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ABSTRACT

This paper suggests a multi-level optical line code
using an On-Off technique that enhances the perfor-
mance of optical communication systems with flat-like
power spectral density (PSD) such as outdoor visible light
communications. The proposed technique based on a
controlled multilevel coding and a multistage decoding
of 𝑀 = 2𝑙 modulation signals, consists of designing
the code using a balance distance rule that maximizes
the minimum Euclidean distance and minimizes the
number of nearest neighbours, with the aim to achieve
a better system capacity and error protection. Through
a controlled correlative level technique by an optical
orthogonal code (OOC) time sequence, each obtained
symbol is assigned an elementary signal within the
same symbol duration using the conventional Miller
coding. The constraints of an OOC sequence add a
coding complexity that is dealt with using a synchronized
error technique, where the error is recovered through
an adapted time diversity decoding technique during the
multi-stage decoding (MSD).The resultingM asymmetric
signals are differentiated by l time transition levels and
𝑀 = 2𝑙 1-dimension space distances to produce M-
ary On-Off Keying (OOK) signals. These signals are
transmitted in accordance with the correlation properties
of the OOC sequence, hence OOK OOC. An analytical
investigation conducted on an 8-OOK OOC, compared
with an amplitude shift keying (8-ASK) of the classical
Ungerboeck (UG) and the unequal error protection (UEP)
methods, has shown an improved level of signal-to-noise
ratio (SNR), and consequently a better possible data rate.
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1. INTRODUCTION

Among the signals known for flat-like power spectral
density (PSD), one can cite the outdoor visible light
communications (VLC) signal. VLC plays a crucial role
as a wireless communication system for intelligent trans-
port systems (ITS) applications such as infrastructure to
vehicle (I2V), vehicle to vehicle (V2V), and robot-to-robot
(R2R) communications. It can serve as a replacement or
as an alternative (redundancy) to the ubiquitous wired
andwireless public networks, particularly, in the area not
covered by these. However, it experiences transmission
issues which limit the related VLC technologies to a
low data rate, due to low signal-to-noise ratios (SNRs).
This low SNR results from strong radiation of ambient
day light noise, an issue this paper attempts to address
through a coded modulation technique. Several studies
are ongoing to overcome or to deal with these ambient
effects. With a view to reduce the effects from light,
[1] and [2] efficiently blocked or reduced the noise light
for outdoor VLC data transmission. Another technique
was proposed in ITS by [3], [4], that reduces the
effects of ambient-light noise in data transmission using
light sensing made of cameras or photodetectors at the
receiver, an approach that showed good performance
with a significant increase of the field-of-view for the
camera. However, even if a photo-diode detection
reduces the costs, high speed is still required, and this
type of solution will require an improve field-of view
for the camera, every time an improvement or a system
upgrade is needed.

In this paper, we propose a coded modulation that
increases the SNR, and consequently the transmission
rate for these low SNR VLC systems. The VLC mod-
ulation technique makes use of light emitting diodes
(LEDs) to transmit data using intensity modulation (IM)
techniques, which intensity is detected at the receiver
using direct detection (DD) [1]. Such simple modula-
tion/demodulation techniques are favourable for outdoor
VLC-ITS applications as shown Fig. 1 for this ITS system
experiment conducted in [1] using the pulse position
modulation (PPM) technique.

The VLC standard [5] specifies for outdoor application
the usage of On-Off Keying (OOK) amplitude modulation
andVariable Pulse PositionModulation (VPPM), but VPPM
is efficient for dimming application, which is not always
the case. In [6], it is noted that OOK, also known as a
unipolar code, is a quite efficient transmission solution
for these systems, hence our interest in the scheme.
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Fig. 1: Experimental ITS system.

We choose thus to associate this scheme with a less
favourable line code spectrum wise, namely NRZ.

The contribution of this paper is to propose a con-
trolled multi-level On-Off line coding, which improves
the SNR level and consequently the data rate. This control
is made possible due to a constraint code that manipu-
lates the occurrence of binary digits, namely the optical
orthogonal code (OOC). OOC has been used to sacrifice
cardinality for the benefit of a better performance, and
this performance is proven to be better than the well-
known congruence counterparts [7]. The correlation
properties responsible for that performance are herein
exploited to produce an 𝑙-binary sequence, a correlative
level technique suggested herein as a replacement for the
modified duo-binary coding. The modified duo-binary
technique, as its name implies, was introduced to avoid
the possible recurrent error from the duo-binary coding,
during detection. Therefore, in this paper, we introduce
an 𝑙-binary coding technique while we control the intro-
duced correlation using an OOC sequence. Furthermore,
the OOC error detection and correction capabilities are of
utmost importance for the synchronized error and time
diversity coding techniques we are using in building the
encoder. In synchronized error coding, any corruption
of the transmitted symbols is possible while loss or gain
of symbols are not considered. We can cite in this
category, insertion/deletion and substitution correction
codes. This paper focuses on substitution correction
coding to transmit, and the time diversity technique
is used for recovery. These techniques can be found
respectively in [8] and [9].

