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ABSTRACT
In this paper, a parametric prediction model is

proposed for a queuing system driven by the Markov
process. The aim of the model is to minimize the packet
loss caused by time dependency characterized by the
queue tail being too long, resulting in a time-out during
the transfer of a large dataset. The proposed technique
requires the key parameters influencing the queue con-
tent to be determined prior to its occupation regardless of
the server capacity definition, using Bayesian inference.
The subsequent time elapsing between the arrival and
departure of a packet in the system is given, as well as the
system load. This queue content planning is considered
as the Markov birth-death chain; a type of discretization
that characterizes almost all queuing systems, leading
to an exponential queue, and captured herein using
beta distribution. The inference results obtained using
this exponential queue indicate that the queue with
predictive parameters employing beta distribution, even
when dealing with a loss system queue, involves less
transition time and a greater load than a queue with
coarse parameters; hence, preventing a long tail in the
queue which is the cause of packet loss.

Keywords: Markov Chain, Geometric Distribution,
Bayesian Inference, Beta Distribution, Queue Length,
Waiting Time, Load

1. INTRODUCTION
The Markov birth-death chain has been used ex-

tensively to characterize queue behavior, but various
solutions have been brought to the fore, resulting in
different queuing systems. Most queue models are based
on a priori probabilities or proportions, resulting in
parameters which are actually coarse estimates, particu-
larly when moving from the infinite to the finite queue
server, or simply dealing with a finite queue server.
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As a result, the Markov queue (M), characterized by
a constant rate captured through the Poisson process,
has evolved toward the general consideration of queue
distribution (G) to avoid packet loss caused by tails or
time dependency.

However, all analyses using solutions such as the
Markovmatrix [1, 2], moment generating [3–6], and fluid
method [7–9], developed to solve the queue problem,
have certain similarities:
• A type of in-out queue consideration often labeled
as arrival-departure, which can be considered as the
Markov birth-death chain.

• Results that achieve a geometric server distribution
𝑝𝑛 = (1 − 𝜌) 𝜌𝑛, 𝑛 = 0, 1, 2, … , ∞, with 𝜌 being the
load and 𝑛 the number of packets.
In fact, from this derived geometric distribution queue

length, there are some queue solutions that require
approximation and discretization to achieve a geometric
queue distribution by letting 𝜌 = exp(−𝜃𝑡), with the load
being embedded in the parameter 𝜃. However, since this
type of approximation is achieved for general distribution
(G) at the system equilibrium (when 𝑡 → ∞), the queue
always empties itself as 𝑡 elapses regardless of service
completion. This results in a renewal process which
entails extra provisions to deal with packet loss in the
aggregate heavy traffic.

The contribution of this paper is therefore to address
the data transfer time-out issue through the beta infer-
ence of parameter 𝜌 in the queue which is likely to avoid
packet loss as the time elapses (𝑡 → ∞).

In this regard, several studies have been carried out to
estimate 𝜌. The direct and indirect approaches capture
𝜌 through moment solutions from general distribution
based on the arrival process in G/M/1 queues, the
service process in M/G/1 queues or both processes
in G/G/1 queues. According to the direct approach
statistics, the mean and variance of the parameters
are captured through solutions such as moment and
Kingman’s bounds [10] to the spectral bounds [11] based
on inter-arrival time conditions [12]. Better accuracy
is provided by [13] and [14] who, in developing the
indirect approach, used estimators from the geometric
distribution proposed by [15] and [16] and followed the
approaches of [17] and [18]. However, the results are
then obtained based on a priori probability, and moment
averages of the general distribution (G) queue, resulting
again in parameters which are coarse in nature.

This paper considers these probabilities and parame-
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ters as variables by applying the Bayesian inference since
it is useful for evaluating proportions, percentages, or
probabilities that may vary with the beta distribution.
In this regard, [19] and [20] used Bayesian inference to
predict M/M/1 andM/G/1 queues respectively, relying on
Monte Carlo simulation since some analytical moments
were not tractable for [20]. While the researchers in [19]
reveal that the intensity takes an exponential form of
the inference parameters Γ(𝑎, 𝑏): 𝜌(𝑡) = 𝑏𝑀𝑡𝑏−1 where
𝑀 = (1 ∕ 𝑎)𝑏, and Γ(𝑎, 𝑏) is a gamma function with
parameters 𝑎, 𝑏.

In this paper, for better sizing of the queuing system
for dealing with time-out issues, predictive queue behav-
ior is proposed through Bayesian inference that considers
the queue’s parameters 𝜌, or 𝜃 for M/M/1, M/G/1, G/M/1,
and G/G/1 queues as random variables. Since the beta
distribution with parameters 𝑎, 𝑏, denoted by 𝐵(𝑎, 𝑏) is
continuous, it can be used in prior statistical analysis
for geometric distributions with a finite size; we make
use of it and give the necessary conditions for which the
predictive queue parameters, namely 𝜌, or 𝜃, can prevent
tails from forming in the queue.

This paper is organized as follows: Section 2 reviews
the current queue solutions from the M/M/1 queue to
the G/G/1 systems, emphasizing the approximations that
lead to their exponential behaviors. This allows the
profound understanding of each queue prior to its system
parameterization, as explained in Section 3, where the
system parameters are determined and presented using
the Beta distribution. Section 4 provides the results based
on a comparison between 𝜌 from the coarse probability
approach and the one suggested in this paper.

