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Spectral Graph Filtering for Noisy Signals Using
the Kalman filter
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ABSTRACT

Noise is unwanted electrical or electromagnetic ra-
diation that degrades the quality of the signal and the
data. It can be difficult to denoise a signal that has been
acquired in a noisy environment, but doing so may be
necessary in a number of signal processing applications.
This paper extends the issue of signal denoising from
signals with regular structures, which are affected by
noise, to signals with irregular structures by applying the
graph signal processing (GSP) technique and a very well-
known filter, the standard Kalman filter, after adjusting
it. When the modified Kalman filter is compared to the
standard Kalman filter, the modified one performs better
in situations where there are uncertain observations
and/or processing noise and shows the best results. Also,
the modified Kalman filter showed a higher efficiency
when we compared it with other filters for different types
of noise, which are not only standard Gaussian noises but
also uniform distribution noise across two intervals for
uncertain observation noise.

Keywords: Graph signal processing, Graph Fourier
transform, Signal denoising, Kalman filter

1. INTRODUCTION

Noise is undesired electrical or electromagnetic radi-
ation that impairs signal and data quality. Noise may
damage files and communications of all sorts, including
text, programs, photos, audio, and telemetry, in both
digital and analog systems. Denoising a signal acquired
in a noisy environment is a significant challenge that
might be essential in a variety of signal processing
applications. One of the well-known techniques for
signal denoising is the Kalman filter, which has seen
a lot of improvements in recent years [1]. To have a
high Kalman filter efficiency, the assumptions that the
linear dynamic system model is accurately determined
a priori and that the process and measurement noises
are zero-mean, jointly standard Gaussian noises with
known covariance matrices are crucial. However, in
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reality, these presumptions are seldom true, particularly
when the noise covariance matrices of the process and
measurement are incorrectly understood, which can
cause the Kalman filter’s performance to significantly
degrade or even be rendered useless due to a convergence
issue. The statistical characteristics of the process
and measurement noises from extensive practical trials
are often used to derive the covariance matrices of
the process and measurement noises. Distinguishing
between noise and measurement signals is very hard due
to the intricacy of the noise’s underlying process.

H-infinity filtering issues have gotten a lot of academic
attention in order to address the modeling flaws and
noise uncertainty [2] and [3]. In matrix Riccati-type
equations with a Kalman filter, the solutions of H-infinity
filters have a comparable structural shape. A Kalman
filter with a noise covariance matrix that depends on
the noise attenuation parameter can be used to generate
an H-infinity filter. A reliable approach for estimating
the state of the system with unknown noise statistics is
H-infinity filtering. However, the choice of the noise
attenuation affects the H-infinity filtering’s convergence,
accuracy, and computing cost [4]. The adaptive Kalman
filter is primarily used to address the issue of uncertain
or unreliable statistical features of process noise and/or
measurement noise. The key concept is to adaptively
assess the hazy statistical characteristics of the noise
surrounding the nominal values. With the updated
covariance matrices, the Kalman filter may be used.
Adaptive fading Kalman filter (AFKF), multiple model
adaptive estimation (MMAE), and innovation adaptive
estimation (IAE) are the three main methodologies used
by adaptive Kalman filtering technology. The fading fac-
tor is multiplied with a time-dependent variable to scale
the noise covariance matrix [5]. The application often
contains both a single fading component and numerous
fading factors [6] and [7]. The MMAE method involves
choosing the best state estimate from a bank of Kalman
filters that are all running simultaneously. Potential
issues with process load reduction and speed reduction
have recently been explored [8]. To assess the efficacy
of covariance estimation, the IAE approach builds an
innovation sequence based on the characteristics of an
ideal filter. An adaptive limited memory filter (ALMF),
with unidentified noise statistics, was introduced in 1976.
This led to the development of a few modified adaptive
Kalman filter algorithms [9] and [10].