Signalling wise, the VLC application generally adopts
Manchester and Miller signalling codes to achieve the
dc-balance, a condition required for signal reliability.
Miller coding as used in multilevel coding (MLC) was
proposed in [10], [11] as novel optical line codes with
the introduction of a factor 𝛼 < 1 that differentiates
levels. This differentiation has resulted into 4 levels

labelled as order 1 Markov chain. However, in this
Markov chain channel modelling, the inputs are not
dependent of the channel state [11] and having 0 <
𝛼 < 1 that reduces the signal amplitude in outdoor
VLC, where intensity detection matters, is more than
a concern particularly for a multi-path fading channel.
To keep all the levels without the above constraint on
𝛼 that reduces the amplitude as well as to keep using
the conventional channel modelling, this paper suggests
this conventional Miller coding for 𝛼 = 1, preceded
by an 𝑙-binary coding pre-processing technique. The
latter ensures that successive transitions always take
place between 𝑙 controlled bits with respect to the OOC
sequence, to yield the required M-ary MLC.

Partitioning wise, MLC is an operation over 𝐷-
dimensional signalling combined with a labelling of
signal levels (herein 𝐷 = 1). Conventionally, Ungerboeck
partitioning (UG) known as Trellis Coded Modulation
(TCM), where individual bits are protected at each level,
was proposed in [12]. During its encoding process,
codes are chosen such that the minimum distance of
the Euclidean space code is maximized. Exploiting the
balanced distance rule design, and applying the capacity
chain rule design, provides us with the required capacity.
Another classical method of a block partitioning using
unequal error protection (UEP) was introduced to improve
the error performance by a power of 2𝑤 [13]. It is
well known that such a technique is useful in allowing
a better antenna symbol selection and transmission
[14], as it results in reducing the number of nearest
neighbours (NN). This is an important property, when
more than one symbol is transmitted at each channel
use, the channel efficiency increases, but the problem
is that these symbols could be transmitted from the
same antenna. This would require transmitting the
modulation set from which these symbols are drawn,
that means, the cardinality becomes the sum of these
symbol modulation set sizes, and their size product as
well. As a result, the Euclidean space becomes densely
occupied, reducing the Euclidean distance. Therefore,
one experiences the degradation of the bit error rate
(BER) performance, because the detection depends on
the minimum Euclidean distance among transmitted
symbols [14]. An asymmetric coding based on UG’s
technique was suggested in [15] and [16]. The scheme
considers the inter- and intra-subset minimum Euclidean
distance with an intensive trellis code search over all
possible reference sequences. Instead, in this paper, we
achieve channel efficiency through a better capacity and
BER performance by combining both methods without
the cumbersome computer’s code search and provide a
direct clear correlation between Euclidean distance and
antenna selection. Note that the Euclidean distance op-
timizes the antenna selection where the optimal antenna
subset maximizes the minimum Euclidean distance, and
the capacity optimizes antenna selection where the
optimal antenna set maximizes the system capacity [17-
24]. Note also in this paper that antenna refers to the VLC
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system transmission. At the receiver side, each code is
decoded individually starting from the lowest level and
taking into account decisions of prior decoding stages.
This procedure is called multistage decoding (MSD).

It is a known result that MLC and MSD suffice
to approach capacity if the rates at each level are
appropriately chosen. Also, the MLC with maximum
likelihood decoding and the balance distance decoding
rule [12] yields the same result. In this paper, we
make use of the balance distance rule that protects the
most significant bit for the code to achieve the required
capacity and a better SNR at each level of transmission.
The chain rule is used [12] to determine the capacity
based on the capacity rule, and the balanced distance rule
to reduce noise effects in such a way that the MLC and
MSD optimize the overall channel performance in terms
of SNR and transmission rate. This is crucial for outdoor
VLC-ITS systems.

This paper is organized as follows: Section 2 gives the
background of different techniques used in this paper.
Section 3 suggests the system model which performance
is analysed in Section 4, while Section 5 concludes the
paper.

2. BACKGROUND
The reliability of our coded modulation is achieved

by a constraint code. Specifically, OOC as it allows
us to manipulate the sequence pattern to fit a certain
requirement, the more so as we use correlative coding to
yield our sequence. This code is fed to a Miller encoder.
The following describes the theory behind our approach.

