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ABSTRACT

In this work, we present new Bayesian estimator
for circularly-contoured Two-Sided Gamma random
vector in additive white Gaussian noise (AWGN).
This PDF is used in view of the fact that it is more
peaked and the tails are heavier to be incorporated in
the probabilistic modeling of the wavelet coefficients.
One of the cruxes of the Bayesian image denoising
methods is to estimate statistical parameters for a
shrinkage function. We employ maximum a posterior
(MAP) estimation to calculate local variances with
Rayleigh density prior for local observed variances
and Gaussian distribution for noisy wavelet coeffi-
cients. Several denoising methods (ProbShrink with
redundant wavelet transform) using un-decimated
wavelet transforms provide good results. The un-
decimated wavelet transforms can also be viewed as
applying an orthogonal wavelet transform to a set of
shifted versions of the signal. This procedure was
first suggested by Coifman and Donoho where they
termed it cycle-spinning method. We apply cycle-
spinning with orthogonal wavelet transforms in our
work. The experimental results show that the pro-
posed method yields good denoising results.

Keywords: Spherically-Contoured Two-Sided
Gamma Random Vectors, MAP Estimation, Cycle-
Spinning, and Wavelet Transforms

1. INTRODUCTION

The application of the wavelet transform in im-
age denoising has shown remarkable success over the
last decade. There are two major approaches for sta-
tistical wavelet-based denoising. The first approach
is to design a statistically optimal threshold param-
eter for some nonlinear thresholding techniques or
shrinkage functions. Standard choices for nonlinear
thresholding techniques or shrinkage functions are
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Fig.1: Histogram of clean wavelet coefficients in the
HH subband at scale-1 of Lena image, marginal Two-
Sided Gamma distribution (1) and Gaussian distri-
bution.

soft or hard thresholding [1], firm-shrinkage [2], and
non-negative garrote shrinkage [3]. Hard threshold-
ing technique yields a less biased estimate from ob-
served signal but with a higher variance and disconti-
nuity [3]. Soft thresholding yields moderate variance
compared to hard thresholding but with more biased
estimate. Firm-shrinkage relying on two threshold
parameters outperforms both hard and soft thresh-
olding. The only disadvantage of the firm shrinkage is
that it requires two thresholds. The non-negative gar-
rote shrinkage provides a good compromise between
the soft and hard shrinkage function. Indeed, this
method is based on a continuity, therefore it is more
stable than hard thresholding and less bias than soft
thresholding for large coefficient. These shrinkage
methods are computationally simple, but rely on arbi-
trarily chosen non-linear function [4]. This drawback
could be overcome under Bayesian denoising frame-
work. In the second approach, the shrinkage func-
tion could be designed by minimizing Bayesian risk,
typically under the maximum a posterior (MAP) or
minimum mean square error (MMSE) criteria. Note
that, in this case the prior knowledge about the distri-
bution of wavelet coefficients is required. The choice
of distribution representing the wavelet coefficients is
one of the key to get better performance for Bayesian
techniques.

It is widely known that the wavelet coefficients’s
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amplitude tends to propagate across scales. This
parent-child relation is also underlined by the empir-
ical joint histogram between parent and child coeffi-
cients as shown in [5]. Various authors have proposed
different PDFs to approximate this joint histogram.
For example, in [5] and [6], bivariate radial exponen-
tial density and Laplacian random vectors are pro-
posed to model this parent-child joint PDF respec-
tively. Two-Sided Gamma distribution is one of the
PDFs that is successfully used for image denoising.
In [7], the authors develop Bayesian estimation in
combination with Two-Sided Gamma distribution for
discrete fourier transform (DFT) coefficients. We re-
call that a zero-mean of marginal Two-Sides Gamma
distribution with variance σ2 has the density

fx (x) =
4
√

3
2
√

2πσ
|x|−1

2 exp

(
−√3 |x|

2σ

)
. (1)

This model provides a simple and symmetric distri-
bution. Fig.1 illustrates the histogram of the coeffi-
cients in one subband of the wavelet transform of a
photographic image in log-scale. While the Gaus-
sian PDF has a smooth peak and lean tails, the
wavelet-coefficient histogram has different behavior
patterns so it is more peaked and the tails are heav-
ier. These kind of histograms are more kurtotic than
the Gaussian distributions [6]. Fig.1 also illustrates
PDF plots. The PDF plots illustrate the marginal
Two-Sided Gamma distribution and Gaussian distri-
bution. The histogram in Fig.1 is very symmetric
with zero mean and the histogram of wavelet coeffi-
cients are more like marginal Two-Sided Gamma dis-
tribution, it is more peaked and the tails are heavier,
than the Gaussian distribution.

