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ABSTRACT
This paper uses a multi-agent system (MAS) as the

bioinformatics-inspired technique for guiding a team
of autonomous underwater vehicles (AUVs) toward the
desired destination. An individual AUV is designated
as an agent connected by a communication network
and assumes full communication. Here, each AUV
estimates the position of its neighbor AUVswhilemoving
toward the destination. The proposed multi-AUV system
consists of a leader AUV and five follower AUVs. A dis-
tributed path consensus (DPC) is proposed to ensure the
neighboring agent AUVs maintain a predefined distance
between each other while moving toward the predefined
destination. Due to the proposed distance constraint
between neighboring agents, AUVs stay at a safe distance
from each other while maintaining underwater com-
munication using interactive switching topology. The
performance of the optimized path is obtained using
MATLAB simulation. The proposed algorithm is applied
in both, formation using the desired shape, and trajectory
tracking, and found to be globally asymptotically stable.
The results of the simulation confirm that each agent
switches from one state to another and progress over
time until the desired coordinated shape is achieved
without inter-vehicular collision. The proposed method
solves coordination problems among multiple AUVs
and increases the coverage of underwater missions like
oceanographic surveys.

Keywords: Autonomous Underwater Vehicle, AUV,
Distributed Path Consensus, DPC, Multi-Agent System,
MAS, Path Planning, Position Estimation

1. INTRODUCTION
Theunderwaterworld is vast and covering a finite area

requires the involvement of multiple autonomous under-
water vehicles (AUVs) as a team [1]. The path planning
of multiple AUVs using the multi-agent system (MAS) is
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inspired by the team behavior of humans when working
toward achieving a common goal within a defined time
span [2]. The multi-agent system (MAS) maintains the
relative positions and orientations deployed by the team
while approaching the destination [3]. Control involving
path planning requires a complicated controller design to
maintain inter-vehicular communication to avoid colli-
sion among the AUVs and with other obstacles [4, 5]. The
dynamic underwater environment [6] and unavailability
of GPS signals [7]make the performance of path planning
control tasks quite challenging. Thus, designing fewer
complex controllers for path planning control is recently
gaining research interest [8, 9]. Most methods for the
path planning control of multiple AUVs advocate the
leader-follower structure [3–9], where follower vehicles
trace the trajectory of a leader AUV. The leader AUV
decides the direction of formation advancement, while
follower AUVsmaintain the required angle of orientation
and position with respect to the path of the leader [10].

Challenges such as the dynamic behavior of the un-
derwater environment and unavailability of GPS signals
have been discussed in many previous studies. Different
consensus algorithms for managing underwater sensor
networks and monitoring underwater scenarios based
on MAS have been discussed in [11]. Szymak and
Praczyk [12] developed a control system architecture
for MAS consisting of AUVs employed in underwater
surveys. Yang and Zhang [13] suggested employing
Jacobi transform and geometrical reduction techniques
to separately design shape, motion, and AUV orientation
controllers. Bian et al. [14] designed a Discrete Event
Dynamic System (DEDS) model of the task planning-
based controller to address the distributed formation
control problem usingMASwith varying communication
topology. Hu et al. [15] proposed an energy-efficient
information exchange triggered by an impulse signal
between AUVs in a multi-AUV formation topology.
A formation controller and a consensus law for MAS
based on position estimation has also been discussed
in the literature [16]. The MAS technique is also used
for routing underwater acoustic sensor networks [17].
An agent system is proposed for reconfigurable control
strategies in switching topology networks [18] and the
early detection of aquatic pests [19]. A distributed
consensus observer to estimate the state of a leader for a
leader-follower formation topology in MAS is discussed
in [8]. To address the leader-follower consensus problem,
distorted formation shape and steady-state motion of
the group are the challenging tasks [20]. Consensus
observer is used to estimate the unmeasured states of



316 ECTI TRANSACTIONS ON ELECTRICAL ENGINEERING, ELECTRONICS, AND COMMUNICATIONS VOL.20, NO.3 OCTOBER 2022
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a given leader system for each agent in a distributed
fashion to address the communication loop problem [21].
To overcome the disadvantages discussed above, the
distributed path consensus (DPC) algorithm is used for
path planning using bio-inspired MAS. Bhattacharya et
al. [22, 23] developed a DPC algorithm for use in the
path planning and task assignment of MAS but not the
underwater environment. Based on the literature, no
proof is available on the fixed symmetric topology of
directed graph research. Therefore, the stability proof
for multi-agent systems subject to directed topology is
nontrivial and quite challenging.

This paper deals with the path planning of coordinated
multiple AUVs using switching topology based on the
concept of bio-inspired MAS. MAS is proposed to esti-
mate the position of the various AUVs in the underwater
environment relative to each other by considering their
relative position. Here, each agent is represented by an
AUV connected by a communication graph network [24,
25]. All the AUVs are assumed to be identical. The
position estimation method is proposed to determine the
positions of neighbor agent AUVs for path planning and
optimization. The DPC is proposed for path optimization
by implementing a distance constraint that ensures a pre-
defined distance between the neighboring AUVs while
moving toward the destination. The resultant distance
constraint of the proposed algorithm maintains a safe
distance from each agent AUV while communicating
among themselves. Path optimization is performed
separately for each AUV to determine the minimum cost
route between the start and destination point.

The contributions of this paper are as follows:
• A MAS controller is proposed based on position esti-
mation to obtain the desired shape while approaching
the destination.

• The proposed controller avoids inter-AUV collision
while prevailing communication and provides an op-
timized path.

• Stability analysis of the proposed algorithm is obtained
using the Lyapunov stability theorem.

• The performance based on tracking error in the X and
Y direction is verified through MATLAB simulation.
This paper is organized into the following sections:

Problem formulation and communication consensus are
presented in Sections 2 and 3, respectively. Section 4
explains the proposed position controller design and
DPC algorithm. The simulation results are analyzed in
Section 5, and the research conclusion is presented in
Section 6.

2. PROBLEM FORMULATION

The nonlinear AUV model in an inertial frame can be
expressed as Eq. (1) [1], with ̇𝜂𝑘 = 𝑅 (𝜓𝑘) 𝑉𝑘, where
𝜂𝑘 = [𝑥𝑘, 𝑦𝑘, 𝑧𝑘, 𝜙𝑘, 𝜃𝑘, 𝜓𝑘]

𝑇 is the position matrix, 𝑉𝑘 =
[𝑢𝑘, 𝑣𝑘, 𝑤𝑘, 𝑝𝑘, 𝑞𝑘, 𝑟𝑘]

𝑇 is the velocity matrix, 𝑇𝑘 is the
matrix of force and moments, and 𝑉𝑘 ∈ 𝑅𝑘, 𝜂𝑘 ∈ 𝑅𝑘,
𝑇𝑘 ∈ 𝑅𝑘. Further details of the system dynamics can be
found in [1]. The dynamics for a AUV with 2D planes
of symmetry is expressed by the differential equations in
Eqs. (2) and (3) [1], where

̇𝜈 =
⎡⎢⎢⎣

̇𝑢
̇𝑣
̇𝑟

⎤⎥⎥⎦
, 𝑇 = [

𝐹𝑢
𝐹𝑣] . (4)

The parameters 𝑚11, 𝑚22 are the combined rigid body
and added mass terms along the 𝑥𝑏-axis and 𝑦𝑏-axis,
respectively [1]. 𝑚33 is the combined rigid body and
added moment of inertia along 𝑧𝑏-axis. The variables 𝐹𝑢
and 𝐹𝑣 denote the control force along the surge and sway
motion, respectively. 𝑋𝑢𝑋𝑢|𝑢| are added masses while
𝑋𝑢, 𝑌𝑣, 𝑁𝑟 represent surge linear drag, sway linear drag,
and yaw linear drag coefficients, respectively, which are
taken as model parameters. Similarly, 𝑋𝑢|𝑢|, 𝑌𝑣|𝑣|, 𝑁𝑟|𝑟|
represent surge quadratic drag, sway quadratic drag, and
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Fig.1: Path planning using bio-inspired MAS 
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Fig. 1: Path planning using bio-inspired MAS.

yaw quadratic drag coefficients, respectively, which are
also taken as model parameters. The control input is
represented as 𝑇 .