2.1 OOC and Correlative Coding Sequence
An OOC denoted (𝑛, 𝑤, 𝜆𝑎, 𝜆𝑐)-OOC, 𝐶 , is a family of

(0, 1) sequences representing each a code word of length
𝑛, Hamming weight 𝑤, with the auto-correlation 𝜆𝑎 and
cross-correlation 𝜆𝑐 satisfying for this case the following
correlation properties [25]:
• Auto-correlation: ∑𝑛

𝑖=1 𝑥𝑖𝑥𝑖+𝜏 ≤ 𝜆𝑎, 𝜏 ≠ 0,
• Cross-correlation: ∑𝑛

𝑖=1 𝑥𝑖𝑦𝑖+𝜏 ≤ 𝜆𝑐
with the subscript 𝜏 a positive integer, taken modulo

𝑛, for any 𝑋 = (𝑥1𝑥2 … 𝑥𝑛), 𝑌 = (𝑦1𝑦2 … 𝑦𝑛), code
vectors of the code. Throughout this paper, we will
consider 𝜆𝑎 = 𝜆𝑐 = 1 as imposed by the properties of
light.

This definition can be extended to a difference family
and formulated taking into account the difference corre-
lation properties as follows [26]:
• Auto-correlation: For each 𝑥 ∈ 𝑋 a code vector of the
cyclic difference packing, any integer 𝑑𝑖𝑗 = |𝑥𝑖 − 𝑥𝑗| ≠
0, 𝑗 ≠ 𝑖 = 1, 2, … , 𝑛, can be represented as the
difference in at most 𝜆 = 1 block.

• Cross-correlation: Similarly, for every pair 𝑥 ∈ 𝑋 ,
𝑦 ∈ 𝑌 , code vectors of the cyclic difference packing,
any integer 𝑑𝑖𝑗 = |𝑥𝑖 − 𝑦𝑗| ≠ 0, 𝑗 ≠ 𝑖 = 1, 2, … , 𝑛 can
be represented as the difference in at most 𝜆 = 1 block.
The latter definition is the one that inspires this paper

as it allows not having some difference patterns more

than once. In fact, this characteristic, which complies
with the properties of light, provides us with a good
control of the sequence pattern. Particularly, with the use
of a correlative coding extended to the 𝑙-binary coding
introduced in this paper. This correlative coding makes
use of the substitution code [8] with provision to correct
this error with the time diversity coding [9], to achieve
the required 𝑙-binary sequence. To better introduce the
𝑙-binary coding, it is necessary to present its duo-binary
counterpart.

2.2 Duo-binary Encoding
The idea behind the duo-binary encoding is to achieve

a signaling rate equal to the Nyquist rate of 2𝑊 symbols
per second in a channel of 𝑊 Hz bandwidth [27]. There-
fore, the duo-binary coding has a spectrum bounded
within the Nyquist band, which makes it a minimum
bandwidth coding-scheme. It is a partial response
signal that controls inter-symbol interference (ISI) and
allows the noise from ISI to remain small even when
amplitude distortion is severe [28]. Mathematically, it
changes input data sequence 𝑎𝑘 of low spectrum, into a
sequence 𝜎𝑘 that matches the spectral characteristics of
the channel as follows.

Assume a sequence of binary symbol {0, 1} of 𝑇𝑏
duration each which is applied to a pulse generator to
produce a two-level sequence.

𝑎𝑘 = {
+1, if symbol is 1
−1, if symbol is 0. (1)

When applied to a duo-binary encoder, it produces 𝜎𝑘 =
𝑎𝑘 + 𝑎𝑘−1, which yields three levels of two-unit pulses
separated 𝑇𝑏 seconds apart at the filter output [7].

However, with the high probability of spreading any
error that may occur during detection in the entire
sequence, this has led to the modified duo-binary, which
requires a filter for signal processing. In this paper,
instead of having a modified duo-binary system and a
requirement of a filter, we choose 𝑙-binary coding and
an 𝑙-level Miller encoder to replace the filter.

2.3 Miller Encoding
Miller’s code is a process of encoding binary sequence

with three-level rectangular pulses, also called the con-
ventional Miller code. It is known as delay modulation
or modified frequency modulation. It shows a good
performance compared to the Manchester code due to
its better resilience to noise [6], [11]. Miller coding
provides us with an effective exploitation of information
due to its appropriateness for outdoor VLC usage in ITS
applications [6]. Originally introduced by Lender [29],
it can be easily constructed using the Manchester code
whereby a “1” is encoded as a transition on the mid-bit
position, a “0” following a “1” is encoded as no transition
on the entire bit period, whereas a “0” following a “0” is
encoded as a transition on the beginning of the second
bit period. TheMiller code has very good timing content,
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Fig. 2: System model.

