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ABSTRACT

A multi-period repetitive control system is a type
of servomechanism for a periodic reference input.
Even if a plant does not include time-delay, the trans-
fer function from the periodic reference input to the
output and that from the disturbance to the output
of the multi-period repetitive control system gener-
ally have an infinite number of poles. When the
transfer function from the periodic reference input to
the output and that from the disturbance to the out-
put have an infinite number of poles, it is difficult to
settle the input-output characteristic and the distur-
bance attenuation characteristic of the multi-period
repetitive control system. In order to specify the
input-output characteristic and the disturbance at-
tenuation characteristic easily, Yamada and Takenaga
proposed the concept of simple multi-period repeti-
tive control systems such that the controller works
as a stabilizing multi-period repetitive controller and
the transfer function from the periodic reference in-
put to the output and that from the disturbance to
the output have a finite number of poles. However,
the method by Yamada and Takenaga cannot be ap-
plied to time-delay plants with uncertainty. The pur-
pose of this paper is to propose the concept of robust
stabilizing simple multi-period repetitive controllers
for time-delay plants with uncertainty and to clar-
ify the parametrization of all robust stabilizing sim-
ple multi-period repetitive controllers for time-delay
plants with uncertainty.

Keywords:  Multi-Period Repetitive Controller,

Time-Delay Plant, Finite Number of Poles, Parametriza-
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1. INTRODUCTION

A repetitive control system is a type of servomech-
anism for a periodic reference input for the periodic
signal [1-14]. That is, the repetitive control system
follows the periodic reference input without steady
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state error, even if there exists a periodic disturbance
or the plant has uncertainty [1-14]. Because a repet-
itive control system that follows any periodic refer-
ence input without steady state error is a neutral
type of time-delay control system, it is difficult to
design stabilizing controllers for the plant [3]. To de-
sign a repetitive control system that follows any pe-
riodic reference input without steady state error, the
plant needs to be biproper [1-14]. Tkeda and Takano
[7] pointed out that it is physically difficult for the
output to follow any periodic reference input without
steady state error. In addition, they showed that the
repetitive control system is Lo stable for periodic sig-
nals that do not include infinite frequency signals if
the relative degree of the plant is one. Since many
actual plants are strictly proper and do not neces-
sarily have one relative degree, many design methods
are given in [1-6,8-14]. These studies are divided
into two types. One uses a low pass filter [1,2,4-6,
8-14] and the other uses an attenuator [3]. Since the
first type of repetitive control system has a simple
structure and is easy to design, this design method is
used in many applications. Therefore, the first type
of repetitive control system is called by a modified
repetitive control system and have been studied [1,
2,4-6,8-14].

However, the modified repetitive control system
is known to have bad disturbance attenuation char-
acteristic [15]. In order to improve the disturbance
attenuation characteristic of the modified repetitive
control system, the multi-period repetitive control
system was proposed [15]. Since the multi-period
repetitive control system includes many controllers, it
is difficult to design a stabilizing multi-period repet-
itive controller. If the parametrization of all stabi-
lizing multi-period repetitive controllers is obtained,
a stabilizing multi-period repetitive controller is de-
signed easily and systematically. From this view-
point, the parametrization of all stabilizing multi-
period repetitive controllers for non-minimum phase
systems was solved [16]. Since the method in [16] can-
not be applied to the plant with uncertainty, Satoh,
Yamada and Mei proposed the parametrization of all
robust stabilizing multi-period repetitive controllers
for the plant with uncertainty [17]. However, using
the method in [16, 17], the transfer function from the
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periodic reference input to the output and that from
the disturbance to the output have an infinite num-
ber of poles, even if the plant does not include un-
certainty and time-delay. When the transfer function
from the periodic reference input to the output and
that from the disturbance to the output have an in-
finite number of poles, it is difficult to specify the
input-output characteristic and the disturbance at-
tenuation characteristic. From a practical point of
view, it is desirable that the input-output characteris-
tic and the disturbance attenuation characteristic are
easily specified. In order to specify the input-output
characteristic and the disturbance attenuation char-
acteristic easily, the transfer function from the pe-
riodic reference input to the output and that from
the disturbance to the output are desirable to have a
finite number of poles. From this point of view, Ya-
mada and Takenaga proposed the concept of a sim-
ple multi-period repetitive controller such that the
controller works as a stabilizing multi-period repet-
itive controller and the transfer functions from the
periodic reference input to the output and from the
disturbance to the output have a finite number of
poles [18]. However, the method in [18] cannot be
applied to time-delay plants with uncertainty. Since
many real systems include time-delays and uncertain-
ties, the problem to obtain the parametrization of all
robust stabilizing simple multi-period repetitive con-
trollers for time-delay plants with uncertainty is one
of important problems to solve.