This paper suggests creating an efficient solution in
order to cope with scenarios where process or mea-
surement noises are manufactured by adding random
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noise to the real data based on the Kalman filter and
GSP. The graph is a well-known combinatorial structure
composed of vertices and edges [11]. Nowadays, signal
processing on graphs is widely employed in the field of
sensor networks because of the continuous streams of
data generated by sensors with extremely high spatial
and temporal resolution [12]. The most significant ad-
vancement was the introduction of a spectral framework
for signal analysis; this is similar to how the Fourier
Transform allows complicated signals from sensors to
be decomposed into their fundamental frequencies. The
spectral transform describes the link between graph
signals and the underlying graph’s spectral proper-
ties.  Different authors propose regression methods
[13], wavelet decompositions [14]-[17], filter banks on
graphs [18] and [19], denoising [20], and compression
techniques employing the Laplacian [21] as a result
of processing data gathered by sensor networks with
erratically arranged sensors. Some of these references
take into account the distributed processing of data from
sensor fields, while others investigate the multiresolution
localized processing of signals on graphs by representing
data using wavelet-like bases with varying “smoothness”
or by defining transforms based on node neighborhoods.
Additionally, signal processing settings have made exten-
sive use of graph-based methodologies. For instance, a
prominent image-dependent filtering technique may be
understood from a graph viewpoint [22], where other
writers depict pictures as graphs for segmentation [23].
Graph-based filtering, processing, and multiresolution
representations may be created, and models used in
computer graphics applications are frequently seen as

graphs [24] and [25].

The main contributions of this paper include:

o This paper extends the challenge of signal denoising
from signals with regular structure to signals with
irregular structure, which are typically represented by
graphs and the graph Fourier transform. After adding
noise to the signal, we used a low-pass filter to modify the
standard Kalman filter. Then, by adjusting the Kalman
filter, a novel method has been presented for signal
denoising on graphs.

e The effectiveness of the modified Kalman filter is
shown in two different scenarios. In the first scenario,
a comparison is made between the standard Kalman
filter and the modified one when we have an uncertain
process noise or an uncertain observation noise. Some
of the standard Gaussian noises with zero mean and
different standard deviations, which are important to get
a high Kalman filter efficiency, are used. In the second
scenario, we compare the modified Kalman filter to an
inverse graph filter as well as an approximate iterative
solution expressed by a standard graph filter, which are
represented in [26]. We then applied this algorithm to
measurement denoising for the same data and added
the same types of noise, which are not only standard
Gaussian noises but also two uniform distributions across
two intervals for uncertain observation noise.

The structure of this essay is as follows: Section 2
outlines the background information for GSP and the
standard Kalman filter. The methodology to address
the problem is introduced in Section 3. To demonstrate
the efficacy of the suggested method, Section 4 includes
results and discussion of simulation examples. Section 6
contains the conclusions. The future work is represented
in Section 7.

2. BACKGROUND INFORMATION

This section contains some introductions to graph the-
ory, the graph Fourier transform (GFT), signal filtering on
graphs, and the standard Kalman filter.

2.1 Graph Theory

A graph is a mathematical structure that illustrates the
relationships between a collection of objects. Vertices,
or nodes, represent the items, whereas edges, or links,
reflect the relationships between the vertices. Thus,
graphs can be used to describe the geometric structures of
data domains in a wide variety of applications, including
social networks, sensors, energy, and neural networks.

A graph is either undirected or directed. If there is
no origin or destination node for each pair of connected
nodes (i.e., the edge connects the nodes bidirectionally),
the graph is undirected. On the other hand, in a directed
graph, every edge starts at the first vertex of the ordered
pair and points to the second vertex of the ordered
pair. Undirected graphs are ideal for a wide variety of
applications. Certain applications, however, necessitate
a directed graph representation. Depending on the
application, the number of vertices and edges may vary.
Vertices represent people in social network graphs, and
links between vertices exist if they have a social or other
relationship [27]. Several instances of data processing on
graphs are shown in Fig. 1.

A graph is defined as a set of finite vertices V' = {v;},a
set of finite edges E = {el-j }, and an adjacency matrix W,
which might be unweighted or weighted, and is formally
represented by G = {V, E, W}. The weight matrix
of a weighted graph is an N X N matrix. If an edge ¢;;
connects two vertices i and j, in a weighted graph W;
represents the weight of this edge, and in an unweighted
graph W;; = 1. For both weighted and unweighted
graphs, if E does not contain e;; then W;; = O[11].

