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Construction and Characterization of Optical
Orthogonal Codes (n,w,1) for Fast Frequency
Hopping-Optical Code Division Multiple Access

Samuel Nlend and Theo G. Swart’, Non-members

ABSTRACT

This paper investigates a new combinatorial construc-
tion approach based on cyclic difference packings for the
construction of an optical orthogonal code that is suitable
as a time spreading sequence for fast frequency hopping
optical code division multiple access (OCDM) systems.
The proposed construction provides a solution to the
electrical decoding delay problem when compared to its
optical counterpart, as well as other optimization issues.
The criteria for optimizing the performance of such an
OCDMA system are provided, namely: the flexibility
and simplicity in constructing the optimal code for any
length and weight, a reduction in the encoding/decoding
complexity that complies with changes in the fast fre-
quency hopping system, and the provision of system
transfer transparency, a decoding rule that exploits the
embedded asymmetric error correcting capability of the
code. Our neighbor difference approach refers to the
partition of different solutions into sub-classes, given in
the correlation matrix form. It takes into account both
direct and recursive combinatorial code construction
methods, and the resulting characteristics are evaluated
accordingly. A performance analysis based on the
OCDMA channel is given, and a comparison with other
difference family solutions is performed.

Keywords: Asymmetric Error Correcting Code, Bragg
Gratings, Combinatorial, Difference Family, Fast Fre-
quency Hopping, Optical Code Division Multiple Access,
FFH-OCDMA, Optical Orthogonal Code, OOC

1. INTRODUCTION

Interest in optical orthogonal codes (OOCs) comes
from the fact that as a unipolar code, it can be utilized
for the generation of optical signature sequences for
users, time spreading sequences, and asymmetric error
correcting codes for incoherent optical code division
multiple access (OCDMA) systems. However, using such
an optical system in combination with end electrical
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equipment causes delay issues, on which this paper
focuses.

An OCDMA channel is an asymmetric Z-channel [1].
Today, asymmetric error correction is critical in optical
bit error rate (BER) transmission. Studies like [2] proved
that at high transmission speed and a large number of
users, the consideration of asymmetric errors improves
channel performance. The Reed-Solomon code as a for-
ward error correcting (FEC) code was subsequently used
in combination with low complexity soft decoding, while
[3] proposed an embedded asymmetric error correcting
(AEC) code in an OCDMA sequence.

Exploiting this embedded capability, an OOC con-
struction for time spreading (TS) sequences is suggested
in this paper to provide a decoding rule equivalent to
minimum distance decoding.

Access wise, most OCDMA studies focus on OOC
because it gives up cardinality for better correlation
properties in comparison to the congruence codes [4].
This cardinality is optimal if, according to Johnson’s
bound [5, 6], it is equal to |(n — 1) /w(w — 1)| when the
correlation is equal to one, for a code of length n and
Hamming weight w. Studies, such as [7], showed that
the optimal condition is reached for w = 3 if and only if
n # 61 + 2, where [ is such that / ~ 2 or 3 (mod 4). Due
to difficulties in the tractability of the OOC and despite
the amount of work done, much still needs to be done
for w > 4 [7]. In that regard, [8] and [9] suggested
solutions for (1,4, 1) and (9n,4, 1) based on incomplete
difference matrices and prime congruences, respectively.
Approaches classified as recursive are derived from an
existing solution or direct method.

In this study, we make use of the direct and recursive
methods to achieve greater flexibility in the code con-
struction for any given n and w > 3. Yielding optimal
OOC, this flexible solution is the neighbor difference
introduced by [10]. The neighbor difference approach
is a subset of the difference of position (DoP) which is
extended by [11] using the click set approach to reduce
code construction complexity from O(w*) to O(w?).

Exploiting these approaches, the bounds of the code
length in this paper allow the optimization of any given
pair (n, w). We emphasize the congruence class n = 1
(mod w(w-1)), an incomplete difference family solution
given by [12] derived from the Wilson structure defined
according to the Galois field (GF(n)) [4] and Johnson’s
bound [6]. We expand the work of [10] on the neighbor
solution based on the code length bounds derived from
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[2] and the difference family of [4].

Djordjevic and Vasic [13] suggested three classes of
OOC for both asynchronous and synchronous OCDMA:
Mutually Orthogonal Latin Squares/Rectangles (MOLSs/
MOLRs) and Spectral Amplitude Coding (SAC), which
provide major advantages such as flexibility in the num-
ber of users, but these require a multiuser interference
cancellation device, making it costly in terms of detection
delay. As a controller, it has three parameters, resulting
in a complexity of at least O(w?), but most importantly,
it requires a larger code length than Johnson’s bounds [5,
6].

As a contribution, this paper suggests an improved
approach to code construction, significantly reducing
the complexity and yielding a decoding rule that allows
the electrical decoder to match its optical counterpart.
This is advantageous considering the requirement of
fast encoding/decoding imposed by the Fast Frequency
Hopping OCDMA (FFH-OCDMA) system and, in general,
the requirements of access, line, and error correction
code. These characteristics are evaluated accordingly.

The rest of the paper is outlined as follows: Section 2
provides the background and notation used, Section 3
follows with cyclic and difference packing analysis from
where we derive the neighborhood solution, which
is given in Section 4. In Section 5 we propose the
construction of the (n, w, 1)-O0C, while in Section 6, we
evaluate the required characteristics. Section 7 provides
the performance of our scheme and a comparison with
other difference families.

2. BACKGROUND AND NOTATION
2.1 Optical Orthogonal Code and Cardinality

An optical orthogonal code C, denoted by (n, w, 4,, 4,)-
OO0C, is a family of (0,1)-sequences, each representing
a code word of length n, Hamming weight w, auto-
and cross-correlation indices A, and A, respectively,
satisfying the following correlation properties [14, 15]:

o Auto-correlation: Y, X;X;,, < A, forany X € C
and any integer 7 # 0,0 < 7 < n;

o Cross-correlation: Y| X;Y;,, < A forany X #Y €
C and any integer 7;

where the subscripts take modulo n.

In [16], it is found that some combinatorial structures
yield optimal OOC. Hence, we focus on a combinatorial
solution where 4, = A, = 4 = 1. Two methods are
utilized in OOC combinatorial construction, namely, the
direct method and the recursive method, both of which
have the same goal: achieving optimal (1, w, 1)-OOC in
terms of the number of simultaneous users.