In this paper, we propose the concept of robust
stabilizing simple multi-period repetitive controllers
for time-delay plants with uncertainty and clarify the
parametrization of all robust stabilizing simple multi-
period repetitive controllers for time-delay plants
with uncertainty such that the controller works as
a robust stabilizing multi-period repetitive controller
and the transfer function from the periodic reference
input to the output and that from the disturbance to
the output have a finite number of poles.

Notation

R the set of real numbers.

R(s) the set of real rational functions
with s.

RH, the set of stable proper real rational
functions.

H the set of stable causal functions.

I{Hee  Heoo norm of {-}.

D+ orthogonal complement of D, i.e.,

[ D D+ ] or { DDL ] is unitary.

AT transpose of A.
Af pseudo inverse of A.
p({-}) spectral radius of {-}.

an
L{-}
L7}

represents the state space descrip-
tion C'(sI — A)~'B + D.

the Laplace transformation of {-}.
the Inverse Laplace transformation

of {-}.

2. ROBUST STABILIZING SIMPLE MULTI-
PERIOD REPETITIVE CONTROL SYS-
TEMS AND PROBLEM FORMULATION

Consider the unity-feedback control system given

by

)

u
where G(s)e*L is the time-delay plant, L > 0 is the
time-delay, G(s) € R(s), C(s) is the controller, u € R
is the control input, y € R is the output, d € R is the

disturbance and r € R is the periodic reference input
with period T > 0 satisfying

=G(s)e*tu+d
—C)r—y) @

r(t+T) =r(t) (Vt=>0). 2)

The nominal time-delay plant of G(s)e™*% is denoted
by G (s)e sl where G,,(s) € R(s). Both G(s)
and G,,(s) are assumed to have no zero or pole on
the imaginary axis. In addition, it is assumed that
the number of poles of G(s) in the closed right half
plane is equal to that of G,,(s). The relation between
the time-delay plant G(s)e™*F and the nominal time-
delay plant G,,(s)e™%Lm is written as

G(s)e L = G, (s) (e *Lm 4+ A(s)), (3)

where A(s) is an uncertainty. The set of A(s) is all
functions satisfying

[A(jw)| < [Wr(jw)| (Vw € Ry), (4)

where Wr(s) is a stable rational function.

The robust stability condition for the time-delay
plant G(s)e™*L with uncertainty A(s) satisfying (4)
is given by

H C(3)Gm(s)Wrp(s)
14 C(5)Gp(s)esEm

<1 (5)

According to [15], the multi-period repetitive con-
troller C'(s) in (1) is written by the form in

N
Z Ci(s)e T
i=1

C(s) = ~
1-— Z qi(s)e T
i=1

00(8) +

, (6)

where N is an arbitrary positive integer, Cy(s) €
R(s), Ci(s) # 0 € R(s)(i = 1,...,N), T; € R(i =
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1,...,N)and ¢;(s) € R(s)(i =1,..
filters satisfying

., N) are low-pass

N
1= qi(jwr) 20 (k=0,..., Npas), (7)
i=1

where wi(k =0, ..., Npae) is frequency components
of the periodic reference input r written by

wk:%rk (k=0,..., Nmaz) (8)
and wy,,,. is the maximum frequency component of
the periodic reference input r, then the output y in
(1) follows the periodic reference input r with small
steady state error.