Fig. 3: Sequence partitioning.

and carrier tracking is easier compared to Manchester
coding [6]. These capabilities are of upmost importance
for multi-path systems hence our choice to use the Miller
code in outdoor VLCs.

The OOC that controls and correct errors, the 𝑙-
binary technique borrowed from the modified duo-
binary technique, the substitution correction coding, and
Miller coding are then put together in our system model
as next.

3. SYSTEM MODEL
3.1 System Modeling and Diagram

The system is modelled as a multilevel encoder made
of 𝑙 parallel encoders receiving bits at 𝑇𝑏 seconds apart
respectively, from the set partitioning, with 𝑇𝑏 being the
bit duration. A set partitioning is obtained by protecting
each level’s most significant incoming bits. A correlative
𝑙-binary operation is applied to the 𝐸𝑙 encoder through
(𝑙 − 1) logic switches, 𝑙 = 1, 2, … , 𝑙−1, for synchronized

error coding, in particular substitution coding [8]. The
respective 𝑙-bits are multiplexed to yield the 𝑙-binary
OOC codewords from 𝑙 binary parallel encoders, which
are transmitted via a pulse modulator, consisting of a
Miller encoder. Prior to the Miller encoder, the system
contains a bit adder combined with a bit comparator,
which, through a partial order addition of the current
and the preceding bits, differentiates the input sequences
such that the proper signal label is sent among the yielded
𝑀 = 2𝑙 signals at the 𝑙-th level. This modified 𝑙-binary
partial addition is given by:

𝜎𝑘 = 𝑎𝑘 + 𝑎𝑘−1 + 𝑎𝑘−2, 𝑎𝑘 = {0, 1} . (2)

A further time diversity switch 𝑇𝑑 is added for time
diversity coding [9], in accordancewith the synchronized
error introduced, for recovery purposes.
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3.2 Set Partitioning

The codes are designed with the aim to maximize
the minimum Euclidean distance that protects the most
significant bit between signal points through set parti-
tioning. To proceed, we consider in this model a general
𝑀-ary signal space consisting of signal points 𝑆 =
{𝑠𝑖, 𝑖 = 0, 1, … , 𝑀 − 1} which represents an alphabet
of 𝑀 symbols 𝛴 = {𝜎0, 𝜎1, … , 𝜎M−1). To each signal
label 𝑠𝑖 there is a bijective mapping of an 𝑙-bit vector
that yields the following codes {𝑥𝑖

𝑖−1 … 𝑥𝑖
1𝑥𝑖

0}, where
𝑙 = log2𝑀 and 𝑥𝑖

𝑗 represents the 𝑗-th bit of the sequence
at level 𝑖. These code sequences are obtained through
partitioning of the binary input data as proposed in [30]
with an extra condition of [13], with levels are labelled
as 𝑥𝑙−1, … , 𝑥2, 𝑥1, 𝑥0, respectively as shown in Fig. 2.
Note that 2𝑙−1-OOK OOC is directly seen within 2𝑙-OOK
OOC in the partitioning strategy shown in Fig. 3.

In this partitioning strategy, a signal point for instance
𝑠 (𝑥3𝑥2𝑥1) can be 𝑠 (0𝑥2𝑥1) or 𝑠 (1𝑥2𝑥1), which in turn
originated in the case of 𝑠 (0𝑥2𝑥1), from 𝑠 (00𝑥1) or
𝑠 (01𝑥1) (see Fig. 3). In this strategy, the most significant
address bit 𝑥𝑖 of the signal point is protected such that the
distance between 𝑠 (𝑥3𝑥20) and (𝑥3𝑥21) for instance
is maximized. Consequently, we achieve a reduction of
the number of NN code vectors, as compared to UG’s
protection of each address bit of an individual binary
code at each level 𝑖. However, this does not change
the parallel coding strategy with an encoder for level 𝑖
denoted𝐸𝑖 as well as the condition that the data rate𝑅𝑖 is
equal to the channel capacity 𝐶𝑖, 𝐶𝑖 = 𝑅𝑖. Furthermore,
unlike UG where the transmission of these code vectors
is separated into different parallel individual encoders
that yield channels known as equivalent channels [31],
the protection of the most significant bit allows through
multiplexing and Miller coding, to directly achieve the
system channel capacity meant for all included levels.
That is: the channel capacity up to level 𝑖 is𝐶 = 𝐶 𝑖, while
in UG, it is given by 𝐶 = ∑𝑖 𝐶𝑖.