In this paper, we propose the use of spherically-
contoured Two-Sided Gamma random vectors to
model parent-child wavelet coefficients in the expres-
sion for the MAP estimation of noise-free wavelet co-
efficients. These model is chosen because it is more
peaked and the tails are heavier to be incorporated
in the probabilistic modeling of the wavelet coeffi-
cients. The estimator for statistical parameters of
shrinkage function is one of the cruxes of the pro-
posed algorithm. In [8], the authors put a stochas-
tic prior on the local observed variances and ob-
tained MAP estimator for local observed variances.
In this work, we employ MAP estimation to calcu-
late local variances with Rayleigh density prior for lo-
cal observed variances and Gaussian distribution for
noisy wavelet coefficients. Although several denoising
methods (ProbShrink with redundant wavelet trans-
form) using un-decimated wavelet transforms pro-
vides good results [9]. The un-decimated wavelet
transforms can also be viewed as applying an orthog-
onal wavelet transform to a set of shifted versions
of the signal. This procedure was first suggested by
Coifman and Donoho where they termed it cycle-
spinning method [10]. So we applying cycle-spinning

with orthogonal wavelet transforms in our work. Or-
thogonal wavelet transform has been exploited to dec-
imated wavelet transform by using the cycle-spinning
technique. We chose to employ the cycle-spinning
method because it shifts the wavelet coefficients, and
at the same time, the noise has been reduced. Prior
to the noise reduction, the shifted wavelet coefficients
are averaged (The detailed explanation can be found
at Section 4 in the paper). We can simply write an
efficient computer program for noise reduction when
the wavelet coefficients have been shifted. The pro-
gram can be written in parallel which significantly
decreases the computational time. Hence, the ap-
proach is noticeably faster than other un-decimated
wavelet transform methods, e.g., dual-tree complex
wavelet transform, DT-CWT [5].

The rest of this paper is organized as follows. In
Section 2, after a brief review on the basic idea of
Bayesian denoising, we obtain a shrinkage function
using Two-Sided Gamma random vectors with lo-
cal variance namely, GammaShrink. Section 3 de-
scribes the MAP estimator for the local variances
of wavelet coefficients using Rayleigh marginal prior
density with Gaussian distribution, since this esti-
mate is the needed parameter for the shrinkage func-
tion in Section 2. Section 4 describes cycle-spinning
method due to the fact that un-decimated wavelet
transform can be viewed as applying an orthogonal
transform to a set of shifted versions of the image. In
Section 5, the proposed method is applied for wavelet-
based denoising of several images corrupted with ad-
ditive Gaussian noise at various noise levels. Simula-
tion results demonstrate the effectiveness of our pro-
posed algorithms compared with other state-of-the-
art methods. The experimental results show that our
algorithm achieves better performance visually and in
terms of PSNR. Finally the concluding remarks and
discussion are given in Section 6.

2. BAYESIAN DENOISING

In this section, the idea of MAP estimator will
be explained. Assume that we want to estimate a
parameter θ = [θ1, θ2, . . . , θd]

T on the observations
y = [y1, y2, . . . , yd]

T . Lets’ fy|θ (y|θ) is known as the
likelihood function. Now assume that a prior distri-
bution fθ (θ) exists. The posterior distribution of θ is
fθ|y (θ|y). The method of MAP estimation then esti-
mate θ as the mode of the posterior distribution of the
random variable [11]: θ̂MAP = arg max

θ

[
fθ|y (θ|y)

]
.