2. CURRENT QUEUE DISCRETIZATION METH-
ODS

2.1 The M/M/1Queue
The M/M/1 queue is modeled as a single-server with

an infinite capacity queuing system. This results in the
packets arriving according to the Poisson process (M)
at an arrival rate of 𝜆 packets per unit time and an
exponential (M) service time distribution at a service rate
of 𝜇 packets per unit time. The memoryless property of
the exponential distribution, here referred to as M allows
the birth-death process as a modeling tool for this queue
(Figs. 1 and 2).

When a packet enters an empty system, its service
starts immediately. When dealing with a full system, the
incoming packet is queued and enters the service facility
once the service of the packet ahead has been completed.

The birth-death process for queuemodeling illustrated
in Fig. 2 is considered a Markov chain with time-
homogeneous transition probabilities, characterized by
the fact that the discrete state variable changes by one
at most during an infinitesimal time interval. The
resulting probability distributions governing the number
of births-deaths in a specific time interval depend on
the length of that interval and not on its starting point.
These probability distributions are given in [1], and
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Fig. 1: Queue FCFS facility.
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· · ·

Fig. 2: Birth-death Markov chain.

the transition probabilities obtained using Chapman-
Kolmogorov’s equation in [21], given by

𝑝𝑖𝑗(𝑡 + ℎ) =
∞

∑
𝑘=0

𝑝𝑖𝑘(ℎ)𝑝𝑘𝑗(𝑡), (1)

which is combined with the Bayesian formula of [22] and
applied to the state probabilities 𝑃𝑛 of [1] to yield

𝑃𝑛(𝑡 + Δ𝑡) − 𝑃𝑛(𝑡)
Δ𝑡 = (𝜆𝑛 + 𝜇𝑛)𝑃𝑛(𝑡)

+ 𝜇𝑛+1𝑃𝑛+1(𝑡) + 𝜆𝑛−1𝑃𝑛−1(𝑡) (2)

with 𝜆𝑛 and 𝜇𝑛 being the arrival and service rates at state
𝑛, which results in the transition matrix of [1].

Adan and Resing [2] take into account the state
probabilities 𝑃𝑛(𝑡) at 𝑡 → ∞, Δ𝑡 → 0 under the
assumption 𝑑𝑃𝑛(𝑡)∕𝑑𝑡 = 0 of Eq. (2) with 𝑛 = 0, 1, 2, …
and 𝑃𝑛(𝑡) → 𝑃𝑛, they then reach the queue length
distribution

𝑝𝑛 = (1 − 𝜌)𝜌𝑛, 𝑛 > 0, 𝜌 < 1. (3)

2.2 G/M/1 and M/G/1 Queues
TheG/M/1 orM/G/1 queue results from the difficulties

of achieving an acceptable arrival or service process in
the M/M/1 queue. Its analysis relies on the embedded
Markov process that yields the matrix solution combined
with the probability density function (PDF). This section
presents a G/M/1 queue acknowledging its duality with
an M/G/1 queue [23] where the transition matrix is
obtained using [24].

2.2.1 Matrix solution
The queue parameters are obtained by applying the

Markov chain to arrival instants. Hence, the system
state to reach is given by the number in the system 𝑛𝑖
with service 𝑆𝑖 immediately before the arrival instants,
as shown in Fig. 3.
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Si+1 customers served in (i+ 1)-th
inter-arrival time

(i+ 1)-th inter-arrival time

i-th arrival, n cus-
tomers in the system
before this instant

(i+1)-th arrival, n+1
customers in the sys-
tem before this in-
stant

Fig. 3: Embedded Markov chain for G/M/1 queue.

If the system has served 𝑆𝑖+1 packets between the 𝑖-
th and the (𝑖 + 1)-th arrival, then 𝑛𝑖+1 = 𝑛𝑖 + 1 − 𝑆𝑖+1,
𝑛 = 0, 1, 2, … and 𝑆𝑖+1 ≤ 𝑛 + 1. The equilibrium state
of this embedded Markov chain is reached when 𝑖 → ∞.
Under this condition, let 𝑛𝑖+1 = 𝑘 and 𝑛𝑖 = 𝑗; the one-step
probability transition of the chain is applied to produce a
quasi-similar expression of [1] with probability which is
now in the form

𝑃𝑗𝑘 =
{

𝑃 [𝑛𝑖+1 = 𝑘|𝑛𝑖 = 𝑗], 𝑘 > 𝑗 + 1
0, otherwise, (4)

where 𝑃𝑗𝑘 is the probability that (𝑘 − (𝑗 + 1)) packets are
served between inter-arrival times. The equilibrium state
probability is derived from the Chapman-Kolmogorov
equation in the M/M/1 queue as

𝑃𝑘 =
∞

∑
𝑗=0

𝑃𝑗𝑃𝑗𝑘 for 𝑘 = 0, 1, 2, … , (5)

with 𝑃𝑗 the probability to find 𝑗 packets in the system
state considered but with an arbitrary arrival instant for
𝑗 = 0, 1, 2, … , ∞.

