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ABSTRACT

This paper presents improved performance up-
per bounds for terminated convolutional codes over
Rayleigh fading channels with BPSK and QPSK
modulation. The conventional union bound derived
from the transfer function becomes loose when the
convolutional code is terminated by a finite-length
information sequence followed by additional tail bits.
We use the modified trellis approach to derive tighter
upper bounds for terminated convolutional codes
combined with BPSK modulation over Rayleigh fad-
ing channels. Furthermore, we derive the weight enu-
merators for rate-1/2 terminated convolutional codes
with QPSK modulation and present tighter upper
bounds over Rayleigh fading channels.

Keywords: Convolutional Code, Weight Enumer-
ator, BPSK, QPSK, Rayleigh Fading, Upper Bound

1. INTRODUCTION

The conventional union bound technique [1] for es-
timating the performance of Viterbi decoded convo-
lutional codes assumes an infinitely-long input bit se-
quence. However, in most practical applications, such
as 3G and GSM mobile communication systems, the
convolutional code is terminated by a finite-length in-
put information sequence followed by additional zero
input bits. In such situations, the conventional union
bound becomes loose.

A more sophisticated technique to derive perfor-
mance bounds for terminated convolutional codes has
been proposed by Moon and Cox in [2] [3]. They have
defined a generalized weight enumerator of single er-
ror events (GWESEE) for terminated convolutional
codes by modifying the trellis diagram, and presented
tighter upper bounds for the AWGN channel with
BPSK modulation. This technique eliminates code
words composed of multiple error events and provides
a tighter performance bound than the conventional
union bound technique.
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In this work, we make use of the GWESEE ap-
proach to derive tighter upper bounds for Rayleigh
fading channels with BPSK modulation. Further-
more, we derive the weight enumerator for rate-1/2
convolutional codes with QPSK modulation and use
the new weight enumerator to derive tighter upper
bounds in Rayleigh fading channels with QPSK mod-
ulation. The derived performance bounds are com-
pared with the bounds presented in literature and
simulation results for rate-1/2 convolutional codes of
constraint length K = 3 and 5 over Rayleigh fading
channels.

Section 2 describes the system under considera-
tion while Section 3 presents the conventional up-
per bounds. Section 4 is devoted to the deriva-
tion of the upper bound for terminated convolutional
codes in Rayleigh fading channels with BPSK mod-
ulation where as Section 5 presents the derivation of
weight enumerator for QPSK and the upper bounds
for QPSK in Rayleigh fading channels. The com-
parison of numerical results with simulated results is
presented in Section 6 and the conclusion is given in
Section 7.

2. SYSTEM MODEL

In the system being considered, the source bits {b;}
are encoded by a convolutional encoder with a termi-
nated trellis, followed by a BPSK or QPSK modu-
lator. The communication channel is subjected to
additive white Gaussian noise (AWGN) represented
by independent identically distributed (i.i.d.) com-
plex Gaussian random variables {n;} with zero mean
and unit variance. The amplitude fading process {a;}
is i.i.d. Rayleigh distributed with E{a?} = 1 and the
probability density function (pdf)

Pa, (a) = 2a exp(—a?). (1)

The hard decision demodulator is employed for
BPSK modulation while soft decision demodulation
[4] is applied for QPSK. At the decoder, the Viterbi
algorithm [5] with soft decision decoding is employed
with perfect channel state information. The i*" input
x; to the channel after modulation is given by,

x; = exp(j6;), (2)
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where,

aiE{

3. CONVENTIONAL TRANSFER FUNC-
TION BOUNDS

{0, 7} for BPSK;
{m/4,3n/4,5n /4, T /4} for QPSK.

The performance bounds for convolutional coded
BPSK systems over fading channels have been stud-
ied in [6] using the union bound derived from the
transfer function while that for rate-1/2 convolutional
coded QPSK systems over Rayleigh and Rician fading
channels have been derived using the same approach
in [7] and [8], respectively.