For some OOC with the code length given by 𝑛 =
𝑤 (𝑤 − 1) + 1, one may proceed with a substitution
coding, with the decoder retrieving the sequence that
undergoes substitution through time diversity, allowing
therefore to recover sequences where such a synchro-
nized error coding has taken place as shown in Fig. 2.

In Fig. 2, to achieve the transmission signal, the
partitioned sequences are sent to a combined correlative-
multi-level-OOC encoder, which, through a multiplexer
and a combined adder-comparator, sends the code vec-
tors (most significant bit first) to the Miller encoder for
signal mapping. Whenever the sequence does not fit
an OOC pattern, provisions are made for substitution
and time diversity coding to take place in the correlative
encoder through logic switches (𝑆1, 𝑆2) by using a
modulo 2 addition, and signal time diversity introduced
via switch (𝑆𝑇𝑑 ). To make it clearer, this synchronized
error coding, when it happened through 𝑆1, 𝑆2 modulo
2 addition, is corrected through level switch 𝑆𝑇𝑑 that

Fig. 4: Multi-stage decoding.

differentiates a same sequence belonging to two different
signal points by using time diversity 𝑇𝑑 at the decoder.
As an example, sequence 111 is substituted by 110 (or any
other valid sequence), with the comparator allowing to
diversify through time 𝑇𝑑 , between the original 110 and
the substituted 110 sequence. Instead of having aNyquist
filter, the bit adder-comparator outputs are inputted
into the Miller encoder that produces accordingly the
different coded modulation signals.

At the receiver, a matched filter is used followed by
an MSD using the reverse mapping process as shown
in Fig. 4. Where the substitution coding has been
applied, a modulo 2 addition is used between a pre-
selected sequence and the received sequence to produce
the original sequence. In this case for example, 001 is
pre-selected since 111 was changed into 110.

3.3 An M-OOK-OOC Code Line Signals Generation
for On-Off Signalling

We exploit Miller’s code [26] for the definition of
the required signals based on the properties of light
and the OOC’s correlation properties. These properties
impose that any difference between two “1”’ bits can
only be present at most once in an OOC, henceforth,
some sequences defining a symbol can only be allowed
once. Furthermore, each code at level 𝑖 is represented
by a signal point 𝑠𝑖, defining therefore the mapping of
the signal to the code vector X=𝑥𝑙−1 … 𝑥1𝑥0. The signals
outputted by Miller encoder are generated as follows.

An incoming binary sequence {𝑏𝑘} of length 𝐾 , is
partitioned into 𝑙 sequences {𝑎𝑘} of length 𝑘𝑖 each, such
that 𝐾 = ∑𝑖 𝑘𝑖, with the aim to produce at each level 𝑖
an (𝑛𝑖, 𝑤, 1)- OOC sequence of length 𝑛𝑖, weight 𝑤 and
correlation index 1 from 𝑙𝑖 parallel encoders. Note that
the minimum code length of such a sequence is given by
𝑛𝑖 = 𝑤 (𝑤 − 1) + 1. Each OOC sequence with a code
rate 𝑅𝑖 = 𝑛𝑖

𝐾 , is fed into the Miller encoder, where the
mapping that differentiates signals in time takes place.
At the Miller encoder output, the obtained signal point
𝑠𝑖 represents the code 𝑥𝑙−1 … 𝑥1𝑥0 meant for channel 𝑖
with capacity 𝐶𝑖 = 𝐶 and the code rate 𝑅𝑖 = 𝑛𝑖

𝐾 = 𝐶
at that particular time 𝑡. Taking into account the Miller
code with the light properties, the 𝑀 = 8 pulses signals
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Fig. 5: Signal graphical representation.

Table 1: Sequence, symbols and their signal representa-
tions.

Sequence Symbol 𝑔 (𝜎𝑘) Signal point
111/0 𝜎7 𝐴 𝐴(𝑝(𝑡 − 𝑇𝑑 ) + 𝑝(𝑡 − 𝑝(𝑇𝑏 + 𝑇𝑑 ))
110 𝜎6 𝐴 𝐴(𝑝(𝑡) + 𝑝(𝑡 − 𝑇𝑏))
101 𝜎5 𝐴 𝐴(𝑝(𝑡) + 𝑝(𝑡 − 2𝑇𝑏))
100 𝜎4 𝐴 𝐴(𝑝(𝑡))
011 𝜎3 𝐴 𝐴(𝑝(𝑡 − 𝑇𝑏) + 𝑝(𝑡 − 2𝑇𝑏))
010 𝜎2 𝐴 𝐴(𝑝(𝑡 − 2𝑇𝑏))
001 𝜎1 𝐴 𝐴(𝑝(𝑡 − 2𝑇𝑏))
000 𝜎0 𝐴 0

are derived from Eq. (3):