To obtain the transition probabilities, [25] introduces
𝛼𝑛 defined as the probability that 𝑛 packets with distribu-
tion 𝑎(𝑡), are served during an interval time with at least
𝑛 packets in the system state

𝛼𝑛 = ∫
∞

0

(𝜇𝑡)𝑛

𝑛! exp(−𝜇𝑡)𝑎(𝑡)𝑑𝑡. (6)

The moment-generating solution is obtained by con-
sidering the probability expression 𝛼𝑛 in Eq. (6) as the
coefficients of 𝑧𝑛 in the Laplace-Stieltjes transform of
𝑎(𝑡), denoted as 𝐿𝐴(𝜇 − 𝜇𝑧), which is the PDF of the
inter-arrival times [26]. This implies that

∞

∑
𝑗=0

𝛼𝑗𝑧𝑗 = ∫
∞

0
𝑎(𝑡)𝑑𝑡 = 𝐿𝐴(𝜇 − 𝜇𝑧). (7)

Then, the series expansion of 𝐿𝐴(𝜇 − 𝜇𝑧) yields the
coefficients 𝛼𝑗 of the 𝑧𝑗 , which are used to give a
solution to the balance equations in [25], thereafter the
probabilities 𝑝𝑗 , 𝑗 = 0, 1, 2, … , ∞.

Letting 𝜎 be the unique root of the equation 𝜎 =
𝐿𝐴(𝜇 − 𝜇𝑧), the solution for the equilibrium state
probabilities is given by [27]:

𝑝𝑗 = (𝜎 − 1)𝜎𝑗 , 𝑗 = 0, 1, 2, … , ∞. (8)

As long as 0 < 𝜎 < 1, the number of packets in the
system at the embedded arrival instants is a geometric
distribution with parameter 𝜎 which is the modulated
load. The relation between the modulated load 𝜎 and 𝜌 is
given by Cruz’s bounds as ℜ(𝜌, 𝜎) [28] which can also be
exploited using the PDF in [29].

2.3 G/G/1 Queue
G/G/1 stands for a general distribution arrival, a

general distribution service time, and a single-server
with infinite capacity. Earlier solutions of G/G/1
queues yielded bound parameters of the system, obtained
through a series of linked solutions.

2.3.1 Bound methods
The bound method is the result of successive bound

solutions for G/G/1 queues.
A. Lindley’s equations

The foundation is laid down using Lindley’s equations
in [30], which consider the relation between the waiting
time 𝑤𝑛 for the 𝑛-th packet, and the waiting time for the
(𝑛 + 1)-th packet as

𝑤𝑛+1 =
{

𝑤𝑛 + 𝑥𝑛 − 𝑡𝑛+1, 𝑤𝑛 + 𝑥𝑛 − 𝑡𝑛+1 ≥ 0
0, 𝑤𝑛 + 𝑥𝑛 − 𝑡𝑛+1 < 0 (9)

with the equilibrium condition lim𝑛→∞ 𝐸[𝑢𝑛] < 0.
Defining 𝐶𝑛(𝑢), the 𝑛-th packet at time 𝑢 as the PDF for
𝑢𝑛, such that

𝐶𝑛(𝑢) = 𝑃 [𝑢𝑛 = 𝑥𝑛 − 𝑡𝑛+1], (10)

and for the waiting time when 𝑦 ≥ 0

𝑊𝑛+1(𝑦) = 𝑃 [𝑤𝑛 + 𝑢𝑛 ≤ 𝑦], (11)

which at the equilibrium is such that 𝑊 (𝑦) =
lim𝑛→∞ 𝑃 [𝑤𝑛 ≤ 𝑦], taking into account certain consid-
erations in [23], as in the following equation

𝑊𝑛+1(𝑦) = ∫
∞

𝑤=0−
𝐶𝑛(𝑦 − 𝑤)𝑑𝑊𝑛(𝑤), 𝑦 ≥ 0. (12)

Eq. (11) yielding large 𝑛 gives rise to Lindley’s integral
equation with 𝑊 (𝑦) = 0 when 𝑦 < 0.

The integration of the equation, provided that 𝐶(𝑦 −
𝑤) = 0 as 𝑤 → ∞, and 𝑊 (0−) = 0, reaches the second
form of Lindley’s equation



374 ECTI TRANSACTIONS ON ELECTRICAL ENGINEERING, ELECTRONICS, AND COMMUNICATIONS VOL.20, NO.3 OCTOBER 2022

𝑤(𝑦) =
⎧⎪
⎨
⎪⎩

− ∫
∞

0−
𝑊 (𝑤)𝑑𝐶(𝑦 − 𝑤), 𝑦 ≥ 0

0, 𝑦 < 0
(13)

letting 𝑢 = 𝑦 − 𝑤 and bearing in mind that 𝐶(𝑢) is a
distribution, while 𝑐(𝑢) is the density function, produces

𝑤(𝑦) =
⎧⎪
⎨
⎪⎩

∫
∞

0−
𝑊 (𝑦 − 𝑢)𝑑𝐶(𝑢), 𝑦 ≤ 0

0, 𝑦 < 0.
(14)

B. Spectral method
The spectral method applied by Liu [30] characterized

the waiting time in Eq. (14) using 𝑐(𝑢) and the Laplace
transform to achieve the spectral solution

𝐿 [𝑊 (𝑦) + 𝑊 𝑐(𝑦)] = 𝐿 [∫
𝑦

𝑢−∞
𝑊 (𝑦 − 𝑢)𝑐(𝑢)𝑑𝑢] , (15)

by letting 𝐿[𝑐(𝑢)] = 𝐿[𝑎(−𝑢)]𝐿[𝑏(𝑢)] or 𝐶∗(𝑠) =
𝐴∗(−𝑠)𝐵∗(𝑠), knowing that the probability function
𝑊 (𝑦) is bound with its density function 𝑤(𝑦) in the
Laplace domain by 𝑠𝜙(𝑠) = 𝐿[𝑤(𝑦)] = 𝑊 ∗(𝑠).