Accordingly, the upper bound on the bit error rate
(BER) P, for a rate-1/n code is given as

P, < Y ByPy(X,X),
d:dfree

(3)

where, P;(X, X ) is the pairwise error probability
when the Hamming distance between the transmitted
sequence X = {x1,22,...,Z,...} and the estimated
sequence X = {#1,%2,...,Zk,...} 18 d, Bq is the total
number of non-zero information bits on all paths of
distance d and df.. is the free distance of the con-
volutional code. In the conventional approach, By is
obtained by the transfer function of the code as

i ByD¢,

d:dfree

dT(B, D)

55 (4)

B=1

where, T'(B, D) is the transfer function of the code,
the exponent of D denotes the Hamming distance of
coded sequence, and the exponent of B denotes the
Hamming distance of input sequence.

Since the transfer function bounds assume
infinitely-long input sequences and do not consider
the effect of termination, they become loose for ter-
minated trellises with short information sequences.

4. TIGHTER UPPER BOUNDS FOR TER-
MINATED CODES COMBINED WITH
BPSK OVER RAYLEIGH FADING CHAN-
NELS

In this section, we derive tighter upper bounds for
BER of terminated convolutional codes over Rayleigh
fading channels with BPSK modulation using the
GWESEE approach.

The GWESEE [2] [3] accurately represents the
relationship between the Hamming distance of the
coded output and the Hamming distance of the input
bits of terminated trellises. This is obtained using a
modified trellis approach, which eliminates the code
words of multiple error events.

The new weight enumerator W (B, D) for a termi-
nated convolutional code with BPSK modulation is
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defined as,

W(B,D) =YY ¢ ;B'D, (5)

where ¢; ; is the number of error events composed of
a single error event with input Hamming distance ¢
and output Hamming distance j [2].

Accordingly, the new upper bound on P, for a con-
volutional code terminated with L information bits
over non-dispersive Rayleigh fading channel can be
expressed as,

dmaax

1 . .
Py Rayt = I Z ZZ~Ci,j'Pj,Rayl(Xu X), (6)

j=dfree 1

where, Pj payi(X X ) is the pairwise error probabil-
ity between transmitted sequence X and estimated
sequenceA)A( , when the Hamming distance between
X and X is j, over Rayleigh fading channels and
dmaz 18 the maximum Hamming distance of the out-
put code words for the particular terminated convo-

lutional code.

For a fading channel modeled by a sequence of
iid. Rayleigh random variables {a;}, and soft
decision decoding with perfect channel state infor-
mation, the conditional pairwise error probability

Py rayi(X, X|{a;}) is given by [9],

d
Py Rayt(X, X[{a:}) = Q (J ;flz PHE xk|2) , (7

k=1

2
where Q(z) = \/% [Ze T dt, r is the code rate and
ﬁ—g is the bit energy to noise density ratio and d is

the Hamming distance between X and X.
Using the exact form of Q-function [9],

1 [7/? —x?
= — —— | df
Q) s /0 P (251112 9) ’

(7) can be written as,

Pd,Rayl(Xv X‘{al})
/2 d .
% 07r <_ 4N§f§12 ] Dkt aik”k - $k|2) dg.
" . (8)
Then, the unconditional pairwise error probability
Py rayi (X, X) can be written as

exp

/2 d

Pd,Rayl(X,X)z %/0 / Ea, {exp <—]\J§§29 kZJzi)} do

9)

after substituting |2y — zx|? = 4 for all &3 # xy, for

BPSK signaling.

Since a; is Rayleigh distributed with E{a?} = 1,

Ag = 0, a2 is a y*distributed random variable.
Hence, .

Elexp(qAq)] = =T

(10)
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Fig.1: QPSK signal constellation

From that, the expectation in (9) can be evaluated
as,

N 1 7\'/2
Pd,Rayl(Xn»Xn) - ;/ (
0

d

> do, (11)

sin? @
sin? 0 + v,
where v5 = 7Ey/Ny.

