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Lyapunov Analysis of Two Imbalanced Power
System Areas

Gilang Nugraha Putu Pratama!’ and Adha Imam Cahyadi?, Non-members

ABSTRACT

Transient stability refers to the system’s capability
to preserve synchronism while affected by large dis-
turbances. It is a nonlinear problem that requires the
simultaneous solution of many differential equations.
Therefore, a thorough analysis is needed to resolve it.
In this paper, we present an analysis of multimachine
transient stability under different fault cases using the
Lyapunov function. It serves as an analytical tool to
determine the condition necessary for stability. The
system remains stable as long as it is contained in the
region of attraction. Meanwhile, the swing equation
and reduced admittance matrix are used to model
the system in three conditions: pre-fault, during
the fault, and post-fault. Numerical simulations are
conducted to verify the preservation of synchronism
under fault on the transmission lines by achieving the
critical clearing time.

Keywords:  Lyapunov Function, Multimachine,
Power System Stability, Transient Stability, Critical
Clearing Time

1. INTRODUCTION

Over the years, power system stability has become
a major concern [1]. It can be classified into rotor
angle, frequency, and voltage stability as illustrated
in Fig. 1.

Power system stability is a nonlinear problem
that requires the simultaneous solution of many
differential equations [2].  Operating conditions
can be distinguished into steady-state and transient
stability. Steady-state stability denotes the capability
of the power system functioning during operation
despite being under small disturbances [3]. Mean-
while, transient stability is required to deal with large
disturbances while preserving the synchronism [4].
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Practically, transient stability is the main issue in
most systems [5] since a sudden loss in generation
is likely to cause a power outage [6].

Meanwhile, the loss of load or fault in transmission
facilities may disrupt stability on a smaller scale.
The responses to such disturbances involve large
excursions of rotor angles and are affected by the
nonlinear power-angle relationship. Stability depends
on the initial condition of the system and severity
of the disturbance [7]. Most of the time, systems
are altered after the disturbance takes place, leading
them to operate in different conditions from their
initial state. These states can be asserted as pre-fault,
fault, and post-fault conditions.

In this paper, the different conditions of the
faults affecting the transient stability of the system
are investigated.  The severity and location of
the faults have different impacts on the network,
and rigorous work is required to anticipate these
scenarios. Therefore, numerical simulation is utilized
in order to gain better insight and tackle the
problem. The data and parameters obtained from
the simulation can be used to determine the transient
stability and optimal system conditions [8-11].

Two significant parameters determine the stability
of a system: fault clearing time and critical clearing
time. As its name suggests, the fault clearing time
(FCT) is the time at which the fault is cleared.
Meanwhile, the critical clearing time (CCT) is the
FCT at which the system remains at a stable level.
The system is unstable if the FCT is greater than the
CCT. Alternatively, if the FCT is less or equal to the
CCT, then the system is stable [12].

Some related works are worthy of mention here.
Previously, Simulink, Demiroren, and Zeynelgil pre-
vailed in simulating the transient stability of a
single-machine infinite bus [13]. Despite the model
being oversimplified, it serves its purpose well. In
another work by Dadashzadeh and Sanaye-Pasand
[14], transient stability was successfully simulated,
although there was no further discussion on the FCT
and CCT.

Here, several fault scenarios are taken into con-
sideration to evaluate the stability of the FCT and
CCT. Moreover, the stability analysis using the
Lyapunov function is presented here. The remainder
of this paper is set out as follows. The necessary
equations are discussed in Section 2, while the
numerical simulations and analysis are presented in
Section 3, elaborating on the construction of the
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Table 1: List of symbols.

Symbols ‘ Notes

Pm Mechanical power input

Pe Electrical power output

Inertia constant

Internal voltage of the machine

Damping constant

The m X m admittance matrix

The n X n reduced admittance matrix

..,
o]
[=7

A The n X n submatrix

B The n X r submatrix

c The r X n submatrix

D The r X r submatrix

Rotor angle

Angular velocity

Transfer conductance

w|ale ||| <| ||| <)==z

Transfer susceptance

Lyapunov function and the stability region. Lastly,
the conclusion of this paper can be found in Section 4.

2. SYSTEM EQUATIONS

In this section, mathematical expressions are used
to present the system model. Some symbols are
briefly explained in Table 1 to ease the understanding
of equations.