In sensor network graphs, for example, the weights
indicate the correlation of the signal corresponding to
those nodes and are inversely proportional to the actual
distance between sensor nodes. Additionally, in GSP,
there is another important matrix called the Laplacian
matrix. This matrix is calculated using Eq. (1):

L=D-W (1)

In Eq. (1), the diagonal degree matrix is denoted by D,
and the vector of degrees is designated by d because it
is made up of the diagonal elements of D. The degree of
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Fig. 1: Examples of graph-structured data from the real
world. The signals are the values on the nodes.
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Fig. 2: A graph with three nodes and two edges, and its
representation using the weight matrix W and the degree
matrix D.

the relevant vertex is contained in each component of d
since d; = },,,; W;; as illustrated in Fig. 2.

The Graph Laplacian contains a complete collection
of orthonormal eigenvectors since it is a real symmetric
matrix. The normalized Laplacian matrix can be evalu-
ated from the Laplacian matrix using the degree matrix
D using Eq. (2):

Lnorm = D LD (2)

(ST
B

The normalized Laplacian matrix, which is shown in
Eq. (2), simplifies frequency analysis since it normalizes
the frequency to the range from 0 to 2. However,
note that L and L,,,,, are not similar matrices; hence,
their eigenvalues and eigenvectors are not the same.
Additionally, the choice of a suitable Laplacian matrix for
a given graph-based problem is application-dependent.

Any undirected graph has a symmetric Laplacian

matrix as shown in Eq. (3), which is positive definite.
The eigenvalues will be real and non-negative, and
the eigenvectors will be orthogonal. Singular value
decomposition is a technique for separating values that
are the same. A is a diagonal matrix having real
eigenvalues greater or equal to zero, and the columns of
U are the eigenvectors in agreement with the eigenvalues

in the ascending order, ie., 0 < A4y < 4y ... < Ay_; and
forms an orthonormal basis for RV [28].
L=UAUT 3)

2.2 Graph Fourier Transform

In traditional signal processing, for signal analysis, the
discrete Fourier transform (DFT) was a crucial tool. The
discrete Fourier transform is a time-domain alternative
basis representation for signals. The Fourier basis is a
collection of basis vectors that decompose a given signal.
It brings a set of remarkable features that could be used to
analyze signals. The DFT representation of the signal is
used in a number of existing signal processing algorithms
for both time and image signals. This shows that for
graph signals, a collection of basis vectors equivalent to
the Fourier basis could be generated.

On graphs, analogous concepts of high and low
frequencies can be expressed using basis vectors akin to
the Fourier basis. A graph signal with a low frequency
varies slowly in comparison to its neighbors, whereas a
signal with a high frequency fluctuates dramatically with
respect to its neighbors. In addition, the basis vectors
must be invariant in terms of node order. Surprisingly,
the Laplacian matrix’s eigenvectors have a natural signal-
frequency explanation, similar to sinusoids in the time
domain. The existence of a diagonalizing orthonormal
matrix is guaranteed by the spectral decomposition
theorem [5].

Numerous research papers, such as [11], [29], and
[30], mention the Graph Fourier Transform defined in
Equation (4): Additionally, Eq. (5) describes the inverse
graph Fourier transform (IGFT).

N
F (&) =600 = FOUFG) “@
j=1

J

=4

=

1

7 () UG (5)
1

To compute the vector of GFT f € RY, which
represents the measured signals at each graph vertex, the
eigenvectors of the graph Laplacian have been employed.
For time-domain signals, the GFT is similar to the
traditional Fourier transform, which is represented by Eq.

6).

F@) 1= (f, 24 = / FO G (s)
R

Assuming a node ordering, it is possible to associate
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each element of the eigenvector with the appropriate
graph element. For a connected graph, at each node,
the Laplacian eigenvector, which corresponds to the
eigenvalue, is constant. This means that the value
remains constant across nodes, making it similar to a
DC signal on a graph. The Laplacian eigenvectors of the
graph that are linked to lower frequencies are the reason
for the graph’s slow variation.

When two vertices are joined by a thin edge with
a tiny weight, the signal levels at those points are
likely to be different. Conversely, eigenvectors with
bigger eigenvalues vary more quickly when vertices
are connected by a high-weight edge. In general, the
eigenvectors and the eigenvalues represent the concept
of frequency, so they represent the constant values and
show the maximum variations in the signal on the graph.

