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ABSTRACT

This paper aims to optimize the PMU (Phasor
Measurement Unit) placement for a full observa-
tion of the power network and the minimum num-
ber of PMUs. In this paper, competition of Mixed
Integer Non-Linear Programming and heuristically
algorithms such as Bacterial Foraging Algorithm
is presented. The results are demonstrated with
PMU placement optimization simulation and a re-
dundancy measurement analysis by using IEEE14-
bus and Tehran Regional electric company 41-bus
networks.
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1. INTRODUCTION

Phasor Measurement Unit (PMU) was introduced
in 1990s. It provides synchronized measurements of
real-time phasors of bus voltages and branch currents.
Synchronicity among PMUs is achieved by same-time
sampling of the voltage and the current waveforms
using a common synchronizing signal from the Global
Positioning System (GPS). Obtaining phasors from
different buses of a power system with the same time-
space can improve performances of monitored control
system in various fields of application, such as state
estimation and stability analysis [1].

State estimation is one of the most important func-
tions in the power system monitoring. It provides
the platform for advanced security monitoring ap-
plications, such as contingency analysis and optimal
power flow. Traditionally, state estimation is accom-
plished by the state estimator in the control center
based on the measurements received from SCADA
system. These measurements are commonly provided
by the Remote Terminal Units (RTUs) at the sub-
stations and include the real/reactive power flows,
power injections and magnitudes of bus voltages and
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branch currents. Due to non-linear relation between
the measurements and system state variables, the
state estimation becomes non-linear, as such, itera-
tive calculation is required for finding the convergent
point. This process has high computational burden
and sometimes it fails to converge [2]. With the intro-
duction of PMU and its capability for metering bus
voltage and branch current phasors with high accu-
racy, the state estimation becomes linear and there-
fore, its speed and accuracy will be improved. This
improvement for power system monitoring opens the
way to Wide Area Monitoring System (WAMS), and
has the great interest of literature [3]-[5].

The first step for the state estimation is gathering
measurement data from substations. These measure-
ments must be sufficient so as to make the system ob-
servable and the state estimation could be performed.
If all buses of a system are placed with PMUs the
system is completely observable and do not need any
more calculation. However, a ubiquitous placement
of PMUs is rarely conceivable, due to cost or non-
existence of communication facilities in some substa-
tions. Hence, the problem is to find out the mini-
mum number of PMUs so that the network becomes
completely observable. Several works have been done
in this topic [6-8]. The problem is first addressed in
[6]. The authors used a modified bisecting search and
simulated annealing method based on topological ob-
servability. In [7], the Integer Programming based
on network observability and the cost of PMUs has
been applied to the case of the mixed measurement
set which has been implemented to find the PMU
placement. Reference [8] proposed PMU placement
via tree search method considering complete and in-
complete observability. These papers find the mini-
mal buses where PMUs should be installed such that
the power network is observable. It is emphasized
that the observability analysis is the main compo-
nent of the optimal placement. Therefore, it must be
performed so that maximum utilization of existing
data is accomplished and by using a powerful opti-
mization tool, the really minimum number of PMUs
is derived. In this paper, Mixed Integer Non Linear
Programming (MINLP) and Bacterial Foraging Algo-
rithm (BFA) are considered for optimal placement of
PMUs. The Integer Programming based on network
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observability is used for observability assessment of
each candidate configuration [7].

The paper presents the competition of two opti-
mization methods. The first optimization algorithm
is the BFA that is developed in a MATLAB code and
for the second one GAMS is used with MINLP.

2. PMU PLACEMENT PROBLEM FOR-
MULATION

A PMU placed at a given bus is capable of measur-
ing the voltage phasor of the bus as well as the pha-
sor currents for all lines incident to that bus. Thus,
the entire system can be made observable by placing
PMUs at strategic buses in the system. The objective
of the PMU placement problem is to accomplish this
task by using a minimum number of PMUs. In [7],
the problem is formulated and solved as an Integer
Programming problem as shown below.

For an n-bus system, the PMU placement problem
can be formulated as follows:





min
n∑

i

wixi

st., f(x) ≥ 1̂
(1)

Where x is a binary decision variable vector and i
is the bus number, whose entries are defined as:

xi =
{

1 if a PMU is installed at bus i
0 otherwise (2)

wi is the cost of the PMU installed at the ith bus
and f(x) is a vector function, whose entries are non-
zero if the corresponding bus voltage is solvable using
the given measurement

1̂ is a vector whose entries are all ones. set and
zero otherwise.

The expressions for the nonlinear constraints are
formed based on the knowledge about the locations
and types of existing measurements. Given a PMU
at a bus, it is assumed that the bus voltage phaser
and all current phasers along the lines connected to
that bus will be available. This also implies that the
bus voltage, along with all adjacent bus voltages will
also be available (solvable).

