
80 ECTI TRANSACTIONS ON ELECTRICAL ENG., ELECTRONICS, AND COMMUNICATIONS VOL.18, NO.1 FEBRUARY 2020

Hardware Implementation of Flatness Based
Nonlinear Sensorless Control Level for

Three-Tank System

Mondher Amor∗† , Taoufik Ladhari∗ ,
Salim Hadj Said∗ , and Faouzi M’Sahli∗ , Non-members

ABSTRACT

This paper deals with the flatness-based approach
for sensorless control of the three-tank system. Two
main characteristics of the proposed control deserve
to be mentioned. Firstly, the relative simplicity of
implementation compared with the other advanced
output feedback controllers. Secondly, the estima-
tion of the non-measurable states using a continuous-
discrete time observer which can provide, even for
weakly sampled output, all the missing states. Simu-
lation and experimental results show the applicability
and efficiency of the proposed control scheme.

Keywords: Nonlinear State Observer, Continuous-
Discrete Time Observer, Three-Tank System, Flat-
ness Control, PID Control

1. INTRODUCTION

Liquid level control has been widely used in dif-
ferent industrial fields such as nuclear power, chemi-
cal and wastewater treatment plants. In these kinds
of dangerous and complex processes, highly sensitive
liquid level systems must be employed. In order to
precisely adjust the liquid flow between tanks and
to achieve a correct mixture ratio, well-designed con-
trollers must be also used.

The three-tank system is a good prototype of many
applications in industrial processes, such as water
treatment, food industry, chemical and petrochemi-
cal plants, oil and gas systems. It is used in water
conditioning systems, which provide the user with
an abundant supply of luxuriously conditioned wa-
ter, and in the craft brewing system. For this rea-
son, it has proved to be one of the most effective
benchmark systems in modeling, identification, con-
trol, fault detection, and diagnosis as well as for fault-
tolerant control. It exhibits typical characteristics of
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nonlinearities with possibilities of disturbance solici-
tation which provides a rich ground that can serve as
a test environment for advanced control and observa-
tion schemes.

A variety of control algorithms have been proposed
by the researchers to efficiently handle this kind of
system. Due to their simple structures and easy
parameter adjustment, classical PID controllers are
used to control the liquid level [1–3]. However, the
downside of the classical PID controllers generally ap-
pears in the experimental applications where sudden
changes can occur.

Due to the intrinsic coupling that exists in such
plant variables, some nonlinear MIMO state feedback
advanced controllers have been developed. Namely,
the backstepping controller has been presented to
control systems where its dynamics can be written
in a lower triangular form [4–5]. It presents the abil-
ity to guarantee the global stabilization of the sys-
tem and offers good performance, even for uncertain
systems; however, the choice of an appropriate Lya-
punov function at each step is still a difficult problem.
The sliding mode control approach is also frequently
adopted. It is characterized by its design simplic-
ity and robustness [6–7]. But, despite the presence
of some works to alleviate its effect, the chattering
phenomenon remains the major inconvenience of such
method [8].

Exploiting the flat property for certain systems
presents the main feature of the flatness control law
w.r.t the previously mentioned approaches. Indeed,
the flatness approach enables us to linearize the non-
linear system through an appropriate choice of dy-
namic state feedback. In addition to its simplicity
of implementation and input-output decoupling, this
method asserts itself as a real solution to directly re-
construct each system’s variable. This latter is pre-
sented as a function of the flat outputs and a finite
number of their time derivatives [9–10].