2.3 Filtering a Signal on Graph

Filtering noisy signals on a graph is a basic application
of GSP. In a classical filter, signal filtering is accomplished
using convolution, which is identical to point-wise mul-
tiplication. Filtering a graph signal is done in the same
way by multiplying it by a graph Fourier domain filter
in the graph Fourier domain. The process of amplifying
or attenuating the linear contributions of certain of the
complex exponential components, which is an analogous
representation of the input signal, is specified as a classic
filter in the frequency domain. The following equation,
Eq. (7), demonstrates it. However, the inverse of this
operation may be written as shown in Eq. (8).

5@ =@ 7@ (7)

f, = /R i @h@ s = (f,x RD)  (8)

With a spectral representation of a graph in hand, a
frequency filter may be constructed using Eq. (7). A
graph spectral filter as described by Eq. (9) which can
be written in matrix notation as shown in Eq. (10).

£ = fi (&) k(4 ©)
f,=UgMU*f; (10)

Here, g(A) is a diagonal matrix with coefficients g(4)
on its diagonal. Similarly, Eq. (11) defines the IGFT.

N-1

fo) =Y i G)h(Auy)

i=0

(11)

In Eq. (11), f, is the output signal of the filter.
To define a graph filter, a continuous function A

R, — R is used to find its discrete coefficients, at
each eigenvalue, this function is calculated.: fl(/li) when
i = 0,.,N — 1, as illustrated in Fig. 3. Discrete

versions of well-known continuous filtering methods can

0 1 2 3 4 5 6

Fig. 3: Along the spectrum of the graph, a sample heat
kernel filter h is plotted. The eigenvalues are represented
by the black crosses, and the continuous filter is calculated
to provide a discrete counterpart [32].

be developed with simple spectral graph filters. These
approaches for filtering include anisotropic diffusion,
Gaussian smoothing, filtering of the total variation,
bilateral filtering, and nonlocal means filtering. These
filters emerge as options for denoising, inpainting, and
super-resolution, which are ill-posed inverse problems
[11].

Utilizing the frequency filter involves diagonalizing
the Laplacian graph, which is an operation of O (N 3)

time and O (N 2) space complexity. As a result, this
filter is applicable only to graphs with fewer than a few
thousand vertices.

Nevertheless, various effective methods for filtering
signals in the vertex domain have been developed, which
are summarized in [11], [31], and [17]. When the
polynomial frequency filter in Eq. (9) is h (ﬂi) =
ZkK:O a /15‘ of degree K. In the frequency domain, a filter
is equivalent to a filter in the vertex domain. As a result,
Eq. (11) can be restructured in the following way, which
is shown in Eq. (12).

N-1 K N-1
Loy= Y f@0) Y @ Y ur () Auy ()
i=0 k=0 1=0

= (aOI+a1L+....+aMLM)fi (12)

This method uses the Laplacian operator, which
is analogous to multiplying the signal with the filter
function in the spectral domain. Eq. (12) illustrates the
ability to efficiently apply polynomial filters to a certain
filter function by selecting the appropriate polynomial.
For instance, Chebyshev polynomials are widely used
due to their numerical constancy and the efficiency with
which they can be assessed with only three recursive
terms. [17].
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Numerous prior research works have emphasized
the need to improve the accuracy of filtering a signal
on a graph. For example, [31] proposed using the
Lanczos method to present an accelerated algorithm that
automatically adjusts to the Laplacian spectrum without
computing it explicitly. Also, [17] presented an algorithm
that relies on the graph total variance of noisy signals
being normalized to generate a closed-form solution to
the associated optimization problem by combining an
iterative solution and an inverse graph filter represented
by a conventional graph filter [26]. The low-pass filter
is a common filter that is used to denoise a signal on a
graph. This filter is used to reduce the magnitude of the
high-frequency content of a signal when the noise has no
effect on the frequency content of low-frequency signals.
The frequency content is affected by the traditional low-
pass filter of the signal f;,(£) is completely defined by its
response, which is obtained by multiplying the Fourier
transform coefficients of the input signal elementwise by
the filter’s frequency response. Likewise, after selecting a
cut-off frequency or 4,,,, to attenuate the high-frequency
components of the spectrum that correspond to large
eigenvalues and satisfy the requirements, a low-pass
graph filter should be built / (xlm) ~ 0. For instance,
setting A, equivalent to the bandwidth’s median value
denotes that half of all frequencies are equal to or less
than 4., [30]. A low-pass filter is effective at de-
noising and recovering the true signal from a noisy
measurement. In short, numerous existing denoising
methods rely heavily on signal smoothing using low-pass
filters [26].

