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Associated Sectors of Magnetic Recording Systems
Using Spatially Coupled LDPC Codes
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ABSTRACT
In traditional magnetic recording systems, non-

associated sectors are mainly adopted, whereby two
consecutive sectors are decoded independently by the
low-density parity-check (LDPC) codes. In this paper,
we propose a magnetic recording system with associated
sectors, constructed using spatially coupled low-density
parity-check (SC-LDPC) codes. If the SC-LDPC de-
coder cannot correct the erroneous bits in the current
sector, it can request information stored in previous
sectors to improve decoding performance. Moreover, we
modify protograph-based extrinsic information transfer
(P-EXIT) charts to examine the theoretical performance
of SC-LDPC codes applied to both non-associated and
associated sectors. Our theoretical results show that the
associated sectors achieve significant performance gains
compared to the traditional non-associated sectors.

Keywords: Spatially Coupled Low-Density Parity-
Check Codes, SC-LDPC, Non-Associated Sectors, Asso-
ciated Sectors, Bit Pattern-Media Magnetic Recording
System, BPMR, Protograph-Based Extrinsic Information
Transfer Chart, P-EXIT

1. INTRODUCTION
Spatially coupled low-density parity-check (SC-LDPC)

codes [1] are proven to achieve the maximum posteriori
(MAP) decoding thresholds of their underlying LDPC
codes [2–3]. However, they require long codewords,
resulting in high decoding complexity. The window
decoding method is suitable for SC-LDPC codes [4],
whose decoding complexity and latency can be restricted.
Moreover, Iyengar et al. show that the window decoding
threshold approaches the belief propagation threshold as
the window size grows [5]. As a result, SC-LDPC codes
for future high-density magnetic recording systems have
received considerable interest [6–8], providing both high
efficiency and low complexity. In [6], Esfahanizadeh et
al. proposed a design structure for SC-LDPC codes to
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correspond to the characteristics of magnetic recording
channels. Similarly, in [7], Yang et al. proposed SC-LDPC
code design for two-dimensional magnetic recording
(TDMR) systems using a turbo detection configuration.
Both approaches [6–7] offer significant performance
gains over conventional SC-LDPC codes. In our prior
work [8], the reduced-complexity window decoding of
SC-LDPC codes has been introduced into bit pattern-
media magnetic recording (BPMR) systems.

In traditional magnetic recording systems, the user
bits are divided into multiple blocks, with each block
being encoded and recorded in its own data sector. This
recording mechanism can be viewed as non-associated.
Hence, in [6–8], when the SC-LDPC codes cannot correct
the erroneous bits in the current sector, the decoded
information from the previous sectors cannot be used
to aid it. Recently, Esfahanizadeh et al. introduced a
collaboration among neighboring sectors with different
signal-to-noise ratios (SNRs) in additive white Gaussian
noise (AWGN) channels [9]. The results reveal that
well-designed SC-LDPC codes are more robust against
SNR variations than traditional LDPC codes.

In this paper, the use of SC-LDPC codes is proposed to
construct associated sectors, where recorded data from
previous sectors can be requested to combat erroneous
bits in the current sector. In contrast to the method in [9],
in this study we consider the mechanisms of magnetic
recording systems, whereby the previous sectors are
reread when the SC-LDPC decoder cannot correct the
erroneous bits in the current sector. This approach can
be carried out using window decoding. Moreover, we
modify the P-EXIT charts [10] to analyze the theoretical
performance (i.e., decoding threshold) of the SC-LDPC
codes with window decoding in both non-associated
and associated sectors. The theoretical results show
that the decoding thresholds of non-associated sectors
are superior to those in the associated sectors (without
aiding). However, when the recorded data in the previous
sector are requested, the decoding thresholds of the
associated sectors have the opposite tendency, evidently
outperforming the non-associated sector. These theo-
retical analyses in bit pattern-media magnetic recording
(BPMR) systems confirm our preliminary studies in [11].

The remainder of the paper is organized as follows.
In Section 2, the SC-LDPC codes and their window
decoding are briefly discussed. The SC-LDPC code
used in magnetic recording systems is explained in
Section 3. In Section 4, we discuss the non-associated



ASSOCIATED SECTORS OF MAGNETIC RECORDING SYSTEMS USING SPATIALLY COUPLED LDPC CODES 11

1v 2v 3v 5v4v
Variable node

Bt = [3 3]
. . . .

. . . .

(a)

1v 2v 3v 5v4v
Variable node

Check node

B1,1 = B2,1 = B3,1 = [1 1]
. . . .

. . . .

(b)

Fig. 1: Protographs of (a) the traditional LDPC code with the base matrix B𝑡 = [3 3] and (b) SC-LDPC code with the base
matrix B1,𝑡 = B2,𝑡 = B3,𝑡 = [1 1].

and associated sectors of magnetic recording, as well as
their theoretical analysis. The results of the theoretical
analysis are presented in Section 5. The computer-based
simulations are then presented to confirm the theoretical
results in Section 6, while Section 7 concludes the study.