Furthermore, Liu [30] considered a queuing system
for which 𝐴∗(−𝑠) and 𝐵∗(𝑠) are rational functions in the
Laplace domain, yielding 𝐴∗(−𝑠)𝐵∗(𝑠) − 1 = +(𝑠)∕𝜑−(𝑠)
where

{
lim|𝑠|→∞ 𝜑+(𝑠) = 𝑠, for ℛ{𝑠} > 0
lim|𝑠|→∞ 𝜑−(𝑠) = 𝑠, for ℛ{𝑠} < 0. (16)

Liu [30] further applied the theorem of Liouville [31],
requiring a constant for any bounded analytic function
within all the finite values of its support,

𝜙𝑐(𝑠)𝜑−(𝑠) = 𝜙(𝑠)𝜑+(𝑠) = 𝐾, (17)

which yields 𝜙(𝑠) = 𝐾 ∕𝜑+(𝑠), where 𝐾 is the constant
to be determined through

𝑠𝜙(𝑠) = 𝑊 ∗(𝑠) = ∫
∞

0−
exp(−𝑠𝑦)𝑑𝑊 (𝑦). (18)

Applying the initial conditions, one gets

𝐾 = lim
𝑠→0

𝜑+(𝑠)
𝑠 , (19)

to yield 𝑊 ∗(𝑠) = 𝑠𝜙(𝑠).
C. Kingman’s bounds

Applying Kingman’s bounds, Kobayashi [32] carries
on with the result of [30] 𝐾 = lim𝑠→0 𝜑+(𝑠)∕𝑠 where 𝐾 =
𝑊 (0) = [(1 − 𝜌)∕𝜆] 𝜑−(0) to derive an upper bound on
the complementary waiting time 𝑊 𝑐

𝑛 (𝑡) = 𝑃 [𝑤𝑛 > 𝑡],
with 𝑊𝑛 being the waiting time of the 𝑛-th packet in a
busy cycle.

By recursion on 𝑤𝑛 and applying Kolmogorov’s
inequality theory [33], which is the generalized form

of Chebyshev’s inequality [34], extending it to the
notion of martingales and semi-martingale [32] (or sub-
martingale) variables using the inequality proposed by
Feller [35]. Furthermore, applying the Laplace-Stieltjes
transform of 𝐶(𝑢), one obtains a tighter complemen-
tary upper bound at the steady state for a small 𝑛
and 𝜃 a positive real number, satisfying exp(𝜃𝑊 ) =
max(𝑦0, 𝑦1, … , 𝑦𝑛) for large 𝑛. The upper bound of the
tail of the complementary waiting time is given by:

𝑊 𝑐
𝑛 ≤ exp(−𝜃0𝑡). (20)

However, these results of queue bounds are better
dealt with using the exponential queue, which is achieved
using fluid and diffusion solutions.

2.3.2 Fluid solution
The idea behind fluid approximation is that the

discrete arrival is sufficiently insignificant to cause
congestion in the queue, as the rain drops are for a flood
[36]. This concept of a leaky bucket considers {𝑌 (𝑡), 𝑡 ≥
0} to be the continuous time the Markov chain takes
values {0, 1, 2, … , 𝑁} and the infinitesimal generator to
be the matrix 𝑄 = {𝑞𝑖𝑗}. When in state 𝑗, fluid arrives at
the rate 𝑎𝑗 , and is served at a constant rate 𝑐 with a net
rate change in the queue of 𝑟𝑗 = 𝑎𝑗 − 𝑐. The continuous
random variable 𝑋(𝑡) is the queue size at time 𝑡 satisfying
0 ≤ 𝑋(𝑡) ≤ 𝐾 , where 𝐾 is the buffer size with overflow if
the probability is given by 𝐺(𝑥) = lim𝑥→∞ 𝑃 [𝑋(𝑡) > 𝑥]
or in a bivariate stochastic process (𝑋(𝑡), 𝑌 (𝑡)) reaches
the equilibrium overflow if and only if:

𝐹𝑗(𝑥) = lim
𝑡→∞

𝐹𝑗(𝑥, 𝑡) = 𝑃 [𝑋 ≤ 𝑥, 𝑌 = 𝑗]. (21)

The time evolution of 𝐹𝑗(𝑥, 𝑡) is governed by the
following equation [8]:

𝐹𝑗(𝑥, 𝑡 + Δ𝑡) = ∑
𝑖,𝑗≠𝑗

𝑞𝑖𝑗Δ𝑡𝐹𝑖(𝑥 − 𝑟𝑖𝑗Δ𝑡, 𝑡)

+
⎛
⎜
⎜
⎝
1 − ∑

𝑖,𝑖≠𝑗
𝑞𝑖𝑗Δ𝑡

⎞
⎟
⎟
⎠

𝐹𝑗(𝑥 − 𝑟𝑗Δ𝑡, 𝑡) + 𝑂(Δ𝑡).