Let us assert here that n and m represent the
number of machines and the entire nodes in the
network, while 7 is the number of nodes in the
network excluding the machines. The generating
station and transmission line are represented briefly
in Fig. 2.

2.1 Nodal Equation

The admittance matrix is required to obtain the
currents delivered to the network [15]. It can be
calculated using the nodal equation. Assuming m

Classification of power system stability.
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Fig. 2: Generation unit and transmission line.

number of nodes, the nodal equation can be expressed
as follows

I, E,

L | _ Eq

0 | =Y | Bunt (1)
o0 | E.

where Iy,...,I, are the currents injected from the
machines, while the other nodes have zero injection
currents. Accordingly, Eq. (1) can be rewritten into
a more concise form as

7w ] @

where, I, and Z, are the injected current and zero
column vector, respectively, while the column vectors
E, and E, are the internal voltage of the generator
and the potential drop between nodes, respectively.
The admittance matrix is m x m matrix, which can
be partitioned as
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According to Egs. (2) and (3), these conditions hold

I, = YAE, + YRE; (4)
Z = YCEn + YpE,. (5)

Furthermore, the potential drop between nodes
E,, can be ignored [15] and denoted as

I, = YqEp. (6)

The reduced admittance matrix can be obtained by
performing the matrix operation since all the nodes
are considered to have zero injection currents except
for those in the internal generator [9]. Therefore, the
admittance matrix can be reduced as

Yrcd = YA - YBY]SIYC' (7)

Since there are n number of machines, the reduced
admittance matrix can be expressed as

Y1 Y1,
Yred = T (8)
Ynl Ynn
Technically, the admittance matrix can be com-
posed of diagonal and off-diagonal elements. First,
let us denote the diagonal elements as
Yii = Y0 = Gy + iBy; 9)
representing the driving admittance of the i** ma-
chine. Meanwhile, the off-diagonal elements,

Yij = Yijégij = Gij + iBij (10)

represent the admittance between nodes " to j*™ .
The reduced admittance matrix in Eq. (7) serves as
a convenient analytical method. It can be used to
represent the condition of transmission lines in pre-
fault, during the fault, and post-fault. Nevertheless,
it is viable if the loads are assumed to be constant
impedances [15].

2.2 Swing Equation

Some assumptions are made to simplify the model
and satisfy the purposes [15-18]. In this paper, we
make the following assumptions.

1. The flux linkages are constant during the
transient period.

2. The mechanical power input, P,,, is constant.

3. The loads are constant impedances.

Most of the time, the first assumption is valid,
since the flux decay is much slower than the transient
phenomena [16]. In general, the order of the governed
time is higher than the transient periods. Therefore,

the second assumption is valid for transient studies
[17]. Arguably, the last assumption provides the
simplest nontrivial load model, yet is quite reliable
[15,18].

Based on these assumptions, the swing equation
can be denoted as

Migi + Di& =Puni — Pe (11)

where ¢ = 1,...,n representing the machine indices.
Regarding the swing equation above, these states
hold

Wi = 51
D;

w; = ALY + Pmi — Pe;.

The electrical power output can be denoted as

Pe; = E2Gyi + > BiE;Yycos (6 — 6 +07) . (14)
j=1
J#i

3. LYAPUNOYV STABILITY ANALYSIS AND
CASE STUDIES

This section presents the stability analysis, con-
ducted using the Lyapunov function, along with the
case studies. It is necessary to construct a valid
Lyapunov function, which can subsequently be used
to determine the stability region of the system. Mean-
while, the case studies are carried out by performing
numerical simulation using MATLAB/Simulink.

Two cases are presented here. In the first case, we
consider the fault on the transmission lines through
which the current is unlikely to flow. Obviously, the
remaining line needs to retain connection to both
power areas. The unbalanced load between the two
areas is then presented in the second case study.
Whether or not the synchronism can be preserved is
verified in both case studies by numerical simulation.
It is worth mentioning here, that the non-uniform
damping constants are utilized in both cases.