2. SPATIALLY COUPLED LOW-DENSITY PARITY-
CHECK (SC-LDPC) CODES

2.1 Definition and Notation

Protographs [12], blueprints for constructing LDPC
codes, are widely used to evaluate the theoretical decod-
ing threshold under the belief propagation decoding of
LDPC codes. The protograph of LDPC codes at time, 𝑡 ,
can be written as a base matrix, B𝑡 , size is 𝑛𝑐 × 𝑛𝑣 , where
𝑛𝑐 is the number of check nodes, and 𝑛𝑣 is the number of
variable nodes in the protograph. Thus, the codeword for
the protograph at time, 𝑡 , consists of the variable nodes,
v𝑡 = [𝑣1, 𝑣2, … , 𝑣𝑛𝑣 ]. The parity-check matrix, H𝑡 , of
LDPC codes, can be obtained by replacing the non-zero
elements of Bwith𝑀×𝑀 permutation matrices, and zero
elements with 𝑀 × 𝑀 zero matrices. To construct the
protograph of SC-LDPC codes, the LDPC codewords at
different times must be connected in a chain [13], where
the edges of the variable nodes of the protograph at time,
𝑡 , are connected to the check nodes of the protograph at
times, 𝑡 + 𝑠 − 1, 𝑠 = 1, 2, … , 𝑚𝑐𝑐 + 1. The memory, 𝑚𝑐𝑐 ,
defines the maximum distance between two connected
codewords. To maintain the degree of distribution in an
original protograph, a derived matrix must satisfy the
condition ∑𝑚𝑐𝑐+1𝑠=1 B𝑠,𝑡 = B𝑡 . Hence, the base matrix, B
of SC-LDPC codes, measuring 𝑛𝑐𝐿 × 𝑛𝑣𝐿, can be written
as

B = [B1 ⋯ B𝑡 ⋯ B𝐿−2 B𝐿−1 B𝐿]

=

⎡⎢⎢⎢⎢⎢⎢⎢
⎣

B1,1
B2,1 ⋱
⋮ ⋮ B1,𝑡

B𝑚𝑐𝑐+1,1 ⋮ B2,𝑡 ⋱
⋱ ⋮ ⋮ B1,𝐿−2

B𝑚𝑐𝑐+1,𝑡 ⋮ B2,𝐿−2 B1,𝐿−1
⋱ B3,𝐿−2 B2,𝐿−1 B1,𝐿

⎤⎥⎥⎥⎥⎥⎥⎥
⎦

(1)

where 𝐿 is the coupling length. The code rate of SC-LDPC
codes is

𝑅𝑆𝐶 = 1 − 𝑛𝑐
𝑛𝑣

. (2)

Fig. 1 shows an example of SC-LDPC code, which is
built from the traditional LDPC code with B = [3 3].
Hence, the base matrix, B, can have B1,𝑡 = B2,𝑡 = B3,𝑡 =
[1 1].

2.2 Window Decoding and Rate-Loss Issue

The base matrix in Eq. (1) has a diagonal band of
non-zero entries, allowing us to use thewindowdecoding
[4]. Since the variable nodes are separated by at least
𝑚𝑐𝑐 + 1 time steps, they cannot be connected to the same
check node, and the window size should therefore be
𝑊 ≥ 𝑚𝑐𝑐 + 1. The window decoder at any position,
𝑡 , covers the received signals, [y𝑡 , y𝑡+1, …, y𝑡+𝑊−1].
These received signals are decoded by computing the
log-likelihood ratios (LLRs) of the variable nodes and
check nodes within a window decoder. For example,
in Fig. 2, the received signals, [y𝑡 , y𝑡+1, y𝑡+2, y𝑡+3], are
passed to the window decoder with 𝑊 = 4. The received
signal y𝑡 , will then be decoded, and hence the variable
nodes involving the received signal y𝑡 are known as the
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Fig. 2: Sliding window decoding with𝑊 = 4, operated at positions ‘𝑡’ and ‘𝑡 +1’. The protograph structure of the SC-LDPC
code is B1,𝑡 = B2,𝑡 = B3,𝑡 = [1 1].

B =

⎡⎢⎢⎢⎢⎢⎢⎢
⎣

B1,1−𝑚𝑐𝑐
B2,1−𝑚𝑐𝑐 ⋱

⋮ ⋮ B1,𝑡
B𝑚𝑐𝑐+1,1−𝑚𝑐𝑐 ⋮ B2,𝑡 ⋱

⋱ ⋮ ⋮ B1,𝐿+𝑚𝑐𝑐−2
B𝑚𝑐𝑐+1,𝑡 ⋮ B2,𝐿+𝑚𝑐𝑐−2 B1,𝐿+𝑚𝑐𝑐−1⋱ B3,𝐿+𝑚𝑐𝑐−2 B2,𝐿+𝑚𝑐𝑐−1 B1,𝐿+𝑚𝑐𝑐

⎤⎥⎥⎥⎥⎥⎥⎥
⎦

(3)

“target nodes”. After releasing the target nodes, the
window shifts to the next position, 𝑡 = 𝑡 + 1, to decode
the received signal, y𝑡+1. According to the approximated
LLR reliabilities, the window can be shifted to more than
one position to reduce complexity, as suggested in our
prior work [8].

Since the window decoder cannot perform well at
the beginning and end of the SC-LDPC codeword, the
additional variable nodes or trailing bits must be attached
to a protograph of SC-LDPC codes. The number of
trailing bits must be carefully selected because too many
trailing bits causes a rate-loss issue in the SC-LDPC
codes.

In this paper, the number of trailing bits is set to 𝑚𝑐𝑐 .
Hence, the matrix, B, of the SC-LDPC codes with trailing
bits can be rewritten as shown in Eq. (3). The matrix, B,
measures 𝑛𝑐(𝐿+2𝑚𝑐𝑐)×𝑛𝑣 (𝐿+2𝑚𝑐𝑐). Hence, the code rate
of the SC-LDPC codes with trailing bits is

𝑅𝑆𝐶_𝑇𝐵 = (1 − 𝑛𝑐
𝑛𝑣

) ( 1
1 + (2𝑚𝑐𝑐/𝐿)

) . (4)

Due to the additional trailing bits, the SC-LDPC code
has a rate-loss issue, as can be observed in Eq. (4). In
[14], the matrix, B, of the SC-LDPC code is modified
to handle the rate-loss issue. The method used in [14]
is not considered in this paper, however, our proposed
associated sectors can mitigate the rate-loss issue in a
straightforward manner, as detailed in Section 4.3.