The exact solution for (11) can be obtained as ([9],
eq.(5A.8)),

Pd,Rayl(X'ran) = Ja(7s), (12)
where,
d—1 k
1 2k 1—p?
Jd“s)—z[l‘“Z( k )( [ ) ]
k=0
and p =, /L

Then, the new upper bound on BER for a convolu-
tional code terminated with L information bits over
Rayleigh fading channels can be expressed as,

d
1 max )
Py Rayt < I dz Zz.ci,j.Jd('ys). (13)
J=Cfree

5. TIGHTER UPPER BOUNDS FOR TER-
MINATED CODES COMBINED WITH

QPSK OVER RAYLEIGH FADING CHAN-

NELS

Performance bounds for rate-1/2 convolutional
codes with QPSK modulation over Rayleigh fading
channels has been derived from the union bound tech-
nique in [7] for infinite length input sequences. How-
ever, as mentioned in Section 1, this bound becomes
loose in this case too. In this section, we derive a
new weight enumerator for rate-1/2 terminated con-
volutional codes with QPSK and propose a tighter
upper bound over Rayleigh fading channels using
the new weight enumerator. The term convolutional
code refers to rate-1/2 terminated convolutional code
throughout this section.

5.1 Weight Enumerator for QPSK Modula-
tion

Consider the QPSK signal constellation shown in
Fig. 1. Assume that the all zero message is transmit-

11/

00/0
00/1| |01/0

11/0 10/0

(a) (b)

Fig.2: (a) State diagram for code Cy (b) Corre-
sponding branch labels

ted (x; = f% +j%). Let X differ from X by ex-

actly m symbols, which consist of m, symbols of S1 =
:I:(% +j%) and mqy symbols of Sy = (% - j%)
In this case we consider two dummy variables D;
and Dy. For example, Fig. 2(a) shows the state dia-
gram for the rate-1/2 convolutional code C' with con-
straint length K = 3 and the generator polynomials
G = [5,7]s. The resulting branch metrics for each
branch in the same state diagram with the assump-
tions above are shown in Fig. 2(b), where the expo-
nent of B represents the Hamming distance of the
input sequence.

Accordingly, we define the new weight enumerator
for QPSK as

W(B,D1,D2) = > > " ¢imym, B'DI D3
i mi Mo
(14)
where ¢; ,,m, is the number of error events consists
of my symbols of m; Hamming distance and mo sym-
bols of 2ms Hamming distance when the input Ham-
ming distance is 1.

In [2], the trellis diagram for convolutional codes
has been modified to obtain weight enumerators
for terminated convolutional codes with BPSK. The
modified trellis diagram contains an additional state,
denoted by 2%X~! to which all branches that are
merging into zero state are redirected. This elimi-
nates the occurrence of multiple error events in the
weight enumerator. The same approach can be used
to obtain the weight enumerator represented by (14).
The new trellis diagram for QPSK is shown in Fig. 3,
for the code Cy. Here, the branches between trellis
depth ¢ — 1 and ¢ are labeled according to the branch
metrics shown in Fig. 2(b).

Define S, = (0,---,2K=1 — 1) as the set of
states at depth ¢ of the trellis diagram. Let
Gg g (B,D1,D3) denote the label of the branch

=t—1'=t

between the state S, _; at depth ¢ — 1 and the state
S; at depth ¢, and Fg (B, D1, D3) denote the coeffi-

cients of the polynomial of state S, at trellis depth ¢.
Initialize Fq (B, D1, D2) as
=0

1 ifSy=0

0 otherwise. (15)

ESO(BaD17D2) - {

Then, for each trellis depth ¢t = 1to (L + K — 1),
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S=3

Fig.3: Modified Trellis Diagram for QPSK

compute

ESt(B7D17D2) =
ZS,,_l=AS ESt—l (B7 D17 DQ).GSt—l’St (B, l)l7 D2)

(16)
for each state S;, where ASt is the set of states at
depth ¢ — 1 from which there exists a branch merg-
ing to S;. At depth t = L + K — 1, the polynomial
ESt:2K—1(B’ Dy, Dy) is the desired weight enumera-
tor.

The resultant weight enumerator for the code C;
obtained from above procedure is

W(B,Dy,D;) = 5BDDj+7B*D?Dj +8B3>D3Dj
(17)

+5B*D{D; + B°D}D;.

Table 1 summarizes the significant terms of weight
enumerators as a function of input information length
L for commonly used rate-1/2 convolutional codes of
K =3 to 9 with QPSK.