This paper aims to solve the path planning problem
using bio-inspired MAS where each agent reaches their
desired destination using the position estimation tech-
nique. The MAS represents a system of identical AUVs
deployed for the mission. The AUVs travel from different
starting points to different predefined destinations while
maintaining a coordinated shape. The proposed MAS
controller is designed to obtain a stable shape and plan
the path of agents to reach their destination using the
position estimation technique. The agents switch from
one state to another and progress over time until the
desired shape is obtained. TheDPC algorithm is proposed
to implement a distance constraint that maintains a safe
distance among neighboring AUVs and helps in avoiding
collision among them. The path cost is optimized using
the distance constraint for each AUV position along the
path. Once the desired coordinated shape is obtained, it
is maintained by the agent AUVs while approaching their
destination, as shown in Fig. 1.

The DPC algorithm is applied separately to the
path of each agent to obtain an optimum position for
maintaining the coordinated shape. At the optimized
position, the agent AUVs are at a safe distance from the
neighbor AUVs without loss of communication among
them. Its aim is to find 𝐾 paths for 𝐾 agent AUVs with
the optimized path cost defined as 𝑃𝑘 for (1 < 𝑘 < 𝐾)
through the defined directed graph 𝒢𝑘 such that

{𝑃1, … , 𝑃𝐾 } = argmin
𝑃1,…,𝑃𝐾

∑
𝑘=1,…,𝐾

𝑐ℰ (𝑃𝑘) (5)

Eq. (4) is subject to the distance constraint given by

𝑑 (𝑃𝑘(𝑡), 𝑃𝑙(𝑡)) ≤ 𝜋𝑘𝑙(𝑡) ∀ (1 ≤ 𝑡 ≤ 𝜏) (6)

where 1 ≤ 𝑘 ≤ 𝐾 , 1 ≤ 𝑙, 𝑘 ≤ 𝐾 , and 𝑘 ≠ 𝑙.
The goal of an optimal planning algorithm is to find

𝐾 paths 𝜋𝑘𝑙 through the corresponding graph. The
environment is modeled as a 2D grid map, assuming
that all the AUVs are on the same depth. Since the
environment is free from obstacles, the AUVs need only
to avoid collision among themselves.

3. COMMUNICATION CONSENSUS

In a directed graph 𝒢𝑘 = (𝑁, ℰ, 𝐴), while 𝑘 =
{1, 2, … , 𝐾} with 𝑁 set of nodes and ℰ ⊆ (𝑁 × 𝑁) set
of edges can be used to represent the interaction topology
of 𝐾 agent AUVs connected through a communication
network. Here, 𝐴 represents a vector of non-negative
values such that 𝐴 = [𝑎𝑘𝑙] ∈ 𝑅|ℰ|×|ℰ| and |ℰ| is the
cardinality of ℰ . The positive 𝑎𝑘𝑙 gives the binary value
for 𝑘th and 𝑙th AUVs are immediate neighbors with a
communication edge, otherwise the 𝑎𝑘𝑙 = 0. The degree
of the 𝑘th node is given by 𝑑𝑘 = ∑𝑙∈𝐾 𝑎𝑘𝑙. The Δ is the
degree matrix of 𝒢𝑘, which is a (𝐾 × 𝐾) diagonal matrix
of 𝑑𝑘. The positive semi-definite Laplacian matrix of 𝒢𝑘
is defined by 𝐿 = Δ − 𝐴 = [𝓁𝑘𝑙], where 𝓁𝑘𝑙 is

𝓁𝑘𝑙 =
⎧⎪
⎨
⎪⎩

∑
𝑙∈𝐾𝑘

𝑎𝑘𝑙; ∀ 𝑘 = 𝑙

−𝑎𝑘𝑙; ∀ 𝑘 ≠ 𝑙.
(7)

The 𝒢𝑘 is formed by ‘𝑖’ subspaces where 1 < 𝑖 < 𝐾 .
The target-driven path planning of any 𝑘th agent AUVk
in a MAS can be described as finding a path with the
minimum path cost through 𝒢𝑘. A time index can be
added as an additional variable to 𝒢𝑘 such that 𝒢𝑡𝑘 =
𝒢𝑘 × {0, 1, 2, … , 𝜏} to obtain a time parametrized path
[8]. Each node represents a state {𝑠, 𝑡} given by the
position coordinates of an agent AUV {𝑥, 𝑦} such that 𝑠 ∈
𝑁 (𝒢𝑡𝑘) at a time instant 𝑡. An agent AUV can only move
from one state 𝑠 to the next free state ̂𝑠 along the edge
represented by {𝑠, 𝑡} → { ̂𝑠, 𝑡 + 1} ∈ ℰ (𝒢𝑡𝑘), such that
̂𝑠 ∈ ℰ (𝒢𝑘) or 𝑠 → ̂𝑠 ∈ ℰ (𝒢𝑘). This condition guarantees
only the forward movement of AUVs over time. Each
edge is associated with a positive cost factor 𝑐ℰ (𝑠, ̂𝑠). The
cost is represented by the Euclidian distances between
the neighboring cell centers. Each path from the start to
the destination point is assumed to be accomplished in
𝜏–time steps. Thus, the path of 𝑘th AUV can be given as
𝑃𝑘 = {start𝑘, 𝑠1, … , target𝑘}. The path cost of path 𝑃𝑘
can be defined as

𝑐ℰ (𝑃𝑘) = ∑
𝑖=1,…,𝜏

𝑐ℰ (𝑠𝑖−1, 𝑠𝑖). (8)

The maximum Euclidian distance between a pair of
neighbor AUVs is considered without breaking commu-
nication between them as a constraint 𝜋𝑘𝑙 for all 𝑘 ≠ 𝑙.
The distance between 𝑘th and 𝑙th AUVs is defined as
𝑑 (𝑠, ̂𝑠) representing a positive scalar quantity for any pair
of states such that 𝑠 ∈ 𝑁 (𝒢𝑘), ̂𝑠 ∈ 𝑁 (𝒢𝑙) for 𝑘 ≠ 𝑙.
Hence, 𝜋𝑘𝑙 (𝑡) can be defined as a vector consisting of 𝜏
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positive distance values 𝑑 (⋅, ⋅) between 𝑘th and 𝑙th AUVs
at time instant 𝑡.