3. SC-LDPC CODES IN MAGNETIC RECORDING
SYSTEMS

3.1 Channel Model
In this paper, we consider bit pattern-media magnetic

recording (BPMR) systems [15], consisting of intersym-

bol interference (ISI) and inter-track interference (ITI).
A block diagram of our system is presented in Fig. 3.
On the transmitter side, the SC-LDPC encoder maps the
user information, u𝑡 = [𝑢1,𝑘 , 𝑢2,𝑘 , … , 𝑢𝑗,𝑘 , … , 𝑢(𝑛𝑣−𝑛𝑐),𝑘]
to the codeword, v𝑡 = [𝑣1,𝑘 , 𝑣2,𝑘 , … , 𝑣𝑗,𝑘 , … , 𝑣𝑛𝑣 ,𝑘]. The
modulated codeword, x𝑡 = 2v𝑡 − 1, is then recorded on
a BPMR system. It should be noted that the recording
mechanism of magnetic recording systems can employ
either non-associated sectors or the proposed associated
sectors. Details of the non-associated and proposed
associated sectors are provided in the next section. The
readback, r𝑡 = [𝑟1,𝑘 , 𝑟2,𝑘 , … , 𝑟𝑗,𝑘 , … , 𝑟𝑛𝑣 ,𝑘] of the magnetic
island 𝑗, along track 𝑘, is computed by

𝑟𝑗,𝑘 =
𝐴
∑
𝑎=−𝐴

𝐵
∑
𝑏=−𝐵

ℎ𝑎,𝑏𝑥𝑗−𝑎,𝑘−𝑏 + 𝑛𝑗,𝑘 (5)

where n𝑡 = [𝑛1,𝑘 , 𝑛2,𝑘 , … , 𝑛𝑗,𝑘 , … , 𝑛𝑛𝑣 ,𝑘] denoting an
AWGN sequence. The fraction, ℎ𝑎,𝑏 , is a two-dimensional
(2-D) channel coefficient, generated by sampling the
Gaussian pulse response at the multiple integers, cover-
ing 2𝐴 + 1 bits and 2𝐵 + 1 tracks. We consider the BPMR
channel with an areal density of 2 terabits-per-square-
inch (Tb/in2), where both magnetic island periods and
track pitch measure 18 nm. The half pulse widths of the
along-track and across-track pulse responses are 19.4 and
24.8 nm, respectively. The 2-D channel matrix [16] is,

H2Tb = [
0.0213 0.2321 0.0213
0.0919 1 0.0919
0.0213 0.2321 0.0213

] . (6)

Moreover, we consider the higher areal density of
4 Tb/in2 in which both magnetic island periods and track
pitch are decreased to 12.5 nm. The half pulse widths of
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Fig. 3: SC-LDPC codes in the BPMR system.

the along-track and across-track pulse responses are 13.5
and 19.2 nm, respectively. The 2-D channel matrix [17] is

H4Tb = [
0.0287 0.3088 0.0287
0.0928 1 0.0928
0.0287 0.3088 0.0287

] . (7)

On the receiver side, the readback, r𝑡 , is passed to
a 2D equalizer to handle the ISI and ITI effects. The
2D equalizer coefficients and the generalized partial
response (GPR) target are designed to minimize the
mean-squared error (MMSE) [18]. However, we focus
on the single-track detection by considering only the
recorded data on the main track, 𝑘 = 0.

3.2 Turbo Equalization

High-density magnetic recording systems [6–8] al-
ways cope with impairments arising from both ISI and
ITI. One technique for achieving a required BER is to
use turbo equalization. In our prior work [8], turbo
equalization, consisting of the BCJR detector [19] and
SC-LDPC window decoder, is used to mitigate the ISI
and ITI in BPMR systems. In this subsection, we briefly
explain the turbo equalization scheme, starting with the
BCJR detector and ending with the SC-LDPC decoder.

3.2.1 BCJR detector

The BCJR detector receives the signal, y𝑡 , 𝑡 = 1, 2, … , 𝐿
from the 2D equalizer. The BCJR algorithm [19] relies
on the trellis structure (depending on the designed GPR
target) and a priori LLR to compute a posteriori LLR,L𝑏𝑐𝑗𝑟𝑡 ,
as described by the joint probability equation [19],

L𝑏𝑐𝑗𝑟𝑡 = log
∑
𝑈 +

𝑝 (𝑠′, 𝑠,y𝑡)

∑
𝑈 −

𝑝 (𝑠′, 𝑠,y𝑡)

= log
⎡⎢⎢
⎣

∑
𝑈 +

𝛽𝑧 (𝑠) 𝛾𝑧 (𝑠′, 𝑠) 𝛼𝑧−1 (𝑠′)

∑
𝑈 −

𝛽𝑧 (𝑠) 𝛾𝑧 (𝑠′, 𝑠) 𝛼𝑧−1 (𝑠′)
⎤⎥⎥
⎦

(8)

where 𝑝 (𝑠′, 𝑠,y𝑡) is the joint probability of receiving the
sequence y𝑡 , and being in state 𝑠′ at trellis section 𝑧 − 1,
and state 𝑠 at the current trellis section 𝑧. The summation
of all state transitions from 𝑠′ to 𝑠, caused by transmitted
bits 𝑥𝑧 = +1 and −1 is computed using 𝑈+ and 𝑈−,
respectively. The value, 𝛼𝑧−1 (𝑠′), defines the forward
state probability