(22)

Knowing that 𝑂(Δ𝑡) goes faster to 0 as Δ𝑡 tends
to 0, subtracting 𝐹𝑗(𝑥, 𝑡) from both sides, we get the
differential equation:

𝜕𝐹𝑗(𝑥, 𝑡)
𝜕𝑡 + 𝑟𝑗

𝜕𝐹𝑗(𝑥, 𝑡)
𝜕𝑥 = ∑

𝑖
𝑞𝑖𝑗𝐹𝑗(𝑥, 𝑡). (23)

Introducing the rate matrix 𝑅 = diag(𝑟𝑗) and the
generator matrix 𝑄 = {𝑞𝑖𝑗}, the solution of Eq. (23) at
the equilibrium is given by

𝐹 (𝑥) = 𝐶 exp(𝑄𝑅−1), (24)

where 𝐶 is a vector of constants determined by the initial
conditions.
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2.3.3 Diffusion solution
The diffusion approximation is characterized by the

following differential equation [37]

𝑑𝑥(𝑡) = 𝛽𝑑𝑡 + 𝑧(𝑡)√𝛼𝑑𝑡, (25)

where 𝑑𝑥(𝑡) represents the incremental changes in the
continuous path of the process 𝑥(𝑡), 𝛽 is the drift, 𝛼 is the
variance and 𝑧(𝑡) is the white Gaussian processor which
can become a Brownian motion.

Then, 𝑥(𝑡) is a Brownian motion with drift satisfying
the probability:

𝜕𝑓(𝑥, 𝑡)
𝜕𝑡 = −𝛽 𝜕𝑓(𝑥, 𝑡)

𝜕𝑥 + 𝛼
2

𝜕2𝑓(𝑥, 𝑡)
𝜕𝑥2 . (26)

This equation and applications of the diffusion ap-
proximation have been discussed by Cox and Miller [14],
Newell [38], Gaver and Shelder [39], and Kobayashi
[40]. Nonaka and Nogami [37] evaluated the heavy
traffic download on the server access operation for Web
traffic where the solution was obtained under boundary
conditions and discretization using the reflecting barrier
at the equilibrium. The result was a growing exponential,
leading to the elementary return boundary condition.
The most significant work on G/G/1 queue diffusion
solution was carried out by Reiser and Kobayashi [41],
which gives accurate results for the classical queue
model, and Kobayashi and Ren [42, 43], giving rise to
exponential bound methods.

Accuracy is provided by Reiser and Kobayashi [41].
By introducing the appropriate boundary conditions, the
type 1 solution was obtained in the form of

𝑓(𝑥) = 2𝛼
𝛽 exp(−2𝛼𝑥

𝛽 ) , (27)

which, for a small queue size, is the exponential process.
A similar result using the Lamperti transform appears in
[44], from which a discrete process is then interpreted
as a geometrical distribution of the queue size variable 𝑛
with the same decrement factor 𝜌𝑒𝑠 = exp(−2𝛼𝑥∕𝛽).

Accordingly, for the G/G/1 queue, the geometrical
distribution is written as:

𝑝𝑛 =
{

1 − 𝜌, 𝑛 = 0,
𝜌(1 − 𝜌𝑒𝑠)𝜌𝑛

𝑒𝑠, 𝑛 ≥ 1. (28)

In the previous works, it can be observed that all
the queue solutions achieve an exponential server which
ultimately yields a geometric distribution. Hence, the use
of the beta distribution as an inference tool to size up the
queue.

3. PREDICTION METHOD: QUEUE PARAMETER-
IZATION

3.1 Beta Distribution
The beta function is employed to carry out this

operation relying on the computation of conditional

probabilities by mixing continuous and discrete random
variables. Theoretically, the PDF 𝑓𝑥(𝑥) of a continuous
random variable 𝑋 and probability mass functions 𝑃𝑁 (𝑛)
of a discrete random variable can yield a joint conditional
probability as:

𝑓𝑋(𝑥|𝑛) =
𝑃𝑁|𝑋(𝑛|𝑥)𝑓𝑋(𝑥)

𝑃𝑁 (𝑛) , (29)

or
𝑃𝑁|𝑋(𝑛|𝑥) =

𝑓𝑋|𝑁 (𝑥|𝑛)𝑃𝑁 (𝑛)
𝐹𝑋(𝑥) . (30)

The first equation can bewritten using Bayes’ theorem
as:

𝑓𝑁|𝑋(𝑥|𝑛) = 𝑃 [𝑁 = 𝑛|𝑋 = 𝑥]𝑃 [𝑋 = 𝑥]
𝑃 [𝑁 = 𝑛] , (31)

and if the PDF is considered as uniform, it leads to the
probability function [45]

𝑓𝑋|𝑛(𝑥|𝑛) = (∫
1

0
𝑥𝑛(1 − 𝑥)𝑁−𝑛𝑑𝑥)

−1
𝑥𝑛(1 − 𝑥)𝑁−𝑛,

(32)
which contains the beta distribution property.

In general, for any 𝛼, 𝛽 positive and random variable
𝑋, the beta distribution is given by

𝐵(𝛼, 𝛽) = ∫
1

0
𝑥𝛼−1(1 − 𝑥)𝛽−1𝑑𝑥. (33)

This integral has so far been difficult to evaluate. How-
ever, theoretically, the gamma distribution can be used
as an alternative.