Using the multi-period repetitive controller C'(s) in
(6), the transfer function from the periodic reference

input r to the output y and that from the disturbance
d to the output y in (1) are written as

y C(s)G(s)e L
r 14 C(s)G(s)e

N
- {C’o(s)Gm(s) (e7sLm + A(s)) — Z (Co(s)

K2

qi(s) — Ci(5)) e TG (s) (e_SL’" + A(s))}
[1 + Co(5)Gm(s) (e*SL’" + A(s))

N
= " [ai(s) {1 + Co(s)Gm(s) (e7*Lm + A(s)) }
i=1

~C8)Gn(s) (7 + A())] T

and

1
14 C(s)G(s)e *F

Ul

respectively. Generally, the transfer function from the
periodic reference input r to the output y in (9) and
that from the disturbance d to the output y in (10)
have an infinite number of poles, even if A(s) = 0.
When the transfer function from the periodic refer-
ence input r to the output y and that from the dis-
turbance d to the output y have an infinite number of
poles, it is difficult to specify the input-output char-
acteristic and the disturbance attenuation character-
istic. From a practical point of view, it is desirable
that the input-output characteristic and the distur-
bance attenuation characteristic are easily specified.

(9)

In order to specify the input-output characteristic
and the disturbance attenuation characteristic easily,
the transfer function from the periodic reference in-
put 7 to the output y and that from the disturbance d
to the output y are desirable to have a finite number
of poles.

From above practical requirement, we clarify the
parametrization of all robust stabilizing simple multi-
period repetitive controllers for time-delay plants
with uncertainty defined as follows:

Definition 1: (robust stabilizing simple multi-
period repetitive controllers for time-delay plants)
We call the controller C(s) the robust stabilizing sim-
ple multi-period repetitive controllers for time-delay
plants, if following expressions hold true:

1. The controller C'(s) works as a multi-period repeti-
tive controller. That is, the controller C(s) is written
by (6), where Cy(s) € R(s), Ci(s) # 0 € R(s)(i =
1,...,N) and ¢(s) € R(s)( = 1,...,N) satisfies
il ai0) = 1.

2. When A(s) = 0, the controller C(s) makes the
transfer function from the periodic reference input r
to the output y in (1) and that from the disturbance
d to the output y in (1) have a finite number of poles.
3. The controller C(s) satisfies the robust stability
condition in (5).

3. THE PARAMETRIZATION OF ALL RO-
BUST STABILIZING SIMPLE MULTI-
PERIOD REPETITIVE CONTROLLERS
FOR TIME-DELAY PLANTS

In this section, we give the parametrization of all
robust stabilizing simple multi-period repetitive con-
trollers for time-delay plants defined in Definition 1.

In order to obtain the parametrization of all ro-
bust stabilizing simple multi-period repetitive con-
trollers for time-delay plants, we must see that the
controller C(s) satisfying (5). The problem of ob-
taining the controller C(s), which is not necessar-
ily a simple multi-period repetitive controller, sat-
isfying (5) is equivalent to the following H., prob-
lem. In order to obtain the controller C(s) sat-
isfying (5), we consider the control system shown
in Fig. 1. Here, P(s) is selected such that the

w z

U Y

Y

Fig.1: Block diagram of Hy, control problem

transfer function from w to z in Fig. 1 is equal to
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C(8)Gn(s)Wr(s) /(1 + C(5)Gp(s)e *Lm). The state
space description of P(s) is, in general,

z(t) = Az(t) +Biw(t) +Bou(t— Ly)
Z(t) = leﬂ(t) +D12U(t)
y(t) = CQ.’E(t) —|—D21w(t)

(11

where A € R"*", By € R", By € R", C; € R'*",
Cy € Rlxn, Do € R, Dy; € R. P(S) is called the
generalized plant. P(s) is assumed to satisfy the fol-
lowing assumptions:

1. (Cy, A) is detectable, (A, Bg) is stabilizable.

9. Do #0, Doy #0.

3. rank {A_waj 5122 ] = n+ 1Mw € R),
rank [ A_CiWI Dlel ] =n+1(Vw € R).

4. C1A'By =0(i =0,1,2,...).

Under these assumptions, from [27], the following
lemma holds true.