The coordination among AUVs results in a rendezvous
in space [11] consensus problem, where 𝐾 agent AUVs
reach a consensus with an interactive switching topology
through position estimation. In real-world conditions, it
is difficult to find the exact position 𝜂𝑘 of the 𝑘th agent
AUV. So the following assumptions are made according
to [26]:
i. Each 𝑘th agent AUV estimates the relative position of
the neighboring 𝑙th AUV since it is unable to obtain
the exact position. Thus, the relative position of 𝑙th
AUV to 𝑘th AUV can be calculated as

𝜂𝑙𝑘 = 𝜂𝑙 − 𝜂𝑘 ∀ (1 ≤ 𝑘 ≤ 𝐾) , (9)
where 1 ≤ 𝑙 ≤ 𝐾 , 𝑘 ≠ 𝑙.

ii. Each AUV can measure its own actual velocity and
also obtain the information velocity of its neighbor
through the communication network.

iii. The 𝑘th agent AUV can estimate its own position as ̂𝜂𝑘
for 𝑘 = 1, … , 𝐾 and also obtain the position estima-
tion of its neighbor AUV within its communication
range, defined by the distance constraint 𝜋𝑖𝑗 (𝑡).

iv. The environment is free of static obstacles. Thus, the
AUVs act as dynamic obstacles and avoid collision
among themselves by position estimation.
Now the desired position of an agent AUV in the

interactive graph 𝒢𝑘 can be defined as 𝜂𝑘𝑑 where, 𝑘 =
{1, 2, … , 𝐾}.

Lemma 1: For any number

𝜎 =
𝛾𝜇 − 𝛽 ± √(𝛾ℎ − 𝛽)2 + 4𝜇

2
where 𝜎, 𝜇 ∈ ∁. If 𝛽 ≥ 0, Re (𝜇) < 0, Im (𝜇) > 0, and

𝜁 (𝜇) =
√√√√
⎷

2

|𝜇| cos⌊tan
−1 Im (𝜇)

−Re (𝜇)⌋

,

then Re < 0. Here, Re(⋅) and Im(⋅) are the real and
imaginary parts of a number respectively. 𝜎, 𝛾 and 𝛽 are
a non-negative constant. For such condition

𝛾 > 𝜁 (𝜇) (10)
Lemma 2: For the system given by Eq. (1) a control

law 𝑇𝑘𝑙 as given in [7] can be used, such that

𝑇𝑘 =
𝐾

∑
𝑙=1

𝑎𝑘𝑙(𝑡) [(𝜂𝑘 − 𝜂𝑙) + 𝛾 (𝑉𝑘 − 𝑉𝑙)]. (11)

The MAS of AUVs obtains consensus asymptotically

if and only if 𝜕 =
[

0𝐾×𝐾 𝐼𝐾
−𝐿𝐾 (𝑡) 𝛾𝐿𝐾 (𝑡)]

has two eigen

values equal to “0”, and the rest have negative real
parts. Here, 𝜂𝑘 (𝑡) → ∑𝐾

𝑘=1 𝜂−𝑘𝜂𝑘(0) + ∑𝐾
𝑘=1 𝜂−𝑘𝑉𝑘(0)

and 𝑉𝑘 (𝑡) → ∑𝐾
𝑘=1 𝜂−𝑘𝑉𝑘(0) for larger value of 𝑡, where

𝜂− = [𝜂−1, … , 𝜂−𝑘]
𝑇 ≥ 0, 𝐼𝐾

𝑇 𝜂− = 1, 𝐿𝐾
𝑇 𝜂− = 0.

Lemma 3: Assuming that the directed graph 𝒢𝑘 has
a spanning tree and the Laplacian matrix given by 𝐿,
𝜂𝑘 = {𝜂1, 𝜂2, … , 𝜂𝐾 } ∈ 𝑅𝐾 of the linear system given
in Eq. (5) exponentially converges to a finite vector 𝜂∞

𝑘 =
{𝜂∞

𝑐 , … , 𝜂∞
𝑐 } ∈ 𝑅𝐾 [7].

The formation controller for the multi-AUV system is
designed to achieve the following objectives:
i. To design an estimation law for a 𝑘th agent AUV that
satisfies

lim
𝑡→∞

̂𝜂𝑘 (𝑡) = 𝜂𝑘 (𝑡) + 𝜂∞
𝑘 (12)

where, the ̂𝜂𝑘 estimated position of the agent AUV,
𝜂∞

𝑘 ∈ 𝑅𝑘 represents a constant vector using 𝜂𝑘𝑙 and
̂𝜂𝑙 ∀ 𝑙 ∈ 𝐾𝑘. As presented in Eq. (12), the estimated

position ̂𝜂𝑘, instead of converging into 𝜂𝑘 converges
into 𝜂𝑘 + 𝜂∞

𝑘 .
ii. To formulate the optimal control law for a set of

desired positions of AUV 𝜂𝑘𝑑 , 𝑘 ∈ 𝑁 as per the
designed estimator such that all the agent AUVs reach
their respective desired positions with a constant
error given by,

lim
𝑡→∞

̂𝜂𝑘 (𝑡) = 𝜂𝑘𝑑 (𝑡) + 𝜂∞
𝑘 and

lim
𝑡→∞

𝑉𝑘 (𝑡) = 0 (13)

for 𝑘 ∈ {1, 2, … , 𝐾}, where 𝜂∞
𝑘 ∈ 𝑅𝐾 is a constant

vector and 𝜂𝑘𝑑 is the desired input. The energy cost
is defined by the quadratic performance index [7] as
follows:

𝕁 = 1
2

𝐾

∑
𝑘=1 {∫

∞

0
[𝑒𝑘(𝑡)𝑇 𝑄𝑒𝑘(𝑡) + 𝑇 𝑇

𝑘 𝐹 𝑇𝑘] 𝑑𝑡} .

(14)
Here, 𝑒𝑘 (𝑡) = 𝜂𝑘𝑑 (𝑡) − ̂𝜂𝑘 (𝑡) gives the error in
output, 𝑄 and 𝐹 are assumed to be positive definite
matrices of the required dimensions. As per Eq. (13),
the estimated position ̂𝜂𝑘, instead of converging to
desired position 𝜂𝑘𝑑 converges to 𝜂𝑘𝑑 + 𝜂∞

𝑘 , because
of the constant error 𝑒𝑘 (𝑡).

iii. To propose a consensus law as per the designed
estimator for a set of agent AUVs so as to make
them converge into a consistent value of position and
velocity, such that

lim
𝑡→∞

𝜂𝑘 (𝑡) = lim
𝑡→∞

𝜂𝑙 (𝑡) and

lim
𝑡→∞

𝑉𝑘 (𝑡) = lim
𝑡→∞

𝑉𝑙 (𝑡) = constant (15)

for all 𝑘, 𝑙 ∈ {1, 2, … , 𝐾}.
The final velocities of all the agents presented in

Eq. (14) converge into a constant value determined by the
initial velocities of all the agent AUVs.

In this paper, the available data is obtained only
through the communication network. The relative
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position of 𝑘th and 𝑙th neighbor AUVs (𝜂𝑘𝑙) estimated
positions of a pair of neighbor AUVs ( ̂𝜂𝑘, ̂𝜂𝑙), and velocity
measurement 𝑉𝑘 are calculated based on the information
received.