All these nonlinear control techniques assume that
the whole state variables of the considered system are
measured. However, from a practical point of view,
generally, a few state variables are available for online
measurements because of technical and/or economic
constraints. In order to perform sensorless control
techniques, there is a great need for a reliable and
accurate estimation of the unavailable state variables.
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For that purpose, a nonlinear state observer may
be used. Several solutions are presented in the litera-
ture including linearization techniques [11], extended
Kalman filter [12], high gain observers [13] and slid-
ing mode observers [6, 14–15]. Most of the avail-
able contributions in this field concern the case with
continuous-time measurements. However, this is not
always the case, for example when the output mea-
surements are shared through a digital communica-
tion network that is available only at discrete-time
instances. Indeed, it is well-known that the stabil-
ity and convergence properties of these continuous-
time observers may be lost if the sampling process
is relatively slow. A practical solution is to employ
a state observer that performs an estimation of the
state vector with discrete-time output measurements.
Several observation schemes have been proposed for
some classes of continuous-time systems with sampled
output measurements [16–19], but very few results
for an effective hardware implementation are achieved
[20–21].

The main contribution of this paper concerns the
design of a flatness controller based on a continuous-
discrete time high gain observer CDHGO for a three-
tank system. Thus, the designed controller does not
need liquid level sensors in both tank 2 and tank 3.
An observation procedure is used to accurately esti-
mate these levels from the discrete measurements of
liquid level in the tank 1 and provides them to the
flatness controller. As a feature of the designed ob-
server, it offers the possibility to use low-cost digital
hardware that can work with a relatively low sample
frequency.

The remainder of the paper is organized as fol-
lows: in the second section, we represent the three-
tank process and its dynamical model. The continu-
ous discrete-time observer and its application to the
process are detailed in section three. Section four
is devoted to the proposed controller. Finally, the
simulation and experimental results are reported in
section five before drawing some conclusions.

2. THREE TANK SYSTEM

2.1 Description of the Plant

The hydrographical process consists of 3 columns
T1, T2, and T3 with the same section S, coupled seri-
ally by transfer valves and which can be drained into
a reservoir by leakage valves. These leakage valves de-
noted Vl1, Vl2, Vl3 and Ve have identical effective sec-
tions Sn. Two rotary valves Vt12 and Vt23 can be used
to change the channel section and therefore change
the flow characteristics between the columns. Each
leakage valve can be used as a manually adjustable
disturbance. Tanks 1 and 3 are supplied with fluid
via 2 pumps of maximum flow Qmax. The maximum
flow rate of the pump (6.66 × 10−5 m3/s) is reached
when a voltage of 12 V is applied to the pump. Each
column is equipped with a pressure sensor providing

Fig.1: Full structure of the computer design plant.

the liquid level in the tank [16]. The sensors are cal-
ibrated to provide output signals ranging from 0 to
5 V corresponding to a change in water level from 0
to 100 cm for each column. The experimental system
shown in Fig. 1 is equipped with sensors and actua-
tors that communicate via an acquisition card and a
computer.

2.2 The Mathematical Model

The variation of the volume of water in a tank i
(i = 1 : 3) is equal to the difference between the sum
of the inflows and the sum of the outflows. Using the
mass equations (flow equilibrium), the system can be
easily represented by the following equation:

V̇i = Si
dhi
dt

=
∑

Qin,i −
∑

Qout,i (1)

where
∑
Qin,i and

∑
Qout,i stand for the total water

inflows and outflows in the tank, respectively and Si
is the cross-section of the tank i. Then the mathe-
matical model is specified by the following equations:

ḣ1(t) =
1

S
(Q1(t)−Q12(t)−Ql1(t))

ḣ2(t) =
1

S
(Q12(t)−Q23(t)−Ql2(t)) (2)

ḣ3(t) =
1

S
(Q2(t) +Q23(t)−Qe(t)−Ql3(t))

where t represents the time; h1, h2, and h3 represent
the liquid levels in each tank; S represents the cross-
section of the tanks; Q1 and Q2 designate the flow
rates of both pumps 1 and 2; Qij denotes the flow
rates between tank Ti and system Tj ; and Qfi repre-
sent the output flow of the corresponding tank when
the leak valve is open.
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The flows Qij and Qe in Eq. (2) are calculated
using Torricelli’s law as follow:

Qij(t) = aziSn sgn(hi − hj)
√

2g |hi − hj | (3)

Qe(t) = az3Sn
√

2gh3 (4)

where azi is the outflow coefficients, sgn(.) is the
sign of the argument, and g is the acceleration due to
gravity. Note that the inflow rates into Tank 1 and
Tank 3 are given by:

Qi(t) = kiui(t) (5)

where ki is the pump constant (cm3/V) and ui(t) is
the voltage applied to the pump.