There are more signal processing operations on the
graph, such as signal translation, down-sampling, many
signal filtering approaches, and signal denoising, in
addition to the aforementioned procedures.

2.4 Kalman Filter

R.E. Kalman published a seminal study on a recursive
solution to the discrete-data linear filtering problem
in 1960 [33]. The Kalman filter is a mathematical
method that guesses unknown variables using a series
of measurements containing statistical noise and other
imperfections. These are usually more accurate than
estimates based on a single measurement. As a result,
real-time applications such as signal processing and
econometrics benefit from the Kalman filter. The Kalman
filter requires only the present and previous states,
so the amount of data stored is minimal. Numerous
modern technical applications, such as vehicle guidance,
navigation, and control, rely on the employment of a
Kalman filter. Furthermore, the Kalman filter is a well-
established technique for model-based fusion of sensor
data, and it has a wide range of applications in time series
analysis [34].

The Kalman filter is designed to address the challenge
of estimating the state of a discrete-time controlled pro-
cess that is governed by the linear stochastic difference
equation [35]:

and a measurement z is given by:
Zk=ka+Uk (14)

In Egs. (13) and (14), x, represents the state vector,
and x, represents the predicted state vector. The
random variables w;_; and v, embody the process
and measurement noise, and they are considered to be
independent of one another. To ensure the Kalman filter
operates optimally. w,_; and v, are expected to be
white noise with normal probability distributions that
are uncorrelated p(w) ~ N(0,Q) and p(v) ~ N(O, R),
respectively. In the absence of a driving function or
process noise, the transition matrix A relates the state x;,
to the state x| at time step k + 1. Also, B and H relate
an optional control input u; and the observation z; to the
state, respectively. Both A and H are subject to change
with each time step or measurement; however, they are
usually assumed to be constant matrices.

Prediction and update are the two stages of the
Kalman filter process. The prediction stage calculates
the state based on previous instants, whereas the update
stage adjusts the anticipated state based on fresh data
[33]. The steps for the stage of prediction are:

o x, = Ax;_) + Buy_,

e Pl =AP_ +A" +0

The steps for the update stage are as follows:

®Zyp = meeasured

oK, =P H'(HP H" + R)™'

o x; =x, +Ky(zy — Hx)

o P =(1- K H)P,

Here, K|, stands for the Kalman gain in discrete time, 1
stands for the unit matrix, and matrices P,” and P;_, are
the covariance matrices of the state distribution before
and after the filter Kalman update [35].

3. METHODOLOGY

Two scenarios have been used to prove the strength of
the proposed method in this paper and can be described
as follows: Scenario A uses data for taxi cabs in San
Francisco. Scenario B uses temperature data that was
used in a previous study for a filtering operation with
simulated noise. As a result, Algorithm 1 can be used to
refer to the modified Kalman filter method with uncertain
process or observation noise covariance estimation.

Algorithm 1
1. Creating a Graph G =V, E, W.

2. Determining the diagonal degree matrix (D).
3. Locate and normalize the Laplacian graph’s matrix (L

and L,,,.,,)-

4. Determine the normalized Laplacian matrix’s eigen-

vectors U and eigenvalues A.

5. Add random noise (w) to the vertex domain data (f).

All noise sources are white Gaussian noises in the first

scenario, while white Gaussian noises and uniform
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Fig. 4: The blue circles represent the graph’s vertices, and
the gray connections represent the graph’s edges.

distribution noises across intervals are added in the
second scenario.

6. Calculate the spectrum of the noisy signal (%) for the
noisy data x.

7. Adjust the standard Kalman filter by adjusting the H
matrix to be a harmonic breakdown filter as given by
Equation (25), and run it when the data is represented
in the spectrum domain (%). Then calculate the filtered
signal (x) in the vertex domain using IGFT.

8. In the first scenario, compare the modified Kalman
filter and the standard Kalman filter in the RMSE
sense when known uncorrelated observation noise
and different values of an uncorrelated process noise
are used, and the same process is repeated with known
process noise and unknown
observation noise.

