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ABSTRACT

The dynamics of two non-linearly coupled ring oscil-
lators are examined in this study. Each ring oscillator
consists of three-stage inverters, coupled through a
resistor and diode. The system is mathematically mod-
eled by non-linear differential equations. A numerical
phase plane, bifurcation, and quantitative measures, like
the Lyapunov exponent, confirm the transition from
periodic to chaotic oscillation in a broad parameter zone.
The system is implemented in a prototype hardware
electronic circuit with bifurcation and chaos observed
experimentally. This circuit can be used in practical
applications such as cryptography and random number
generation.
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1. INTRODUCTION

Understanding the dynamics of ring oscillators is an
important research topic since they play a crucial role in
engineering and biology [1–4]. In electronic engineering,
a ring oscillator is a multiphase system which is easy
to design by cascading a number of inverters connected
in a closed loop chain [5]. A ring oscillator (RO)
can be designed by using single-ended or differential
inverters. In the case of a single-ended inverter-based
RO, the number of inverters in the closed loop chain
must always be odd to support Barkhausen’s oscillation
criteria. However, a differential inverter-based RO can
produce oscillation with an even or odd number of
inverters in the closed loop chain [6, 7]. Ring oscillators
have wide applications in different electronic systems,
such as clock signal generation [8], FM demodulation
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[9], frequency synthesizing [10–12], temperature sensing
[13], etc.

The characteristics of ring oscillators [14, 15] and their
applications in different fields of electronics are well
documented in the literature. However, the dynamic
RO model is essentially nonlinear and difficult, if not
impossible, to solve exactly. For a complete under-
standing of the dynamics of a RO one must apply non-
linear bifurcation and chaos tools [16–18]. However,
understanding the nonlinear behavior of an RO is very
much limited in the literature and the appearance of
bifurcation and chaos in RO has not received much
attention [1, 19–21].

The motivation for studying the nonlinear behavior of
ROs is two-fold. First, apart from man-made electronic
circuits, ROs are also found in biological systems. For
example, in a synthetic genetic repressilator, three genes
in bacteria repress each other and combined behave like
a ring oscillator [2]. As with most natural oscillators,
genetic oscillators also work in coupled mode, therefore,
some studies have explored the collective dynamics of
coupled gene-based ring oscillators. In [3, 4], the dynam-
ics of two linearly coupled synthetic genetic ROs were
studied in detail. The authors reported the occurrence of
multistability, quasiperiodicity, and chaos. However, the
effect of nonlinear coupling in genetic ROs has not been
explored. Furthermore, experimental observations of the
coupled ROs collective dynamics in the biological domain
are still lacking.

The second motivation comes from the application
potentiality of chaos. In this context the most celebrated
chaotic circuit is the Chua, establishing that apart from
their academic interests, chaotic circuits can serve in the
application of cryptography, random number generation,
and chaotic communications [22–26]. In this connection,
autonomous Boolean network-based chaos generators
open the path to high frequency chaos in a flexible setup
[27, 28].

Ring oscillators are also found to be potential chaos
generators that can be implemented in IC form. In this
endeavor, Hosokawa and Nishio [19] first proposed that
when coupled through a combination of cross-coupled
diodes, two three-stage ROs are capable of producing
a chaotic signal. Since a chaotic signal is aperiodic in
nature, it has no regular temporal zero crossings. Thus,
it can generate large intrinsic jitter and may be treated
as the potential source of entropy for generating a true
random number (TRN), an idea implemented by Çiçek
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Fig. 1: Circuit diagram of two nonlinearly coupled ring
oscillators. Each RO consists of three MOS inverters. 𝐷
is a pn junction diode, 𝑉1 and 𝑉2 are bias voltages.

and Dündar [29]. Minati [20] confirmed the generation
of controllable chaos by making the current starving of
the 3, 5, and 7 stage ROs which were coupled through
diodes of diverse coupling strengths, enabled through
pass-gates.