Lemma 1: There exists an Ho, controller C(s) for
the generalized plant P(s) in (11) if and only if there
exists an Ho, controller C(s) for the generalized plant

P(s) written by:

g(t) = Agq(t) +Biw(t) +Byu(t)
Z(t) = Cuq(t) +D1au(t) , (12)
gt) = Caq(t) +Daw(t)

where By = e~ 4Lm By, When u(s) = C(s)g(s) is an
H. control input for (12),

u(t) = L7H{C()y(s)}

is an Ho control input for (11), where:

(13)

y(s)
0
= L {y(t) +Cs / e~ A TLm) Bou(t + T)d’T} .
7L"n
(14)
From Lemma 1 and [28], the following lemma holds
true.
Lemma 2: If controllers satisfying (5) exist, both

X (A= BDlen) + (A BQDIQ(A)T X
+X (BiBY - By (DL,D12) " BY) X
+ (D5 DL =0 (15)
and
Y (A - Bngloz)T + (A - Blpglcz) Y
+Y (cchl — cF (D DR 02) Y

+B1 D& (BiD&)" =0 (16)

have solutions X > 0 and Y > 0 such that

p(XY) <1 (17)
and both A— By D1,C+{B BT — Bo(DT,D15) ' BT} X
and A — B1D},Cy + Y{CTC, — Co(Dsy DL)1Cy}

ave no eigenvalue in the closed right half plane. Us-
ing X and Y, the parameterization of all controllers
satisfying (5) is given by

C(s) = Cul(s)+Cra(s)Q(s)
(I = Coa(s)Q(s)) " Caa(s), (18)
where

AC BC BC

Cii(s) Cra(s) ] _ | Ba 2
Cor(s) Con(s) |~ Ce1 | D1 Deaa |, (19)

Cc2 Dc21 Dc22
A, = A+BBTX-B, (D{QC1 + Ef2132TX>

(I -XxY)™ (BlD;1 + YC’QTE2_11>
(Cy+ Dy BY X)),

Ba=(I-XY)" (BiD}, +YCTER})
Ber=(I—XY)" (BZ + YClTD12> B
Co = —D},C1 — E' BT X,

Cep = —Ey'"* (Co + Dy BT X)

—1/2

De1 =0, Do =E, /

—1/2

) Dch = E21 / ) Dc22 = 07

E15 = D{,D1s, Ea = Dy DI,

and Q(s) € Hu is any function satisfying ||Q(s)]|,, <
1 [28].

Using Lemma 2, the parametrization of all robust
stabilizing simple multi-period repetitive controllers
for time-delay plants is given by following theorem.

Theorem 1: If simple multi-period repetitive con-
trollers satisfying (5) exist, both (15) and (16) have
solutions X > 0 and Y > 0 satisfying (17) and both
A — ByD1,Cy + {B1BT — By(DL,Dy5) BT} X and
A*BnglcQ +Y{Cchl 702(D21D%11)7102} have no
eigenvalue in the closed right half plane. Using X and
Y, the parametrization of all robust stabilizing sim-
ple multi-period repetitive controllers satisfying (5) is
given by

C(S) = C11(S)+012(5)Q(3)

(I = Cas(5)Q(s)) " Ca(s),  (20)
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where C;;(s)(1 = 1,2;j = 1,2) are given by (19) and
Q(s) € Ho is any function satisfying ||Q(s)||,, < 1
and written by

Qn0<3> + Z Qni(s)e_sTi

Q(s) = = ; (21)
Qao(s) + ZQdi(S)e
Qno(s) = Ga(s)Qo(s) (22)
Qi) =~ g (GelQo(s) —1) . 29)
an( ) = Nd(s)Qi(S) (Z =1,... 7N) (24)
and
Quls) = ———— £ (5)Qi(5)
di\S = 1+ Cll(s)ém(s) n(S)i(S
(i=1,...,N) (25)
where Gn(s) € RH, and Gg4(s) € RH. are

coprime factors of —Cha(s) + (—Cii(s)Caa(s) +
C12(8)C21(8))Gm(s) on RHy satisfying

= —Ca(s) + (—C11(5)Caa(s)

+C12(5)C21(s)) ém(s)a (26)

where Gm(s) = Co(sI — A)_lB~2, Qo(s) € RH, is

any function, Q;(s) # 0 € RHx(i = 1,...,N) are
any function and
N
~ Qui(0) — C22(0)Qns(0) } B
S-S —caoem =t @

i=1

holds true.