2.2 Direct Method

An optimal (n, w, 4)-OOC is equivalent to a combina-
torial structure called cyclic /-packing [17], which can
also be presented using the difference family.

2.2.1 Packing Design and Block Design

Cyclic I-packing consists of a pair (N, B), where N
is an n-set of points and B is a collection of w-subsets
of N called blocks, such that every /-subset of distinct
points of N occurs in most A blocks of B. The idea of
cyclic /-packing is clearly presented in [17] for optimal
(n,w, 4)-0O0C, in [15] for a cyclic /-(n, w, 1) packing
design which is optimal according to [18] if / = A + 1
and A < w, a condition that is tractable only for 4 = 1,
or equivalently / = 2, as studied in [19], hence yielding a
packing design with order n denoted by P(w, 1; n), called
a pairwise balanced packing design. In [15], a cyclic
I-(n,w, 4) packing design admitted through mapping,
while the bijection in B from a bijection in N is an
automorphism of the packing P(wj;1;n). Furthermore,
if a P(w; 1;n) admits an automorphism consisting of a
single cycle of length n, then P(w;1;n) is cyclic such
that set N can be identified by Z,,, the residue ring of the
integer modulo n and denoted as C P(w, 1: n). From the
perspective of these theoretical cyclic sets, the correlation
properties mentioned above can be reformulated as (7,
15]:

e Auto-correlation: |[(X +a)n(X +b)| < A,, for any
X € Cand a # b (mod n);
e Cross-correlation: [(X +a)n (Y +b)| < 4., for any

X #Y and any q, b.
Note that X +a = {x + a : x € C} and all integers under
consideration take modulo n.

Accordingly, an optimal C P(w, 1; n) exists whenever
a cyclic block (CB), denoted by CB(w,1;n), occurs.
The conditions of existence and full orbit for a cyclic
pairwise balanced (PB) design or B(w,1;n) involve a
particular variant called the balanced incomplete block
design (BIBD), denoted by CB(w, 1;n), and provided
in [20] and [21]. As with OOCs, a CP(w, 1;n) with
[(n—1)/w(w — 1)] block orbits is said to be optimal
[16,Th. 1].

2.2.2 Packing Design and Difference Family Design

A difference family (DF) called scarce DF (SDF)
denoted as (n, w, 1)-SDF is a collection F of subsets
Z, called starter or base blocks B, such that for every
non-zero x element of Z, the congruence x; — x; & x
(mod v) has one solution pair at most (x;,x;), where
X;,X; € B.If B;, {B, +j :j € Z,} € Bare of full orbit,
then the development of B yields a CP(w,1;n) [16].
Therefore, an (n,w, 1)-SDF with [(n—1)/w(w —1)]
starter blocks forms an optimal CP(w, 1;n), and vice
versa. Such a CP(w, 1;n) denotes a cyclic difference
packing (CDP) with order n, block size w and index 1.
See [16] for further details. From this cyclic difference
perspective, the correlation properties above can be
written as follows [15]:

« Auto-correlation: for each X € C, any integer 5, ; #
0 can be represented as the difference x; — x s with
X;,X; € X, in at most 4, ways.

o Cross-correlation: similarly, foreach X # Y € C,
any integer 6; ; # 0 can be represented as the difference
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X =Y with x; € X, y; € Y, in at most A, ways.

2.3 Recursive Method

The general construction of OOC using recursive
methods combines two or more BIBDs to yield another
BIBD with a different order, as proposed by Colbourn and
Colbourn [22, 23]. Another recursive method makes use
of the notion of h-regular, mostly derived from the SDF
and CB, where A is the order of the set L U {0}, L is the
difference leave (DL), and is the non-zero elements of Z,,
not covered by the differences in F. The results of both
approaches are given in [16]. The Colbourn recursive
method was generalized by [24], while [25] suggested
recursive construction using the difference matrix. A
difference matrix (DM) denoted by (w,n)-DMisa w X n
matrix D = (di’j), 1 <i<w,1 < j < nwith entries
from Z,, such that for any two distinct rows s and 7,
the difference ds,j - d,’j, j = 1,2,...,n contains each
integer of Z, exactly once. D is of interest to us since
we associate the orthogonal array as defined in [24], and
the proposition on row difference scheme as proposed in
[26] for our OOC construction.

2.4 The OOC Representation

An (n,w, 1)-O0C can be represented as a collection
of w-sets of the 1-bit modulo n to express a code
word. This representation is called the weighted position
representation (WPR) [27]. A fixed bit position yields
the fixed weighted position representation (FWPR). To
construct a unique OOC in the FWPR, the difference of
position (DoP) proposed by [15] was further developed
in [11] to yield the extended DoP (EDoP). The DoP is the
difference between the 1-bit positions of a code vector.
The OOC representation is illustrated by the following
example.

Example 1: Let X = {1101000} be a (7,3, 1)-O0C
with one code word. In a set notation, X = {1,2,4}
(mod 7) and its difference of position is DoP(X) = (2 —
1,4-2,4-1)=(1,2,3).

2.5 Asymmetric Error Correction Properties

By definition, code C is said to be a t-asymmetric
error correcting (1-AEC) code if it can correct up to ¢
asymmetric errors, and where a rule exists such that for a
code vector X € C,if Y is obtained from X by changing
at most the ¢ ones of X into zeros, X will be recovered
fromY.

For any vectors X and Y of {0, 1}", a set of asymmetric
codes of length n and define N(X,Y) := [{i/x; = 0 and
¥; = 1}|, we make use of the following properties given
n [28]:

e A(X,Y) = max{N(X.,Y),N(Y,X)}, asymmetric
distance between X and Y;
e d(X,Y)=N(X,Y)+ N(Y, X), Hamming distance.

In [29], a code C is shown as a -AEC code if and only
if for any two code vectors X # Y € C, A(X,Y) >
t. Similarly, for X and Y of a code C, define the set of

vectors by changing ¢ or reducing the 1 bits in X into 0
bits by S,(X) = {V € {0, 1}"|V < X, N(V,X) <t}. If
S,(X)Nn S, (Y) = @, then C is a t-AEC code.

In the following sections, we investigate how to derive
a new approach to constructing the OOC with index
correlation A = 1 and discuss its characteristics.

3. NEIGHBOR DIFFERENCE APPROACH

In this approach, we make use of both the recursive
DM and direct methods by relying on the DoP [15] taken
from the EDoP [11] to suggest a new neighbor difference
method for constructing an (n, w, 1)-OOC. Introduced
by [10], the neighbor difference aims to manipulate the
sequence to yield the required pattern.