Motivated by the foregoing, the behavior of two
nonlinearly coupled ROs are studied in this paper,
considering three-stage ROs with single-ended inverters.
The nonlinearly coupled ROs are modeled by nonlinear
differential equations. The dynamics of the system are
explored both numerically and experimentally. This
study shows the chaotic behaviors of coupled RO circuits
in a broad range of parameter values. The transition
route from non-chaotic to chaotic circuit behavior is also
studied through a bifurcation diagram and Lyapunov
exponent spectrum. The experimental results reveal good
qualitative agreement with the numerical results.

The organization of this paper is as follows: Section 2
describes the mathematical model of the system. Sec-
tion 3 presents the numerical results of the mathematical
model, while the experimental results are discussed in
Section 4. Finally, the main contribution of the paper is
presented in Section 5.

2. MATHEMATICALMODELINGOFCOUPLEDRING
OSCILLATORS

The schematic circuit of two nonlinearly coupled ring
oscillators is shown in Fig. 1. Each RO consists of three
metal oxide semiconductor (MOS)-based inverter stages.
Two such ROs are coupled via a series combination of a
resistor and pn junction diode. To model the circuit, the
linear model of a simple inverter gate is first considered,
as proposed in [19]. A single inverter of an RO can be
treated as the parallel combination of a current source
𝐺𝑚𝑉𝑖𝑛, a resistor 𝑅, and a capacitor 𝐶 as shown in
Fig. 2, where 𝐺𝑚 is the gain of each inverter, 𝑅 is the
effective resistance in kΩ of all the gate and 𝐶 in pF is
the equivalent capacitance due to the parasitic effects of
the individual inverter gate.

Fig. 2: Equivalent circuit diagram of an inverter gate.

Fig. 3: Equivalent circuit of the complete circuit in Fig. 1.

The equivalent circuit of Fig. 1 according to this model
is shown in Fig. 3. Applying Kirchhof’s current law
(KCL) to this circuit, six voltage-current equations are
developed for all nodes of the ROs. If 𝑉1𝑖s and 𝑉2𝑖s
are the voltages at the nodes of the first and second RO
(approximately 5 V), respectively, where 𝑖 varies from 1
to 3, then they are related to each other as follows

𝑑𝑉11
𝑑𝑡 = − 1

𝑅𝐶 𝑉11 − 𝐺𝑚
𝐶 𝑉13 (1)

𝑑𝑉12
𝑑𝑡 = − 1

𝑅𝐶 𝑉12 − 𝐺𝑚
𝐶 𝑉11 (2)

𝑑𝑉13
𝑑𝑡 = − 1

𝑅𝐶′ 𝑉13 − 𝐺𝑚
𝐶′ 𝑉12 − 𝑖𝑑

𝐶′ (3)

𝑑𝑉21
𝑑𝑡 = − 1

𝑅𝐶 𝑉21 − 𝐺𝑚
𝐶 𝑉23 (4)

𝑑𝑉22
𝑑𝑡 = − 1

𝑅𝐶 𝑉22 − 𝐺𝑚
𝐶 𝑉21 (5)

𝑑𝑉23
𝑑𝑡 = − 1

𝑅𝐶′′ 𝑉23 − 𝐺𝑚
𝐶′′ 𝑉22 + 𝑖𝑑

𝐶′′ (6)