9. In the second scenario, compare the modified Kalman
filter with the exact graph total variation regular-
ization (GTVR) and the graph filter (GF) that are
discussed in [26] for different types of observation
noise.

3.1 Scenario A

The graph was created using the coordinates of 20
taxi stands, with distances ranging from 0.5 km to 6
km between them, based on the locations of taxi stands
in San Francisco [36]. Following the establishment
of a threshold for excluding links with lower weights
or longer lengths of more than 1.5 km, the graph is
generated as shown in Fig. 4.

We looked at a weighted undirected graph with 20
vertices and the weight function W : 20 X 20 — R.
The weight of the edge linking the respective vertices is
contained in each element of the weight matrix: W, ; :
w (Ui,l)j), and it is formed according to the inverse
of the distances between them. The weight is set to
zero when there is no edge between two vertices. The

matrix W is symmetric. The degree d(i) is known as

25— '
200 §
157

10f

| |
HEN I
1 2

)
O—camND T

Fig. 5: In this cumulative spectrum diagram, the magni-
tudes of the spectrum components are given on the y-axes,
while the eigenvalues are seen on the x-axes.

the summation of the weights of the incident edges:

d@) = 212.21 Wi also, A matrix D;; = d(i). The

Laplacian graph has been normalized. L,,,,, is presented
1 1

as L., = D" 2 LD 7 since it is permanently symmetric
and positive semi-definite.

norm

A synthetic taxi proximity signal is created using
data from 20 taxicabs [37]. We interpolated their
locations with a one-minute time step on May 17, 2008,
to ensure time-synchronization between 15:00:00 and
16:00:00 GMT. When the distance between the taxis and
the stands was less than 1.5 km, the distance between
them was estimated to count the number of taxis in the
neighborhood of each stand.

Filtering procedures of a signal on a graph are
common, as is smoothing the signal by passing it through
low-pass filters. The magnitudes in absolute terms of the
spectral components in the graph previously produced
reveal that the data obtained from taxi stand networks
already had the low-frequency characteristics seen in Fig.
5.

As shown in the next figure, Fig. 6 (a), the noisy
signals (x) are definite by applying random noise in
comparison to the original signals (f) in the vertex
domain. The blue color represents the truth signal,
whereas the red color represents the noisy signal. Egs.
(15), (16), (17), and (18) describe the spectral graph
filtering procedure:

x=f+w (15)
N

£(4) = Y x() * UF () (16)
j=1

Fo(A4) = h(A) = 2(4,) (17)
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Fig. 6: The noisy and true signals, as well as the noisy
spectrum, from the vertex domain. (a) f and x the noise is
assumed by N(0,6) and by using 20 taxi stand positions.
For 60 time-steps. (b) The noise spectral accumulation.

N
fo) = F() = U() (18)
i=1

The noise, which is w, is produced using a normal
distribution represented by N(0,06%). As seen in Fig.
6 (b), the spectrum of the noisy signal is represented
by X. The spectral response for the i,, eigenvalue is
represented by 7(4,) , and the filtered components in the
graph spectral domain are represented by 7,(4,).

Fig. 6 shows that introducing Gaussian noise to the
signals has a considerably greater impact on the high
frequencies than on the low frequencies. As a result,
a new filter has been developed based on the harmonic
decline equation that is given in Eq. (19).

(19)

As illustrated in Fig. 7 (a), 2(4;) is chosen to be utilized
as a low-pass filter, with the black crosses representing

0.9
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Fig.7: When (a = 1 and b = 0.2), the properties of the new
filter were used to compare the denoised signals to the true
signals over 60 time-steps. Using the graph’s eigenvalues,
(a) h is determined. (b) When the noise is given by N (0, 6%),
the filtered signals are compared to the clean signals.

the eigenvalues and evaluation points for the filter.