According to the definition of the difference matrix
D, whereby the difference between points of different
rows can be represented exactly once (4 = 1), if the
condition of automorphism, the correlation and Ham-
ming correlation properties [30], condition of optimal CP
consequently of the CB with DL L = @, are achieved,
then D can be defined as the difference correlation
matrix by considering only the differences between 1-bit
positions in the CB. Based on weighted positions, a 1-bit
position is denoted by b; at position i while b; denotesa 1
bit at position i of vector X. According to the properties
of the difference correlation operation:

o Auto-correlation: for each X, a code vector taken in a
weighted representation of the DoP, any integer d;* ;=
bY — b;‘ : i >j=1,2,...,w can be represented as
difference in at most 4 = 1 block.

e Cross-correlation: similarly, for every pair (X,Y),
X # Y, code vectors considered in a weighted
representation of the DoP, any integers d;'; = b} — b7,

and dy = by by 1,2,...,w, Wlth

;é 5yj # 0, can be represented as the difference
1n at most A = 1 block.
In these conditions, the difference correlation matrix
for a code vector X can be given by

i > j =

[0 dy, di; di, o
d;,l 0 d;g d§,4 d;,w
DX = dg(,l d§,2 0 d;,4 d;,w (1)
djtc,1 dz)f,z dz)fs 0 djf,w
-d;c)l dz);},z dz);,3 d2,4 0 |

where D* represents the CDP and is equivalent to an
EDoP. It can be decomposed into two triangular matrices.
The two triangular matrices have a complementary
cyclic shift operation. Exploiting this symmetry, each
element of the upper triangular matrix (UTM) and its
complementary element from the lower triangular matrix
(LTM), i.e., 6, — 6; ; modulo n operation constitute
the same element for the block. We make use of the UTM,
consisting of DoP elements as defined in the Eq. (2), from
where we can derive the neighbor difference matrix.
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[0 dY, dYf, df, o df, ]

1,2 1,w
0 0 df,,z d§,4 d;,w
0 O 0 d7 dX
Diyrpy = - 3w )
d;) 1w
i 0

3.1 Neighbor Difference Packing Description
3.1.1 Definition

For a given code vector X, the i-th neighbor set is
the X; = {6;,6,,....6;,,_,} where 6} represents the
dlfference in position between the (j + i)-th 1 bit and

the j-th 1 bit of code vector X and is given by 5” =

b;‘ i b;‘ [10] where b;‘ is the position of the j-th 1 bit
inXandi=j=12,...,w

This neighbor difference approach is illustrated by the
following example and compared with the DoP.

Example 2: For the neighbor difference, let X =
{1101000} be a (7,3, 1) code with one code word. X| =
{1,2} is the first neighbor set, X, = {3} is the second
neighbor set and the union is X; U X, = {1,2, 3}, which
is the same as the DoP in Example 1.

According to Example 2 §;; = |b7,; — b]|, the i-th
1-bit neighbor of the j-th 1 b1t can be 1nterpreted as the
difference of position between the (j + i)-th 1 bit and the
j-th 1 bit of vector X in a weighted representation. It
makes sense to compute the DoP to derive the neighbor
difference by further letting the position p = j + i.

Moreover, as a block code represented only by 1 bits, it
is convenient to replace X by B = {b;}, and if there are
several blocks, they will be differentiated by B, where
the k species of the k-th block with the i-th neighbor of
the j-th 1-bit block By being 5, = |b%,, - b4].

Definition: The neighbor dlfference of an (n, w, A)-
OOC can be considered in this case as a family F of w—1
subsets of i-th neighbor positions {5,-,14 11 <i,j <w},
such that the difference of position in the 1-bit block B,
based on the i-th neighbor 6"/ |bk —bj‘l is represented
in, at most, 4 = 1 block. Hence, the following neighbor
correlation properties:

o Auto-correlation: for each b;‘ € By, where bf is the

Jj-th 1 bit of a block By, any integer 5{3 # 0 called
i-th neighbor of j- th 1 bit can be represented as the
dlﬂerence{ék —b;‘l i,j=1,2,...,w} in at
most A = 1 block.

« Cross-correlation: for each b* € B, and b, € B,, two
blocks of the neighbor difference, any integer 6, ; #

| J+i

« # 0 can be represented as the difference {5{"1, =
—bkl Di=12,...,w}and (5], = |b],, —b}| :
1,2,...,w}, j,u =1,2,...,w, in at most 4 = 1
block.
Accordingly, if the j + i-th 1 bit is at position p = i +
J, then its i-th neighbor will necessarily be at position

| b

j+l

p + i. Consequently, the DoP d,_; , = ‘b() b;)l can
be reduced to the neighbor difference 5, ; = bEJ)r, - bﬁ') |

Based on this change of variable, the UTM, which is the
DoP, yields the neighbor difference matrix, given by:

k k k

51,1 5%,1 5%;,1

0 51,2 5w,2 ) 3)
H k:

0 0 51,“}_2

The specificity of Eq. (3) is that its diagonal and first
row elements yield the same 1-bit position in the code
vector. The diagonal of Eq. (3) yields the first neighbors,
while the first row provides the required delay, each
containing the entire sequence information. This result
aligns the position of 1 bits with the timing of different
pulses, and hence, a time-space linearization.

4. CONSTRUCTION OF (n,w,1)-00C
4.1 Considerations

The construction of the OOC using the neighbor
difference approach is motivated by its simplicity and a
reduction in the encoding/decoding complexity. First, we
need to consider certain aspects.

1. Cycle length: from the theoretical CB, the cycle length
is the number of blocks in the orbit. If the order of the
cycle length is equal to the code length, then the blocks
are of full orbit, otherwise, they are of short orbit [23].
In this construction, we are interested in the CB of the
full orbit.

2. Neighbor matrix and its complementary elements: if
B, is a CB modulo #, a cyclic shift operation of 55 ;

. . . k
ylelds its complementary element, given by §;;, =

- 5k both constitute the same element of the block.
Hence the pair (5lk e 5k ;) is determined by finding
one exclusive element or another. Accordingly, the
diagonal elements of the Eq. (3) constitute the first
neighbor elements of each 1-bit position of the vector
and can be put in the set representation and ultimately
in vector form. This set is very important since it
provides us with all the information on the sequence,
i.e. Diag = {ékl, 12 es 6f,w—l }. Asillustrated in the
following example.