𝑖𝑑 =
⎧⎪
⎨
⎪⎩

𝑉13 − 𝑉23 − 𝑉𝑡ℎ
𝑟 + 𝑟𝑑

for (𝑉13 − 𝑉23) > 𝑉𝑡ℎ

0 for (𝑉13 − 𝑉23) ≤ 𝑉𝑡ℎ

(7)

where 𝐶′ = 𝐶 + 𝐶1 and 𝐶′′ = 𝐶 + 𝐶2 are the equivalent
capacitance at the coupling stage of each RO. To make
the above equations dimensionless, the following can be
assumed: 𝑋𝑚𝑛 = 𝑉𝑚𝑛 ∕ 𝑉𝑡ℎ, 𝑌 = ((𝑟 + 𝑟𝑑)∕𝑉𝑡ℎ) 𝑖𝑑 ,
𝜏 = 𝑡 ∕ 𝐶𝑅, 𝛼 = 𝐺𝑚𝑅, 𝛽 = 𝐶 ∕ 𝐶′, 𝛾 = 𝐶 ∕ 𝐶′′, and
𝛿 = 𝑅∕(𝑟 + 𝑟𝑑), where 𝑋s, 𝑌 , 𝜏 , 𝛼, 𝛽, 𝛾 , and 𝛿 are all
dimensionless. Accordingly, the following dimensionless
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Fig. 4: Phase plane plot (𝑋12 − 𝑋21): limit cycle oscillation
at 𝛿 = 7.8 for 𝛼 = 3.6, 𝛽 = 0.1 and 𝛾 = 4.

Fig. 5: Phase plane plot (𝑋12 −𝑋21): period-2 oscillation at
𝛿 = 8.5 for 𝛼 = 3.6, 𝛽 = 0.1 and 𝛾 = 4.0.

equations can be obtained:.

𝑋̇11 = −𝑋11 − 𝛼𝑋13 (8)

𝑋̇12 = −𝑋12 − 𝛼𝑋11 (9)

𝑋̇13 = −𝛽𝑋13 − 𝛼𝛽𝑋12 − 𝛽𝛿𝑌 (10)

𝑋̇21 = −𝑋21 − 𝛼𝑋23 (11)

𝑋̇22 = −𝑋22 − 𝛼𝑋21 (12)

𝑋̇23 = −𝛾𝑋23 − 𝛼𝛾𝑋22 + 𝛾𝛿𝑌 (13)

𝑌 =
{

𝑋13 − 𝑋23 − 1 for (𝑋13 − 𝑋23) > 1

0 for (𝑋13 − 𝑋23) ≤ 1
(14)

It is worth mentioning that Eqs. (8)–(14) represent a
system which is essentially nonlinear, having piece-wise
linear nonlinearity. In the next section, the dynamical

Fig. 6: Phase plane plot (𝑋12 − 𝑋21): chaotic oscillation at
𝛿 = 11.0 for 𝛼 = 3.6, 𝛽 = 0.1 and 𝛾 = 4.0.

Fig. 7: Bifurcation diagram with varying 𝛿 for 𝛼 = 3.6,
𝛽 = 0.1 and 𝛾 = 4.0.

behavior of the system is explored, based on these
equations.

3. NUMERICAL RESULTS

To explore the dynamics of the system, the system
Eqs. (8)–(14) are solved numerically. In the numerical
simulations, the fourth-order Runge-Kutta algorithm
with a step size of 0.001 is used. In the bifurcation
and phase space diagrams, a large number of iterations
(around 105) are discarded to avoid transient dynamics
[30, 31].

𝛿 is varied for the following parameters 𝛼 = 3.6, 𝛽 =
0.1 and 𝛾 = 4.0. It can be observed that Hopf bifurcation
appears around 𝛿 = 𝛿𝐻 = 6.8 with a stable limit cycle.
A further increase in 𝛿 makes the limit cycle distorted.
Fig. 4 demonstrates the same in the 𝑋12 − 𝑋21 plane for
an exemplary value 𝛿 = 7.8. A further increase in 𝛿 gives
rise to period-doubling scenarios. A period-2 oscillation
is shown in Fig. 5 at 𝛿 = 8.5. Finally, chaotic oscillations
appear through the period-doubling route. Fig. 6 depicts
the chaotic behavior in the 𝑋12 − 𝑋21 phase plane at 𝛿 =
11.1.
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Fig. 8: Lyapunov exponent with varying 𝛿 for 𝛼 = 3.6 and
𝛽 = 0.1.