𝛼𝑧 (𝑠) = ∑
𝑠′

𝛾𝑧 (𝑠′, 𝑠) 𝛼𝑧−1 (𝑠′) (9)

where the recursion for 𝛼𝑧 (𝑠) is initialized according to
𝛼0 (𝑠) = 1 if 𝑠 = 0 and 𝛼0 (𝑠) = 0 if 𝑠 ≠ 0. Moreover, the
value, 𝛽𝑧 (𝑠), defines the backward state probability,

𝛽𝑧−1 (𝑠′) = ∑
𝑠
𝛽𝑧 (𝑠) 𝛾𝑧 (𝑠′, 𝑠) (10)

where the recursion for 𝛽𝑧−1 (𝑠′) is initialized according
to 𝛽𝑧 (𝑠) = 1 if 𝑠 = 0 and 𝛽𝑧 (𝑠) = 0 if 𝑠 ≠ 0. Both
the values, 𝛼𝑧−1 (𝑠′) and 𝛽𝑧 (𝑠), are computed recursively
across the trellis section. The branch metrics or trellis
path transition probabilities are referred to as 𝛾𝑧 (𝑠′, 𝑠),
determined for the trellis section 𝑧 and 𝑧 − 1 as given in
[19],

𝛾𝑧 (𝑠′, 𝑠) = 𝑃 (𝑥𝑧)
2𝜋𝜎2 exp (−(𝑦𝑧 − 𝑥𝑧)2

2𝜎2 ) (11)
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where 𝑃 (𝑥𝑧) is the a priori probability, which is computed
using the a priori LLR, 𝐿𝑙𝑑𝑝𝑐𝑧 , from the SC-LDPC decoder
[19]. The value, 𝜎2, is the variance of AWGN sequence.
Finally, the BCJR detector computes the posteriori LLRs,
L𝑏𝑐𝑗𝑟𝑡 , 𝑡 = 1, 2, … , 𝐿, via Eq. (8) using Eqs. (9), (10), and
(11); then sends them to the SC-LDPC decoder.

3.2.2 SC-LDPC window decoder

As described in Section 2.2, SC-LDPC decoding is
performed by sliding a window decoder along the
sequential variable node position, 𝑡 . At any position, 𝑡 ,
L𝑗→𝑖,𝑡 (𝑙) can be defined as the LLR from the variable node
𝑗 to check node 𝑖 at decoding iteration 𝑙.

L𝑗→𝑖,𝑡 (𝑙) = L𝑏𝑐𝑗𝑟𝑗,𝑡 + ∑
𝑖′∈𝑁(𝑗)\𝑖

L𝑖′→𝑗,𝑡 (𝑙 − 1) (12)

where L𝑏𝑐𝑗𝑟𝑗,𝑡 defines the posteriori LLR of the BCJR
detector sent to the variable node 𝑗 at position 𝑡 . If 𝑙 = 1,
L𝑖′→𝑗,𝑡 (𝑙 − 1). Similarly,L𝑖→𝑗,𝑡 (𝑙) is the LLR from the check
node 𝑖 to variable node 𝑗 at decoding iteration, 𝑙

L𝑖→𝑗,𝑡 (𝑙) = 2 tanh−1 ( ∏
𝑗′∈𝑁 (𝑖)\𝑗

tanh (L𝑗
′→𝑖,𝑡 (𝑙)
2 )) (13)

where 1 ≤ 𝑖, 𝑗 ≤ 𝑊 and 1 ≤ 𝑙 ≤ IterLDPC. 𝑁(𝑗)\𝑖
is the set of check nodes connected to the variable
node 𝑗, excluding the check node 𝑖, while 𝑁(𝑖)\𝑗 is the
set of variable nodes connected to the check node 𝑖,
excluding variable node 𝑗. The LLRs of variable nodes
and check nodeswithin awindow are produced following
Eqs. (12)–(13), until the maximum number of decoding
iterations, IterLDPC, is reached. Then the LLR, L𝑙𝑑𝑝𝑐𝑡 , of
the target variable node is computed by

L𝑙𝑑𝑝𝑐𝑡 = ∑
𝑖∈𝑁 (1)

L𝑖→1,𝑡 (IterLDPC) (14)

where 𝑁(1) is the set of check nodes connected to the
first variable node. After computing Eq. (14), the window
moves to the next position, 𝑡 = 𝑡 + 1. The decoding in
Eqs. (12)–(14) is repeated until it reaches 𝑡 = 𝐿. Then the
SC-LDPC decoder sends all output (a priori) LLRs, L𝑙𝑑𝑝𝑐𝑡 ,
𝑡 = 1, 2, … , 𝐿, to update the branch metric, 𝛾 , of the BCJR
detector. The same process continues until the maximum
number of turbo iterations, IterTURBO, is reached. Then
all user information, u𝑡 , is decided based on the output
LLR

L𝑜𝑢𝑡𝑡 = L𝑏𝑐𝑗𝑟1,𝑡 + ∑
𝑖∈𝑁 (1)

L𝑖→1,𝑡 (IterLDPC) (15)

where L𝑏𝑐𝑗𝑟1,𝑡 is a posteriori LLR of the BCJR detector sent
to the first variable node at position 𝑡 .

L nodes
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Fig. 4: Illustration of (a) non-associated sectors and (b)
associated sectors.