3.1 Construction of Lyapunov Function

The stability analysis employs Lyapunov’s direct
method. It is rather philosophical, yet a useful
analytical tool which follows the concept of energy
[19]. Assuming & (x) is the energy function of an
isolated system and & () the rate of change. Since
£ (z) should be negative, the energy will decrease
gradually. It continues until the energy function
reaches its minimum, such as & (z¢), where in this
case zg = 0. The energy function & (z) can be
redefined as the Lyapunov function V (z) which is
more convenient for applications. The system is
stable if a positive definite Lyapunov function V (z)
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exists, whereas its derivative V (x) is a negative
semidefinite.

Unfortunately, there is no such canonical method
for constructing the Lyapunov function. Here, we
utilize a method proposed by Moore and Anderson,
which considers a generalized Popov criterion requir-
ing the equation to be represented in a state-space
form [20]. Furthermore, it applies zero transfer
conductance.

Usually, the transfer conductance is neglected for
practicality [16,17]. Therefore, Eq. (14) can be
rewritten as

2
Pci = E?Gii + Z EiEjBij sin (51 — 51)
j=1
J#i

(15)

where the equilibrium states are Po; = P, w; = 0,
and the equilibrium load angles are 67 and 5. Hence,
the equilibrium states can be denoted as

2 2
> Pui=) ElGs
i=1 i=1

After asserting the equilibrium states, the state-
space can be defined due to Willems in the form of
Luré [16], such as

(16)

x = Ax — Bf (0) (17)
o =Cx (18)
where the state vector x = [wT o' ]T, is a
4 x 1 column vector. It consists of 2 x 1 column
vectors, such as w = [wl wz] and 6 =
T
[ 01— 07 02 — 03 ] .
The matrices are as follows
~DM™! Zs,»
A = 19
|: I>x2 Zax2 ( )
M-1K
B= 20
|: Z2><1 ] ( )
C=[Zio K| (21)

where the vector K = [ 1 -1 ]T, the diagonal
matrix D = diag{D;, D>}, and the diagonal matrix
M = diag{M;,M5}. As previously mentioned, the
function f (o) can be defined as

f (o) =E1E2Y12{sin (§ — £°) —sin (§°)}

where & = (01 —9d%) — (02 —63) and &° = 0f —
05. After explaining the essentials, we can outline
the Moore-Anderson formalism to determine the
Lyapunov function. Let a positive real matrix be

(22)

W = (a+ fs)C(slzx2 — A) "B (23)

where « and (3 are two real numbers and P also exists
as an arbitrary positive definite symmetric matrix,
which satisfies these conditions

PA+ATP=-LLT (24)
PB=aC" +3ATCT — 7L  (25)
2 =BCB + BTCT (26)

where L is an auxiliary square matrix. Proof of these
conditions is provided by Anderson [21].

On the other hand, since CB = BTCT = 0, then v
is always zero. Once v = 0 is obtained, then Eq. (25)
can be simplified as

PB =aCT +BATCT. (27)

Now, we need to determine both o and 3 to satisfy
these conditions. Here the solutions are o« = 0 and
[ =1, such that

W =sC (slzx2 — A)'B (28)

is a positive real matrix. It holds as long as both
D; and D5 are not negative constants. In any event,
the value of the damping constants is small such as
€ > 0, hence the requirement is met. The Lyapunov
function in quadratic form is then considered plus an
integral of nonlinearity such as

o

V(z)=x"Px+2 / f (o) B do. (29)

0

It is necessary to determine P to obtain a positive
definite Lyapunov function. For ease of analysis, let
us partition P such as

- [

P, [ P (30)

where Pa, Pg, and P¢ are 2 x 2 submatrices. Simple
matrix multiplications, such as

P .M 'K=K (31)
PsM 'K = Z3, (32)
are equivalent to the condition in Eq. (27). Since

L is an auxiliary square matrix, —LLT cannot be a
positive definite matrix. Accordingly, Eq. (24) needs
to be a negative semidefinite matrix, such that

(33)

P, Ps
PA+ATP =
[ P3s Zayx2 ]

where the submatrices are
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P, =Py +Pf— (PAM 'D+DM 'P,) (34)
Py = Pc — DM 'P] (35)
Ps = Pc — PgM'D. (36)

Intentionally, some algebraic operations are per-
formed on Eq. (31), therefore

(PAN171 - szz) K =221
HK = Z2,1

(37)
(38)

where H = M 'P,M™1 — M1 represents a
symmetric matrix.  According to Eq. (38), the
elements of H must be equal, therefore if we multiply
H with K, it yields the vector Zax1.