Consequently, we obtain:

dh1
dt

=−a1 sgn(h1−h2)
√
|h1−h2|+

k1
S
u1

dh2
dt

=a1 sgn(h1−h2)
√
|h1−h2|

−a2 sgn(h2−h3)
√
|h2−h3|

dh3
dt

=a2 sgn(h2−h3)
√
|h2−h3|−a3

√
h3+

k2
S
u2

(6)

where ai are the system parameters given by:

ai =
1

S
aziSn

√
2g ; i = 1, . . . , 3 (7)

3. CONTINUOUS-DISCRETE TIME OB-
SERVER

3.1 Basic Concepts

Consider the class of MIMO systems that are dif-
feomorphic to the following triangular form:{

ẋ(t) = Ax(t) + ϕ (u(t), x(t))

yk = Cx(tk) = x1(tk); ∀k ∈ N
(8)

with:

x =


x1

x2

...

xq

 ; ϕ(u, x) =


ϕ1(u, x1)

ϕ2(u, x1, x2)
...

ϕq−1(u, x1, ..., xq−1)

ϕq(u, x)



A =


0p Ip 0p · 0p

· · Ip · ·
0p · · · 0p

0p · · · Ip

0p · · 0p 0p

 ; C =


Ip

0p
...

0p


T

(9)

where x(t) ∈ Rn is the state vector with xj ∈ Rp for
j = [1, ..., q], the input u(t) ∈ U a compact subset of

Rs. The output y ∈ Rp is available only at the sam-
pling instant with respect to the following condition:

0 ≤ t0 < . . . < tk < tk+1 < . . . such as lim
k→∞

tk =∞

The observer design requires the following assump-
tions:
A1. The function ϕi(.) for i ∈ [1, q] are globally Lip-
schitz with respect to x uniformly in u, i.e ∃L > 0
such that the following inequality holds for i ∈ [1, q]
and x and x̄ ∈ Rn:

‖ϕi(u, x)− ϕi(u, x̄)‖ ≤ L‖x− x̄‖

A2. Assume that the time intervals τk are bounded
away from zero and are upperly bounded by the upper
bound of sampling partition diameter τM , i.e

0 < τk = τk+1 − tk ≤ τM ,∀k ≥ 0

A candidate continuous-discrete time observer for
system Eq. (8) is given by [21]:

˙̂x(t) = Ax̂(t) + ϕ (u(t), x̂(t))

− θ∆−1θ Ke−θk
1(t−tk) (Cx̂(tk)− y(tk)) (10)

with x̂ =
(
x̂1T , . . . , x̂qT

)T
is the vector of the esti-

mated state,

∆θ = diag

(
Ip,

1

θ
Ip, . . . ,

1

θq−1
Ip

)
where θ is the observer design parameter.

K =
[
K1T , . . . ,KqT

]T
is a gain matrix that is designed such that the matrix
Ā = A−KC is Hurwitz. In the particular case when
we have chosen the eigenvalues located at (–1), we
have:

K = diag
(
Cq1In1, C

q
2In2, . . . , C

q
q In1

)
for i = [1, . . . , q], with

Cji =
j!

i!(j − i)!

for 1 ≤ i, j ≤ q.

3.2 Application to the Three-Tank System

The main purpose of this section is to accurately
estimate the two levels h2 and h3, when the output
measurement h1 is available only at discrete-time in-
stants. The dynamics of the three-tank system given
by Eq. (8) can be rewritten by the following form:

ḣ = f(h) + g(Q) (11)
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with:

h =

h1h2
h3

 , Q =

[
Q1

Q2

]
, g(Q) =


Q1

S

0

Q2

S

 (12)

f(h) = (13) −a1 sgn(h1−h2)
√
|h1−h2|

a1 sgn(h1−h2)
√
|h1−h2|−a2 sgn(h2−h3)

√
|h2−h3|

a2 sgn(h2−h3)
√
|h2−h3|−a3

√
h3


Table 1 summarizes the typical values of the three-

tank system. These values are later used in observer
and controller implementation.