Using Bayes’ rule, one gets

θ̂MAP = arg max
θ

[
fy|θ (y|θ) fθ (θ)

]
. (2)

Indeed, the denoising of an image corrupted by
AWGN with variance σ2

n will be considered. For
a wavelet coefficient x1, let x2,x3, . . . , xd represent
its parent, i.e., x2,x3, . . . , xd is the wavelet coeffi-
cient at the same position as the wavelet coefficient
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Fig.2: New shrinkage function produced from (6),
GammaShrink with σ2 = 4, σ2

n = 2

x1, but at the next coarser scale. We suppose that
the coefficients are contaminated by additive noise,
that is y1 = x1 + n1, y2 = x2 + n2, . . . , yd = xd + nd

where y1, y2, y3, . . . , yd are noisy observations of
x1, x2, x3, . . . , xd, and n1, n2, n3, . . . , nd are noise
samples respectively. To take into account the sta-
tistical dependencies between a coefficient and its
parent, we combine them into vector form as follow:
y = x +n. Let us continue on developing the MAP
estimator given in (2), where θ = x, which is equiva-
lent to

x̂ = arg max
x

[
fy|x (y|x) fx (x)

]
.

After some manipulations, this equation can be writ-
ten as

x̂(y) = arg max
x

[ln fn(y− x) + ln fx (x)]. (3)

The proposed model for joint pdf (fx (x)) is impor-
tant in the above equation. Generally, it is hard to
find a model for this PDF. In this paper, we proposed
the following Two-Sided Gamma random vectors for
coefficient and its parent:

fx (x) = k1 (‖x‖)−1
2 exp

(
−√3 ‖x‖

2σ

)
(4)

where σ is standard deviation of this model and k1

is the normalizing constant parameter. We assume
that the noise is i.i.d white Gaussian, the noise PDF
is given by [5]

fn (n) =
1

(2πσ2
n)

d
2

exp

(
−‖n‖2

2σ2
n

)
. (5)

Solving (3) using (4) and (5), the MAP estimator for
x1 is derived as a solution of:

x̂1 =
r+

‖y‖y1 (6)

Fig.3: Block-diagram of the proposed MAP esti-
mator for local observed variance, the parameter λ̂
is calculated from local observed variance using ML
estimation with Gaussian assumption (σ̂2

y,ML(k)) by
(10).

where

r =
−a +

√
a2 − 2σ2

n

2
, a =

√
3σ2

n

σ
− ‖y‖ .

Here, (g)+ is defined as g+ = max (0, g). The deriva-
tion can be found in Appendix A. This shrinkage
function is called GammaShrink. From this point on-
ward, empirically verify GammaShrink just in bivari-
ate case

(
d = 2, ‖y‖ =

√
y2
1 + y2

2

)
only. Fig. 2 shows

the proposed shrinkage function produced from (6).
As we can see in Fig. 2, the shrinkage function of
GammaShrink is non-linear.

3. PARAMETER ESTIMATION

To apply (6), we need to know the noise variance
σ2

n and variance of noise-free wavelet coefficients σ2.
To estimate the noise variance from the noisy wavelet
coefficients, a robust median estimator is obtained
from the HH1 Subband [12]: σ2

n = (median(|HH1|)
0.6745 )2.

Under the assumption that marginal variances are
different for each data point y(k), an estimated lo-
cal observed variance σ2

y(k) can be found using local
neighborhood N(k). We use a square window N(k)
centered at y(k). Now, assume that a prior marginal
distribution fσ2

y(k)(σ2
y(k)) is available. By using MAP

estimator in (2), where θ = σ2
y (k). After some ma-

nipulation, we can obtain MAP estimator for σ2
y (k)

as

σ̂2
y (k) = arg max

σ2
y(k)≥0


ln





 ∏

j∈N(k)

f
(
yj |σ2

y (k)
)



×fσ2
y(k)

(
σ2

y (k)
))]

. (7)

In this section, we assume that noisy wavelet co-
efficients is the Gaussian distribution with zero
mean and variance σ2

y (k): f
(
yj |σ2

y (k)
)

=
1√

2πσ2
y(k)

exp
( −y2

j

2σ2
y(k)

)
. Thus, the MAP estimator for

σ2
y(k) can be obtained using a Rayleigh density prior

fσ2
y(k)

(
σ2

y(k)
)

= λ2σ2
y(k) exp

(
−λ2(σ2

y(k))2

2

)
, λ > 0.
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Fig.4: Histogram of ML estimator for local observed
variances (σ̂2

y,ML (k)) by (10) of HH-1 and σn = 25
of Lena image, Rayleigh density with λ̂ = 0.002 (11),
and exponential density.