Example 3: Let C be the code of one vector X =
{1101000} assumed to be a full orbit block. Its neighbor
differences are given in the form of pairs (51.1’ I 5},1‘)’
as (1,6),(2,5),(3,4) (each pair with its complementary
element). These are put into a difference correlation
Eq. (1). Considering, for instance, that in the pair (1, 6),
1 is equivalent to having 6 in a full orbit bock, Eq. (1) can
be reduced to LHS of matrix in Eq. (3) which is called the
neighbor difference matrix. The neighbor difference can
be obtained from the CDP in Eq. (3) as in the following
matrices:



66 ECTI TRANSACTIONS ON ELECTRICAL ENGINEERING, ELECTRONICS, AND COMMUNICATIONS VOL.20, NO.1 FEBRUARY 2022

0 1 3 0 0O 0 1 3 |3

6 0 2|=[6 0 Of[+|0 O 2|=> [0 2].

4 50 4 50 0 00
Diag = {1,2} and the code can be represented assuming
afixed 1 bitat0as {0,1,2+ 1} ={0,1,3}.

3. Code length bounds: two bounds are investigated for
a given n and w, of which a unique solution is possible.
o Length of upper bounds: according to Johnson’s

bound n = w(w — 1)|C| + 1, the maximal code
length achievable for the same cardinality |C| = /
blocks is given by n = w(w — 1)l + n’ where
1<n <ww-1).

o Length of lower bounds: for a code vector X, the
first and the i-th neighbors of the j -th 1 bit are
51"] = |b;.‘Jr1 — bj| and &7, = |bj,; — bj|. If
&7, is the i-th farthest neighbor from the j-th 1

max

bit which is assumed position 1 (j = 1) and the
sequence of 1 bit is such that 51 = 5" + 1 for
any i,j = 1,2,...,w, then the nelghbor dlfference
of the sequence given by 51 | 12 .8 achieves

1,w-1

the minimum code length, given as n,;,, = 25>, + 1.

Therefore, the following propositions are de’rived,
where the Proposition 2 from [23].

Proposition 1: For any family of block F =
{B|, B,, ..., B;} of an (n, w, 1)-O0C, defines the farthest
i-th neighbor from the first position of the 0 bit of the
starter block B, of F by 5k . The code length is then
bounded as 25k +1<n < w(w — 1)l + n’, where n’
is such that 1 < n < w(w —1) and [ is the number of
blocks or code words in family F.

Proof: On the one hand, since 1 < n’ < w(w-—1), if
n’ =1, then n = w(w—1)I+1, which is Johnson’s bounds.
Ifn' = w(w-1)+1,thenn = w(w—1)({I+1)+1, yielding
another cardinality /' = / + 1. Thus the maximum code
length achievable for |C| =/ is for n’ = w(w — 1).

On the other hand, let i-th be the farthest neighbor
from the 1 bit which is at position 1, and if the sequence of
1bitissuchthat 6, | =6 +1foranyi,j=1.2,.
thend;; = 6;,— 1 = (l + 1) —1 =i, which is the farthest
neighbor of the 1 bit at position 1, as is the 1 bit at position
0, which means 6;, = i. For a full orbit operation with
a correlation index of 1 where i and n — i are the same
element of a cyclic block, it requires i < (n—1)/2, that
is, 6,0 < (n—1)/2.

Since (n — 1)/2 = w(w — 1)/2, thatis 26, = n—1 or
26,0 = w(w — 1), consequently 26,y + 1 = w(w—1)+1.
Therefore, w(w — 1)+ 1 <n < ww—-1)+1+n', or
generally w(w — )l +1 < n < ww — I + 1+ n’ are
the bounds of the code length required to achieve F for
a given (n, w, 1)-O0C.

One can say for / = 1 that, whenn = w(w—1)+1, the
construction yields only one block or codeword with a
unique representation. However, when n = w(w—1)+1+
n', the construction still achieves one block or codeword,

but with several or different representations. This allows
the flexibility to match the number of users observed in
the literature. u

It is important therefore to mention that for a given
w and [ block, the (n, w, 1)-O0C is not achievable for a
code length shorter than the lower bound, and for a code
length larger than the upper bound above, the number of
blocks !’ is such that /” > [. In this paper, we focus on
the bounds as defined above.

Proposition 2: Let the starter block B; bea CB(n, w, 1),
is based on the neighbor differences for any positive
integers j, p, as shown in the following block set B, =
{bj+p (modn):j=0,1,....(n=1)/2;p=n—2j}is
alsoa CB(n,w, 1).

Proof: b;isalbitatposition j, whichmeans b;+p =
b;,,isalbitatposition j+p. If p = n—2j, then j+p = n—
J, consequently, B; is made up of 5}13 elements. Since 5;" ;
and 5;"1. are elements of B, then B, is also a CB(n, w, 1).

|

One can say that the obtained blocks are of full orbit.

4.2 Code Construction

The principle of the neighbor difference approach is
based on the difference family construction, which in
itself is a difference family. A family is a set of blocks.
However, instead of having n — 1 differences, the number
of these operations is limited to (n — 1) /2 for each
block according to Eq. (3). The blocks are all of full
orbit with respect to the neighbor difference correlation
properties and are derived from the neighbor difference
set N;, where for each block B of the family derived
from N,, any element a € N, obtained by the neighbor
difference operation is also an element of B if and only if
its complementary element n — a is such that n — a ¢ B,
since n — a is obtained through the cyclic shift operation
in B. In principle, for a cyclic block construction, it is
necessary to make exclusive use of one or another since
having a as a neighbor yields n — a by the cyclic shift in
B and vice versa. Such a pair of elements is denoted by
(a,n — a) and the neighbor difference set to N; = {a}.
Note that a is the difference between a 1-bit reference and
its i-th neighbor, which means N; = UN, , the union set
of all i-the neighbor difference subsets. '

To construct the code, it is necessary to find the (n —
1)/2 elements of Eq. (3). To avoid any confusion between
starting position 1 and neighbor difference 1, we will
consider 0 as the first position of the 1 bit in the vector for
the upcoming notations when constructing the code. We
determine the eventual neighbor difference pairs given
by: A = {(1,n—-1),2,n=2),...,(n—=2,2),(n—1,1)},
which by cyclic shift can be decomposed as A =
{Ln=1, 2,n=2), ..., (n=1/2,(n+1)/2)} U
{(n+1D/2,(n—=1)/2), ..., (n—=2,2), (n—1,1)}. The
different elements of the N, are selected from A such
that N, is the union of the actual i-th neighbor subsets.
The block or codeword is derived from the first neighbors
of N, which correspond to the fixed 1-bit position and
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0- a—-» b—> c¢c— - —=d
1 l Lo
b+a c+b eod A+
l Lo
c+b+a - d+-+c
Lo
1

d+-+c+b+a
Fig. 1: Neighbor difference algorithm forl = 1

the w — 1 first neighbor difference element positions of
N, in B, with the requirement that if ¢, ; € N, then
6;; € Bifand only if n — 6;; ¢ B.