Proof: First, necessity is shown. That is, if the
multi-period repetitive controller written by (6) sta-
bilizes the control system in (1) robustly and makes
the transfer function from the periodic reference in-
put 7 to the output y in (9) and that from the distur-
bance d to the output y in (10) have a finite number
of poles when A(s) = 0, then C(s) and Q(s) are
written by (20) and (21), respectively. From Lemma
2, the parametrization of all robust stabilizing con-
trollers C(s) for G(s)e™*L is written by (20), where
|Q(s)[lcc < 1. In order to prove the necessity, we
will show that if C(s) written by (6) stabilizes the
control system in (1) robustly and makes the trans-
fer function from the periodic reference input 7 to the
output y in (9) and that from the disturbance d to the
output y in (10) have a finite number of poles when

A(s) =0, then Q(s) in (20) is written by (21). Sub-
stituting C(s) in (6) into (20), we have (21), where

Qno(s) = (Crin(s)Coals) — Cr1a(s)Con(s))
Ca(5)qa(s)C124(5)C224(5)Ca1a(s), (28)
Qni(s) = {(Con(s)Ca(s)Cr1a(s) — Coa(s)Ca(s)
C11n(5)) in(s) — Coa(s)Cin(s)qa(s)
C114(5)} C124(5)C224(5)C214(5)
(’L'Zl,...,N), (29)
Qao(s) = (=Con(s)C11a(5)C124a(5)C22n(5)C214(s)
+Cod(5)C11n(5)C124(5)Ca2n (5)Ca14a(s)
—Coa(5)C114(5)C12n(5)Ca24(5)Ca1n(s))
Ca(s)qa(s) (30)

and

Qai(s) = (Con(s)Ca(5)C114(5)Cr2a(s)C22n(s)
C214(8) — Coa(5)Ca(s)C11n(5)Cir24(s)
Ca2,,(5)Co14(s) + Coa(s)Ca(s)Crials)
C12n(5)C224(5)C21n(5)) Gin(s) — Coa(s)
Cin(5)qa(5)C114(5)C124(5)Ca2n(5)C214(5)
(i=1,...,N). (31)

Here, Co,(s) € RHoo and Cyq(s) € RH are coprime
factors of Cy(s) on RHo satisfying

Oon(s)
C()d(s) ’

qin(s) € RHxo(i=1,...,N), qia(s) € RHy, Cin(s) €
RHOO(Z =1,.. .,]\/v)7 Cd(S) € RH, C’ijn(s) € RH,
(i=1,2;5 = 1,2) and Cija(s) € RHoo(i = 1,2;5 =
1,2) are coprime factors satisfying

Co(s) = (32)

al) = LN @)
Ci(s) = %;((5)) (i=1,...,N) (34)
and
Cij(s) = gﬂg)) (i=1,2;5=1,2). (35)
From (28)~(31), all of Qno(s), Qni(s)(i=1,...,N),

Qao(s) and Qui(s)(t = 1,...,N) are included in
RH,. Thus, we have shown that if C(s) written by
(6) stabilize the control system in (1) robustly, Q(s)
in (20) is written by (21). Since 32, ¢:(0) = 1(i =
1,...,N), (27) holds true.