4. ASSOCIATEDSECTORSOFMAGNETICRECORD-
ING SYSTEMS VIA SC-LDPC CODES

4.1 Non-Associated Sectors vs. Associated Sectors
For the traditional magnetic recording system [6–8],

the entire user bits are divided into 𝑁 blocks. Each
block is then encoded and recorded on 𝑁 consecutive
sectors. Since there is no edge connection between the
variable nodes in consecutive sectors, they are denoted as
non-associated sectors. After adding the trailing bits to
the front and back of SC-LDPC codewords, the additional
variable nodes or trailing bits then appear in every sector,
as illustrated in Fig. 4(a). It should be noted that the front
trailing bits must be ‘0’ or known bits while the back
trailing bits can be arbitrary or unknown. In any sector,
thewindowdecoder starts to decode fromposition 𝑡 = 1−
𝑚𝑐𝑐 to 𝐿. The code rates of the SC-LDPC in non-associated
sectors can be written as

𝑅𝑁𝐴 = 𝑅𝑆𝐶_𝑇𝐵 = (1 − 𝑛𝑐
𝑛𝑣

)
⎛
⎜⎜
⎝

1
1 + (2𝑚𝑐𝑐

𝐿 )

⎞
⎟⎟
⎠
. (16)

In the non-associated sectors, the previous sectors
cannot be used to reinforce the decoding to retrieve the
data bits in the current sector. Therefore, the associated
sectors generated by the SC-LDPC codes are proposed for
the BPMR system. The associated sectors are illustrated
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in Fig. 4(b). The entire user bits are encoded continuously
to obtain a single codeword. The codeword is then
divided and recorded in consecutive 𝑁 sectors. The front
trailing bits are placed in the first sector, and the back
trailing bits in the 𝑁 th sector. This process is used to
construct the associated sectors using the SC-LDPC code
structure to connect the codewords in a chain, resulting
in edge connections between two adjacent sectors.

4.2 Reading Mechanism of Associated Sectors

Although a single codeword appears to be stored in
consecutive 𝑁 sectors, the window decoder can operate
on any 𝑛th sector. The window decoder starts to decode
from position 𝑡 = 1 − 𝑚𝑐𝑐 to 𝐿 for the first sector and
𝑡 = 1 to 𝐿 for the other sectors where 𝑛 > 1. The benefit
of combining the recording process with the associated
sectors is that when the decoder can no longer correct the
erroneous bits in the 𝑛th sector, it will decode a portion of
the (𝑛 − 1)th sector to obtain new LLRs. The cooperation
between two adjacent sectors is straightforward: after
decoding at the 𝑛th sector is completed and erroneous
bits remain, the window decoder is placed at the (𝑛 −1)th
sector. The window decoder subsequently moves along
the variable nodes, and the new LLRs from the (𝑛 − 1)th
sector will be delivered along with it. As soon as the
window arrives at the 𝑛th sector, the new LLRs from the
(𝑛 − 1)th sector will be used to compute the LLRs of the
𝑛th sector. The remaining erroneous bits in the 𝑛th sector
may or may not be corrected, depending on the level of
LLR reliability coming from the (𝑛 − 1)th sector.

The disadvantage of associated sectors is that when
the window decoder operates at time 𝑡 = 𝐿 in the 𝑛th
sector, the first 𝑚𝑐𝑐 variable nodes of the (𝑛 + 1)th sector
must be included in the window decoder. Moreover,
when the 𝑛th sector is rewritten, the (𝑛 + 1)th to 𝑁 th

sectors must also be rewritten.

4.3 Code-Rate Tendencies and Rate-Loss Mitiga-
tion

Since the trailing bits appear in the first sector and𝑁 th

sectors, the code rate of the SC-LDPC in the associated
sectors can be computed by

𝑅𝐴 = (1 − 𝑛𝑐
𝑛𝑣

)
⎛
⎜
⎜
⎝

1
1 + ( 2𝑚𝑐𝑐

(𝑁 ⋅ 𝐿))

⎞
⎟
⎟
⎠
. (17)

From Eq. (17), it can be observed that associated sectors
can mitigate the rate-loss issue when (𝑁 ) is very large.
Fig. 5 shows the code rates of the SC-LDPC recorded in
non-associated and associated sectors for any number of
sectors (𝑁 ). Given that the SC-LDPC code is constructed
by B1,𝑡 = B2,𝑡 = B3,𝑡 = [1 1 1 1 1 1 1 1 1],
𝑚𝑐𝑐 = 2, and 𝐿 = 100, the original code rate without
trailing bits (𝑅𝑆𝐶 ) is 0.8889 (indicated by a solid line).
When the SC-LDPC code is recorded using the traditional
non-associated sector method, the code rate (𝑅𝑁𝐴) loss

Fig. 5: Code rates of the SC-LDPC in non-associated and
associated sectors.

is 0.8547 (indicated by a dashed line). In the associated
sectors, the code rate (𝑅𝐴) increases with 𝑁 and reaches
the original code rate at a large 𝑁 (indicated by a dotted
line). As a result, the associated sectors can reduce
the rate-loss issue of SC-LDPC codes at large 𝑁 . In
Section 4.4, the theoretical tool, i.e., the P-EXIT chart [10]
is used to evaluate the performance of SC-LDPC codes
recorded in the non-associated and associated sectors.

4.4 P-EXIT Chart Analysis

In this section, we present a theoretical analysis of
SC-LDPC codes in non-associated and associated sectors
by modifying the P-EXIT chart [10]. The P-EXIT chart is
a technique for tracking mutual information between the
LLRs along the edges of the protograph and coded bits.
During iterative decoding between the BCJR detector and
SC-LDPC decoder, mutual information is produced and
exchanged. Let 𝐼𝐸𝑑 be the mutual information output
of the BCJR detector at any 𝑛th sector. Unfortunately,
since 𝐼𝐸𝑑 cannot be calculated in the close form equation,
the Monte Carlo simulation [20] is used to estimate 𝐼𝐸𝑑 .
Given that the code rate (𝑅), signal-to-noise ratio (𝐸𝑏/𝑁0),
and mutual information input of the BCJR detector are
known, the experimental 𝐼𝐸𝑑 (𝑟), produced at the turbo
iteration 𝑟 , can be computed by

𝐼𝐸𝑑 (𝑟) = 1 − E [log2 (1 + exp (−L𝑏𝑐𝑗𝑟𝑡 ))] (18)

where 1 ≤ 𝑟 ≤ IterTURBO, E[⋅] is the expected operation,
and L𝑏𝑐𝑗𝑟𝑡 is the output (a posteriori) LLR of the BCJR
detector at position 𝑡 .