4. CONTROLLER DESIGN
4.1 Proposed Position Estimator

For agent AUVs with dynamics, a distributed estima-
tion law [26] can be designed as follows:

̇̂𝜂𝑘 = 𝑣𝑘 + 𝕚0
𝐾

∑
𝑙=1

𝑎𝑘𝑙 ( ̂𝜂𝑙𝑘 − 𝜂𝑙𝑘)

= ̇𝜂𝑘 + 𝕚0
𝐾

∑
𝑙=1

𝑎𝑘𝑙 [( ̂𝜂𝑙 − ̂𝜂𝑘) − (𝜂𝑙 − 𝜂𝑘)] (16)

where 𝕚0 is a positive real number, the estimation of
relative position of 𝑙th and 𝑘th AUV is ̂𝜂𝑙𝑘. The required
velocity 𝑣𝑘 is calculated. The information on the relative
position (𝜂𝑙𝑘) and estimation of position 𝑙th for the
AUV ( ̂𝜂𝑙) can be obtained through the communication
network. If ̃𝜂𝑘 = 𝜂𝑘 − ̂𝜂𝑘, then Eq. (16) can be rewritten
as follows:

̇̃𝜂𝑘 = 𝕚0
𝐾

∑
𝑙=1

𝑎𝑘𝑙 ( ̃𝜂𝑙 − ̃𝜂𝑘). (17)

Thus, the error dynamics of the overall MAS can be
estimated as the Kronecker product of Laplacian matrix
𝐿 and identity matrix 𝐼 (𝐿 ⊗ 𝐼) such that;

̇̃𝜂 = −𝕚0 (𝐿 ⊗ 𝐼) ̃𝜂 (18)
where ̃𝜂 = { ̃𝜂1, … , ̃𝜂𝐾 }.

Lemma 4: Assuming that the directed graph 𝒢𝑘 has a
spanning tree, the estimation of error dynamics ̂𝜂𝑘 can
globally exponentially converge to ̃𝜂 − ̃𝜂∞

𝑘 , where ̃𝜂∞
𝑘 =

{𝜂∞
𝑐 , … , 𝜂∞

𝑐 } is a finite vector 𝜂∞
𝑘 = {𝜂∞

𝑐 , … , 𝜂∞
𝑐 }

[26].
Lemma 5: Let 𝜆2, … , 𝜆𝐷+1 ≠ 0 be the 𝐷 distinct

nonzero eigenvalues of the graph Laplacian matrix 𝐿,
then, up to permutation, the sequence {𝛼𝑖}𝑖=1,…,𝐷 with
𝛼𝑖 = 1∕𝜆𝑖+1, 𝑖 = 1, 2, … , 𝐷, is the unique sequence
allowing the minimal factorization of the average con-
sensus matrix to be obtained as

1
𝑁 11𝑇 =

𝐷

∏
𝑖=1

(Ι𝑁 − 𝛼𝑖𝐿) . (19)

Proof: Let us consider the following factorization of
the average consensus matrix:

1
𝑁 11𝑇 =

𝑖=1
𝜃

∏ (Ι𝑁 − 𝛼𝑖𝐿) . (20)

The Laplacian matrix 𝐿 being symmetric, then: 𝐿 =
𝑈Δ𝑈 𝑇 , 𝑈 𝑇 𝑈 = 𝐼𝑁 , 𝑈𝑈 𝑇 = 𝐼𝑁 where Δ =

diag (𝜆1, 𝜆2, … , 𝜆𝑁 ) and 𝑈 = (1∕√𝑁) 1𝑈 with
𝑈 𝑇 𝑈 = 𝐼𝑁−1 and 𝑈 𝑇 1 = 0. Therefore, the above
factorization can be written as:

𝑈
⎛
⎜
⎜
⎜
⎝

𝑖=1
𝜃

∏ (Ι𝑁 − 𝛼𝑖Δ)
⎞
⎟
⎟
⎟
⎠

𝑈 𝑇 = 1
𝑁 11𝑇 , (21)

or equivalently:

𝑈
⎛
⎜
⎜
⎜
⎝

𝑖=1
𝜃

∏ (Ι𝑁 − 𝛼𝑖Δ)
⎞
⎟
⎟
⎟
⎠

𝑈 𝑇 = 𝑈diag (10, … , 0) 𝑈 𝑇 . (22)

From Eq. (22), it can be observed that

𝑖=1
𝜃

∏ (1 − 𝛼𝑖𝜆1) =
1, is always fulfilled since 𝜆1 = 0. In addition, we have:

𝑖=1
𝜃

∏ (1 − 𝛼𝑖𝜆𝑗) = 0, 𝑗 = 2, … , 𝑁. (23)

Taking into account the multiplicities of the eigen
values, 𝐷 distinct equations are available. 𝐷 equalities
are fulfilled only if 1 ∕ 𝛼𝑖 belong to the Laplacian
spectrum and at least 𝐷 distinct 𝛼𝑖 exist. Therefore, the
Laplacian spectrum implies the minimal factorization of
the average consensus matrix.

4.2 Derivation of Control Input Based on Consen-
sus Law

According to the aforementioned assumption and
position estimator design, the feedback control law for
the MAS of AUVs can be defined as:

𝑇𝑘 =
𝐾

∑
𝑙=1

𝑎𝑘𝑙 [( ̂𝜂𝑘 − 𝜂𝑘𝑑) − ( ̂𝜂𝑙 − 𝜂𝑙𝑑) + 𝛾 (𝑣𝑘 − 𝑣𝑙)].

(24)
Using Eq. (24), the desired formation of MAS may be
obtained if ̂𝜂𝑘 → 𝜂𝑘𝑑 and ̂𝜂𝑙 → 𝜂𝑙𝑑 for all 𝑘, 𝑙 ∈
{1, 2, … , 𝐾} as ‖ ̂𝜂𝑘 − 𝜂𝑘𝑑‖ − ‖ ̂𝜂𝑙 − 𝜂𝑙𝑑‖ → 0 and
‖𝑣𝑘 − 𝑣𝑙‖ → 0.

When converging into a desired position the agent
AUVs should not collide with each other. Thus, a distance
constraint should be incorporated into the formation
controller. Implementation of the distance constraint
needs a controller design with extra control terms. The
potential function is designed according to the position
estimator as follows:

𝕍𝑘𝑙 ( ̂𝜂𝑘, ̂𝜂𝑙) =
(
min

{
0, ‖ ̂𝜂𝑘 − ̂𝜂𝑙‖

2 − ℜ2

‖ ̂𝜂𝑘 − ̂𝜂𝑙‖
2 − 𝕣 2 })

2

. (25)
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𝜕𝕍 𝑇
𝑘𝑙

𝜕 ̂𝜂𝑘
=

⎧⎪
⎪
⎨
⎪
⎪⎩

4 (ℜ2 − 𝕣 2) (‖ ̂𝜂𝑘 − ̂𝜂𝑙‖
2 − ℜ2

)

(‖ ̂𝜂𝑘 − ̂𝜂𝑙‖
2 − 𝕣 2)

3 ( ̂𝜂𝑘 − ̂𝜂𝑙)
𝑇

0

(26)

𝑇 𝑎
𝑘 = −

𝐾

∑
𝑙=1

𝑎𝑘𝑙 [(( ̂𝜂𝑘 − 𝜂𝑘𝑑) − ( ̂𝜂𝑙 − 𝜂𝑙𝑑)) + 𝛾 (𝑣𝑘 − 𝑣𝑙)] −
𝐾

∑
𝑙=1

𝜕𝕍𝑘𝑙 ( ̂𝜂𝑘, ̂𝜂𝑙)
𝑇

𝜕 ̂𝜂𝑘
(27)

Here ℜ and 𝕣 define the detection radius of the AUV and
the safest distance for avoiding inter-vehicle collision,
respectively. If the inter-vehicle distance between agent
AUVs is less than ℜ, then 𝕍𝑘𝑙 ( ̂𝜂𝑘, ̂𝜂𝑙) is positive and will
be included in the additional control input. By finding
the partial derivative of Eq. (25) with respect to ̂𝜂𝑘, we
can get Eq. (26).