Now, in order to transform the system Eq. (11) to
the system Eq. (8), we use the following Lipshitzian
diffeomorphism:
Φ : Rn → Rn

x(t) 7→ z(t) = Φ(x(t), u(t)) =


h(x(t))

Lfh(x(t))
...

Ln−1f h(x(t))

 (14)

where Ljfh(x) is the jth Lie derivative of the func-
tion h by f , such as h(x) and f(x) are differentiable
functions of x up to the order n.

Considering the case of the studied system with the
only measurement of h1 ,Φ is given by the following
expression [22].
Φ : R3 → R3; x(t) 7→ z(t) = Φ(x(t), u(t))

Φ(h) =


h1

Lfh1

L2
fh1

 =


h1

−a1r(h1−h2)

a21
2

sgn(h1−h2)− a1a2
2

r(h2−h3)√
|h1−h2|


(15)

where r(x) = sgn(x)
√
|x|.

The three-tank system is described in the Z coor-
dinate, as follows:

Table 1: Physical parameters of the three-tank sys-
tem.

Tank cross-section areas S1 = S2 = S3 = S = 0.01 m2

Pipe cross-section areas SN = 0.0000786 m2

Coefficients*
a1 = 0.1; a2 = 0.086; a3 = 0.099;

k1 = 6.4665; k2 = 5.7596

Maximum in-flow rate Qmax = 6.66× 10−5 m3/s

{
ẋ(t) = Az(t) + ϕ (u(t), z(t))

yk = Cz(tk) = z1(tk);∀k ∈ N
(16)

We can adapt a continuous-discrete time observer in
the Z coordinate as given in Eq. (10). When using the
inverse transformation, the continuous-discrete time
observer can be given by

˙̂
h=f(ĥ)+g(Q)−θ∆−1θ

(
∂Φ(h)

∂h

)−1
Ke−θ

1(t−tk)(Cĥ−y)

(17)
with:

f(ĥ) =
−a1 sgn(ĥ1−ĥ2)

√∣∣∣ĥ1−ĥ2∣∣∣
a1 sgn(ĥ1−ĥ2)

√∣∣∣ĥ1−ĥ2∣∣∣−a2 sgn(ĥ2−ĥ3)

√∣∣∣ĥ2−ĥ3∣∣∣
a2 sgn(ĥ2−ĥ3)

√∣∣∣ĥ2−ĥ3∣∣∣−a3√ĥ3


and

(
∂Φ(h)

∂h

)−1
=


1 0 0

1
1

a
0

1
1

a
+

b

ca

1

c


where:

a =
a1

2
√
|h1 − h2|

;

b =
a1a2r(h2 − h3)

4r(h1 − h2) |h1 − h2|
;

c =
a1a2

4
√
|h1 − h2| · |h2 − h3|

4. CONTROLLER DESIGN

4.1 Basic concept of flatness

The property of flatness of a system is closely re-
lated to the general ability to linearize a nonlinear
system by an appropriate choice of dynamic state
feedback. Roughly speaking, the flatness is a struc-
tural property of a nonlinear class of systems, for
which all system variables can be written in terms
of a set of specific variables (the widely known flat
outputs) and a finite number of their time deriva-
tives. Let us consider the following general nonlinear
system: {

ẋ(t) = f(x(t), u(t))

y(t) = h(x(t))
(18)
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where x(t) is the state vector of the considered sys-
tem, u(t) and y(t) are respectively the input control
and the output. The functions f(.) and h(.) are as-
sumed to be smooth with respect to their arguments.
The nonlinear system Eq. (18) is said to be (differen-
tially) flat if and only if there exists an output vector
ξ(t), called flat or linearizing output, such that:
• The flat output ξ(t) and a finite number of its time
derivatives ξ̇(t), ξ̈(t), . . . , ξ(n)(t) are independent.
• The number of independent components of the flat
output is equal to the number of independent inputs.
• Every system state and inputs variables may be
expressed as a function of the flat output and of a
finite number of its time derivatives as:

x(t) = φ
(
ξ(t), ξ̇(t), . . . , ξ(n−1)(t)

)
u(t) = ψ

(
ξ(t), ξ̇(t), . . . , ξn(t)

) (19)

The functions φ(.) and ψ(.) are assumed to be
smooth.