The rest to prove necessity is to show that when
A(s) =0, if C(s) in (6) makes the transfer function
from the periodic reference input r to the output y
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and that from the disturbance d to the output y have
a finite number of poles, then Q,0(s), Qao(s), Qni(s)
and Qg;(s) are written by (22), (23), (24) and (25),
respectively. From (6), when A(s) = 0, the transfer
function from the periodic reference input r to the
output y and that from the disturbance d to the out-
put y are written by

Yy Gryn(s)
g Zrynic) 36
T Grya(s) (36)
and
Y _ Gayn(s)
- ) 37
d Gdyd(s) ( )
respectively, where
N
Gryn(s) = {am( (s)+>_(C
=1
Coa(s) = Con(8)qin(s)Ca(s)) e T4}
Grn(s), (38)

Grya(s) = 4a(s)Coa(s)Gma(s)Ca(s) + Con(s)

med(s)C'm(s)qd(s)C’od(s)} e—Ts,
(41)

From the assumption that the transfer function from
the periodic reference input r to the output y in (36)
and that from the disturbance d to the output y in
(37) have a finite number of poles, (39) and (41),

(Coa(s)Gma(s) + Con()Cnn(s) ) aa(s)Cas) =
and
(Coa(5)Grna(5)Cals) + Gma(5)Con(5)Ca(s) ) qins)

—Grna(8)Cin(5)qa(s)Coa(s) =0 (i=1,...,N)
(43)

1(42)

are satisfied. From (28), (29), (30
(43) are rewritten by

) and (31), (42) and

Qao(s) — Ca2(5)Qno(s) + {Cll(S)QdO(f) + (—Ch1(s)
C22(5) + C12(5)C21(5)) Qno(s)} Gim(s) =1
(44)
and
Qai(s) —

CQQ(S)QM(S) + {Cll(S)de( ) + ( Cll( )
C22(s) + C12(5)C21(5)) Qni(s)} Gim(s) =

(i=1,...,N). (45)

Using (26), (44) and (45) are rewritten by

_ 1 Gn(s)
Qd0(8> B 1+Cll(3)ém(3) (Gd(s) QnO( ) ) (46)
and
(o) — 1 Gn(s)
de( ) 1+011( ) ( )C;’d(s) Qm( )
(i=1,...,N). (47

Since Qno(s) € RHy, Qao(s) € RHy, Qni(s) €
RH (i = 1,...,N) and Qu(s) € RH.(i =
L...,N), Quo(s), Qao(s), Qni(s) and Qu;(s) are
written by (22), (23), (24) and (25), respectively,
where Qo(s) € RH. and Q;(s) € RH.(i =
1,...,N). From the assumption that C;(s) # 0(i =
1,...,N) and from (29) and (31), Q;(s) # 0(i =
1,...,N) holds true. We have thus proved necessity.

Next, sufficiency is shown. That is, if C(s) and
Q(s) € Hy are settled by (20) and (21), respectively,
then the controller C'(s) is written by the form in (6),
Zi]\il ¢i(0) = 1 holds true and the transfer function
from the periodic reference input r to the output y
and that from the disturbance d to the output y have
a finite number of poles. Substituting (21) into (20),

we have (6), where, Cy(s), C;(s)(i = 1,...,N) and
gi(s)(i=1,...,N) are denoted by
Cols) = C11(5)Qao(s) + (C12(5)Ca1(5s)
0 Qao(s) — Caa(5)Qno(s)
—011(8)022(5))Qn0(5) (48)
Cils) C11(8)Qai(s) + (=C11(s)C22(s)
’ Qao(s) — C22(5)Qno(s)
+012(S)021(5))Qni(5) +C()(S)Qi(5)
(i=1,...,N) (49)
and
Quai(s) (8)@ni(s) .
“) = T Qu(e) — Cane)Quols) )
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We find that if C(s) and Q(s) are settled by (20) and
(21), respectively, then the controller C(s) is written
by the form in (6). From Q;(s) # 0(i = 1,...,N)
and (49), Ci(s) # 0(¢ = 1,...,N) holds true. Sub-
stituting (27) into (50), we have Z 1460 =1 1In
addition, from (22), (23), (24) and (25) and easy ma-
nipulation, we can confirm that when A(s) = 0, the
transfer function from the periodic reference input r
to the output y and that from the disturbance d to
the output y have a finite number of poles.

We have thus proved Theorem 1. |

4. CONTROL CHARACTERISTICS

In this section, we describe control characteristics
of control system in (1) using the robust stabilizing
simple multi-period repetitive controllers for time-
delay plants in (20).