5.2 Tighter Upper Bound in Rayleigh Fading

Using the weight enumerator defined in (14), the
upper bound on BER for rate-1/2 convolutional codes
terminated with L information bits and, combined
with QPSK modulation over Rayleigh fading chan-
nels Py, opsk,Rrayl can be expressed as,

Py 0PSK,Rayl = R
% Z"m Zml Zi i-ci,ml,mg-Pmlmg,QPSK,Rayl (X, X)7
(18)
where PmlmQ’QPSK’Rayl(X,X) is the pairwise error
probability of the transmitted sequence X and the
estimated sequence X.
The conditional pairwise error probability can be
written as,

Pryms.@pPsi.rayt (X, X|{a:}) =
Q (/&5 (S atlin — mf? + 512, adli — )

(19)

where F is the energy per symbol. For the rate-1/2
convolutional coded QPSK system under considera-
tion, E, = Ey, |2 — ;| = 2 for m; symbols of Sy
and |2 — xx|> = 4 for my symbols of S,.  Substi-
tuting these values in (19) and using the exact Q-
function integral, PmlmZ’QPSK’Rayl(X,X|{ai}) can
be written as,

Pmlmg,QPSK,Rayl(X7 X‘{az})
= (VB i a +25 6f))
2 Ey XL af Ey Y 02, ai
= oﬂ/ exp (_ 2bN0 Sy > €xXp <_ 117\%:5;;;21?) df
(20)
The unconditional pairwise error probability

Pmlmg,QPSK,Rayl(XaX) can be obtained by taking
the expected value of (20) as

Pmlmg,QPSK,Rayl(X7 X) =

T g2 m2 g2
T v (S e (B o
(21)

Since the fading amplitudes are independent, the
expectations in (21) can be evaluated separately. Af-
ter evaluating the expectations with respect to the
Rayleigh pdf in (1), (21) is expressed as,

Prims,@PSK, Rayi (X, X) =
1 71'/2( _sinzG )m1 ( .511129 >m2 do.
7w JO sinZ 0+ sin2 0+~s

where, v1 = Ep /2Ny and v2 = Ep/Np.

The exact solution for (22) can be obtained [9] as
shown in equation (23).

Equations (18) and (23), together forms the up-
per bound on bit error probability for rate-1/2 con-
volutional coded system combined with QPSK mod-
ulation over frequency non-selective Rayleigh fading
channels.

(22)

6. RESULTS

In this section, the proposed upper bounds are
compared with the conventional bounds and simula-
tion results for BPSK and QPSK over Rayleigh fading
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Table 1: Weight Enumerators for QPSK
Weight
Enumerator
LBD:D3 + (2L — 3)B2D7D3 + (4L — 12)B3D3D3 + (8L — 36)BTDTD3+
(16L — 96)2B5D? D3 + (32L — 240)BSD$ D] + (64L — 576)B"DTD3 + - - -
(L -1)B?D?D3 + LBD:D§ + (2L — 5)B3D3D3 + (L — 2)B?D?D§+
(4L —17)B*D$D3 + (3L — 12) B3D$ D§ + (8L — 48) B° D DS+
(L —3)B2D3D$§ + (8L — 44)B*D4D§ + (16L — 124)BSD$ D% + -
LBD?SD4 +(L— 3)B3D3D§3+ (L—4)B?D?D§ + (L — 7)B6D117D4+
(L—2)B3D3DS + (L )130041136 + (L —5)B5D}D4 + (L —8)B'D} D3+
(L — )132D4D6 +(3L 13)B4D{DS + (2L — 14)BSD$ DS + (2L — 7)B2D6D4+
(4L — 26)B4D§D4 + (3L — 25)B6D6D‘2‘ +(L-9)B®DSD; + - -
6 [53,75]s >9 (L —2)B?D{D3 + LBD3;DS + (L —2)B°D3DS + (L — 6)B> D3 DS+
(L —4)B3DYD3 + (2L — 13)B5D? D3 + (2L — 16)B" D D3+
(L —4)B*D?D§ + (L — 1)B2D{DS§ + (3L — 14)B*D{D§+
(L—7)BD{D§ + (L — 8)B®D$D4 + - - -