In general, for a given family F = {By, B, ..., B;}
of I OOC blocks denoted by (n,w, 1)-O0C, there are
1 neighbor difference sets N, , each with neighbor
difference elements selected from A = {(1,n—1),(2,n —
2),...,(d,n — d)} pairs of elements, from where the /
blocks are derived. In that case, n = w(w — 1) + 1.

These | blocks can be obtained by computing the
diagonal elements of RHS of matrix in Eq. (3) for each
block known as first neighbors [55{)1 551)2 55{;_1]. The
resulting block or code sequence can be written as
(0, 6%, 60 4 50, 4 450 460 4 450} in
a set form (fixed 1 bit at position 0). Its vector form is
cyclic modulo # and can be constructed by the following
solution.

For a codelengthn = w(w—1)I+1,ifa = 5:;, then its

complementary elementisa = n— 5f ;=n—a hence the
neighbor difference set of pairs A, = {(a,n — a),(b,n —
b),(c,n—c),...,(d,n—d)} where d = (n—1)/2. The code
is entirely constructed by determining one (exclusive)
or another element of each first neighbor pair of the
neighbor difference set of pairs and their positions in the
vector as shown in Fig. 1.

Therefore, if a € Ny, thena € Banda ¢ B and
vice-versa, as generalized in Fig. 1 where the rows are
the first neighbor elements from which we can derive the
positions (diagonal elements) in the code vector.

Keeping in mind that there is always a 1 bit at position
0, by finding {a,b,c,...,d} as the first neighbors, the
code set representation, which corresponds to the re-
quired delay lines for Bragg gratings, is given by {0, a, b+
a,c+b+a,...,d+--+c+b+a}.

To achieve this, two major cases are to be taken into
account.

e Casel =1,

Ifn > ww — 1) + 1, n odd, there exists a # b # ¢ #
,...,#dsuchthatd +---+c+b+a<(n—-1)/2.

Ifn = ww-1)+1and w > 3, for a block
B, obtained from the neighbor difference set N, there
exists a, b,c,...,d € [1,(n —1)/2] and € B such that:
a#b#c#..#dandab,c,...,d & B.

The correlation properties and cyclic block operation
impose the following theorem:

0 —a® —pd - RO ()
D 4o D 4D CdD 4D
D +pO4ah o gDy
1 .l
!

Fig. 2: Neighbor difference algorithm for | > 1

Theorem 1: For any element a,b € N, with a # b,

a,b € B if and only if a and b & B. That is:

e Ifa,b < (n—1)/2, then for any c,d € N, c,d € B
ifandonly if ¢ # a # b # d and ¢ # a + [2[((n —
1)/2) — a] + 1]; similarly, d # a # b # cand d #
b+ [2[((n—1)/2) = b] + 1].

e Ifa,b > (n—1)/2, then for any c,d € Ny, c,d € B
ifand only ifc # a # b # d and ¢ # a — [2[a —
((n+1)/2)] + 1]; similarly, d # a # b # cand d #
b—[2[b—((n+1)/2)] + 1].

Proof: Assume a € N, and a € B, if for any ¢ such
thata # ¢ < (n—1)/2,thenc = a+[2[((n—1)/2)—a]+1] €
B. However, ¢ = a+[2[((n—1)/2)—a]+1] = a+(n—1)—
2a+1 = n—a which is the same element as a by the cyclic
shift operation in B. Hence, ¢ # a+[2[((n—1)/2)—a]+1].

If for any ¢ such thata # ¢ > (n—1)/2,a € B,
thenc = a — [2[a— (n+ 1)/2)] + 1] € B. However,
c=a—-Ra-((n+1)/D]+1]=a-2a+n+1-1=

n — a which is the same element as a by the cyclic shift

operation in B. Hence, ¢ #a—[2[a—((n+ 1)/2)] + 1].
One can say that if a is a position padded with 1 bit in

the vector B, then the a+[2[((n—1)/2) —a] + 1] position

must be padded with 0 bit. [ |

e Case | > 1, there are more than 1 block, or better,
exactly / blocks to construct. The neighbor differences
from a to d are distributed among different / blocks
labeled @ to d” as in Fig. 2 where a) is element a of
block .

If n > w(w — 1)l + 1, n odd, there are always By -+ B,
blocks made of elements a” # b # ¢V % ... #
dV . #aV £ b0 £ D £dD e Ny, ..., N, such
thata” £ 5" 220 = 2 d" . 2a 25" #
& . 2a"¢B, .. B,

Ifn=ww- 1l +1and w > 4, the a® to d"¥ first
neighbor differences are found and distributed according

to the neighbor difference set with at least one neighbor
at a position > (n — 1) /2.

Ay = (@Y, n—aD), D, n -, ...,
@D, n—dM, ..., @", n—-a?), 6" n-p"),
(D n—cDy, ..., @d?,n—-a"y,

such that as case / = 1 under the conditions above, one
can add the following cyclic block correlation properties.
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Theorem 2: For this case:

e Ifad® <n-1/2 ¢ N, and By respectively, and
WW<m-1)/2e N, and B, respectively, | # k, then
for any c® 40 e Ny, and Ny, respectively, e By,
d? e B, if and only if ¢® % a0 £ pD 2 g and
c® 2 a4 21((n - 1)/2) - a®1+1); similarly, d® +
a® % b £ ¢® anddD £ b+ [2[(n—1)2)-bP1+1].

e Ifa® > (n-1/2 € N, and By, b > (n— 1)/
2 € Ny, and By, then for any b dh e Ny, and Ny,
respectively, ¢¥) e By, d¥ e B, if and only if ¢k 2
a® % b £ 4D and ¢ £ 40 - 2[a® — (0 + 1)/
2)] + 1]; similarly, d® # a® # b % ¢® and d #
D — 206D — ((n+ 1)/ + 1]

Proof: see Theorem 1 [ |

Example 4: Let us construct an (n,3, 1)-OOC. The
construction of this code is given here within the bounds
of its length: 26, ; + 1 <n < w(w - DI +n'.