Now the control law for formation control with
collision avoidance based on position estimation can be
defined using Eqs. (24) and (26) as Eq. (27).

Theorem 1: As presented in Eqs. (11) and (27), the
given MAS may obtain the desired formation if the
directed graph 𝒢𝑘 has a spanning tree, and if

𝛾 > 𝛾 (28)
where 𝛾 ≜ 0 if all the (𝐾 − 1) nonzero eigen values
of −𝐿𝑛, given by 𝜇𝑘 ∀ 𝑘 ∈ {1, … , 𝐾} are negative
and 𝛾max𝜇𝑘, ∀ 𝑘∈{1,…,𝐾}𝜁 (𝜇𝑘). Therefore, for 𝑡 → ∞,
we have 𝜂𝑘 (𝑡) → 𝜂𝑘𝑑 + ̃𝜂∞

𝑐 + 𝑡 ∑𝐾
𝑘=1 𝜂−𝑘𝑣𝑘(0) and

𝑣𝑘 (𝑡) → ∑𝐾
𝑘=1 𝜂−𝑘𝑣𝑘(0) where 𝜂− = [𝜂−1, … , 𝜂−𝑘]

𝑇 ≥ 0,
𝐼𝐾

𝑇 𝜂− = 1, 𝐿𝐾
𝑇 𝜂−𝑘 = 1, ̃𝜂∞

𝑘 = { ̃𝜂∞
𝑐 , … , ̃𝜂∞

𝑐 }, 𝜂𝑘𝑑 =
{𝜂1𝑑 , 𝜂2𝑑 , … , 𝜂𝐾𝑑} are constants [25].

Theorem 2: If the controller is designed as presented
in Eq. (27) for the system described in Eq. (1) and 𝛾
satisfies Eq. (28), then the multi-AUV system obtains its
desired formation without inter-vehicular collision [26].
The proof of Theorems 1 and 2 is referred to in [26].

4.3 Distributed Path Consensus (DPC) Algorithm
The DPC algorithm is used in this research for

planning a safe path for the AUVs to reach the desired
destination by applying the distance constraint in a 2D
underwater environment. Path planning is separately
incorporated for each agent using DPC to find 𝐾
optimal safe paths for 𝐾 agent AUVs defined as 𝑃𝑘 for
(1 < 𝑘 < 𝐾) through the defined directed graph 𝒢𝑘, as
shown in Eq. (5) subject to the constraints defined in
Eq. (6). For every iteration (𝑖𝑡𝑒𝑟), the DPC algorithm
searches for a subset of graph 𝒢𝑠𝑢𝑏 to find the optimized
cost path for an agent AUV [22, 23]. The path cost
represents the summation of the distance traveled by an
AUV and the penalty imposed due to the violation of
distance constraints. The penalty for violation increases
with each iteration by slowly increasing the weights
associated with the cross points. The cross points are
those on the planned path where two paths may collide

with each other. Thus, the path cost of generated paths
going through the cross points increases due to the
violation of distance constraints. Hence, these paths are
avoided while planning the optimized path. The penalty
function 𝜆𝑘𝑙 (𝑃𝑘, 𝑃𝑙, 𝜋𝑘𝑙), 𝑘 ≠ 𝑙 used for constraint
violation is given by

𝜆𝑘𝑙 (𝑃𝑘, 𝑃𝑙, 𝜋𝑘𝑙) ∑
𝑡=1,2,…,𝜏

𝓌̃𝑘𝑙 (𝑃𝑘 (𝑡) , 𝑃𝑙 (𝑡) , 𝜋𝑘𝑙 (𝑡)).

(29)
If 𝓌𝑘𝑙 is the dynamic weight associated with the edge
𝑠 → ̂𝑠 ∈ ℰ (𝒢𝑘) such that 𝓌𝑘𝑙 = 𝓌𝑙𝑘 then 𝓌̃𝑘𝑙 can be
defined as

𝓌𝑘𝑙 (𝑠, ̂𝑠, 𝜋𝑘𝑙) = max (0, 𝑑 (𝑠, ̂𝑠) − 𝜋𝑘𝑙) . (30)

As 𝜋𝑘𝑙 is a constant for the research problem in this
study, it can be dropped. Hence, 𝜆𝑘𝑙 (𝑃𝑘, 𝑃𝑙, 𝜋𝑘𝑙) is

represented as 𝜆 (𝑃𝑘, 𝑃𝑙). The association of 𝓌𝑘𝑙 with
𝜋𝑘𝑙 is used to convert the hard distance constraint defined
in Eq. (6) into a soft distance constraint [23]. The path
cost is computed by calculating the Euclidian distance
between the AUVs using position estimation. The DPC
algorithm is then used iteratively on each agent AUV to
optimize the cost. For the 𝑘th agent AUV, the weight
of penalty increases by a small amount ℧𝑖

𝑘𝑙 with each
iteration. The value of ℧𝑖

𝑘𝑙 is calculated as

℧𝑖
𝑘𝑙

⎧⎪
⎨
⎪⎩

≥ 0, ∀ 𝑘 ≠ 𝑙

= 0, otherwise.
(31)

Thus, the minimum cost path computed for 𝑘th AUV
can be given as𝑃𝑘 = {start𝑘, 𝑠1, … , target𝑘} in 𝒢𝑡𝑘. The
cost associated with the transition {𝑠, 𝑡} → { ̂𝑠, 𝑡 + 1} ∈
ℰ (𝒢𝑡𝑘) has been modified using

𝑐ℰ (𝑠, ̂𝑠) 2 ∑
𝑙=1,…,𝐾, ∀ 𝑘≠𝑙

𝓌𝑘𝑙
𝑖𝑡𝑒𝑟+1𝜆𝑘𝑙 ( ̂𝑠, 𝑃 𝑖𝑡𝑒𝑟

𝑙 (𝑡) , 𝜋𝑘𝑙 (𝑡)) .

(32)
For each iteration 𝑖𝑡𝑒𝑟 and 𝑖th, AUV path can be

calculated as Eq. (33). The flow chart of the DPC
algorithm used for path planning is presented in Fig. 2.

Lemma 6: As the graph is directed [8], 𝒢𝑘 contains
a spanning tree with the leader as the root node, i.e.,
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Fig.2: Flow chart of DPC algorithm 
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Fig. 2: Flow chart of the DPC algorithm.

𝐵 ≠ 0, then 𝐻 = 𝐿 + 𝐵 is of full rank. Furthermore,
[𝑝1, 𝑝2, … , 𝑝𝑁 ]

𝑇 = 𝐻−𝑇 1𝑁 . Thus, Eq. (34).

The diagonal matrix 𝑃 and symmetric matrix 𝑄
are then both positively defined. Observing ̂𝑧𝑖 =
−𝐻−𝑇 𝑃𝑖, the convergence of 𝑃𝑖 follows on from the
convergence of ̂𝑧𝑖 provided that certain conditions are
satisfied. Let an induction analysis for 𝛾 > 1 be used
for the convenience of presentation, and the Lyapunov
candidate function may then be derived as Eq. (35). Then,
we have Eq. (36), where 𝑝Δmax{𝑝1, 𝑝2, … , 𝑝𝑁 } and

𝑄 = (𝑃 𝐻 + 𝐻𝑇 𝑃 )∕2 is invoked. Let 𝛼𝑛Δ𝑏𝑛𝑢0𝑝∕𝜆𝑄
min

and for 𝛾 > 1, 𝑉𝑛 verifies as Eq. (37).
Case i) For ∑𝑁

𝑖=1 |𝑧𝑖
𝑛| > 1, from Eq. (16) we have

𝑉𝑛 ≤ 𝛼𝑛𝑝
𝑁

∑
𝑖=1

|𝑧𝑖
𝑛| + 𝛽𝑛𝑝

1 + 𝛾
⎛
⎜
⎜
⎝

𝑁

∑
𝑖=1

|𝑧𝑖
𝑛|

⎞
⎟
⎟
⎠

1+𝛾

≤ 𝑝 (𝛼𝑛 + 𝛽𝑛𝑝
1 + 𝛾 )

⎛
⎜
⎜
⎝

𝑁

∑
𝑖=1

|𝑧𝑖
𝑛|

⎞
⎟
⎟
⎠

1+𝛾

.