As derived in Appendix B, we can write

(
σ2

y (k)
)3

+
(

M − 2
2λ2

)
σ2

y (k)−

∑
j∈N(k)

y2
j

2λ2
= 0. (8)

giving that λ is parameters of Rayleigh density, and
M is number of coefficient in N(k). Coincidently, (8)
is also a third order equation. Based on Cardano’s
method (The description can be found in Appendix
C), we can also obtain:

σ2
y(k) = 3

√
C(k) + 3

√
D(k) (9)

where

C (k) =

∑
j∈N(k)

y2
j

4λ2
+

√√√√√√

(
∑

j∈N(k)

y2
j

)2

16λ4
+

(M − 2)3

216λ6
,

D (k) =

∑
j∈N(k)

y2
j

4λ2
−

√√√√√√

(
∑

j∈N(k)

y2
j

)2

16λ4
+

(M − 2)3

216λ6
.

To select the parameter λ, we use the fact that
our Rayleigh density prior assumption σ2

y(k), com-
puted over all coefficients, should distribute accord-
ing to Rayleigh density. First, the parameter λ has
to be calculated from the maximum likelihood (ML)
estimation with Gaussian distribution zero mean and
variance σ2

y,ML (k), that is [13]:

σ̂2
y,ML(k) =

∑
j∈N(k)

y2
j

M
(10)

where [14]

λ̂ =

√√√√√
2N

N∑
k=1

(
σ̂2

y,ML(k)
)2

(11)

and N is the number of wavelet coefficients in each
subband. The estimation of λ is then substituted in
(9) for MAP estimation of local observed variance
(σ2

y(k)). The block-diagram in Fig.3 describes the
MAP estimator for local observed variances.

One of the motivations for using Rayleigh density
prior is that Rayleigh density requires the estimation
only one additional parameter (λ) per image wavelet
subband. It is easy to find λ in the same way as
using exponential density prior. In [8], the authors
used exponential density as the local observed vari-
ances prior. Histogram of ML estimate of local ob-
served variance (σ̂2

y,ML (k)) of Lena image in HH-1
with σn = 25, using window size 7×7 is illustrated in
Fig.4. In addition, Rayleigh density, and exponential
density of local observed variance are estimated and
illustrated in Fig.4. It can be observed that the his-
togram of σ̂2

y,ML (k) are more like Rayleigh density
than exponential density.

We use the fact that the wavelet coefficients and
the additive noise are independent, thus we have the
following relation between their statistical parame-
ters:

σ̂2 (k) =
(
σ̂2

y (k)− σ̂2
n

)
+

. (12)

Then

σ̂2 (k) =
√((

3
√

C (k) + 3
√

D (k)
)
− σ̂2

n

)
+
. (13)

4. CYCLE-SPINNING METHOD

This section introduces cycle-spinning method.
The shrinkage approach (e.g., BiShrink with DT-
CWT, [15] ProbShrink [9], BLS-GSM [16] and
Gaussian-Hermite Expansion [4]) using unitary trans-
forms provides good results. Significant improvement
is achieved when this technique is implemented using
over-complete representations. In most cases, there
are implemented methods using either un-decimated
wavelet transform or any other sliding windowed
transforms (sliding local DCT, sliding local DFT,
steerable pyramid or complex wavelet transform, etc.)
The un-decimated wavelet transform can be viewed
as applying an orthogonal transform to a set of shifted
versions of the image. This way, the shrinkage oper-
ation is applied to each transformed image indepen-
dently. This is followed by transforming each modi-
fied transform back to the image space, and averaging
all the corrected images after shifting them back to
their original positions. This is illustrated in Fig. 5.
This procedure was first suggested by Coifman and
Donoho where they termed it cycle-spinning denois-
ing.