Accordingly, H can be defined as

H =170 (39)

to satisfy Eq. (38). Here, n can be any scalar
constant, meanwhile, O is the 2x2 matrix whereby all
of its elements are one. P, can then be determined
as

M P aM ' -M1'=9,0
M 'P,M!'=n70+M*

Pp =nMOM + M. (40)
Now, let 79 be a scalar which is the solution of
o = — (My + M)~ (41)

and P, can be made a positive definite if n > 7.

Referring to Eq. (33), where PA + ATP must be
a negative semidefinite matrix. It can be satisfied as
long as

Q(n) = —2D — (MOD + DOM)  (42)

is a negative semidefinite matrix. Assuming 7, is the
smallest constant that meets the condition, then

det{Q (1)} = det{—2D — n; (MOD + DOM)} =0
(43)
where det is the determinant of a matrix. It implies
that Q (1) can be a negative semidefinite matrix only
if ;3 <n <0. Indeed, if n = 0, then Q (0) = —2D
can be a negative definite matrix.
PA + ATP can be guaranteed as a negative
semidefinite as long as P2 and P3 are zero subma-
trices. This can be achieved by asserting

Pc=PgM 'D =DM 'P}. (44)

Furthermore, from Eqgs. (32) and (44), it can be
concluded that

DichDilK =Zox1 (45)
Py =nDOM (46)
Pc = -nDOD. (47)

Let us substitute Py, Py, and P¢ from Egs. (40),
(46), and (47) into Eq. (30). P can then be denoted
as

_ [ yMOM+M (nDOM)"

- 4
P nDOM —yDOD (48)

which is a positive definite matrix.

3.1.1 System with Nonuniform Damping
Torques

The Lyapunov function in Eq. (29) can be
elaborated further by expanding the quadratic part
such that

o

f(o)Bdo
(49)

V(z) = w Mw + nw'MOMw + 2/
0

while its derivative is

V() =w'"Q(n)w—2 (w'Dw + 7w MODw) .
(50)
If it holds the condition such as

(51)

then V (z) in Eq. (49) is a valid Lyapunov function.
It should be noted that the condition in Eq. (51) is
a generalization. If the damping constants are not
uniform, then 7; will always be more positive than g
[17].

0 >n > max (19, m)

3.1.2 Region of Stability

First, let us assert the relevant theorem regarding
the region of stability.

Theorem 1: Indeed, the surface V (z) =v > 0. It
is assumed that o;f (o;) > 0 for i = {1,2,...,n —
1,n}, then the surfaces are bounded for any v. Let
V = Vmax be the smallest nonzero of v that satisfies

V()
T (52)
NV (E) _
o = (53)

Since there is a solution for the surface V (z) = v, a
domain also exists containing the origin, enclosed by
a surface V () = vmax that belongs to the region of
attraction [17].

The solutions in Eq. (52) are the equilibrium load
angles, while Eq. (53) indicates that all the angular
speeds are equal to zero, such as w; = wp = -+ =
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Fig. 3: Single-line diagram.

Table 2: Line information.

Lines ‘ Buses ‘ Impedances

Ly B1—Bs | 0.10 4+ 0.15¢ pu
Lo B1-Bs 0.25 4+ 0.252 pu
L3 B2-B4 | 0.15+ 0.107 pu
Ly B2-Be | 0.20 4 0.20¢ pu
Ls B3—B4 | 0.15+ 0.05¢ pu
Lg B3—B4 0.15 + 0.05¢ pu
L7 Bs—Be | 0.05+ 0.207 pu

wpn, = 0. It can be asserted that the region of stability
containing the origin is bounded by

V(z) =V (z") (54)

where x" is the nearest equilibrium state to be
necessarily unstable since it contains the origin and
V(x) = 0 exists, then asymptotic stability can be
achieved [16]. The asymptotic stability region can be
denoted as

g

W Mw + 7w MOMw + 2 / f (o) do < 0. (55)

3.1.3 Numerical Analysis

For convenience, let us call the areas Area 1 and
Area 2. We can simplify the whole system as a single-
line diagram (Fig. 3).