322 ECTI TRANSACTIONS ON ELECTRICAL ENGINEERING, ELECTRONICS, AND COMMUNICATIONS VOL.20, NO.3 OCTOBER 2022

𝑃 𝑖𝑡𝑒𝑟
𝑖 = argmin

𝑃𝑖 {
𝑐ℰ (𝑃𝑖) + ∑

𝑘=1,…,𝐾, 𝑘≠𝑖
𝓌𝑘𝑖

𝑖𝑡𝑒𝑟+1𝜆𝑘𝑖 (𝑃 𝑖𝑡𝑒𝑟
𝑘 , 𝑃𝑖) + ∑

𝑙=1,…,𝐾, 𝑙≠𝑖
𝓌𝑙𝑖

𝑖𝑡𝑒𝑟+1𝜆𝑙𝑖 (𝑃𝑖, 𝑃 𝑖𝑡𝑒𝑟
𝑙 )}

= argmin
𝑃𝑖 {

𝑐ℰ (𝑃𝑖) + 2 ∑
𝑙=1,…,𝐾, 𝑘≠𝑖

𝓌𝑘𝑖
𝑖𝑡𝑒𝑟+1𝜆𝑘𝑖 (𝑃 𝑖𝑡𝑒𝑟

𝑘 , 𝑃𝑖)}
(33)

𝑃 = diag{𝑝1, 𝑝2, … , 𝑝𝑁 } and 𝑄 = 𝑃 𝐻 + 𝐻𝑇 𝑃
2 (34)

𝑉𝑛 =
𝑁

∑
𝑖=1

𝑝𝑖 (𝛼𝑛 |𝑧𝑖
𝑛| + 𝛽𝑛

1 + 𝛾 |𝑧𝑖
𝑛|

1+𝛾
) (35)

̇𝑉𝑛 =
𝑁

∑
𝑖=1

𝑝𝑖 (𝛼𝑛sign (𝑧𝑖
𝑛) + 𝛽𝑛 [𝑧𝑖

𝑛]
𝛾
)

×
⎡⎢⎢⎣
𝛼𝑛

⎛
⎜
⎜
⎝

𝑁

∑
𝑗=1

𝑎𝑖𝑗 (sign(𝑧𝑗
𝑛) − sign (𝑧𝑖

𝑛)) − 𝑏𝑖sign (𝑧𝑖
𝑛)

⎞
⎟
⎟
⎠

+ 𝛽𝑛
⎛
⎜
⎜
⎝

𝑁

∑
𝑗=1

𝑎𝑖𝑗 ([𝑧𝑗
𝑛]

𝛾
− [𝑧𝑖

𝑛]
𝛾
) − 𝑏𝑖 [𝑧𝑗

𝑛]
𝛾 ⎞
⎟
⎟
⎠

− 𝑏𝑛𝑢0
⎤⎥⎥⎦

= − (𝛼𝑛sign (𝑧𝑛) + 𝛽𝑛 [𝑧𝑛]
𝛾
)

𝑇 𝑃 𝐻 (𝛼𝑛sign (𝑧𝑛) + 𝛽𝑛 [𝑧𝑛]
𝛾
) −

𝑁

∑
𝑖=1

𝑝𝑖 (𝛼𝑛sign (𝑧𝑖
𝑛) + 𝛽𝑛 [𝑧𝑖

𝑛]
𝛾
) 𝑏𝑛𝑢0

= − (𝛼𝑛sign (𝑧𝑛) + 𝛽𝑛 [𝑧𝑛]
𝛾
)

𝑇 𝑄 (𝛼𝑛sign (𝑧𝑛) + 𝛽𝑛 [𝑧𝑛]
𝛾
) −

𝑁

∑
𝑖=1

𝑝𝑖 (𝛼𝑛sign (𝑧𝑖
𝑛) + 𝛽𝑛 [𝑧𝑖

𝑛]
𝛾
) 𝑏𝑛𝑢0

≤ −𝜆𝑄
min

𝑁

∑
𝑖=1

(𝛼2
𝑛 + 2𝛼𝑛𝛽𝑛 |𝑧𝑖

𝑛|
𝛾 + 𝛽2

𝑛 |𝑧𝑖
𝑛|

2𝛾
) + 𝛼𝑛𝑏𝑛𝑢0𝑁𝑝 + 𝛽𝑛𝑏𝑛𝑢0𝑝

𝑁

∑
𝑖=1

[𝑧𝑖
𝑛]

𝛾 (36)

̇𝑉𝑛 ≤ −𝜆𝑄
min𝛽𝑛

𝑁

∑
𝑖=1

(𝛼𝑛 |𝑧𝑖
𝑛|

𝛾 + 𝛽𝑛 |𝑧𝑖
𝑛|

2𝛾
) ≤ −𝜆𝑄

min𝛼𝑛𝛽𝑛𝑁1−𝛾
⎛
⎜
⎜
⎝

𝑁

∑
𝑖=1

|𝑧𝑖
𝑛|

⎞
⎟
⎟
⎠

𝛾

− 𝜆𝑄
min𝛽2

𝑛 𝑁1−2𝛾 ⎛
⎜
⎜
⎝

𝑁

∑
𝑖=1

|𝑧𝑖
𝑛|

⎞
⎟
⎟
⎠

2𝛾

(37)

𝑁

∑
𝑖=1

|𝑧𝑖
𝑛| ≥

⎛
⎜
⎜
⎜
⎜
⎝

𝑉𝑛

𝑝 (𝛼𝑛 + 𝛽𝑛
1 + 𝛾 )

⎞
⎟
⎟
⎟
⎟
⎠

1
1+𝛾

(38)

Then, we have Eq. (38). Substituting Eq. (37) into Eq. (36)
yields Eq. (39).
Case ii) For ∑𝑁

𝑖=1 |𝑧𝑖
𝑛| < 1, from Eq. (36) we have

𝑉𝑛 ≤ 𝑝 (𝛼𝑛 + 𝛽𝑛
1 + 𝛾 )

𝑁

∑
𝑖=1

|𝑧𝑖
𝑛| and

𝑁

∑
𝑖=1

|𝑧𝑖
𝑛| ≥

⎛
⎜
⎜
⎜
⎜
⎝

𝑉𝑛

𝑝 (𝛼𝑛 + 𝛽𝑛
1 + 𝛾 )

⎞
⎟
⎟
⎟
⎟
⎠

.

Substituting Eq. (39) into Eq. (36) obtains Eq. (40).