The procedure of providing the constraint equa-
tions is described for the three possible cases: (1) only
PMU measurements, (2) PMU measurements and in-
jections (they may be zero injections or measured in-
jections) and (3) PMU measurements, injections and
flows. The description of the procedure for each case
will be given using a small 7-bus tutorial example for
clarification. However, the entire procedure is actu-
ally programmed and successfully tested on different
size systems with diverse measurement configurations
in [7]. Consider the 7-bus system and its measure-
ment configuration shown in Fig 1.

Case 1: A system which has no conventional mea-
surements and/or zero injections. First, form the bi-
nary connectivity matrix A. The entries of A are de-
fined as follows:

Fig.1: 7-Bus Test System

Ak,m =





1 k=m
1 k and m are connected
0 otherwise

(3)

Matrix A can be directly obtained from the bus
admittance matrix by transforming its entries into
binary form. The matrix of 7-bus system of Fig.1 as
shown below:

A =




1 1 0 0 0 0 0
1 1 1 0 0 1 1
0 1 1 1 0 1 0
0 0 1 1 1 0 1
0 0 0 0 1 1 0
0 1 1 0 0 1 0
0 1 0 1 0 0 1




(4)

The constraints for this case can be formed as:

f(x) =





f1 = x1 + x2 ≥ 1
f2 = x1 + x2 + x3 + x6 ≥ 1

f3 = x2 + x3 + x4 + x6 + x7 ≥ 1
f4 = x3 + x4 + x5 + x7 ≥ 1

f5 = x4 + x5 ≥ 1
f6 = x2 + x3 + x6 ≥ 1
f7 = x3 + x4 + x7 ≥ 1

(5)
The operator “+” serves as the logical “OR” and

the use of 1 in the right hand side of the inequality
ensures that at least one of the variables appearing
in the sum is non-zero.

For example, consider the constraints associated
with the 1st bus and the 2st bus as given below:

f(x) =
{

f1 = x1 + x2 ≥ 1
f2 = x1 + x2 + x3 + x6 ≥ 1 (6)

The first constraint f1 ≥ 1 implies that at least one
PMU must be placed at either one of buses 1 or 2 (or
both) in order to make bus 1 observable. Similarly,
the second constraint f2 ≥ 1 indicates that at least
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one PMU should be installed at any one of the buses
1, 2, 3, 6, or 7 in order to make bus 2 observable.
Case 2 and Case 3 are completely explained in [7],
respectively.

3. BACTERIAL FORAGING ALGORITHM

Natural selection tends to eliminate animals with
poor foraging strategies and favor the propagation of
genes of those animals that have successful foraging
strategies since they are more likely to enjoy repro-
ductive success. After many generations, poor for-
aging strategies are either eliminated or shaped into
good ones. The E. coli bacteria that are present in
our intestines also undergo a foraging strategy. The
control system of these bacteria that dictates how for-
aging should proceed can be subdivided into four sec-
tions namely Chemotaxis, Swarming, Reproduction
and Elimination and Dispersal [9].

3.1 Chemotaxis

This process is achieved through swimming and
tumbling via Flagella. Depending upon the rotation
of Flagella in each bacterium, it decides whether it
should move in a predefined direction (swimming) or
altogether in different directions (tumbling), in the
entire lifetime. To represent a tumble, a unit length
random direction, say ϕ , is generated; this will be
used to define the direction of movement after a tum-
ble in a tumble, the position of the ith bacterium is
updated as:

θi = (j + 1, k, l) = θi(j, k, l) + C × ∠φ (7)

Where θi is the position of the ith bacterium at
the jth chemotactic step of the kth reproduction loop
in the lth elimination-dispersal event, C is the size of
the step taken in the random direction specified by
the tumble, ∠ϕ is the angle of the direction which is
randomly generated in the range of [0, 2π] .

3.2 Cell-to-cell Communications

E-coli bacterium has a specific sensing, actuation
and decision-making mechanism. As each bacterium
moves, it releases attractant to signal other bacteria
to swarm towards it. Meanwhile, each bacterium re-
leases repellent to warn other bacteria to keep a safe
distance from it. BFA simulates this social behavior
by representing the combined cell-to-cell attraction
and repelling effect as:

Jcc(θi(j, k, l)θ(j, k, l)) =
S∑

t=1

J t
cc(θ

i, θθ)

=
S∑

t=1

[
−dattract exp(−ωattract

p∑
m=1

(θi
m − θt

m)2)

]
(8)

+
S∑

t=1

[
−drepellant exp(−ωrepellant

p∑
m=1

(θi
m−θt

m)2)

]

Where jcc(θi, θ) is the cost function value to be
added to the actual cost function to be minimized to
present a time varying cost function. ’S’ is the total
number of bacteria and ’P’ the number of parameters
to be optimized which are present in each bacterium.
dattract, ωattract, drepellent, ωrepellent are different co-
efficients that are to be chosen properly.