5. EXPERIMENTAL RESULTS

This section presents image denoising examples
using our new statistical model for wavelet co-
efficients with cycle-spinning (GammaShrink) and
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Fig.5: The pipe-line of the cycle-spinning method

Fig.6: (Lena) From left to right and clockwise: Noise-free image, Noisy image with σn = 30, LAWMAP [8]
(PSNR = 28.98), and GammaShrink (PSNR = 30.52).

Fig.7: (Boat) From left to right and clockwise: Noise-free image, Noisy image with σn = 30, BayeShrink
(DT-CWT) [17] (PSNR = 28.08), and GammaShrink (PSNR = 28.16).



260 ECTI TRANSACTIONS ON ELECTRICAL ENG., ELECTRONICS, AND COMMUNICATIONS VOL.9, NO.2 August 2011

compare it with MMSE-Laplace [6] LAWMAP [8],
Hard−Threshold [1], and BayeShrink with dual-
tree complex wavelet transform (DT-CWT) [17], un-
decimated wavelet transform version of BayeShrink.
These algorithms are evaluated with different noise
level σn = 5, 10, 20, 30, 40 and 50. Three 512 × 512
grayscale images and one 256 × 256 grayscale im-
age, namely Lena, Boat, Barbara, and Cameraman
respectively, are used to assess the algorithm’s per-
formance. We use peak-signal-to-noise ratio (PSNR)
as an objective criterion for image performance evalu-
ation. All test images can be obtained from the same
sources as mentioned in [18]. Here, the Daubechies
length-10 filter and a 7× 7 window size (N(k)) with
periodic boundary extensions [19] are used. We have
also investigated different window sizes. A 9× 9 win-
dow size can also be a good choice. However, us-
ing a 3 × 3 window sizes resulted in a slight perfor-
mance loss. In this paper, we have not considered
different shapes for N(k). The results can be seen
in Table 1-4. Each PSNR values in the table is av-
eraged over five runs. In these Tables, the highest
PSNR value is bolded. We test on the contributions
of cycle-spinning, GammaShrink, and the proposed
local variance estimation parts to the performance of
the proposed denoising method. Having listed from
high to low performance improvement respectively,
Method I (using GammaShrink, proposed local vari-
ance, and cycle-spinning), Method III (using Gam-
maShrink and cycle-spinning with ML local variance
estimate), Method IV (using BayeShrink, proposed
local variance, and cycle-spinning), and Method II
(using GammaShrink and proposed local variance
without cycle-spinning) are shown in Table 5. As
we can seen from Table 6, the computational time of
our proposed method using 6 co-processors is slightly
faster than conventional redundant wavelet transform
techniques. The more co-processors are used, the less
computational time is required. The essential rea-
son is that several redundant wavelet transforms, e.g.
steerable pyramid transform, perform in sequence by
performing wavelet transform first and then denois-
ing the transformed coefficients later. This way, the
computation of redundant wavelet transform plays an
important role and usually prefers not to be imple-
mented in a parallel manner. Fig. 6 illustrates denois-
ing algorithms on Lena image with σn = 30, original
image, noisy image, denoising image obtained from
LAWMAP, and GammaShrink. Fig. 7 shows results
from several denoising algorithms on Boat image with
σn = 30, original image, noisy image, denoising im-
age obtained from BayeShrink (DT-CWT), and our
proposed method.

6. CONCLUSION AND DISCUSSION

This paper presents the use of spherically-
contoured Two-Sided Gamma random vectors to
model parent-child wavelet coefficients in the expres-

sion for the MAP estimation of noise-free wavelet co-
efficients. To estimate statistical parameters for a
shrinkage function, we employ MAP estimation to
calculate local observed variances. Instead of us-
ing overcomplete transform, we apply cycle-spinning
with orthogonal wavelet transforms. Instead of us-
ing this proposed shrinkage function, other nonlinear
shrinkage functions can also be used. For example, in-
stead of using MAP estimator we can use the MMSE
estimator to obtain the denoising shrinkage function.
For better capture the heavy-tailed nature of wavelet
coefficients, we can use mixture models. Therefore, if
we use a mixture model of Two-Sided Gamma ran-
dom vectors for wavelet, the performance of denoising
algorithm will be improved.