To compute the mutual information in the window
decoder, the indices 𝑖 are defined as the position of check
node and indices 𝑗, as the position of the variable node
within a window at position 𝑡 . In addition, the element 𝑏𝑖𝑗
is defined as the number of protograph edges between the
check node 𝑖 and variable node 𝑗. Themutual information
𝐼𝐸𝑣𝑗→𝑖,𝑡 (𝑙), produced from the variable node 𝑗 to the check
node 𝑖 at the decoding iteration 𝑙, can be computed by
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𝐼𝐸𝑣𝑗→𝑖,𝑡 (𝑙) = 𝐽({
𝑊
∑
𝑐=1

{ (𝑏𝑐𝑗 − 𝜏) [𝐽−1 (𝐼𝐸𝑐𝑐→𝑗,𝑡 (𝑙 − 1)))2

+ (𝐽−1 (𝐼𝐸𝑑 (𝑟))]2 }}
1
2
) (19)

where 1 ≤ 𝑙 ≤ IterLDPC, 𝜏 = 1 if 𝑐 = 𝑖 and 𝜏 = 0 if 𝑐 ≠ 𝑖.
The polynomial approximations of function 𝐽 (⋅) and its
inverse function 𝐽−1(⋅) are given in [21]. Similarly, the
counterpart mutual information 𝐼𝐸𝑐𝑖→𝑗,𝑡 (𝑙) from the check
node 𝑖 to the variable node 𝑗 can be computed as

𝐼𝐸𝑐𝑖→𝑗,𝑡 (𝑙) = 1 − 𝐽({
𝑊
∑
𝑐=1

{(𝑏𝑖𝑐 − 𝜏) [𝐽−1 (1 − 𝐼𝐸𝑣𝑐→𝑖,𝑡 (𝑙))]
2}

+
𝑚𝑐𝑐
∑
𝑘=1

{𝑏𝑖+𝑘,1 [𝐽−1 (1 − 𝐼𝐸𝑣1→𝑖+𝑘,𝑡−𝑘 (IterLDPC))]
2} }

1
2
)

(20)

where 𝜏 = 1 if 𝑐 = 𝑗 and 𝜏 = 0 if 𝑐 ≠ 𝑗.
Recording mechanisms such as the non-associated

and associated sectors have an impact on the use of
Eq. (20). For the non-associated sectors (or associated
sectors at 𝑛 = 1), the mutual information, 𝐼𝐸𝑣𝑐→𝑖,𝑡 (𝑙), of
the front trailing bit, where 1 − 𝑚𝑐𝑐 ≤ 𝑡 ≤ 0 and 1 ≤
𝑐 ≤ 1 − 𝑡 , must be 1. On the other hand, in the case of
associated sectors at 𝑛 > 1, we will assign 𝐼𝐸𝑣𝑐→𝑖,𝑡 (𝑙) = 0 for
the edges connecting variable nodes outside the sectors.
This is because no information is passed along these
edges. In the case of associated sectors with assistance
from a previous sector, 𝐼𝐸𝑣𝑐→𝑖,𝑡 (𝑙) exists between 0 and 1
since the edges contain the information sent from the
previous sector. The mutual information calculations in
Eqs. (19)–(20) are repeated for IterLDPC. The cumulative
mutual information 𝐼𝐶𝑚𝑗,𝑡 , and a priori mutual information
𝐼𝐴𝑑𝑗,𝑡 , of each variable node can then be computed by

𝐼𝐶𝑚𝑗,𝑡 = 𝐽({
𝑊
∑
𝑖=1

{𝑏𝑖𝑗 [𝐽−1 (𝐼𝐸𝑐𝑖→𝑗,𝑡 (IterLDPC))]
2

+ [𝐽−1 (𝐼𝐸𝑑 (𝑟))]2 }}
1
2
) (21)

and

𝐼𝐴𝑑𝑗,𝑡 = 𝐽({
𝑊
∑
𝑖=1

{𝑏𝑖𝑗 [𝐽−1 (𝐼𝐸𝑐𝑖→𝑗,𝑡 (IterLDPC))]
2} }

1
2
). (22)

Following the computation of Eqs. (21) and (22), the
window shifts to the next decoding position 𝑡 = 𝑡 + 1
until 𝑡 = 𝐿. Afterward, the mutual information input of

Fig. 6: Decoding thresholds of associated sectors with a
fixed code rate, where the window decoder does not use
information from the previous sector.

the BCJR detector will be estimated by averaging a priori
mutual information, 𝐼𝐴𝑑1,𝑡 , as

𝐼𝐴𝑑 (𝑟) = 1
𝐿

𝐿
∑
𝑡=1

𝐼𝐴𝑑1,𝑡 . (23)

For the next turbo iteration 𝑟 = 𝑟 + 1, 𝐼𝐸𝑑 (𝑟) in Eq. (18)
will be reinitialized by the incoming 𝐼𝐴𝑑 (𝑟 − 1). The
mutual information calculations in Eqs. (18)–(23) will be
repeated for IterTURBO. Finally, the average cumulative
mutual information of the target node, 𝐼𝐶𝑚𝑡𝑎𝑟𝑔𝑒𝑡 , is used to
present the mutual information window decoder output:

𝐼𝐶𝑚𝑡𝑎𝑟𝑔𝑒𝑡 = 1
𝐿

𝐿
∑
𝑡=1

𝐼𝐶𝑚1,𝑡 . (24)

The theoretical performance of SC-LDPC codes
recorded in the non-associated and associated sectors are
evaluated according to the decoding threshold, which is
the lowest 𝐸𝑏/𝑁0 (dB) for which 𝐼𝐶𝑚𝑡𝑎𝑟𝑔𝑒𝑡 → 1. The decoding
threshold is the lowest channel quality, allowing for
reliable iterative decoding of SC-LDPC codes.