𝑝 (𝑡) = rect(
𝑡

𝑇𝑏 ) = {
1, 0 < 𝑡 < 𝑇𝑏

2
0, elsewhere

, (3)

which corresponds graphically to the representations in
Fig. 5. Based on Fig. 3, one can define the symbols 𝜎𝑘, 𝑘 =
0, 1, 2, … of the codeword 𝑥𝑘 = 𝑥𝑙−1

𝑘 … 𝑥1
𝑘𝑥0

𝑘, associated
with signal 𝑠𝑘(𝑡) = ∑𝑘 𝑔(𝜎𝑘)𝑝(𝑡 − 𝑘𝑇𝑏), 𝑔(𝜎𝑘), and 𝑇𝑏
the bit duration, as given in Table 1. Note that 𝑔 (𝜎𝑘)
defines the amplitudewhichmight be variable if intensity
detection is used. In our case, we keep it constant,
𝑔 (𝜎𝑘) = 𝐴.

The mapping of the signals in Table 1 is done in
accordance to the input sequence. As such, a signal
111 is replaced by 110 (hence 111|0 notation), which is
differentiated with the original signal assigned to 110 by
the time diversity 𝑇𝑑 . This time diversity is introduced
during the mapping operation through a switch 𝑆𝑇𝑑 ,
which triggers the same operation on its counterpart at
the decoder side. This operation is an addition of an
incoming sequence with a selected sequence for recovery
purposes. An example of the sequence is given in Fig. 5
for both 4-OOK and 8-OOK.

3.4 Channel Model
The pulses are then transmitted through a channel

in compliance with a OOC code that exhibits Z-channel
properties. A Z-channel is a channel where the transition
0 → 0is always with probability 1, while 0 → 1 happens
with probability 0, see Fig. 7.

We consider that the transmission of the symbol 𝑥𝑖 is
entirely dependent on the lower-level symbol 𝑥𝑗 , 𝑗 < 𝑖,
hence a standard characterization of the channel. In such
a case, we consider the channel noise as Gaussian for

Fig. 6: Binary sequence representations (𝐴 = 1).

Fig. 7: Z-channel.

Fig. 8: PSD 8-OOK-Miller vs.8-OOK-NRZ.

a channel that is a fading multi-path channel, because
the Rayleigh distribution can be approximated for a large
number as geometric distribution, which in turn can be
approximated as a Gaussian distribution, characterizing
therefore the transition probabilities. Furthermore, and
for simplicity, we only consider in this analysis non-
colored signals, the noise can be taken as an additive
white Gaussian noise. That is:

𝑃 (𝑦𝑖 | 𝑥𝑗) = 𝑝 = 1
√2𝜋𝜎

𝑒(− (𝑦−𝑦𝑖)2

2𝜎2 ) (4)

Furthermore, with the characterization of the Z-
channel given in Fig. 7, and the channel model as
prescribed by Eq. (4), at every unit of time, the channel,
accepts a symbol from an alphabet 𝛴, and outputs a
symbol from an alphabet𝛴 with probability 𝑝. Therefore,
the channel is described by the following probability
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transitions matrix:

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0 0 0 0
𝑝 1 − 𝑝 0 0 0 0 0
𝑝 0 1 − 𝑝 0 0 0 0
𝑝2 𝑝(1 − 𝑝) 𝑝(1 − 𝑝) (1 − 𝑝)2 0 0 0
𝑝 0 0 0 1 − 𝑝 0 0
𝑝2 𝑝(1 − 𝑝) 0 0 𝑝(1 − 𝑝) (1 − 𝑝)2 0
𝑝2 0 𝑝(1 − 𝑝) 0 𝑝(1 − 𝑝) 0 (1 − 𝑝)2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(5)
which corresponds to the codes or sequences {000, 001,
010, 011, 100, 101, 110} assigned to the symbols 𝛴 =
{𝜎0, 𝜎1, 𝜎2, 𝜎3 𝜎4, 𝜎5, 𝜎6 (t)} mapped into signal points
𝑠0, 𝑠1, 𝑠2, 𝑠3, 𝑠4, 𝑠5, 𝑠6or 𝑠7}.