The gamma distribution is given by

Γ (𝑥) = ∫
∞

0
𝑡𝑥−1𝑒−𝑡𝑑𝑡, (34)

which evaluated at the limit using L’Hôspital’s rule yields
the recurrence Γ (𝑥 + 1) = 𝑥Γ (𝑥) [19]. As a result,
𝐵(𝛼, 𝛽) = Γ (𝛼)Γ (𝛽)∕Γ (𝛼 + 𝛽). In the following, it can
be noted that 𝑎 = 𝛼, 𝑏 = 𝛽.

3.2 Bayesian inference
As stated earlier, the beta distribution can be used as

a prior conjugate of geometric distribution. The previous
results for queue modeling suggest that queuing systems
can be modeled as a birth-death chain, resulting in a
geometric distribution of the queue size or waiting time
of the form [46]

𝑝𝑛 = (1 − 𝜌)𝜌𝑛, 𝑛 = 0, 1, 2, … , ∞. (35)
The parameter 𝜌 embraces several solutions, from the

Markov queue to the diffusion queue, but with the load as
a common denominator. This load can be considered as
a ratio between the arrival rate and the service rate or as
the exponential decrement of the processing proportion.
It is therefore important to estimate 𝜌 as a new variable
to provide better sizing in the queue.
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Taking into account the geometric queue size of
previous results, the random variable can be expressed
as 𝜌 when the queue is occupied by 𝑥 packets. The
conditional geometric probability can be expressed as

𝑃𝑋|𝑁 (𝑥|𝜌) = 𝜌𝑥(1 − 𝜌)𝑥. (36)

Let us anticipate the queue size using the beta distri-
bution prior to the likelihood 𝑃𝑋|𝑁 (𝑥|𝜌). This results in
𝜌 ∼ 𝐵(𝑎, 𝑏), approximation, which can be written as [19]:

𝑓(𝜌, 𝑎, 𝑏) =
⎧⎪
⎨
⎪⎩

1
𝐵(𝑎, 𝑏)𝜌𝑎−1(1 − 𝜌)𝑏−1, 0 ≤ 𝜌 ≤ 1,

0, otherwise.
(37)

The predictive density function be expressed as

𝑓(𝑥|𝜌) = 1
𝐵(𝑎 + 𝑥, 𝑏 + 1)𝜌𝑎+𝑥−1(1 − 𝜌)𝑏. (38)

The mean of this distribution is given by

𝐸[𝑋] = 𝑎 + 𝑥
𝑎 + 𝑥 + 𝑏 + 1, (39)

which can be considered as geometric of mean 1∕𝑝𝑥.

3.3 Evaluation of the Queue Parameters
To evaluate the value of 𝜌, it must be remembered that

the queue is stable when 0 < 𝜌 < 1 and that equilibrium
is reached when 𝜌 = 1. It represents the system load
which is defined as the ratio between the arrival rate and
service rate.

In the case of an exponential server, there are two
parameters to estimate, 𝜌𝑒𝑠 and 𝜌, according to the
equation 𝜌𝑒𝑠 = exp(−𝜌𝑡) at the limit of the boundaries.
According to the predictive probability density function,
the following recurrence can be obtained for 𝑥 =
0, 1, 2, …:

𝑝0|𝜌 = 𝑎 + 𝑏 + 1
𝑎 𝜌𝑎−1(1 − 𝜌)𝑏 (40)

𝑝1|𝜌 = 𝑎 + 𝑏 + 2
𝑎 + 1 𝜌𝑎(1 − 𝜌)𝑏 (41)

𝑝2|𝜌 = 𝑎 + 𝑏 + 3
𝑎 + 2 𝜌𝑎+1(1 − 𝜌)𝑏 (42)

⋮ = ⋮ (43)

𝑝𝑛|𝜌 = 𝑎 + 𝑏 + 𝑛 + 1
𝑎 + 𝑛 𝜌𝑎+𝑛−1(1 − 𝜌)𝑏 (44)

𝑛

∑
0

𝑃𝑘|𝜌 = (𝑎 + 𝑏 + 1)(𝑛 + 1)
𝑘=𝑛

∑
𝑘=0

1
𝑎 + 𝑘

𝜌𝑎−1(1 − 𝜌)𝑏

1 − 𝜌
(45)

The queue of one unit length is therefore given by:

𝐿 = (𝑎 + 𝑏 + 1)(𝑛 + 1)
𝑘=𝑛

∑
𝑘=0

1
𝑎 + 𝑘

𝜌𝑎−1(1 − 𝜌)𝑏

1 − 𝜌 . (46)

Taking into account the Little theorem in [47] 𝐿 =
𝜆𝑊 , with 𝑊 being the waiting time and 𝜌 = 𝜆∕𝜇 the
load or traffic intensity, these parameters can be obtained
as follows:

𝑊 = 1
𝜆(𝑎 + 𝑏 + 1)(𝑛 + 1)

𝑘=𝑛

∑
𝑘=0

1
𝑎 + 𝑘

𝜌𝑎−1(1 − 𝜌)𝑏

1 − 𝜌 . (47)

From this waiting time expression, one can state the
following condition without proof.

Proposition 1: The necessary and sufficient condition
for the queue to be lossless 𝑏 = 1, 𝑎 > 1.