APPENDICES

A DERIVATION OF GAMMASHRINK

Solving (3) using (4) and (5) gives

ln fn (y − x) + ln fx (x) = ln
(

1

(2πσ2
n)

d
2

)
− ‖y−x‖2

2σ2
n

+ ln (k1) − 1
2 ln (‖x‖)−

√
3‖x‖
2σ ,

∂ [ln fn (y − x) + ln fx (x)]
∂xi

= 0

Then,

xi

(
1 +

σ2
n

2 ‖x‖2 +
√

3σ2
n

2σ ‖x‖

)
= yi.

Setting r = ‖x‖

xi =
yi(

1 + σ2
n

2r2 +
√

3σ2
n

2σr

) . (14)

Taking the square root of the sum of the square over
1 ≤ i ≤ d gives

‖x‖ = r =
‖y‖(

1 + σ2
n

2r2 +
√

3σ2
n

2σr

) .

Then, (
1 +

σ2
n

2r2
+
√

3σ2
n

2σr

)
=
‖y‖
r

, (15)

r2 +

(√
3σ2

n

2σ
− ‖y‖

)
r +

σ2
n

2
= 0.

Finding r and Substituting (15) in (14) gives

xi =
r+

‖y‖yi,

r =
−a +

√
a2 − 2σ2

n

2
, a =

√
3σ2

n

σ
− ‖y‖ .
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Table 1: Average PSNR Values of Denoising Image Over Five Runs for Lena Image.
Standard Deviation Noise 5 10 20 30 40 50

MMSE-Laplace [6] 37.77 34.47 30.95 28.88 27.45 26.26
LAWMAP [8] 37.73 34.45 30.98 28.98 27.67 26.47

Hard−Threshold [1] 33.78 31.10 28.33 26.71 25.61 24.95
BayeShrink (DT-CWT) [17] 37.63 34.89 31.75 29.74 28.38 27.26

GammaShrink 38.12 35.03 31.93 30.05 28.80 27.79

Table 2: Average PSNR Values of Denoising Image Over Five Runs for Boat Image.
Standard Deviation Noise 5 10 20 30 40 50

MMSE-Laplace [6] 35.76 32.62 29.23 27.21 25.83 24.79
LAWMAP [8] 35.71 32.56 29.20 27.24 25.89 24.93

Hard−Threshold [1] 31.16 28.69 26.04 24.73 23.82 23.11
BayeShrink (DT-CWT) [17] 34.71 32.36 29.41 27.55 26.29 25.32

GammaShrink 36.26 33.22 30.01 28.11 26.82 25.90

Table 3: Average PSNR Values of Denoising Image Over Five Runs for Barbara Image.
Standard Deviation Noise 5 10 20 30 40 50

MMSE-Laplace [6] 36.44 32.46 28.59 26.43 25.05 23.97
LAWMAP [8] 36.56 32.60 28.76 26.63 25.24 24.18

Hard−Threshold [1] 30.75 27.37 24.18 22.96 22.40 21.96
BayeShrink (DT-CWT) [17] 35.69 32.54 29.15 27.21 25.83 24.81

GammaShrink 37.26 33.20 29.19 26.89 25.44 24.38

Table 4: Average PSNR Values of Denoising Image Over Five Runs for Cameraman Image.
Standard Deviation Noise 5 10 20 30 40 50

MMSE-Laplace [6] 36.92 32.61 28.57 26.44 24.92 23.81
LAWMAP [8] 36.69 32.33 28.29 26.17 24.69 23.70

Hard−Threshold [1] 31.34 28.19 25.10 23.53 22.35 21.59
BayeShrink (DT-CWT) [17] 35.98 32.07 28.44 26.54 25.21 24.18

GammaShrink 37.34 32.91 29.01 26.94 25.54 24.57

Table 5: Average PSNR Values of Lena Image Over Five Runs using Key Techniques in Our Proposed Algo-
rithms (A = GammaShrink, B = Proposed Local Variance Estimation, C = Cycle Spinning, A = BayeShrink,
B = Local Variance Estimation using ML, C = Without Cycle Spinning).