It consists of two machines; G; and Gs, located
in Areas 1 and 2, respectively. Furthermore, both
areas are connected by seven transmission lines. In
addition, details of the parameters can be seen in
Table 2.

Based on this information, we can determine the
reduced admittance matrix as

2.5366 —2.4838¢
—2.5366+ 2.4838:

—2.5366+2.4838¢
2.5366 —2.48384

(56)
where Yieq is 2 X 2 matrix, with respect to the
number of machines. Interestingly, if we only have
two machines and follow the reduction method in
Section 2, the reduced admittance matrix will always
be symmetric.

Yred =

The parameters of these machines also need to be
stated here. The parameters of the machine in Area
1, G, are as follows: M; = 1.1, P,; = 0.7161 pu,
E; = 1.0566 pu, and D; = 0.725, while those for
the machine in Area 2, Go, are My = 1, Py =
1.6298 pu, E2 = 1.0177pu, and Dy = 0.7. These
initial conditions are applied in both cases.

We can determine 79 and 7; by solving Eqgs. (41)
and (43). First, by substituting the constants into
Eq. (41), no —0.4762, implying that P can be
made a positive definite if n > —0.4762. Unlike
7o, there are two solutions to Eq. (43) for n.
Nevertheless, 171 = —0.476 is the right one. Since the
solution needs to be a negative scalar, the other one,
namely 71 = 2132, does not satisfy the condition. It
can ultimately be concluded that n; is slightly greater
than 7y. Hence, the condition for a valid Lyapunov
function with non-uniform damping constants is

0>n>—0.476. (57)

It will subsequently be shown that 7y does not
serve Q (1) as a negative semidefinite matrix. In our
case, we have D; = 0.725 and Dy = 0.7. Whereas,
the inertia constants are M; = 1.1 and My = 1. Now,
let

(58)

be the damping constant of the i*® machine relative to
its inertia. Therefore, by inserting the damping and
inertia constants, it yields k1 = 0.659 and ko = 0.7.

Since kg is larger than k1, the angular speeds can
be considered as

DM,
DM,

Wy < wp < Wa. (59)
Taking these constants into the inequality, we then
have 0.9416 wy < w; < wy. Hence, the negative
semidefiniteness of Q (1) can be verified as

2
w'Q(no)w =2 (wz —wi1) (DiMywy — D1 Mjws).
i=1
(60)
By simply letting w; 0.942, wo 1, and
substituting all the aforementioned constants, we
have w'Q (10) w = 0.0155.
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It appears that Q (7o) is not a negative semidefi-
nite matrix if the damping constants are not uniform,
verifying the statement that Q(0) is a negative
definite matrix and 7, is larger than 7. Further
details and explanations are provided by Willems [16].

3.2 Loss of Transmission Lines

The demand for electrical power is currently
increasing, especially from the domestic and industry
sectors [22]. Unfortunately, its generation is limited
and as a consequence, the transmission lines are
rapidly reaching their stability limits [23].

In this study, faults on transmission lines Lg and
L~ are expected at 40 s in the simulation, and it takes
a considerable time for them to be cleared, while
impedances at Lg and L7 drastically increase.

This implies that the current is unlikely to flow
through them, therefore Ly is the only transmission
line capable of connecting to the network. According
to this scenario, the reduced admittance matrix
during the fault is as follows

1.6 —1.2¢
—-1.6+1.2

Yiea= 1%66:?;1 (61)

It should be noted that Y, is a symmetric
matrix, obtained by using the same method as Yeq
in Eq. (56). Despite the faults remaining, the
synchronism between d§; and do can be preserved as
shown in Fig. 4.

We intentionally assign the fault to occur at 40s of
the simulation, thereby allowing w; and ws to become
steady as depicted in Fig. 5.

Since Y11 = Yo, the initial conditions of §; and
0o are identical. It is also applied to w; and ws.
Interestingly, after faults occur, w; and ws become
steady in a new operating condition. Furthermore,
the accelerating powers can be observed in Fig. 6.
The accelerating power can be defined simply as

Pai = Pmi - Pei- (62)

Intuitively, due to large disturbances, the system
may collapse if P, turns to a negative value.
Nevertheless, P,; and P, remain at positive values,
indicating that the faults are not sufficiently signifi-
cant to disrupt transient stability.

