i=1
where (i = 1,...,n4) is arbitrary small number
and a;(i = 0....,n4) is selected satisfying |1 —

Q(jwdz) (jwdz)e Jwail| = O(Z = 1a s 7nd)'

Step 2) ¢(s) € RHy is selected so that for the fre-
quency component w;(i = 0,..., Npqz) of the peri-
odic reference input r, 1 — ¢(jw;) ~ 0 is satisfied.
For easy design ¢(s) satisfying 1 — q(jw;) ~ 0, ¢(s) is
designed as

1
(1+7s)"

where « is an arbitrary positive integer and 7 > 0 is

a small number.

Step 3) Substituting above Q(s) and ¢(s) for (16), we

obtain a stabilizing simple repetitive controller.
When G(s) is unstable, the procedure of stabilizing

simple repetitive controller is summarized as follows.

q(s) = (70)

Procedure 2

Step 1) Obtain the coprime factors N(s) € RHo,
and D(s) € RHy of G(s) satisfying (31).
Step 2) G(s) € RH is selected satisfying (32).

Step 3) Q(s) € RH. is selected so that for the
frequency component wq of the disturbance d, 1 -
(G(jwa) + D(jwa)Q(jwa)) N(jwa)e 7e*| is effec-
tively small. When frequency components of distur-
bance d are denoted by wqi(i = 1,...,n4), Q(s) satis-
fying [1— ( (jwai) + D(jwai)Q(jwai)) N (jwai)e /<t | =
0(i =1,...,nq) is constructed by (64), where Hg;(s),
Hy;(s )(z = 2,....,nqg — 1), fas(i = 1,...,n4) and
gai(i =1,...,nq) are written by (65), (66), (68) and

9di
_ 1= G(jwa)N (jwai)e 7wut -
- D(jwdi)N(jwdi)e_jwdiL =1...
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respectively. Q(s) satisfying [1— (G (jwa;) + D(jwai)Q(jwa:

0(i=1,...,nq) is also designed using the method de-
scribed in Step 1) (b) in Procedure 1.

Step 4) q(s) € RHy is selected so that for the fre-
quency component w;(i = 0,..., Nyqz) of the peri-
odic reference input r, 1 — ¢(jw;) ~ 0 is satisfied.
For easy design q(s) satisfying 1 — g(jw;) ~ 0, ¢(s)
is designed as (70), where « is an arbitrary positive
integer and 7 > 0 is a small number.

Step 5) Substituting above N(s), D(s), G(s), Q(s)
and ¢(s) for (30), we obtain a stabilizing simple repet-
itive controller.

8. NUMERICAL EXAMPLE

In this section, a numerical example is illustrated
to show the effectiveness of the proposed method.

Consider the problem to obtain the parametriza-
tion of all stabilizing simple repetitive controllers for
the plant G(s)e~*L written by

s+1 —0.3s

= ey

(72)

that follows the periodic reference input r with period
T = 1[sec] with small steady state error, where G(s)
and L are

s+1

Sl P

(73)

and

L=0.3, (74)
respectively.

From Theorem 2, the parametrization of all sta-
bilizing simple repetitive controllers for G(s)e™*" in
(72) is given by (16), where Q(s) € RH, is any func-
tion.

In order for the disturbance d = sin(rt) for which the
frequency component is different from that of the pe-
riodic reference input r, to be attenuated effectively,

Q(s) is selected satisfying (63) as

s? +1.365s + 5.569
(0.1s +1)(0.2s + 1)

Qs) = (75)

In order for the output y to follow the periodic ref-
erence input r = sin(2nt) and in order for the dis-
turbance d = sin(2xt), for which the frequency com-
ponent is equivalent to that of the periodic reference
input r to be attenuated effectively, ¢(s) in (16) is
selected by

1

= 76
95 = Go0ts 1 (76)
Using above-mentioned parameters, we have the
simple repetitive controller. When the designed sim-

ple repetitive controller C(s) is used, the response of

t[s;.c]

Fig.1: The response of the output y for the periodic
reference input r = sin(2t)

the output y in (1) for the periodic reference input
r = sin(2wt) is shown in Fig. 1.

Here, the dotted line shows the response of the
periodic reference input r = sin(27t) and the solid
line shows that of the output y. Figure 1 shows that
the output y follows the periodic reference input r
with small steady state error.

Next, using the designed simple repetitive con-
troller C(s), the disturbance attenuation character-
istic is shown. The response of the output y for the
disturbance d = sin(2nt), for which the frequency
component is equivalent to that of the periodic refer-
ence input 7, is shown in Fig. 2. Here, the dotted line

0 1 2 3 4 5 6
tsec]

Fig.2: The response of the output y for the distur-
bance d = sin(27t)

shows the response of the disturbance d = sin(2nt)
and the solid line shows that of the output y. Figure
2 shows that the disturbance d is attenuated effec-
tively. Finally, the response of the output y for the
disturbance d = sin(t), for which the frequency com-
ponent is different from that of the periodic reference
input r, is shown in Fig. 3. Here, the dotted line
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t[si?c]

Fig.3: The response of the output y for the distur-
bance d = sin (7t)

shows the response of the disturbance d and the solid
line shows that of the output y. Figure 3 shows that
the disturbance d is attenuated effectively.

A stabilizing simple repetitive controller for time-
delay plant can be easily designed in the way shown
here.

9. CONCLUSION

In this paper, we proposed the concept of sim-
ple repetitive controllers for time-delay plants and
clarified the parametrization of all stabilizing simple
repetitive controller for both stable time-delay plants
and unstable time-delay plants. Control characteris-
tics of simple repetitive control systems for time-delay
plants were clarified. It is clarified that the role of ¢(s)
in (30) is to specify the input-output characteristic for
the periodic reference input r and to specify the dis-
turbance attenuation characteristic for the frequency
component of the periodic disturbance d with period
T that is equivalent to that of the periodic reference
input r and that of Q(s) in (30) is to specify the dis-
turbance attenuation characteristic for the frequency
component of the disturbance d that is different from
that of the periodic reference input r. A design pro-
cedure of stabilizing simple repetitive controllers for
time-delay plants was presented. Finally, a numerical
example was shown to illustrate the effectiveness of
the proposed method.

Note that proposed method cannot be applied for
time-delay plants with uncertainty. As for a design
method for robust stabilizing simple repetitive con-
trol system for time-delay plants with uncertainty, a
description will be made in a separate paper.
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