For/ = 1, w = 3, we get n = 7. The code
has one block with the neighbor difference set to A =
{(1,6),(2,5),(3,4)}. fa=1,thenb# 1, b#n—-1=
7-1=6,1+b#1, 1+b#6.1fb=2,thenb+1#Sor
alternatively, if b = 3, b+1 # 4 which are complementary
(3,4), the only solution is b = 2.

The elements of the sequence are determined accord-
ing to the following diagram:

0—> a— b

The solution in the set form is {0, 1,3} or in the vector
form 1101000.

Example 5: For | = 2, n = 13, w = 3, the code
allows two blocks which can be written according to the
following two-block diagram:

Block
00—

w=23
=10

B-12)
=10

1
20712 4 p=12)

resulting in

Block B, w

00—

3| Block B, (w=3)
2> 5

)

7

1 - 0—

B — Wl

The neighbor difference set is given by the pair ele-
ments A;_, = {(1,12),(2,11),(3,10), (4,9), (5, 8),(6,7)},
and are distributed as follows for both blocks having bit
1 at position 0. aV =1and a?® = 2, therefore we must
find b and b® such that:

o bV £ Land bV #2, 5 # 1 and b # 2;

e bW 41 # lordP +1# 12and b +1 # 2or
B+ 14 11;

e P 4+2#10r12and b +2 #2or 11;

¢ bV 41 £ 6P +20rn— P +2);
¢« 8P 4+2# bW +10rn— (B +1).

The solution that satisfies the condition above requires
bV = 3 and B?® = 5, taking into account that the
“or” in this example is exclusive, yielding the set {0, 1,4}
for the starter block B; corresponding to the vector
1100100000000 and B, set {0,2, 7} corresponding to the
second vector 1010000100000.

Therefore, a (13,3, 1)-O0C yields two blocks for the
family F = {B;,B,} with B, = {0,1,4} and B, =
{0,2,7}. Section 5.4 demonstrates how this family can be
used to construct user signatures for an OCDMA system.

Example 6: For | = 3, n = 19, w = 3, the code
allows three blocks which can be written according to
the following two-block diagram:

BlOCk Bi=1 2.3 w = 3 BlOCk Bl (w = 3)
0— a? - p® 0— 1- 4
\) )
a® + p® 5
Block B, w=3|Block By (w=3)
0> 2- 6 0—»> 3- 7
\) l
8 10

which corresponds to F = {By,B,, By} with B, =
{0,1,5}, B, = {0,2,8} and B; = {0, 3, 10}.

Example 7: In the same way as n = 21, w = 5, the
code allows 1 block as in the following diagram derived
from Fig. 1:

0> a—> b- c - d
l l l
b+a c+b d+c
l l
c+b+a d+c+b
l
d+c+b+a

which corresponds to the set {0,1,4,14,16} or in a
vector form 110010000000001010000.

Table 1 provides some of the resulting (n, w, 1)-OOC
constructions where we revert back to position 1 in a
vector, along with the number of users such a code will
support in an OCDMA system.

5. OOC CHARACTERIZATION FOR OCDMA EVAL-
UATION

5.1 Complexity Reduction
5.1.1 Coding Complexity

For / = 1 and according to Eq. (3), the construction of
the OOC using the neighborhood approach necessitates
w(w — 1) /2 operations. This complexity is reduced to
the diagonal of the RHS of matrix in Eq. (3), allowing the
linearization of pulses in time and space. This time-space
plane linearization is required for an FFH-OCDMA using
the Bragg gratings encoder.
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Table 1: Some constructed OOC.

n w I} Blocks 2-D Users
7 3 1 {1,2,4} 7
13 3 2 {1,2,5},{1,3,8} 26
21 3 3 {1,2,6},{1,3,9},{1,4,15} 63
13 4 1 {1,2,4,10} 13
15 4 1 {1,2,4,8} 15
25 4 2 {1,2,5,11},{1,3,10, 15} 50
31 5 1 {1,2,5,15,17} 31
41 5 2 {1,2,5,10,21},{1,3,9,16,26} 82
133 4 11 {1,2,14,44},{1,3,17,49}, 1462
{1,4,19,54},{1,5,22,60},
{1,6,25,58},{1,7,27,63},
{1,8,30,79},{1,9,32,64},
{1,10,35,80}, {1,11,38,96},
{1,12,40, 105}

For I > 1, we have w(w — 1) /2 differences due to
the full orbit block consideration. A further w(w — 1) /4
differences are carried out with w(w — 1)/4 permutations
added, yielding w(w—1) operations in total. Since half of
the differences are sufficient for the neighbor approach,
it means w(w — 1) /2 neighbor differences are required
to construct a starter block. Therefore, the computational
complexity for / blocks is lw(w — 1) /2.

5.1.2 Decoding Complexity

The first neighbors are sufficient to reconstruct the
information. Therefore, as a good correlation code, the
detection of an (n, w, 1)-O0C can be achieved by consid-
ering the diagonal elements of matrix in Eq. (3) given by

k .
the set B, = {1,5’1"1,51,2, ,511"10_1 }. The detection in

vector form is [by b,8% | b3(8F, + 6} ) -+ b, (5} | + 85, +
e 4 5{‘#)_1)], for any given {by, b,, ..., b, } symbol set,
yielding a decoding complexity of 2(w — 1).

Table 2 compares the encoding/decoding complexities
of the theory and the proposed new method.

5.1.3 Processing Gain and Transfer Transparency

During each signaling interval characterized by the bit
duration T}, and the chip duration 7, the processing gain
is defined as G, = T}, /T. It is 2w(w — 1) = 12 for the
DOP, and 2(w — 1) = 4 for the neighbor difference. As a
result, since the data rate is proportional to the chip rate
and inversely proportional to the code length, one gets
three times the data rate of the DoP.

Having a processing gain as a linear function of the
Hamming weight, and since the signal power is propor-
tional to the energy per bit E, and inversely proportional
to G,, as long as G, = f(w) is linear for the OOC,
one will always have the appropriate sent information
power-wise, and hence transfer transparency capability.

5.2 O0OC as Asymmetric Error Correcting Code

As a time spreading code of an OCDMA system
with embedded AEC capabilities, we can now outline

Table 2: Computational complexity comparison.