However, we do not control the input data bits to avoid
111 as inputs, since with the OOC, a difference between
any two weighted positions can only be present at most
once as the correlation properties dictate, the sequence
111 is not valid. To bypass this situation, we choose a
partial code substitution solution. In that way, the most
significant “1” bit from the input 111 sequence (which is
inverted at the encoder output) is substituted by a bit “0”
through a modulo-2 addition in our encoder, while at the
decoder, a modulo 2 addition with 001 selected sequence
is applied to retrieve the initial code vector once time
diversity is detected. Typically,

𝜎6 (𝑡) = {
𝑠6, 𝑡 = 0.
𝑠7, 𝑡 = 𝑇𝑑

(6)

Furthermore, in an OOK light signaling, a “0” bit is
equivalent to “no signal” transmission, which means,
110 OOK transmission is equivalent to 11 transmission,
channel capacity wise. It is therefore convenient to
consider the 111 → 110 as a partial bit erasure channel,
meaning that the channel capacity and the bit error rate
can be considered as the ones produced by 110 on which
a substitution error probability is added. Therefore, the
signal points 𝑠6 = 𝑠7 are differentiated only through time
diversity (𝑇𝑏 + 𝑇𝑑) and the switch 𝑠𝑇𝑑 .

4. PERFORMANCE EVALUATION
4.1 Coding Complexity Evaluation

In this complexity evaluation, we consider two tech-
niques, the conventional UG’s coded modulation and our
approach, bothmaking use of anOOCwithout redundant
bits.

With the UG’s approach, one expects (𝑙 − 1) differ-
ences and (𝑙 − 1) comparisons (each difference compared
with the previous ones) from the 𝑙-bits partitioned, fol-
lowed by the 𝑙 modulations, yielding therefore (𝑙 − 1)2 +
2𝑙 operations.

In our approach instead, the 𝑙 partitioning are ex-
clusively followed with (𝑙 − 1) additions with another
𝑙 addition for the substitution, and then 𝑙 multiplexing
with 𝑙 comparisons, ending with 𝑙 modulations, yielding
therefore 6𝑙 − 1 operations.

Therefore, to produce the coded signals, our approach
requires 𝑂 (𝑙) operations comparatively to the conven-
tional UG that necessitates 𝑂 (𝑙2) operations.

Note that during the decoding stage, the decorrelation
uses a diagonal matrix which normally yields 𝑂 (𝑙)
decoding operations. However, because of the time
diversity recovery, our approach will require 𝑙 + 1 more
operations prior to the decorrelation.

4.2 Channel Capacity
Since the mapping 𝑋 → 𝑌 is bijective, the mutual

information 𝐼 (𝑌 , 𝑋)where 𝑌 is the received set, is
obtained using the chain rule. Applying then this chain
rule, the mutual information at level 𝑖 is given as follows
[12]:

𝐼 (𝑌 , 𝑋) = 𝐼 (𝑌 ; 𝑋𝑖 | 𝑋0, 𝑋1, … , 𝑋𝑖−1) = 𝐼 (𝑌 ; 𝑋0)

+ 𝐼 (𝑌 ; 𝑋1 | 𝑋0) + ⋯ + (𝑌 ; 𝑋𝑖−1 | 𝑋0, 𝑋1, … , 𝑋𝑖−2)
(7)

and the subsequent system capacity is given by:

𝐶 = max
(𝑝𝑥𝑖)

(𝐼(𝑌 , 𝑋))

with all the (𝑌 ; 𝑋𝑖 |𝑋0, … , 𝑌 | 𝑋0𝑋1 … 𝑋𝑖−1) being the
equivalent channels.

It means for instance that 𝐼 (01, 01) = 𝐼 (01, 0) +
𝐼 (01, 1 | 0), considering that 01 is received when 01 was
sent.

The capacity design rule suggests that the channel
capacity is the sum of the equivalent channel capacities.
That is, for an equivalent channel 𝑖with data rate𝑅𝑖 = 𝐶𝑖,
the total coded modulation channel capacity is given by:

𝐶 = ∑
𝑖

𝐶𝑖

This capacity is chosen and distributed accordingly
to the different equivalent channel capacities, with the
notation given as: 𝐶1/𝐶2/ … /𝐶𝑖 [6].

This channel capacity is computed using capacity rule
in a system designed according to the balance distance
rule. According to [30], [32], [33], the balance distance
rule requirement is such that for any constellation
Euclidean distance 𝑑 and the related minimumHamming
distance 𝑑𝑚𝑖𝑛 the particular equivalent channel 𝑖, the
quantity (𝑑2𝑑𝑚𝑖𝑛) such that:

(𝑑2𝑑𝑚𝑖𝑛)𝑖 ≤ (𝑑2𝑑𝑚𝑖𝑛)𝑗 ≤ … ≤ (𝑑2𝑑𝑚𝑖𝑛)𝑘, 𝑖 > 𝑗 > 𝑘.