LBD’;‘DS4+ (‘2L4— 4)B2DTDS +‘(24L —8)B*DID§ + (2L — 5)B3D§D§4+
(2L —12)B*D$D3 + (L — 6)B°D$ D3 + (L — 9)BSD¢D3 + (L — 2)B2D{D§
+(L —5)B3D}{D§ + (2L — 14)B*D$D§ + - - -

(L -1)B2DiD§ + (L — 3)B®°D3D§ + LBD}DS + (L — 4)B3D} DS+
(L —3)B3D]D4 + (L —8)B°D]Dj + (L —7)B"D]D} + (L — 2)B2D} D}
+(3L —14)B*DSDS + (L — 11)BSDS DS + (2L — 12)B*D§D3 + - - -
LBDiD% (L - 4)B3D§D8 (2L —3)B2DSDS + (L — 2)B3DS DS+
(L —4)B*DYDS + (L — 7)B°DS7DS + (3L — 12)B3D$D5 + (L — 5)B*D$ D}
+(3L — 22)34061)8 + (3L — 20)B°DS$DS§ + (2L — 16)BSDSDS + - - -

Constraint Code
length, K

3 [5, 7}8

Input
length, L
> 12

1 [15, 17]s >0

5 [23,35]s

7 [133,171]s

3 [247,371]s

9 [561, 753]s

)mz—l

mo—1 k my1—1 k
o (/72 c (72 ) 7 ( 71)
Prym eyt (X, X) = 2 1) Bulp(p) — = 1-2) ol ,
1m2,QPSK, Rayl (X, X) S0 = 1 fryg) e kE:O - K1k (72) o 1.;:0 ) k()
(23)

Ap = (—1)me-Ltk (

m2—1 )
k =
o

(m2 N 1)' n=1,n#k+1
Y K (2n —1)!
Ie(y) =1 - 14 1+Zn|2n

channels. Conventional bounds refer to the bounds  bounds.
obtained from the union bound technique using the
exact @-function integral in pairwise error probabil-
ity derivation and distance spectrum of the convolu-
tional codes with BPSK modulation and QPSK mod-
ulation. The distance spectrum has been truncated

up to 7 distances from dyre. to obtain the conven-

7. CONCLUSION

In this paper, we derived tighter upper bounds for
terminated convolutional codes over Rayleigh fading
channels with BPSK and QPSK modulation. The

tional bound.

Fig. 4 compares the proposed upper bounds for
rate-1/2 convolutional codes of K = 3 and 5 with
BPSK in Rayleigh fading channels. It can be ob-
served that the new upper bounds are always tighter
than the conventional bounds.

BER upper bounds for rate-1/2 terminated convo-
lutional codes of K = 3 and 5 with QPSK in Rayleigh
fading channels are shown in Fig. 5. The proposed
bounds are significantly tighter than the conventional

new bounds are derived for BPSK case using the
weight enumerator presented in [2]. A method for
deriving weight enumerators for rate-1/2 terminated
convolutional codes with QPSK modulation is shown
and the significant terms of the weight enumerators
for commonly used rate-1/2 codes of K = 3 to 9
are tabulated as a function of the input informa-
tion length. The new bounds with both modula-
tion techniques are tighter than the conventional up-
per bounds for terminated convolutional codes over
Rayleigh fading channels. The comparison of the
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——Improved Upperbound

—=—Conventional Upper Bou
—s=—Simulation

BER

5 6 7
E/N, (dB)

Fig.4: BER upper bound comparison for rate-1/2
convolutional codes with BPSK in Rayleigh fading
channel

10 T T T T :
. k k - [~=—conventional Upper Bour

—— Improved Upperbound
—s=—Simulation

=

10"
o
[im]
om
107
107
2 3 4 5 _ 6 1 : 9 10
E/N, (dB)
Fig.5: BER upper bound comparison for rate-1/2

convolutional codes with QPSK in Rayleigh fading
channel

analytical results with the simulation results demon-
strates the accuracy of the presented analysis.
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