The waiting time and the queue length under this
condition become:

𝐿 = (𝑎 + 2)(𝑛 + 1)
𝑘=𝑛

∑
𝑘=0

1
𝑎 + 𝑘𝜌𝑎−1, (48)

𝑊 = 1
𝜆(𝑎 + 2)(𝑛 + 1)

𝑘=𝑛

∑
𝑘=0

1
𝑎 + 𝑘𝜌𝑎−1. (49)

One can therefore deduce the load or traffic intensity
using the length or waiting time as a log probability:

ln 𝜌 = 1
𝑎 − 1 log 𝐿

(𝑎 + 2)(𝑛 + 1)
𝑘=𝑛
∑

𝑘=0

1
𝑎 + 𝑘

, (50)

or
ln 𝜌 = 1

𝑎 − 1 log 𝑊 𝜆

(𝑎 + 2)(𝑛 + 1)
𝑘=𝑛
∑

𝑘=0

1
𝑎 + 𝑘

. (51)

The queue parameters resulting from the inference of
the different previous waiting times are given in Table 1.

4. SIMULATION AND RESULTS ANALYSIS
The use of the beta distribution under a certain

condition yields the parameter 𝜌 of different queuing
systems which are given in Table 1 and we make use
of two cases from them for simulation. We consider, in
this simulation of the theoretical results, the equilibrium
𝜌 < 1 and Cruz’s bounds are reduced to an exponential
server. One must keep in mind 𝑏 = 1 as a necessary
condition to avoid packet loss and 𝑎 = 2 since 𝑎 > 1.

The load in the scenario of a predictive queue is
investigated using beta distribution and a non-predictive
queue since the waiting time elapses for exponential
queues. In this test, 1 unit queue length and 1 unit
waiting time are considered according to the analysis
in Section 2.3.1-C, involving the arrival of 100 and 1000
packets, respectively. The MATLAB outcomes of these
theoretical results are shown in Figs. 4 and 5.

These theoretical results are further simulated using
two different queues, namely an exponential M/M/1 and
M/G/1 with a general diffusion service. Since the general
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Table 1: Previous queue results and their estimated parameter.

Queue Waiting Load estimate (𝜌𝑒𝑠)
System time (𝑊 )

M/M/1
Matrix 1

𝜇
𝜌

1 − 𝜌
1

𝑎 − 1 log 1

(𝑎 + 2)(𝑛 + 1)
𝑘=𝑛
∑

𝑘=0

1
𝑎 + 𝑘

G/M/1
Moment 1

𝜆
𝜎

𝛽(1 − 𝜎)
Exponential 1

𝑎 − 1 log 1

(𝑎 + 2)(𝑛 + 1)
𝑘=𝑛
∑

𝑘=0

1
𝑎 + 𝑘

Hyper-exponential

⎡
⎢
⎢
⎢
⎢
⎢

1
𝑎 − 1 log 𝜆𝑊

(𝑎 + 2)(𝑛 + 1)
𝑘=𝑛
∑

𝑘=0

1
𝑎 + 𝑘

⎤
⎥
⎥
⎥
⎥
⎥

Shifted exponential

⎢
⎢
⎢
⎢
⎢
⎣

1
𝑎 − 1 log 𝜆𝑊

(𝑎 + 2)(𝑛 + 1)
𝑘=𝑛
∑

𝑘=0

1
𝑎 + 𝑘

⎥
⎥
⎥
⎥
⎥
⎦

G/G/1
Diffusion 2 𝜌𝑒𝑠

𝜇(1 − 𝜌𝑒𝑠) 𝜌𝑒𝑠 = 1
𝑎 − 1 log 𝜆𝑊

(𝑎 + 2)(𝑛 + 1)
𝑘=𝑛
∑

𝑘=0

1
𝑎 + 𝑘

Kingman 𝛼𝑉 𝑎𝑟[𝜌]
2(1 − 𝜌) 𝜌 = 1

𝐿 log(𝜌𝑒𝑠) 1
𝑎 − 1 log 𝜆𝑊

(𝑎 + 2)(𝑛 + 1)
𝑘=𝑛
∑

𝑘=0

1
𝑎 + 𝑘

Fig. 4: Load of a predictive and non-predictive exponential queue for 𝑛 = 100.
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Fig. 5: Load of a predictive and non-predictive exponential queue for 𝑛 = 1000.

service 𝑖 approximated as a geometric distribution allows
the calculation of the decrement factor 𝑟𝑖 to analyze
the queue occupation from the traffic intensity 𝑟0, the
geometric distribution characterizing the queue behavior
is accordingly given by: 𝑝(𝑛) = 𝑟𝑛−1

𝑖 (1 − 𝑟0), 0 < 𝑟𝑖 < 1.

4.1 Queue Simulation

This considers a queuing system in which the inputs
are made up of two incoming links with rates 𝑟1 and 𝑟2,
namely G.711 A as source 1 and ADPCM as source 2,
provided both sources can be used for different types of
end equipment. The objective of this study is to prevent
the queue service process from going beyond its waiting
time while transferring the entire traffic.
1. Source 1: G.711 A algorithm, the parameters for this

source are as follows:
• 𝑇1 = 1ms, standard value of packetization delay.
• 𝑅1 = 64 kbits/s, standard bit rate.
• 𝑁1 = 30, (E1 standard) number of channels.
• 𝑎1 = 22, number of active sources.
• 𝛽−1

1 = 𝑎1 ⋅ 𝑇1, the mean active time.
• 𝛼−1

1 = 100ms, the mean silence time.
2. Source 2: ADPCM algorithm, the parameters of which

are as follows:
• 𝑇2 = 1ms, standard value of packetization delay.
• 𝑅2 = 32 kbits/s, standard bit rate.
• 𝑁2 = 24, (T1 standard) number of channels.
• 𝑎2 = 16, the number of active sources.