Image Techniques PSNR
A B C 5 10 20 30 40 50

Method I O O O 38.12 35.03 31.93 30.05 28.80 27.79
Method II O O 37.28 34.05 30.70 28.83 27.63 26.55
Method III O O 38.12 35.01 31.88 29.99 28.74 27.69
Method IV O O 38.11 35.01 31.92 29.97 28.71 27.68

Table 6: Computational Time (Second)
BayeShrink GammaShrink GammaShrink GammaShrink

+Local Variance (1 Processor) (25 Processors) (6 Processors)
Lena 15.4100 84.7400 3.3900 14.1250
Boat 17.3300 85.0000 3.4000 14.1667

Barbara 17.3900 85.2500 3.4100 14.2083
Cameraman 6.0200 32.5000 1.3000 5.4167
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B DERIVATION OF THE MAP ESTIMA-
TION FOR σ2

Y (K) USING RAYLEIGH
DENSITY PRIOR FOR LOCAL OB-
SERVED VARIANCES AND GAUS-
SIAN DISTRIBUTION FOR NOISY
WAVELET COEFFICIENTS

Where f
(
yj |σ2

y (k)
)

= 1√
2πσ2

y(k)
exp

( −y2
j

2σ2
y(k)

)
is

the Gaussian distribution with zero mean and vari-
ance σ2

y (k) and fσ2
y(k)

(
σ2

y(k)
)

is PDF of Rayleigh

density fσ2
y(k)

(
σ2

y(k)
)

= λ2σ2
y(k) exp

(
−λ2(σ2
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2

)
, λ >

0 , thus,

 ∏

j∈N(k)

f
(
yj |σ2

y (k)
)

 fσ2

y(k)

(
σ2

y (k)
)

=


 1√

2πσ2
y (k)




M

exp



− ∑

j∈N(k)

y2
j

2σ2
y (k)




×λ2σ2
y (k) exp

(
−λ2

(
σ2

y (k)
)2

2

)

ln





 ∏

j∈N(k)

f
(
yj |σ2

y (k)
)

 fσ2

y(k)

(
σ2

y (k)
)

 =

M

2
ln

(
1
2π

)
− M

2
ln

(
σ2

y (k)
)−

∑
j∈N(k)

y2
j

2σ2
y (k)

+ ln
(
λ2

)

+ ln(σ2
y(k))− λ2(σ2

y(k))2

2
.

In order to find σ2
y(k), we use (7). Then

∂ ln

((
∏

j∈N(k)

f
(
yj |σ2

y (k)
)
)

fσ2
y(k)

(
σ2

y (k)
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∂
(
σ2

y (k)
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(
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y (k)
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+
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M − 2
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)
σ2

y (k)−

∑
j∈N(k)

y2
j

2λ2
= 0.

Finally, we use Cardano’s method to find the optimal
σ2

y(k).

C CARDANO’S METHOD

In mathematic, a cubic function is a function of
the form

f(x) = c4x
3 + c1x

2 + c2x + c3,

c1, c2, c3, c4 ∈ R, c4 6= 0.

We first normalize this standard equation by dividing
the equation with the first coefficient. Thus, we can
write,

x3 + ax2 + bx + c = 0.

In summary, if we use cardano’s method [20] to solve
the above equation,The roots of the cubic equation
will be

x =

{
3
√

A + 3
√

B − a
3

−1
2 ( 3
√

A + 3
√

B)±
√

3
2 j( 3

√
A + 3

√
B)− a

3

where

p = b− a2

3
, q = c− ab

3
+

2a3

27

A =
−q

2
+

√
q2

4
+

p3

27
, B =

−q

2
−

√
q2

4
+

p3

27
.

Note that only a real root will be used here. In MAT-
LAB language, we use nthroot function to find a real
root.
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