Because it reduces the statistical variance matrix of
the state error, the Kalman filter is used to enhance the
filtering process [34]. For a well-modeled linear system,
where the noise sources are all white Gaussian noise and
the noise covariance matrices are adequately described,
the Kalman filter’s optimality can be achieved [38]. Both
the discretized system state and measurement equations
are represented by the equations below in the Kalman
filter algorithm:

o X, = Axp_| +wy_

ez, =Hx, +uv

The noise covariance matrices wk — 1) and vy
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equivalent to E[wk_lwf_l] = Qy_; and E[vkvi] = R,,
respectively. A and H are both identity matrices, and
the magnitudes are treated as the state vector (x;) of the
noisy spectral components. Egs. (20) and (21) are used to
describe the prediction stage:

X, = Axy_y (20)

Pr=AP_ AT +Q (21)

The state is assigned ahead of time in Eq. (20), whereas
the error covariance is assigned ahead of time in Eq. (21).
Egs. (22), (23), and (24) describe the update stage:

Ky =P H'(HP_H" + R (22)
X = x, + Ki(zp — Hx)) (23)

The Kalman gain, updating the predicted state with
the observation z;, and updating the error covariance are
all represented by the above equations.

On the other hand, the scale of the detected signal may
differ from the scale of the condition being tracked. If we
can evaluate the properties of these spectral components,
we can make changes to the components of the H
matrix. As a result, using Eq. (19), the H matrix
is adjusted to operate as a harmonic breakdown filter.
Updating the H matrix according to Eq. (25) is related to
developing a Kalman filter that is adaptable by combining
processing power from two filters because the equivalent
of filtering a signal in the spectral domain is point-wise
multiplication.

H(i, j) = h(4;) = —
H = 1+( %)
H(i,j)=0

i=j
i#j
Furthermore, both the process noise covariance ma-
trix (Q) and the observation noise matrix (R) need to
be adjusted for Kalman filtering to function properly.
It’s sometimes difficult to find clear formulations for big
time-varying system applications [39], [40], and [41].
The standard Kalman filter and the adaptive Kalman filter
with a given observation noise and an unknown process
noise are applied to the previous spectral graph. The
same process is performed with an undefined amount of
observation noise and a defined amount of process noise.
The parameters are presented in terms of the root mean
square error (RMSE) between the filtered and noiseless
signals as provided by Eq. (26). The filtered signal is in
the domain of the vertex and is a signal that has been
filtered using IGFT.

(25)

RMSE = (26)

Table1: The average RMSE of Denoised Observations
across 60-time steps is indicated, with the average RMSE
between Noisy Measures and Noiseless Signals being 5.959
and Observation Noise being N(0,36).

Observation Standard. Adaptive.
Noise Kalman Filter | Kalman Filter
Zero R 5.959 5.976
N(0,1). 4.032 2.113
N(0,5), 2.875 1.662
N(0,10). 2.510 1.554
N(0,50). 1.930 1.486

Random noise was applied to the original data to
produce the noisy measurements. To simulate noise, four
different distributions are used: They are all Gaussian
distributions with a zero mean and standard deviations
of 1, 5, 10, and 50, respectively.

3.2 Scenario B

We used a one-year daily temperature data set gath-
ered from 150 climate stations located in the United
States to demonstrate the robustness of the adaptive
Kalman filter. The readings from all stations on each
day are represented by the signal of a graph with a
length of N = 150, ranging from (-50 to 120) degrees
Fahrenheit. The geodesic distances between stations are
used to create the graph that represents this dataset.
With nodes representing stations, we utilize an eight
-neighbor graph. Each node is linked to the eight nodes
that are geographically closest to it. Following are the
edge weights: A, =P, /> P, ..

dn m
P(n,m) = exXp <_

m),OSn,m<N, (27)

where d, ,, represents the geodesic distance between
stations of the climate n,;, and m,.

As seen in prior work [26], the noisy measurements
were obtained by applying random noise to the actual
data. Four distinct distributions are used to mimic noise:
A Gaussian distribution with a zero mean and standard
deviation equals 5, and a Gaussian distribution with a
zero mean and standard deviation equals 10, indicated
respectively; also, two uniform distributions across the
intervals [-5, 5] and [-10, 10] are represented as U ([-5, 5])
and U ([-10, 10]), respectively.

4. RESULTS AND DISCUSSION
4.1 Scenario A

The following table, Table 1 shows the average RMSE
of 60 sets of a graph of sensor signals at 20 taxi stand
networks with various levels of observation noise and
process noise that are uncorrelated.
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Fig. 8: The adapted KF has been used to compare the actual
signals to the denoised signals, with N (0, 67) representing
Gaussian noise.