Table 2: System load and waiting time.

W(×10−2 ms) 1 2 3 4 5 6 7 8 9
𝜌𝑒𝑠 (×10−6),
for 𝐿 = 100

1 4 9 16 25 36 49 64 81

𝜌𝑒𝑠 (×10−7),
for 𝐿 = 1000

1 4 9 16 25 36 49 64 81

• 𝛽−1
2 = 𝑎2 ⋅ 𝑇2, the mean active time.

• 𝛼−1
2 = 𝛼−1

1 , the mean silence time.
Figs. 6 and 7, as well as Table 2, show the results from

the queue simulation. Table 2 provides a better view of
the predictive queue if it was taken alone in the figures.

4.2 Results

Figs. 4 and 5 provide the results for 100 and 1000
packet arrivals, respectively; the predictive queue serves
100% for 1/100 unit of waiting time, while the non-
predictive model for the same duration shows 0.0001%
of packets served. At the same waiting time and arrival
rate, this difference observed in load is only explained by
the better processing rate or departure rate. This means
that the predictive queue provides greater processing
capability for the same waiting time and queue length
than the non-predictive queue.

This theoretical result is confirmed by the simulation
results obtained by evaluating the queue occupation
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Fig. 6: Histogram of the occupation level of non-predictive
vs predictive diffusion queue.

against the cumulative transition times according to the
histograms presented in Figs. 6 and 7. The predictive
queue will need one and a fraction of transition times
to throughput or process the entire load, while the
non-predictive queue necessitates 13 cumulative tran-
sition times to process the same load. According to
these figures, the occupation level of the preventive
queue is almost ten times more than its non-preventive
counterpart, confirming the better service rate of the
predictive queue, a characteristic which prevents queue
tailing and, most importantly, helps to avoid delay
variations, also known as jitter.

As a result, at any given waiting time, queue length,
and a constant arrival rate, the predictive model has the
provision to serve the offered load on time, preventing
a tail from forming as the time elapses, while the
non-predictive model does not have this advantage.
This statement is confirmed by Table 2, which indicates
that the load to be processed by the predictive queue
is inversely proportional to the queue length 𝐿, and
proportional to the quadratic waiting time 𝑊 . For
clarity, the load is defined as 𝜌𝑒𝑠 = 𝑊 2 ∕ 𝐿, where 𝑊
is the waiting time and 𝐿 the queue length. It can also be

Fig. 7: Histogram of the occupation level of non-predictive
vs predictive exponential queue.

said that to overcome time-out issues and consequently
packet loss for an efficient, extremely large data transfer,
the waiting time 𝑊 in the queue for a given processing
load 𝜌𝑒𝑠 and queue length of 𝐿, must be at most equal to
𝑊 = √𝜌𝑒𝑠𝐿. It can also be said that the throughput or
the departure rate for a service rate 𝜇 must be equal to
𝜌𝑒𝑠𝜇. It is important to mention that this departure rate
or throughput can be either fixed or dynamic.

Some may argue from this analytical result of a
dynamic load estimate that even a queue management
system could be implemented. Though it is not the
focus of this paper, this point of view can be expressed
in the following way for First Come First Served/First
in First Out (FCFS/FIFO) or non-preemptive queues.
The system evaluates the queue occupation at time
𝑡, 𝐿(𝑡), its potential waiting time 𝑊 (𝑡), and sets the
required processing rate or departure rate (also known as
throughput). In this type of dynamic process, some form
of queue management such as Short Processing Time
First (SPTF) or Processor Sharing (PS) can be abandoned
or improved, respectively.

Whether fixed or dynamic, these results stipulate that
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one must discard them from the coarse queue model. By
applying the same conditions (𝑏 = 1, 𝑎 = 2) to the
results of [19] 𝜌(𝑡) = 𝑏𝑀𝑡𝑏−1, the system experiences
a constant load 𝑀 = 1 ∕ 2 regardless of time 𝑡, which
again yields a coarse parameter, discarding the possibility
of capturing the queue behavior as is the case with the
solution provided in this study.

5. CONCLUSION

The objective of this paper is to predict a queue
model that avoids packet loss through time-out issues
caused by tails in the queue. This is achieved in this
study through system parameterization using Bayesian
inference. The randomness of queue behavior is dealt
with by conveniently sizing the queue through its param-
eters using beta distribution and setting the necessary
lossless condition in an assumed loss queue system.
The predictive queue is shown to fill up continuously,
regardless of the variation in the load, and offers better
performance than its non-predictive counterpart based
on coarse parameters. This better performance is a result
of an improved processing rate, crucial for avoiding tail
or time dependency, time-out, and ultimately packet
loss in the queue. This characteristic is important for
systems where the load and time variations matter, such
as “big data storage” communication in a cloud system.
However, the implementation of such queue applications
is left for further study.
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