Fig. 9: Bifurcation diagram with varying 𝛾 for 𝛼 = 3.6,
𝛽 = 0.1 and 𝛿 = 11.0.

To explore the full spectrum of the dynamics, a
bifurcation diagram is drawn with 𝛿. Fig. 7 shows the
bifurcation scenarios with 𝛿 fixed at 𝛼 = 3.6, 𝛽 = 0.1 and
𝛾 = 4.0. It clearly shows a period doubling route to chaos.
The chaotic behavior exists in a broad parameter region.
Periodic windows are observed at 𝛿 ≈ 10.2 and 𝛿 ≈ 10.7.
Also, at 𝛿 ≈ 10.1 a chaotic explosion is observed, giving
large amplitude chaotic attractors. The corresponding
Lyapunov exponent (LE) spectrum is further computed
to establish the occurrence of chaos, characterized by a
positive LE. See Fig. 8 for better visibility. Out of the six
LEs, only four largest LEs are plotted. Periodic windows
aremanifested by a sudden dip in the LE spectrum to zero
value.

It can be further verified that apart from 𝛿, the
variation in other parameters also gives rise to chaos.
Fig. 9 shows the bifurcation diagram with 𝛾 (for 𝛼 = 3.6,
𝛽 = 0.1 and 𝛿 = 11.0), from which it can be observed
that a decreasing 𝛾 gives rise to a period-doubling route to
chaos. Here, the lower values of 𝛾 show chaos along with
wider periodic windows. In the region, 3.7 ≤ 𝛾 ≤ 4.2,
chaotic attractors attain larger values.

Fig. 10 shows the corresponding LEs, supporting the
bifurcation diagram in Fig. 9 and the occurrence of chaos
in the system. The observation of chaotic oscillation
in such a simple set up is important since it may open
up the application potentiality of the circuit in random
number generation, enabling the intrinsic jitter to act as
the source of larger entropy [21, 32, 33].

Fig. 10: Lyapunov exponent with varying 𝛾 for 𝛼 = 3.6 and
𝛽 = 0.1.

4. EXPERIMENTAL RESULTS

The coupled circuit of Fig. 1 is designed in a hardware
level set up. The individual ROs are designed using three
ALD1115PAL IC chips [34], containing one p-channel
and one n-channel MOSFET. The bias voltages 𝑉1 and 𝑉2
were chosen to be 4.90 V and –5.67 V, respectively. The
substrates were also kept at the same bias voltage as the
sources of eachMOSFET.The frequency of each oscillator
in the uncoupled condition is 2.95MHz (measured with a
spectrum analyzer, Rigol, DSA1030A 9 kHz–3GHz). The
frequency spectrum at different nodes of both oscillators
were found to be identical. Two oscillators were then
coupled through the series combination of a variable
resistance 𝑟 (10 kΩ potentiometer) and a 1N4007 diode
with two capacitors, 𝐶1 = 150 pF and 𝐶2 = 10 pF, as
depicted in Fig. 1. All the components have a 5%
tolerance.

By varying the value of the resistance 𝑟, the transition
of the oscillator output from the non-chaotic to chaotic
mode was observed through a period-doubling cascade
(note that the parameter 𝛿 depends upon 𝑟, cf. 𝛿 = 𝑅∕
(𝑟 + 𝑟𝑑)). The details of the experimental phase plane
plots in the 𝑉12 − 𝑉21 plane are shown in Figs. 11 to 13
with varying 𝑟.

Fig. 11 shows the period-1 oscillation at 𝑟 = 8.5 kΩ.
A further decrease in 𝑟 (equivalent to an increase in 𝛿)
results in period-doubling bifurcation. Fig. 12 shows a
period-2 oscillation at 𝑟 = 6.3 kΩ. A chaotic oscillation
appears at a much lower value of 𝑟. Fig. 13 shows the
experimental chaotic attractor at 𝑟 = 1.2 kΩ. It should be
noted that the experimental phase plane plots in Figs. 11
to 13 are in qualitative agreement with the numerical
results in Figs. 4 to 6.