5. THEORETICAL RESULTS
5.1 Associated Sectors with and without Previous

Sector Information
Fig. 6 shows the decoding threshold tendencies of

associated sectors, generated by the SC-LDPC code with
B1,𝑡 = B2,𝑡 = B3,𝑡 = [1 1 1 1 1 1 1 1 1] and
𝑚𝑐𝑐 = 2. We set IterTURBO = 3 and IterLDPC = 10. In
this analysis, we consider the BPMR system with areal
density of 2 Tb/in2, with the 2-D channel matrix given in
Eq. (6). Our results show that the decoding thresholds
decrease (improve) when the window size (𝑊 ) increases
and stops decreasing at 𝑊 ≥ 12. Here, we fix 𝑅𝐴 =
0.8885, and hence the parameters 𝑁 and 𝐿 in Eq. (17)
can be varied. The decoding thresholds are decreased
by increasing the coupling length (𝐿) (or sector size) and
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Fig. 7: Mutual information on associated sectors, where the
window decoder uses information from the previous sector.
The signal-to-noise ratio, 𝐸𝑏/𝑁0 = 5 dB.

Fig. 8: Decoding thresholds of associated sectors, where the
window decoder uses information from the previous sector.

decreasing the number of sectors (𝑁 ). Specifically, the
decoding thresholds stop decreasing when 𝑁 = 20 and
𝐿 = 500.

Fig. 7 shows the cumulative mutual information of
the target node 𝐼𝐶𝑚1,𝑡 in Eq. (21) for the SC-LDPC codes
in the associated sectors. The window size (𝑊 ) is
fixed to 8. The theoretical analysis shows that 𝐼𝐶𝑚1,𝑡
increases with the decoding position (𝑡) and saturates at
the decoding position 𝑡 > 10. This is due to the fact that
𝐼𝐶𝑚1,𝑡 continually accumulates when the window decoder
moves from 𝑡 = 1 to 𝐿. When the information (5, 10, and
20% variable nodes) from a previous sector is requested,
𝐼𝐶𝑚1,𝑡 improves, especially in the early decoding positions.

The decoding thresholds of associated sectors are
shown in Fig. 8, whereby information from the previous
sectors is requested to reinforce the decoding of the
current sector. When the variable nodes from the
previous sector are used to decode the current sector, the
decoding thresholds decrease. The decoding thresholds
stop decreasing when 20% of variable nodes in the

Fig. 9: Decoding threshold of SC-LDPC codes in the BPMR
system with an areal density of 2 Tb/in2.

Fig. 10: Decoding threshold of SC-LDPC codes in BPMR
system with an areal density of 4 Tb/in2.

previous sector are used. The decoding thresholds are
decreased (improved) by ~0.35 dB for 𝑊 = 5 and ~0.3 dB
for𝑊 = 8. Furthermore, the decoding thresholds are also
shown to decrease when 𝑁 is increased. This is because
a large 𝑁 can offset the performance degradation caused
by the SC-LDPC code rate-loss issue.

5.2 Non-Associated Sectors vs. Associated Sectors

Fig. 9 presents a comparison of the decoding thresh-
olds for the non-associated and associated sectors under
the two different conditions.
• In the first condition (Con. 1, indicated by solid lines
with a symbol), we compare the decoding thresholds
of the same protograph structure, where B1,𝑡 = B2,𝑡 =
B3,𝑡 = [1 1 1 1 1 1 1 1 1], 𝑚𝑐𝑐 = 2, 𝐿 = 100, and 𝑁 =
100. Thus, the code rate for non-associated sectors is
𝑅𝑁𝐴 = 0.8547, and associated sectors 𝑅𝐴 = 0.8885. The
non-associated sectors have lower (better) decoding
thresholds than the associated sectors. However, when
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Fig. 11: BERs of SC-LDPC codes in the BPMR system with
an areal density of 2 Tb/in2.

information from the previous sector is requested, the
decoding thresholds of associated sectors are lower
than those of non-associated sectors by ~0.18 dB with
a window size 𝑊 ≥ 8.

• In the second condition (Con. 2, indicated by dashed
lines), we compare the decoding thresholds at the same
code rate, namely 𝑅𝑁𝐴 = 𝑅𝐴 = 0.8547. It should
be noted that the SC-LDPC code for the associated
sectors is reconstructed by B1,𝑡 = B2,𝑡 = B3,𝑡 =
[1 1 1 1 1 1 1]. We set 𝐿 = 100 and 𝑁 = 14 to
obtain 𝑅𝐴 = 0.8547. The results show that the decoding
thresholds of associated sectors aremuch lower (better)
than those of non-associated sectors when information
from the previous sector is requested. The decoding
thresholds are reduced by ~0.5 dB compared to the
non-associated sectors at 𝑊 ≥ 8, implying the clear
benefits of receiving aid from the previous sector.
For the higher areal density of 4 Tb/in2 (2-D channel

matrix is given in Eq. (7)), the decoding threshold
comparison is presented in Fig. 10. When the information
from the previous sector is requested, the decoding
thresholds of associated sectors improve; as a result,
they have a lower (better) decoding threshold than the
traditional non-associated sectors. Compared to the
non-associated sectors at 𝑊 ≥ 8, Con. 1 has a reduced
decoding threshold of ~0.2 dB, while Con. 2 has a reduced
decoding threshold of ~0.7 dB.