First, we mention the input-output characteristic.
The transfer function from the periodic reference in-
put r to the error e = r — y is written by

e 1
T 1+C(s)G(s)e °F
o Gern(s)
= Gorals) (51)
where
_ de 5 - (S)Qm(s) oL
Gern(s) = (1 - Z Qao(s) — Ca2(s)Qno(s) )
(Qao(s ) C22(8)Qno(8)) (52)
and
Gerd(s)

= 1+ [{C11(5)Qao(s) + (—C11(5)Ca2(s)
+012( )C21(8)) Qno(s)} Gm(s)

—I—Z {Cu(s

+012<s)021(s>> Qni(8)} Gm(s)e "] A(s).
(53)

)Qai(s) + (=C11(s)Ca2a(s)

From (51), for wi(k = 0,..., Npag) in (8) those are
frequency components of the perlodlc reference input
r, if

Qui(j — Coz(jwi) Qni(jwr) ~
L+ Z Qao(jwr) — Caa(jwi)Quo(Jwr) 0
(k:(),»u;Nmam)v (54)

then the output y in (1) follows periodic reference
input r with small steady state error.

Next, we mention the disturbance attenuation
characteristic. The transfer function from the dis-

turbance d to the output y is written by

y 1
d — 1+C(s)G(s)e L
_ ydn( )
= Gyl )7 (55)
where
Qd1 5 (S)in(s) —sL
Guins) <1 i Z Qao(s) = Coa()Quo(s) )
(Qao(s ) — C22(5)Qno(s)) (56)
and
Gyaa(s)
= 1+ [{C11(5)Qao(s) + (=C11(5)Ca2(s)
+012( )C21(5)) Qno(s)} Gin(s)
+Z{Cll )Qai(s) + (=C11(s)Ca22(s)
—|—012(S)C’21(s)) Qni(s)} Gm(s)efsTi} A(s).
(57)
From (55), for frequency components of the distur-

bance d those are equivalent to frequency that of the
periodic reference input 7, if (54) is satisfied, then the
disturbance d is attenuated effectively.
For the frequency component w of the disturbance
d that is different from that of the periodic reference
input r, that is w # wk(k =0,..., Npae ), even if
w)Qni(jw)

Qai(J Caa(j
b Z {Qdo Ca2(jw)Qno(jw)

the disturbance d cannot be attenuated, because

}:Q (58)

el £ (59)

and

N . . .
i\JwW) — C w ni W
— | Qao(jw) —022(]w)Qno(J )
In order to attenuate the frequency component w of
the disturbance d that is different from that of the
periodic reference input r, if

Qao(jw) — Ca2(jw)Qno(jw) = 0,

then the disturbance d is attenuated effectively.

From the above discussion, we find that the role of
Qri(s)(i=1,...,N) and Qu;(s)(i = 1,...,N) is to
specify the input-output characteristics for the peri-
odic reference input r and that of Q,0(s) and Qgo(s)
is to specify the disturbance attenuation characteris-
tics for the frequency components of the disturbance
d that are different from those of the periodic refer-
ence input 7.

(61)



18 ECTI TRANSACTIONS ON ELECTRICAL ENG., ELECTRONICS, AND COMMUNICATIONS VOL.8, NO.1 February 2010

5. A DESIGN PROCEDURE

In this section, a design procedure of robust sta-
bilizing simple multi-period repetitive controller for
time-delay plants satisfying Theorem 1 is presented.

A design procedure of a robust stabilizing sim-
ple multi-period repetitive controller for time-delay
plants is summarized as follows:

Procedure

Step 1) Using the result in [28] and Theorem 1,
Cij(s)(i=1,2;j = 1,2) are obtained as (19).

Step 2) @Qno(s) € RHy and Qgo(s) € RHo, that is
Qo(s) € RH., in (22) and (23), is set satisfying (61)
so that the disturbance d of the frequency component
w is attenuated effectively.

Step 3) @Qni(s) € RHx(i = 1,...,N) and Qg(s) €
RH (i = 1,...,N), that is Q;(s)(i = 1,...,N) in
(24) and (25), are set satisfying (54) so that the out-
put y to follow the periodic reference input r with
small steady state error and the disturbance d of the
frequency component wi(k =0,..., Npqa.) is attenu-
ated effectively.