Construction scheme Blocks Coding Decoding
Prime sequences [17] 1 ow?) ow?)
Quasi Prime sequences [17] 1 ow?) ow?)
MOLSs/MOLRs [13] 1 ow?) ow?)
EDoP [17] 1 ow?) ow?’)
DoP [18] 1 ow*) o(w*)
Neighbor difference 1 ow?) O(w)
Neighbor difference I ow*) Ol
FFH-OCDMA application 1 O(w) O(w)

Table3: Vectors compared against their erroneous ver-
sions.
Code word Error vectors
1101000 1100000, 1001000, 0101000
0110100 0110000, 0100100, 0010100
1100100000000 0100100000000, 1000100000000,
1100000000000
1010000100000 0010000100000, 1000000100000,
1010000000000

the related OOC AEC metrics and subsequently give its

decoding rule. From here, the following properties can

be derived for an (n, w, 1)-O0C:

1. Property 1: the asymmetric distance is such that w —
1 <AX,Y) L w;

2. Property 2: the Hamming distance is such that 2(w —
D) <d(X,Y) < 2w;

3. Property 3: the minimum Hamming distance is

dpin = 2(w — 1).

From Property 1, we can write A(X,Y) > (w—1)—1.
According to the AEC property, C is a t-AEC code if the
condition A(X,Y) > t holds. Thereforet > (w —1) — 1,
hence the following proposition.

Proposition 3: An (n, w, 1)-OOC can correct t > (w —
1) — 1 asymmetric errors. In general, an (n, w, 1)-O0C
can correct f > (w — 1) — A asymmetric errors.

From Property 1, w — 1 < A(X,Y), thatis A(X,Y) >
(w — 1), which means A(X,Y) > (w — 1) — 1. By letting
t = (w—1) -1, one gets A(X,Y) > t, Therefore t >
(w-1)-1.

Example 8: For an (7,3,1)-00C,t = 3-1)—-1 =
1. Accordingly, Table 3 shows two different code vectors
and their respective asymmetric error vectors. One can
realize that it is always possible to correct ¢ = 1 error.

From Properties 2 and 3, the Hamming distance, in
general, is d > 2(w — A) depending on the length of the
code with the minimum distance being d,;, = 2(w — A).
As such, in general, the code as constructed is the largest
size and can detect and correct any ¢ errors, where ¢
is such that d,;, = 2t + 1. This is in line with the
literature based on algebraic coding theory. As we know,
a fundamental issue in algebraic coding is finding, in our
case (n, w, 4)-O0C, the largest error correcting code with
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3 Table 4: 2D Construction with (13,3,1)-O0C.
2 Blocks Cyclic Blocks ~ Users 2D sequence
. (1,2,5) 1100100000000 1 4, 4,004500000000
0110010000000 2 004304500004,,000
01 0011001000000 3 0045 404,000000
5 0 15 0 25 0001100100000 4 0004, 45004500000
0000110010000 5 000045 1400440000
Fig. 3: Auto-correlation of (13,3,1)-O0C with block {1,2,5}. 0000011001000 6 0000044 47,004,000
0000001100100 7 000000, Ag004,,00
3 0000000110010 8 000000045 Ag004,,0
0000000011001 9 000000004¢ 410045
2 1000000001100 10 4;000000004¢4,;00
0100000000110 11 04,000000004;; 41,0
1 0010000000011 12 0043000000004, 4,3
m 1001000000001 13 4,004,0000000045
0 {1,3,8} 1010000100000 14 4,04500004400000
5 10 15 20 25
0101000010000 15 04,04,0000450000
Fig. 4: Cross-correlation of (13,3,1)-OOC with blocks {1,2,5} 0010100001000 16 04,4,00450000000
and {1,3,8). 0001010000100 17 0004,04500004;,00
0000101000010 18 00004504,00004,,0
0000010100001 19 000004404500004,5
length n, and the minimum distance d,,;, between every 1000001010000 20 ;0000040450000
pair of codewords. To show that our result is in line with 0100000101000 21 04,000004504,,000
the previous results, we refer to the work of [31] and the 0010000010100 22 0043000004504,,00
[15.Th. 1]. 0001000001010 23 0004,000004,(04,,0
According to [31], if A(n,d;,, w) is the maximum 0000100100101 24~ 000045000004;,04;5
) i 1000010000010 25 4;000045000004,,0
size for an error correcting code (n,w, 1)-O0C, then 0100001000001 26 0,00007,000004, 5

A(n,d i, w) <nn—1) - (n—w+n) where y = d;, /2.

Furthermore, according to [15, Th. 1], (#, w, 1)-O0C <
A(n,d;,, w)/n < (m—1)(n=2) - (n—-)/ww-1) --- (w-
A).

Taking into account this theorem and considering that
A=1,o0negets: n(n—1)/nww—-1)<(n—1)/ww—1)
which is true. Therefore, as in the literature, the number
of t errors the code can correct for A = 1is such that 2(w—
1)=2t+1,ort = |w—1-(1/2)], which corresponds
toourresultt > (w—1)—1.

5.3 Error Correction: Majority rule

Relying on the AEC with the correcting capability of
w — 1 — A errors, the detection of w — A 1 bits contains
enough information to determine which sequence was
sent.

5.4 OOC as an Access and Time Spreading Code

Figs. 3 and 4 demonstrate the testing of a spe-
cific code’s correlation, namely the (13,3, 1)-OOC con-
structed in Example 5, aligning with the correlation
properties, and yielding the same results as [32]. These
properties allow the discrimination of users and detect
signals in the network.

The number of blocks / or cardinality is proportional
to the code length, reducing the flexibility for choosing
the number of users, contrary to [13].

To match the flexibility for choosing the number of
users in [13], a 2-D code was suggested. which we
adapted to yield /n number of users when combined
with a 2-D gratings system. The number of users is

Table 5: Cardinality in terms of users.

Code length Blocks 2D Maximum Users
n=ww-1lI+1 =1 <lIn
w>4 1>1 <lIn
n>ww-Dl+1 I=1 <lIn
w>3 I>1 <lIn

a linear function of the number of blocks. If [ is the
number of blocks or code words, then the total number
of users is In as illustrated in Tables 4 and 5. Two
blocks of a (13,3, 1)-OOC are presented, giving 26 users
when the encoder is considered to be non-tunable. Each
user is assigned a particular sequence that depicts the
time-frequency pattern in a (4;,7;) WH/TS, whereby
each user transmits and receives his allocated frequency
sequence.