Apart from the experimental phase plane plots, to
support bifurcation and chaos, the corresponding power-
frequency spectrum is measured with a spectrum ana-
lyzer. Fig. 14 shows the frequency spectrum of period-
1 oscillation of 𝑉12 at 𝑟 = 8.5 kΩ. It shows a central
frequency at 2.5MHz. Period-2 oscillation at 𝑟 = 6.3 kΩ is
characterized by the appearance of two additional peaks
in the frequency spectrum (see Fig. 15).

Finally, the broad and continuous frequency spectrum
confirms the occurrence of chaos in the circuit. Fig. 16
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Fig. 11: Experimental phase portrait of 𝑉12 − 𝑉21: Period-1
for 𝑟 = 8.5 kΩ.

Fig. 12: Experimental phase portrait of 𝑉12 − 𝑉21: Period-2
for 𝑟 = 6.3 kΩ.

Fig. 13: Experimental phase portrait of 𝑉12 − 𝑉21: Chaos
for 𝑟 = 1.2 kΩ.

exhibits the frequency spectrum of the chaotic signal at
𝑟 = 1.2 kΩ. It can be observed that about 90% of the
power is concentrated around 2.5MHz frequency, which
is the center frequency of the sinusoidal oscillation of the
circuit. Moreover, in a real hardware setup, parameter

Fig. 14: Frequency spectrum of 𝑉12: Period-1 for 𝑟 = 8.5 kΩ.

Fig. 15: Frequency spectrum of 𝑉12: Period-2 for 𝑟 = 6.3 kΩ.

Fig. 16: Frequency spectrum of 𝑉12: Chaos for 𝑟 = 1.2 kΩ.

mismatch and fluctuations are inevitable.
Despite this, the experimental results in this study are

qualitatively equivalent to the numerical results from the
mathematical model. This shows the robustness of our
hardware circuit. We checked the period doubling path to
chaos for several sets of circuit parameters and obtained
a qualitatively equivalent result.
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5. CONCLUSION

This paper explores the nonlinear dynamics of two
nonlinearly coupled ROs and the system modeled using
equivalent circuit-based analysis. The numerical results
and quantitative measures established that the circuit
exhibited bifurcation and chaos in a broad parameter
zone. The circuit was implemented in a hardware
experiment and experimentally the chaotic dynamics
observed. In the experiment, chaotic behavior was also
established through a broad and continuous frequency
spectrum.

Apart from exploring the detailed nonlinear dynamics,
this study provides a simple circuit using off-the-shelf
electronic components for demonstrating bifurcation and
chaos in an RO. This circuit can serve as a prototype for
verifying the analytical results of biological ROs [2–4].
The experimental setup can be extended to understand
the noisy dynamics of ROs potentially revealing several
unexplored dynamics of biological and physical ROs.

In the context of RO-based chaotic circuits, previous
studies have either used numerical simulations [19] or
a complex experimental setup [20] to observe chaotic
behaviors. This study reveals that simple nonlinearly
coupled ROs can be used to generate strong chaos in the
application of random number generation and cryptog-
raphy [35]. Ring oscillator-based chaos generators have
clear advantages over existing operational amplifier-
based chaotic oscillators [36–41] since the former is easy
to design with CMOS technology [1]. This study focuses
only on the chaotic dynamics of the coupled system.
Therefore, the circuit for obtaining maximum frequency
or least power consumption is not optimized: efforts in
this direction deserve separate study.

Moreover, studies can be carried out on the coopera-
tive dynamics of ROs, such as synchronization [42–44]
and symmetry-breaking [45] phenomena. Moreover, the
observation of hidden oscillations [46, 47] in ROs would
be an interesting topic for future research.
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