Step 4) Substituting above C;;(s)(i = 1,2;j = 1,2),
Q(S)v QTLO(S)7 Qd0(5)7 Qnt(s) and Qdi(s) for (20) and
(21), we obtain a robust stabilizing simple multi-
period repetitive controllers for time-delay plants.

6. NUMERICAL EXAMPLE

In this section, a numerical example is illustrated
to show the effectiveness of the proposed method.

Consider the problem to obtain the parametriza-
tion of all robust stabilizing simple multi-period
repetitive controllers for time-delay plant G(s)e™*
written by

G(s)e *F = Gu(s)(e™ L + A(s)). (62)

The nominal time-delay plant of G(s)e™*" is given by

1 —0.6s

G (s)e™5Em = GG 3)6

(63)
and the upper bound Wy (s) of the set of A(s) is given
by

3s+1
WT(S) = s+ 10.

(64)

The periodic reference input r with period T =
20[sec] and the disturbance d are written by

r(t) = sin(0.17t — Ly,) +sin(0.20t — Lyy,)

+ sin(0.37t — Ly ), (65)

d(t) = sin(0.17t) 4 sin(0.27t) + sin(0.37t)  (66)
and

d(t) = sin(0.0257t) 4 sin(0.057t) + sin(0.0757t). (67)

N in (6) and T are settled by N = 3 and

T; = Ti, (68)
respectively. In order for the output y to follow
the periodic reference input = in (65) with small
steady state error and the disturbance d in (66) and
(67) is attenuated effectively, Q(s) in Qno(s), Qao(s),
Qni(s)(i = 1,2,3) and Qg;(s)(@ = 1,2,3) are settled
satisfying (61) and (54).
When A(s) is given by

2541

A(s) = PR (69)

the response of the output y in (1) for the periodic
reference input r is shown in Fig. 2. Here, the dot-

2.5

2H

1.5

1H

0.5

r(t).y(t)
(=]

1
4
&

0 10 20 30 40 50 60 70
t[sec]

Fig.2: The response of the output y for the periodic
reference input r(t) = sin(0.17wt — L,,) + sin(0.27t —
L.,) + sin(0.37t — Ly,)

ted line shows the response of the periodic reference
input 7 and the solid line shows that of the output y.
Figure 2 shows that the output y follows the periodic
reference input 7 with small steady state error.

Next, using the designed robust stabilizing sim-
ple multi-period repetitive controller for time-delay
plants C(s), the disturbance attenuation characteris-
tic is shown. The response of the output y for the
disturbance d of which the frequency component is
equivalent to that of the periodic reference input r is
shown in Fig. 3. Here, the dotted line shows the re-
sponse of the disturbance d and the solid line shows
that of the output y. Figure 3 shows that the dis-
turbance d is attenuated effectively. Finally, the re-
sponse of the output y for the disturbance d of which
the frequency component is different from that of the
periodic reference input 7 is shown in Fig. 4. Here,
the dotted line shows the response of the disturbance
d and the solid line shows that of the output y. Fig-
ure 4 shows that the disturbance d is attenuated ef-
fectively.
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Fig.3: The response of the output y for the distur-
bance d(t) = sin(0.17t) + sin(0.27t) 4 sin(0.37t)
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Fig.4: The response of the output y for the distur-
bance d(t) = sin(0.0257t) 4 sin(0.057t) 4 sin(0.0757t)

In this way, it is shown that using the obtained
parametrization of all robust stabilizing simple multi-
period repetitive controllers for time-delay plants, we
can design a robust stabilizing simple multi-period
repetitive controller for time-delay plants easily.

7. CONCLUSIONS

In this paper, we proposed the parametrization
of all robust stabilizing simple multi-period repeti-
tive controllers for time-delay plants with uncertainty
such that the controller works as a robust stabiliz-
ing multi-period repetitive controller and makes the
transfer function from the periodic reference input to
the output and that from the disturbance to the out-
put have a finite number of poles.
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