3.3 Reproduction

In BFA, a fixed total number of reproduction steps,
Nre is given. Only the first half of populations sur-
vive in each reproduce step a surviving bacterium
splits into two identical ones, which occupy the same
position in the environment as the one in previous
step. Thus the population of bacteria keeps constant
in each chemotactic step. After Nc chemotactic steps,
the fitness values for the ith bacterium in the chemo-
tactic loop are accumulated and calculated by:

ji
health =

Nc+1∑

j=1

ji(j, k, l) (9)

Where ji
health presents the health of the ith bac-

terium. The smaller the ji
health is, the healthier the

bacterium is. To simulate the reproduction charac-
ter in nature and to accelerate the swarming speed,
all the bacteria are sorted according to their health
values in an ascending order and each of the first
Sr(Sr = S/2), for convenience S is assumed to be a
positive even integer) bacteria splits into two bacte-
ria. The characters including location and step length
of the mother bacterium are reproduced to the chil-
dren bacteria. Through this selection process the re-
maining Sr unhealthier bacteria are eliminated and
discarded. To simplify the algorithm, the number of
the bacteria keeps constant in the whole process.

3.4 Elimination-dispersal

For the purpose of improving the global search
ability, elimination-dispersal event is defined after
Nre steps of reproduction. The bacteria are elimi-
nated and dispersed to random positions in the op-
timization domain according to the probability Ped.
This elimination-dispersal event helps the bacterium
avoid being trapped into local optima. The number
of the event is denoted as Ned. The flowchart of the
algorithm is shown in Fig. 2.
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Fig.2: Flowchart of the bacteria foraging algorithm

4. GAMS AND MILNP SOLVER

The years since the 1950s have seen the rapid devel-
opment of algorithms and computer codes to analyze
and solve large mathematical programming problems.
One of the important parts of this growth was the
development in the early 1980’s of modeling systems.
One of the earlier of which was the Generalized Al-
gebraic Modeling System (GAMS). GAMS is a high-
level modeling system for mathematical programming
problems and Modeling linear, nonlinear and mixed
integer optimization problems [10].
Models with objective functions are:

1. LP for Linear Programming;
2. NLP for Nonlinear Programming;
3. MIP for Mixed Integer Programming;
4. MINLP for Mixed Integer Non Linear

Programming;
5. RMIP for Relaxed Mixed Integer Programming;
6. MIQCP for Mixed Integer Quadratically

Constrained Program;
7. DNLP for Nonlinear Programming with

Discontinuous Derivatives;

8. MPEC for Mathematical Program with
Equilibrium Constraints.

In this paper, authors used MINLP solver. Mathe-
matically, the MINL problem looks like:

Maximize or Minimizef(x) + d(y) (10)
g(x) + h(y) α 0
L < x > U

y = {0, 1, 2, . . .}

Where x is a vector of variables that are continuous
real numbers, f(x) + d(y) is the objective function,
g(x)+h(d) is represents the set of constraints, is some
mixture of = , = and = operators and L and U are
vectors of lower and upper bounds on the variables.
Names of the solvers that can be used on the MINLP
problem class are shown in TABLE I [10].
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5. SIMULATION RESULTS

The PMU placement algorithm presented before is
tested on IEEE 14-bus and Tehran Regional Electric
Company 41-bus networks that shown in Fig. 3 [11,
12]. At first, IEEE 14-bus test system was considered.
This system has got only one zero-injection bus. The
initial placement results in installing 5 PMUs and the
output of the BFA algorithm is only 3 PMUs. For the
Second case, Tehran Regional Electric Company 41-
bus network is considered. This system has got two
zero-injection buses. Results in installing 28 PMUs
and the output of the BFA algorithm are only 11
PMUs.

For the IEEE 14-bus system, we have considered
S = 4, p = 14, Nc = 5, Ns = 20, Nre = 100, Ned =
2, Ped = 0.25 and for the Tehran Regional Electric
Company 41-bus network we have considered S = 10,
p = 41, Nc = 20, Ns = 20, Nre = 100, Ned = 4,
Ped = 0.25 and swarm signal weren’t implemented
in these cases. Fig. 4 shows the convergence rate of
BFA for finding the optimal placement point of the
two networks.

Finally MINLP was used to optimize the PMUs
placement of the two networks. It is necessary to
mentioned that GAMS contains lots of solvers that
are capable of solving optimization programs using
MINLP [10]. System specifications of two cases are
shown in Table II. The results of some solvers are
shown in TABLE III. It should be mentioned that
the corresponding configuration of the required num-
ber of PMUs is not necessarily unique. However, from
the observability point of view, there is no difference
between different configurations with the same num-
ber of PMUs, so in this paper, only one configuration
per each case is presented. In the 1st and the 2nd
network there are no conventional power flow and in-
jection measurements installed in the system. The
numbers of zero injections are 1 and 2, respectively.

Fig.3: Tehran 41-bus System

Table 1: GAMS Solvers

Fig.4: Convergence Rate of BFA
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Table 2: System Specification

Table 3: Test Results

6. CONCLUSION

An integer programming based formulation and
the associated solution to the problem of PMU place-
ment in power systems has been used in this paper.
Numerical results are given for different size systems
where a minimum number of PMUs are placed with
and without other conventional measurements. As
the power systems become more populated by PMUs,
the presented approach may assist the system plan-
ners in deciding on
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