Considering the following Lyapunov function can-
didate for 𝑘 steps, we have Eq. (41), where 𝑘 =
1, 2, … , 𝑁 − 1. Differentiating Eq. (15) along Eq. (8)
obtains Eq. (42), where 𝐻 = 𝐿 + 𝐵 and 𝑄 = (𝑃 𝐻 +
𝐻𝑇 𝑃 ) ∕2 are used to derive the second equality. If
∑𝑁

𝑖=1 |𝑧𝑖
𝑘+1| ≤ 1 holds, then we have

̇𝑉𝑘 ≤ −𝜆𝑄
𝑚𝑖𝑛

𝑁

∑
𝑖=1

(𝛼2
𝑘 + 2𝛼𝑘𝛽𝑘 |𝑧𝑖

𝑘|
𝛾 + 𝛽2

𝑘 |𝑧𝑖
𝑘|

2𝛾
)

+ 𝛼𝑘𝑝𝑁 + 𝛽𝑘𝑝
𝑁

∑
𝑖=1

|𝑧𝑖
𝑘|

𝛾 .
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̇𝑉𝑛 ≤ −
𝜆𝑄
min𝛼𝑛𝛽𝑛𝑁1−𝛾

𝑝
1

1+𝛾
(𝛼𝑛 + 𝛽𝑛

1 + 𝛾 )

1
1+𝛾

𝑉
𝛾

1+𝛾
𝑛 −

𝜆𝑄
min𝛼𝑛𝛽2

𝑛 𝑁1−2𝛾

𝑝
1

1+𝛾
(𝛼𝑛 + 𝛽𝑛

1 + 𝛾 )

1
1+𝛾

𝑉
2𝛾

1+𝛾
𝑛 (39)

̇𝑉𝑛 ≤ −
𝜆𝑄
min𝛼𝑛𝛽𝑛𝑁1−𝛾

𝑝 (𝛼𝑛 + 𝛽𝑛
1 + 𝛾 )

𝑉 𝛾
𝑛 −

𝜆𝑄
min𝛼𝑛𝛽2

𝑛 𝑁1−2𝛾

𝑝 (𝛼𝑛 + 𝛽𝑛
1 + 𝛾 )

𝑉 2𝛾
𝑛 (40)

𝑉𝑘 =
𝑁

∑
𝑖=1

𝑝𝑖 (𝛼𝑘 |𝑧𝑖
𝑘| + 𝛽𝑘

1 + 𝛾 |𝑧𝑖
𝑘|

1+𝛾
) (41)

̇𝑉𝑘 =
𝑁

∑
𝑖=1

𝑝𝑖 (𝛼𝑘sign (𝑧𝑖
𝑘) + 𝛽𝑘 [𝑧𝑖

𝑘]
𝛾
)

⎛
⎜
⎜
⎝
𝑧𝑖

𝑘+1 + 𝛼𝑘
⎛
⎜
⎜
⎝

𝑁

∑
𝑗=1

𝛼𝑖𝑗 (sign(𝑧𝑗
𝑘) − sign (𝑧𝑖

𝑘)) − 𝑏𝑘sign (𝑧𝑖
𝑘)

⎞
⎟
⎟
⎠

+ 𝛽𝑘
⎛
⎜
⎜
⎝

𝑁

∑
𝑗=1

𝛼𝑖𝑗 ([𝑧𝑗
𝑘]

𝛾
− [𝑧𝑖

𝑘]
𝛾
) − 𝑏𝑘 [𝑧𝑗

𝑘]
𝛾 ⎞
⎟
⎟
⎠

⎞
⎟
⎟
⎠

= − (𝛼𝑘sign (𝑧𝑘) + 𝛽𝑘 [𝑧𝑘]
𝛾
)

𝑇 𝑄 (𝛼𝑘sign (𝑧𝑘) + 𝛽𝑘 [𝑧𝑘]
𝛾
) +

𝑁

∑
𝑖=1

𝑝𝑖 (𝛼𝑘sign (𝑧𝑖
𝑘) + 𝛽𝑘 [𝑧𝑖

𝑘]
𝛾
) 𝑧𝑖

𝑘+1

≤ −𝜆𝑄
min

𝑁

∑
𝑖=1

(𝛼2
𝑘 + 2𝛼𝑘𝛽𝑘 |𝑧𝑖

𝑘|
𝛾 + 𝛽2

𝑘 |𝑧𝑖
𝑘|

2𝛾
) + 𝛼𝑘

𝑁

∑
𝑖=1

𝑝𝑖 |𝑧𝑖
𝑘+1| + 𝛽𝑘

𝑁

∑
𝑖=1

𝑝𝑖 |𝑧𝑖
𝑘|

𝛾
|𝑧𝑖

𝑘+1| (42)

̇𝑉𝑘 ≤ −𝜆𝑄
min𝛽𝑘

𝑁

∑
𝑖=1

(𝛼𝑘 |𝑧𝑖
𝑘|

𝛾 + 𝛽𝑘 |𝑧𝑖
𝑘|

2𝛾
)

≤ −𝜆𝑄
min𝛼𝑘𝛽𝑘𝑁1−𝛾

⎛
⎜
⎜
⎝

𝑁

∑
𝑖=1

|𝑧𝑖
𝑘|

⎞
⎟
⎟
⎠

𝛾

− 𝜆𝑄
min𝛽2

𝑘𝑁1−2𝛾
⎛
⎜
⎜
⎝

𝑁

∑
𝑖=1

|𝑧𝑖
𝑘|

⎞
⎟
⎟
⎠

2𝛾

(43)

Let 𝛼𝑘Δ𝑝∕𝜆𝑄
min and for 𝛾 > 1, ̇𝑉𝑘 verifies as Eq. (43).

Likewise, the following two cases are considered:
Case iii) For ∑𝑁

𝑖=1 |𝑧𝑖
𝑘| ≥ 1, it follows Eq. (41) that

𝑁

∑
𝑖=1

|𝑧𝑖
𝑘| ≥

⎛
⎜
⎜
⎜
⎜
⎝

𝑉𝑘

̃𝑝 (𝛼𝑘 + 𝛽𝑘
1 + 𝛾 )

⎞
⎟
⎟
⎟
⎟
⎠

1
1+𝛾

(44)

Substituting Eq. (44) into Eq. (43) yields

̇𝑉𝑘 ≤ −
𝜆𝑄
min𝛼𝑘𝛽𝑘𝑁1−𝛾

𝑝− 1
1+𝛾

(𝛼𝑘 + 𝛽𝑛
1 + 𝛾 )

1
1+𝛾

𝑉
𝛾

1+𝛾
𝑘

−
𝜆𝑄
min𝛽2

𝑘𝑁1−2𝛾

𝑝− 1
1+𝛾

(𝛼𝑘 + 𝛽𝑛
1 + 𝛾 )

1
1+𝛾

𝑉
2𝛾

1+𝛾
𝑘 (45)

Case iv) For ∑𝑁
𝑖=1 |𝑧𝑖

𝑘| ≤ 1, from Eq. (41) we have

𝑁

∑
𝑖=1

|𝑧𝑖
𝑘| ≥

⎛
⎜
⎜
⎜
⎜
⎝

𝑉𝑘

̃𝑝 (𝛼𝑘 + 𝛽𝑘
1 + 𝛾 )

⎞
⎟
⎟
⎟
⎟
⎠

(46)

Substituting Eq. (46) into Eq. (43) obtains
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Table 1: Initial position of AUVs.