6. PERFORMANCE ANALYSIS
6.1 Decoding Complexity and Processing Gain

According to the neighbor correlation matrix in
Eq. (3), the diagonal elements, which are the first
neighbors of the sequence, are sufficient for retrieving
the required information. Therefore, the associated
difference decorrelation matrix is given by:
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1 0 0 0
0 0
0 . @

o O
o4
o=
O
—_
-+
O
— =
[38)

P : ; : .
0 0 0 o+ +61,

The received sequence R = {ry,r,,...,r,}, where
r; represents the position of the i-th bit 1 received, is
correlated with the decorrelator matrix in Eq. (4), which
results in the vector:

Y = [r151’1 r2(51,1 + 51’2) rw(51,1 + -+ 51,!,0)] .

Example 9: Assume two received code vectors C; =
1101000 and C, = 1010001 to be discriminatory. The
decorrelation matrix is given by:

1 0 0 0 0 0 0
0100000
00000O0O0O

M=[0 001 00 0 (5)
00000O0O0O
00000O0O0O
[0 000 00 0

The decorrelation process yields C/M = 3 = w and
Cy,M = 1. C| is the code vector to select.

Due to this time-space linearization and the corre-
lation and decorrelation processes, there are 2w(w —
1) operations for the DoP family while our approach
necessitates 2(w — 1). This is the appropriate electrical
decoding complexity to match the required frequency
change speed of an FFH-OCDMA system using the Bragg
gratings encoder.

The processing gain obtained from the operation is a
linear function of the Hamming weight. Since the auto-
correlation value is also proportional to the same value,
this exhibits a constant energy per bit, allowing service
transparency.

6.2 Error Correction: Majority Rule

Considering Proposition 4 and the majority rule, the
detection is reduced to w—1 correlations, followed by w—
A decorrelation differences. That is 2w — 1 — 4 decoding
operations. In the case of 4 = 1, this number becomes
2(w — 1) which is the minimum distance of the code.

6.3 Error Probability of the Sequence

Our performance analysis is based on the OCDMA a
Z-channel and we assume the correlation process at the
photo detector to be Gaussian with power density N, /2.
The transmission is on-off keying with NRZ signaling,
hence direct detection is used. With the Z-channel,
the optimum threshold level for signal detection using
Leibniz’s approximation is given by (w/n)\/ E, /T}. The
average error probability of symbol 0 being detected

—+— CDP solution
0.+ Neighbor solution

1 2 3 4 5 6 7 8 9 10
SNR (dB)

Fig.5:  Error probability comparison of the proposed
solution and DoP forn =17.

when symbol 1 in a binary scheme has been sent is
therefore given by

- E
P, = lerfc ntwo b)), (6)
2 n NO

The detection of the transmitted signal impaired by
MALI and beat noise when using our construction has the
probability of bit error

— E
P, = %erfc <n w %) . (7)
h V 0

When decoding with the majority rule, employing the
embedded AEC capability of the code, this probability
becomes

Pezlerfc<n_wﬂ2(w_l)Eb). (8)
2 n NO

Note that in the same way, the probability of bit error
in the case without a complexity reduction in CP and
EDoP is given by:

Pe=lerfc<n_wﬂ(w_l)Eb>- )
2 n NO

6.4 Analysis Results

For a given signal-to-noise ratio as shown in Figs. 5
and 6, one can observe that our approach will experience
a lower probability of error than the other difference
family, and a further improved BER is experienced when
complexity is reduced in detecting user 1.

According to Table 3, S,,_j)_;(X) N S_1)—1(Y) =
@ shows that there is always a possibility to recover the
sequence if asymmetric error occurs.

Moreover, the decision to use majority rule decoding
for w — A 1-bit detection is equivalent to minimum dis-
tance decoding, thereby optimizing the error correction
capability of the code.
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—— Without complexity reducution

o~ With complexity reducution

1 2 3 4 5 6 7 8 9 10
SNR (dB)

Fig. 6: Error probability of the proposed solution with and
without a decoding complexity reduction forn = 7.

Furthermore, flexibility and simplicity lead to a gen-
eral solution of (n, w, 1)-O0C, for all n and w, henceforth
allowing the construction of OOC even for w > 4
as restricted in the literature. According to Table 5,
we can construct optimal OOC yielding /n number of
users, except for the incomplete difference family n =
1 (mod w(w — 1)I) for which we will have at most In
number of users.

Finally, the computational complexity is reduced to
the order of half O(w?) compared to O(w?) or O(w?)
in other schemes or O(w®*) of DoP, while the processing
gain has an increase of log(w) in a log scale. The decoding
complexity is reduced to O(w), which is very important
in the FFH-OCDMA system since the correlation for the
detection necessitates at most w operations during the
opto-electric conversion.

7. CONCLUSION

In this paper, we present a simple solution based on
neighbor differences to construct the OOC from which a
set of criteria is derived to characterize the code for FFH-
OCDMA, enhancing the performance of the system. The
approach yields a flexibility that allows the construction
of an optimal OOC for any value of n within the bounds of
the code length and any w. The solution also provides a
significant reduction in coding complexity of around half
O(w?). This further becomes O(w) through linearization
for the FFH system, while a decoding complexity of
around O(w) provides us with a majority rule that equals
the embedded minimum distance decoding for the code’s
AEC capability. This decoding complexity complies with
the speed and structure of the FFH-OCDMA system since
there are w frequencies to transmit in w time slots within
the transmission time interval, reinforcing the system
transparency.

However, some limitations need to be addressed:

o The code construction is possible only for a code
length larger or equal to n > w(w — 1)/ + 1, and in
our case, n = w(w — 1)] + 1 is chosen.

e n=w(w — 1)/ + 1 does not allow the same flexibility

in terms of the number of users offered by MOLS,

MOLR, and SAC construction techniques. However,

since these techniques are feasible for larger », in this

paper we provide the upper bounds of the code length
for a given w, whereby we can achieve this flexibility
for the number of users.

o The cardinality is sacrificed to reduce interference
issues. However, associating the OOC as constructed
herein with the BER gratings allow the achievement
of FFH in the form of a 2-D solution, enabling the
required cardinality to be matched.

The Bragg gratings encoder/decoder yielding the
required 2-D code, the improved recursive method, and
the mathematical model for short orbit remain topics for
further study.
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