Table 2: Denoised Measurement Average RMSE for 60
Time Steps that used a Graph of 20 Taxi Stand Sites,
At which Average RMSE Between Noisy Readings and
Noiseless Signals is 5.959; Process Noise is N(0,1).

The Process Noise’s Standard. Adaptive.
Covariance Kalman Filter | Kalman Filter
Zero Q 1.769 1.586
N(0,1). 2.023 1.475
N(0,5), 2.642 1.497
N(0,10). 3.045 1.594
N(0,50). 4.237 2.117

However, Table 2 shows the average RMSE of 60 sets
of graph signals seen on sensors in 20 taxi-cab stand
locations using an uncorrelated process noise that is well-
known and varied in its noise of observations that are
uncorrelated values.

As shown in Table 1, the minimum values of the
average RMSE are detected using an adjusted Kalman
filter. Fig. 8 illustrates the truth signals and the filtered
signals.

By using the same process noise and observation
noise, this approach highlights the advantages of em-
ploying the adaptive Kalman filter over the harmonic
decline filter and the standard Kalman filter. In ad-
dition to the adaptive KF method’s robustness, there
are minor changes in the average RMSE for ambiguous
process noise (Q) or ambiguous observation noise (R),
as demonstrated in Tables 1 and 2, when compared
to a conventional Kalman filter. If the amount of
noise polluting the measured signals or the changing
characteristics of the status of the system over time are
uncertain, an adaptive Kalman filter can be applied.

4.2 Scenario B

We have used a modified Kalman filter using the
harmonic decline equation to put up the H matrix as

Table3: The Average of RMSE Measurements Between
Noiseless and Denoised Signals by Using the Adaptive
Kalman Filter.

Different Types of the Observation noise
The Without N(O, N(O, N(O, N(0,
noise Filtering | 52) 10%) 3%y | 5.74%)
N(0,5%) 4974 | 3.191 | 3.786 | 3.166 | 3.263
N(0, 102) 9.974 4.905 | 4.649 5.636 4.782
U(-5,5]) 2.872 2.668 3.557 2.299 2.815
U([ - 10, 10]) 5773 3.441 | 3.897 | 3.550 | 3.480

provided by Eq. (19) after calculating the Graph Fourier
Transform for the noisy data. The result is calculated in
the sense of RMSE, as shown in Table 3.

The performance of the modified Kalman filter in
signal denoising is excellent, as shown in Table 3. Tem-
perature errors as minor as 2.299 degrees Fahrenheit were
recorded. Furthermore, for various types of observation
noise, the majority of the results in bold are better while
the others are equivalent to those in the prior study listed
above [26]. As a result, there is no need to tune the filter,
which can be difficult in some applications.

5. CONCLUSION

Filtering a signal obtained in a noisy environment
is a difficult task that may be required in a range of
signal processing applications. In this paper, the concept
of graph signal processing and filtering a signal on a
graph by the Kalman filter and the modified Kalman
filter are described. Two types of real data, taxi stand
data and weather station data, have been utilized to
prove the effectiveness of the proposed method by using
the modified Kalman filter. The significant hurdles in
processing these data are highlighted, particularly when
these data are collected via noisy measurements and
cases of uncertain observations and/or processing noise,
for which their estimation is a prevalent difficulty in the
standard Kalman filter. The harmonic decline equation
is used as a low-pass filter to adjust the H matrix in
the standard Kalman filter and denoise the data in the
spectral domain. A comparison between the standard
Kalman filter and the adaptive Kalman filter is presented
in two scenarios. The adaptive Kalman filter, as seen
above, produces the best results. Moreover, the proposed
method improves the filtering operation when compared
to an inverse graph filter as well as an approximate
iterative solution expressed by a standard graph filter,
which are represented in the previous study. The
uncertainty of observations and/or processing noise and
different types of noise are considered in both scenarios.

6. THE FUTURE WORK

Due to a lack of data (i.e., experiments involving
gathering real data are usually very time-consuming),
many other tests and studies have been postponed in
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the future. Future work concerns a deeper analysis of
using the GSP technique with the developed types of
the standard Kalman filter, such as the extended Kalman
filter (EKF), the unscented Kalman filter (UKF), and the
cuvetted Kalman filter (CKF), that are used for nonlinear
systems in different applications.
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