Although the P-EXIT chart is a theoretical analysis
tool, the decoding thresholds determined by the P-EXIT
chart are reasonably consistent with the waterfall-region
performance of the simulated BER as shown in Section 6.

6. COMPUTER-BASED SIMULATION RESULTS
In this section, computer simulations are used to

validate the theoretical results of non-associated and as-
sociated sectors produced from the P-EXIT chart. In our
simulations, the parity-check matrix H𝑡 is constructed
from the progressive edge-growth algorithm [22] with an
expansion factor of 𝑀 = 30.

Fig. 12: BERs of SC-LDPC codes in the BPMR system with
an areal density of 4 Tb/in2.

6.1 Non-Associated Sectors vs. Associated Sectors

The simulation results in Fig. 11 back up our theo-
retical results in Fig. 9 for the areal density of 2 Tb/in2.
The BERs of the SC-LDPC codes with associated sectors
are worse than those of non-associated sectors for the
same protograph structure (Con. 1, indicated by solid
lines with a symbol). Fortunately, our associated sectors
can request 20% of new LLRs from the previous sector
to improve the decoding performance of the current
sector when decoding failure (remaining erroneous bits)
is encountered. In this paper, we use the results from the
parity-check equation, as introduced for the SC-LDPC
window decoder by Kang et al. [23], to detect erroneous
bits in any sector. As a result, the BERs of SC-LDPC codes
with associated sectors are improved when information
from the previous sector is requested. Therefore, the
associated sectors have superior BERs, which provide
a ~0.18 dB coding gain compared to the non-associated
sectors with a BER of 1 × 10−5. At the same code rate
(Con. 2, indicated by dashed lines), the coding gain of
associated sectors increases to ~0.5 dB.

For the BPMR system with a higher areal density of
4 Tb/in2, the simulation results in Fig. 12 corroborate
our theoretical results in Fig. 10, demonstrating that the
associated sectors still outperform the non-associated
sectors. At a BER of 2 × 10−5, the achieved coding gain is
~0.2 dB for Con. 1 and ~0.7 dB for Con. 2. Furthermore,
Fig. 12 implies that we can achieve greater coding
advantages when the associated sectors are used in a
BPMR system at a higher areal density.

6.2 Full Block Decoding vs. Window Decoding

For all contributions in this paper, we used a window
decoding approach to decode the associated sectors,
whereby the previous sector can be reread to correct
erroneous bits in the current sector. However, Lentmaier
et al. showed that window decoding reduces decoding
complexity and latency at the cost of BER deterioration
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Fig. 13: BERs of the full block and window decoding in the
BPMR system with an areal density of 4 Tb/in2.

when compared to full (entire) block decoding [24].
Therefore, in this paper, we compare the BERs of
associated sectors, decoded using full block and window
decoding for a more comprehensive examination.

We consider only Con. 1, where the SC-LDPC
codes are constructed by B1,𝑡 = B2,𝑡 = B3,𝑡 =
[1 1 1 1 1 1 1 1 1], 𝑚𝑐𝑐 = 2, 𝐿 = 100, and 𝑁 = 100. The
window size𝑊 ranges from 6 to 12. The results in Fig. 13
demonstrate that BERs improve as the window size 𝑊 ,
increases, but they are also less effective than full block
decoding. At a BER of 3 × 10−6, we lose many gains for
small 𝑊 = 6. For the larger 𝑊 = 8 and 10, we lose gains
of ~0.22 dB and ~0.12 dB, respectively. In particular, for
the largest 𝑊 = 12, we lose the slight gain of ~0.05 dB
compared to full block decoding.

In Fig. 14, the BERs are exhibited for fixed 𝑊 = 8,
while the parameters 𝑁 and 𝐿 in Eq. (17) vary. The
simulation results back up our theoretical results in Fig. 6,
indicating that increasing 𝐿 (or decreasing 𝑁 ) improves
the BERs. Here, we can achieve the best possible BER by
using 𝑁 = 20 and 𝐿 = 500, which loses only a ~0.03 dB
gain when compared to full block decoding.

7. CONCLUSION
In this paper, we propose the construction of asso-

ciated sectors via SC-LDPC codes. When the decoder
fails to retrieve the data stored in the current sector,
it can request information from the previous sector to
aid the decoding of the current sector. We analyze the
decoding thresholds of associated sectors by applying
the P-EXIT chart. The associated sectors offer lower de-
coding thresholds than the non-associated sectors. Our
theoretical results are confirmed by computer simulation.
In the BPMR system with 2 Tb/in2, the associated sectors
can give ~0.18 and ~0.5 dB coding gains compared to the
non-associated sectors of the same protograph structure
(Con. 1) and code rate (Con. 2), respectively. At a
higher areal density of 4 Tb/in2, the associated sectors
still outperform the non-associated sectors. The coding

Fig. 14: BERs for fixed 𝑊 = 8 of the full block and
window decoding in the BPMR systemwith an areal density
of 4 Tb/in2.

gains increase to ~0.2 dB for Con. 1, and ~0.7 dB for Con. 2.
Based on our theoretical results and computer-based

simulation results, the associated sectors tend to be a
better option for applying SC-LDPC codes in ultra-high-
density data storage systems.
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