3.3 Unbalanced Load

Unlike the first scenario, here we reduce the
admittance matrix during the fault as

3.8776 — 0.9854¢

vt —1.4385 + 0.7621i
red | —1.4385 + 0.7621d

1.0122 — 0.8432¢

Whereas, the post-fault matrix is denoted as

1.0162 — 0.51467

o _ —1.0162 + 0.5146:
red 71 —1.0162 + 0.51461

1.0162 — 0.51461

—

§ rotor angles
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Fig. 5: First scenario: angular speeds wi and wo.
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a

Under the earlier assumption that the loads represent
constant impedances, it can be implied that the larger
conductance G; yields a greater load at node ‘",
Whereas, in this scenario, the conductance G is
larger than Gg5.

Initially, the mechanical power input Py, is larger
than Py,q, yet due to the fault, the electrical power
output P.; is larger than Pey, which is why it is
referred to as being due to the unbalanced load. This
kind of fault may cause rotor angle loss in unison if
not cleared. Hence, Yfefd is presented in this scenario.

The post-fault reduced admittance matrix Yfefd
is different from Y,..q since most of the time, after
the fault is cleared, the operating conditions do not
return to their pre-fault condition. Nonetheless,

YP! — YP! s selected, which is similar to the pre-fault
condition.
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Fig. 7: Second scenario: rotor angles 61 and 0o at
the CCT.
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Fig. 8: Second scenario: angular speeds wi and wsy
at the CCT.
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Accelerating powers (Pa)
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Fig. 9: Second scenario: accelerating powers P,
and P,y at the CCT.

3.3.1 Fault Cleared at CCT

In this section, the simulation is conducted at
the point at which the fault is cleared at the CCT.
By performing the simulation iteratively, 0.39s is
obtained. In similarity to the first scenario, the fault
occurs at 40s, and is cleared at 40.39s in simulation
time. The fault causes disruption which leads &; to
deviate from ds.

Eventually, the fault is cleared at the CCT and
the rotor angles return, swinging in simultaneity as
shown in Fig. 7.

In fact, during the first scenario, even though they
are not significant, both w; and w, also deaccelerated,
as can be observed from Fig. 8.

The severity of the fault can be depicted by

319

d rotor angles

10

. | . | | )
o 10 20 30 a0 50 E] 7 0] % w0
time (seconds)

Fig. 10: Second scenario:
with FCT at 0.4 seconds.

rotor

w angular speeds

L L L L L )
o 10 20 30 0 0 50 7 a0 % 100

r
time (seconds)

Fig. 11: Second scenario: angular speeds wy and wo
with FCT at 0.4 seconds.

2

Accelerating powers (Pa)

2 L L L L L L |
a

5
time (seconds)

Fig. 12: Second scenario: accelerating powers P,
and P,o with FCT at 0.4 seconds.

observing the accelerating power in Fig. 9. It can
be observed that P,, declines to the negative level.

3.3.2 Fault Cleared after CCT

In contrast to the previous section, the fault
remains after the CCT, being cleared at 40.4s in
simulation time as shown in Figs. 10, 11, and 12.

Since the fault is cleared after the CCT, both
01 and do rotor angles deviate further from each
other. Moreover, the fault causes both w; and ws to
decelerate, before eventually oscillating separately, as
shown in Fig. 11. After the fault occurs, P,; and P4
reach a negative level as revealed in Fig. 12, resulting
in both accelerating powers being unable to settle into
a new operating condition.
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4. CONCLUSION

This paper covers the simulation and analysis
of multimachine transient stability. It should be
noted that the damping constants are not uniform
since they affect the stability region. Indeed, there
are two simulations here. Firstly, faults due to
the loss of transmission lines are investigated and
found to be sufficiently significant, and even though
they remain, the synchronism can be maintained.
Meanwhile, the second scenario introduces the fault
due to the load. The fault causes major disruption
and needs to be cleared immediately. It must
be cleared no more than 0.39s after occurrence;
otherwise, the system becomes unstable. Further
analysis is also performed using a Lyapunov function
to determine stability. The necessary condition for a
valid Lyapunov function is 0 > 1 > ;. Based on the
numerical computation, the largest stability region
can be obtained by assigning n = n; = —0.476.
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