Vehicles
Starting positions (m) Destinations (m)

X Y X Y
Position Position Position Position

Leader 25 20 37.5 44
AUV1 45 27 39 44
AUV2 45.5 48 40 42
AUV3 6 47.5 39 41
AUV4 5 35 37 41
AUV5 31.5 8 37 42

̇𝑉𝑘 ≤ −
𝜆𝑄
min𝛼𝑘𝛽𝑘𝑁1−𝛾

𝑝 (𝛼𝑘 + 𝛽𝑘
1 + 𝛾 )

𝑉 𝛾
𝑘

−
𝜆𝑄
min𝛽2

𝑘𝑁1−2𝛾

𝑝 (𝛼𝑘 + 𝛽𝑘
1 + 𝛾 )

𝑉 2𝛾
𝑘 (47)

For case 𝛾 < 1, inductions can be carried out in a
similar way. To this end, themain results are summarized
in the following theorem.

Theorem 3: The observer gains by satisfying 𝛾 > 1 and
𝛽𝑘 > 0, ∀ 𝑘 = 1, 2, … , 𝑛

𝛼𝑘 = ̃𝑝
𝜆𝑄
min

, ∀𝑘 = 1, 2, … , 𝑛 − 1 (48)

𝛼𝑛 = 𝑏𝑛𝑢0𝑝
𝜆𝑄
min

(49)

The set 𝑆 = 𝑆1 ∪ 𝑆2 ∪ … ∪ 𝑆𝑛 with 𝑆𝑘 =

{𝑧𝑘 ∑𝑁
𝑖=1 |𝑧𝑖

𝑘| ≤ 1} is a fixed-time attraction with the
setting time bounded by

𝑇0 =
𝑛

∑
𝑘=1

𝑡𝑘 (50)

where

𝑡𝑘 = 1 + 𝛾
𝛼𝑘𝑁1−𝛾 𝑐𝑘

+ 1 + 𝛾
𝛽𝑘𝑁1−2𝛾 𝑐𝑘(𝛾 − 1)

(51)

𝑐𝑘 =
𝜆𝑄𝑘
min𝛽𝑘

𝑝− 1
1+𝛾 (𝛼𝑘 + 𝛽𝑘

1 + 𝛾 )
1

1+𝛾

(52)

Thus, the observer dynamics are globally asymptotically
stable.

Table 2: Variation in the AUV positions at different time
instants.

Time (s) 25 s 50 s 75 s 100 s
Position (m) X Y X Y X Y X Y

Leader 30 23 25 36 28 29 26 32
AUV1 37 25 22 33 29 32 27 34
AUV2 24 31 23 28 28 33 29 34
AUV3 37 25 28 26 25 33 27 31
AUV4 19 34 32 30 25 32 29 31
AUV5 30 30 30 35 26 29 30 32

5. RESULTS AND DISCUSSION

The proposed path planner for an MAS with multiple
AUVs has been tested by simulation performed using
MATLAB. This simulation shows a leader AUV and five
follower AUVs. The follower AUVs are represented
as AUV1, AUV2, AUV3, AUV4, and AUV5. The
starting positions and destinations of the leader and
follower (AUV1–AUV5) AUVs are given in Table 1. The
corresponding Laplacian matrix 𝐿 admits the following
spectrum: {0; 1.382; 2.382; 3.618; 4.618}. The simulation
parameters for the AUV are taken from the experimental
values presented in [26].

Figs. 3 to 5 show the positions obtained by all the
AUVs at different time instances, such as 25 s, 50 s, and
75 s, respectively. Figs. 4(a) and (b) show the positions
obtained by all the AUVs after 50 s and 75 s, respectively.
The leader and follower AUVs obtained the desired
formation at 100 s as shown in Fig. 5. The detailed
positions obtained by the leader and follower AUVs at
25 s, 50 s, 75 s, and 100 s are presented in Table 2.

Fig. 6 shows the paths traced by all AUVs after
obtaining the desired shape. Figs. 7 and 8 show the
tracking error variations from 0 to 350 s in the X and
Y directions, respectively. According to Table 3, the
follower AUV tracks the leader AUV in the X and Y
directions from 0 to 50 s. After 30 s, as can be observed,
the follower AUVs do not track the leader AUV but try to
follow its path. By magnifying both the figures, all AUVs
can be seen to follow the path in formation after 40 s until
they reach their destination. The errors in both the X
and Y axis are uniform which proves that the proposed
controller is stable and uniform.

Another approach may be proposed using the refer-
ence path as the sinusoidal path. The initial positions for
the follower agents are given as 𝜂1(0) = [−70, − 200]𝑇 ,
𝜂2(0) = [−25, 250]𝑇 , 𝜂3(0) = [−20, 270]𝑇 , 𝜂4(0) =
[−50, 124]𝑇 , and 𝜂5(0) = [−100, 300]𝑇 .

The formation achieved by tracking the trajectory of
the desired virtual leader’s path with five agent followers,
as shown in Figs. 9, 10, and 11, represents the error
generated by the 𝑥 and 𝑦 coordinates of cooperatively
coordinated AUVs. From Figs. 10 and 11, it can be
observed that the follower AUVs track the leader AUV
after 20 s until reaching the destination point. As can
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Fig. 3: Positions of AUVs after obtaining desired formation shape after 25 s.

(a) (b)

Fig. 4: Positions of the AUVs after (a) 50 s and (b) 75 s.

Fig. 5: Positions of the AUVs obtained after 100 s.

be observed, the position errors converge to zero, i.e.,
the follower and desired states of the leader AUV are
closely matched. The errors in both the X and Y axis are
uniform, proving that the proposed controller is stable
and uniform after 20 s.

6. CONCLUSION

In this paper, a bio-inspired multi-agent system (MAS)
is employed to address the personal path planning
problem encountered when navigating a team of AUVs
toward their destination. Each AUV is designated as
an agent, connected by the communication network
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Fig. 6: Complete paths of the AUVs after reaching their destination.

Table 3: Variation of the tracking error in X and Y
directions.

Time (s) 0 10 20 30 40 50
Tracking X Y X Y X Y X Y X Y X Y
error (m)

Leader 21 7 15 11 –4 8 –3 –4 –2 0.1 1.3 1.5
AUV1 20 28 6 27 –16 7 –1 –9 –2.5 –1.5 1 3
AUV2 –19 27.7 –22 23 –19 –4 4 –10 –2 –3 –0.6 3.5
AUV3 –19 27.7 –22 23 –19 –4 4 –10 –2 –3 –0.6 3.5
AUV4 –20 15 –18 7.5 –10 –12.5 7 –6 –0.8 –3.5 –2 2.5
AUV5 6 –12 0.3 –10 –2 –11 5 –1 1 –2 –1.6 0.6

Fig. 7: Tracking error in the X direction.

and assuming full communication. The agent AUVs
are identical and estimate the relative position of their
neighbor AUVs while moving toward their respective
destinations. The proposed multi-AUV system comprises
a leader AUV and five follower AUVs. The proposedMAS
implements a DPC algorithm to maintain coordination
and a safe distance among agent AUVs by imposing

Fig. 8: Tracking error in the Y direction.

Fig. 9: Trajectory tracking of the reference path for five
agents following the virtual leader.

the distance constraint. The agents switch from one
state to another and progress over time until the desired
coordinated shape is obtained. The same is then
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Fig. 10: Tracking error in the x position.

Fig. 11: Tracking error in the y position.

maintained by the agent AUVs while moving toward
their individual program. The simulation results verify
that the proposed method is successful in coordinating
path planning for the multi-AUV system. The proposed
bio-inspired multi-AUV system can be used to discover
unknown underwater terrains, for surveillance of the
seabed and to access unreachable underwater areas.
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