The choice of the flat output is not a very restric-
tive condition in the case of real systems. It can be
a physical variable as a position, a velocity, a cur-
rent, a voltage, etc. In the case of flat outputs that
are unavailable for on-line measurements, a state ob-
server can be designed to estimate them. The main
advantage of the differential flatness is that the dif-
ferentiation of the chosen flat output, up to order n
yields the necessary information to reconstruct the
state and input trajectories of the considered system
relying on the above-mentioned relations.

4.2 Flatness Control of the Three-Tank Sys-
tem

The three-tank model Eq. (6) has two flat outputs:

yi = hi; i = 1, 2 (20)

Let us consider the reference trajectories as follows:

h∗i = ri; i = 1, 2 (21)

So, a reference model can be given by:

ṙ1 =−a1 sgn(r1−r2)
√
|r1−r2|+

k1
S
u∗1

ṙ2 =a1 sgn(r1−r2)
√
|r1−r2|−a2 sgn(r2−x∗3)

√
|r2−h∗3|

ḣ∗3 =a2 sgn(r2−x∗3)
√
|r2−h∗3|−a3

√
|h∗3|+

k2
S
u∗2

(22)

Consequently, we can generate input control refer-
ences as follows:

u∗1 =
S

k1

(
ṙ1 + a1 sgn(r1 − r2)

√
|r1 − r2|

)
(23)

u∗2 =
S

k2

(
ḣ∗3 − a2 sgn(r2 − h∗3)

√
|r2 − h∗3|+ a3

√
|h∗3|

)

Fig.2: Block diagram of the output feedback flatness
controller.

with:

h∗3 = r2 −

(
a1 sgn(r1 − r2)

√
|r1 − r2| − ṙ2

a2

)2

(24)

By adding the PID regulators effects, the control
laws applied to the system are given by:

u1 = u∗1 +
S

k1

(
δe1 −G1e1 −G2

∫
e1

)
u2 = u∗2 +

S

k2

(
δe2 −G3e2 −G4

∫
e2

) (25)

where:

δe1 =a1 sgn(y1−y2)
√
|y1−y2|−a1 sgn(r1−r2)

√
|r1−r2|

δe2 =a2 sgn(y2−y3)
√
|y2−y3|+a3

√
|y3|

+a2 sgn(y2−h∗3)
√
|y2−h∗3|−a3

√
|h∗3|

ei = yi − ri is the tracking error and Gi(i = 1, . . . , 4)
are the design parameters of the PID regulator. The
control laws u∗1 and u∗2 are generated from the flatness
controller (FC).

The whole block diagram given in Fig. 2 shows
the structure of the proposed output feedback flat-
ness controller. Relying on the only discrete output
measurement h1, the continuous-discrete time high
gain observer CDHGO performs an estimation of the

state vector
[
ĥ1, ĥ2, ĥ3

]T
. This last is exploited by

the controller in order to generate to control law
u = (u1, u2)T to the three-tank system. Note that
each component of the last vector is composed of the
sum of two signals: the first is given from the corre-
sponding PID and the other is provided by the Flat-
ness reference generator.
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Fig.3: Experimental set-up: (1a, 1b, 1c) 3 tanks;
(2a, 2b) 2 DC pumps; (3) liquid level sensors; (4)
Fio std STM32F10 board; (5) motor driver board; (6)
power supply; (7) basin; (8) control desk.

Fig.4: Benchmark trajectory.

5. SIMULATION AND EXPERIMENTAL
RESULTS

5.1 Test Bench Description

The proposed controller performances should be
now evaluated not only by the numerical simulation
but also, by the hardware implementation on the
three-tank process. The test bench used in Fig. 3,
is located in the laboratory of Industrial Systems and
Renewable Energies Studies “ESIER” at the National
Engineering School of Monastir, Tunisia.

5.2 Simulation Results

The benchmark used in simulation as well as in
experimental validation, presents two reference level
trajectories of h1 and h2 given in Fig. 4.

The observer design parameter is chosen as θ =
1, the initial value of the estimated vector is ĥ =
[0, 5, 10]T . Using the Zeigler-Nichol’s tuning method,
we have got the following PID control parameters:

Fig.5: Level reference, estimated and resulting flat
outputs.

Fig.6: Both the control signals.

G1 = 5;G2 = 2× 10−2;G3 = 10;G4 = 2× 10−4

As shown in Fig. 5, the liquid level h1 tracks well
the desired trajectory; whereas the liquid level h2
presents some overshoots (less than 5%) when the
reference changes. In the same figure, we remark af-
ter the transient, that the estimation error between
the estimated and the simulated states is null. Both
signals of control which should be applied to the DC
moto-pumps are illustrated in Fig. 6. In the steady-
state, it is shown that the signal u1 stabilizes at a
constant value, while u2 stays in damped oscillation
because the liquid level h2 is indirectly controlled by
the moto-pump 2 which only fed the third tank.
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Fig.7: Synoptic scheme of the setup.

Fig.8: Level reference, estimated and measured out-
puts.

5.3 Experimental results

The proposed output feedback control algorithm
has been implemented in the MATLAB/Simulink en-
vironment incorporated with the real-time interface
associated with the STM32Fio microcontroller data
acquisition device. An interface card is used to es-
tablish the connection, via USB port, between the
control desk using Matlab/Simulink environment and
the three piezo-resistive differential pressure sensors
as input and the moto-pump drive board as an out-
put.

Each sensor and its conditioner card deliver a volt-
age varying between 0 and 5 V corresponding respec-
tively to a height of 0 to 100 cm. Using the PWM

Fig.9: Experimental control signals for both moto-
pumps.

interface in Simulink library, the interface card as-
sociated with the dual-full bridge LM298, generates
to both pumps a variable voltage from 0 to +12 V,
corresponding to a flow rate ranging from 0 to Qmax.

The synoptic scheme of the proposed controller
used in the experimental setup is presented in Fig. 7.

In a practical case, the CDHGO reconstruct states
h2 and h3 using the discrete measurement of h1 avail-
able only at sampling times. The control law is
implemented in real-time using a sampling period
Te = 0.5s. It’s shown in Fig. 8 that after 10 s the liq-
uid level h1 tracks well its reference, but for the signal
h2, 150 s are required to obtain the convergence to the
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reference trajectory. This large transient time arises
from the observation procedure which, when choosing
the setting parameter θ to be small (θ = 0.1), requires
a not negligible time for achieving the convergence of
the estimation error to zero. This choice of θ is per-
formed in order to ensure the compromise between
the output noise rejection aim and the convergence
of the estimation error.

The control signals are illustrated in Fig. 9. It is
shown that u1 is almost constant in the steady-state
regime because it has a direct effect on the flat output
h1. Whereas, similarly to the numerical simulation
case, the signal u2 presents an oscillating dynamic.
Such behavior is due to the indirect effect of the moto-
pump 2 on the flat output h2.

6. CONCLUSION

In this paper, a flatness-based approach for non-
linear sensorless control of the three-tank system has
been presented. A continuous-discrete time high gain
observer has effectively contributed to the estimation
of the unmeasurable liquid levels that are required for
the proposed controller. Simulation and experimental
results show that the output feedback flatness control
strategy ensures a perfect tracking to level references.

In our future work, to ensure the tracking objective
for more difficult predefined trajectories, we will be
interested in the hybrid control of the studied system.
Indeed, we should not only control the moto-pump
flows, but also the water solenoid valve between the
liquid tanks.
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