Since the coded modulation design is done under this
condition, we only consider the capacity rule as defined
above, to determine the channel capacity knowing that
there is no change in the channel capacity, due to
the substitution of “1” with “0”, considered as erasure
channel.

According to the capacity rule of Section 3.2, the
transmission rate represents the sum of the individual
channels known as equivalent channels, each with its
own rate. In our model, the channel capacity is directly
obtained at the level at which the most significant bit
protection is achieved. However, we will use the term
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Table 2: Capacity bits/s symbol ASK-OOK comparison.

Channel Level 8-OOK 8-ASK
Equivalent 0 1 0.5. 0.5
Equivalent 1 2 1.729 1
Equivalent 2 3 2.573 1

equivalent channel for comparison purposes between
the OOK and ASK channel schemes. The relevant rates
obtained by exploiting the capacity design rule are given
in Table 2.

According to the rate and capacity rules, the capacity
of an 8-OOK is distributed as follows: 𝐶0/𝐶1/𝐶2 =
0.5/1.729/2.573, compared to 0.5/1/1 for 8-ASK. Since
with UG the total capacity is the sum of all capacities
of the equivalent channels, while in our model the
protection of the most significant bit makes it the actual
capacity, it turns out that our model yields a 2.573
bits/symbol compared to 2.5 bits/symbol for the UG
scheme for 𝑀 = 8. In the case of 4-OOK, an 4-ASK
UG allows 1.5 bits/symbol, while our scheme yields 1.729
bits/symbol.

4.3 Power Spectral Density
The power spectrum of these signals applied to an

(7,3,1)-OOC for an 4-ary sequence are given by:

𝑃 𝑆𝐷𝑁𝑅𝑍 = 1
𝑇 [3

2 + 5
7 cos(𝜔𝑇 ) + 5

6 cos(2𝜔𝑇 )

+2
5 cos(3𝜔𝑇 ) + 3

4 cos(4𝜔𝑇 ) + 1
3 cos(5𝜔𝑇 )

+1
2 cos(6𝜔𝑇 )](𝑇 sin 𝑐(𝜔𝑇 /2))2, (8)

and for Miller sequence, one gets:

𝑃 𝑆𝐷𝑀𝑖𝑙𝑙𝑒𝑟 = 2
𝑇 [9

7 + 1
2 cos(𝜔𝑇 ) + 3

5 cos(2𝜔𝑇 )

+1
4 cos(3𝜔𝑇 ) + 1

3 cos(4𝜔𝑇 ) + 1
2 cos(5𝜔𝑇 )]

×(𝑇
2 (sin 𝑐(𝜔𝑇 /2))2. (9)

The power spectrum analysis of OOC sequence for
both NRZ (8) and Miller (9) exhibiting the power distri-
bution over the frequency is given in Fig. 8. The signal
shows already that a non flat-like PSD can be achieved
whether we make use of a worse scenario, which is NRZ,
as longer the coded modulation, from the coding phase,
up to the modulation phase, are controlled.

4.4 Bit Error Rate
In analysing the error performance of the 𝑖-th level,

we assume that an all-zero sequence is transmitted at
each level 𝑖, which means that all signals are equally
likely to be transmitted with a probability of 1

2𝑙 . As
for all-one sequence, when 𝑖 > 2, a substitution code

Fig. 9: Equivalent channel 0 BER OOK-OOC vs ASK UG vs
ASK UEP.

applies. Therefore, for an 8-OOK, an adjustment is
required through the correlative coding in reducing the
sequence 111 into a 110 sequence. It is important to
note that one could improve the performance in terms of
spectral efficiency by substituting 111 with 101 instead,
However, we would like to focus on the worst-case
scenario.

According to the 𝑍-channel’s characteristic, an error
can occur whenever a non “all-zero” codeword is de-
coded, and as transition matrix (5) shows, only the “1”
bits are of concern.

Assume 𝑑𝑖 the Euclidean distance between two code-
words 𝑋1 and 𝑋2 in the partitioning at level 𝑖, let 𝑤 be
the Hamming weight of the resulting codeword of length
𝑛, the decision region between both codewords is the
plane characterized by 𝑋1+𝑋2

2 = 0. A decoding error
occurs whenever 𝑋1+𝑋2

2 ≠ 0, with probability at level
𝑖 in accordance with [34] is given by:

𝑃 𝑟 [
𝑋1 + 𝑋2

2 ≠ 0] = (
𝑤
𝑖 ) (

1
2𝑙 )

𝑤
𝑄

(√
2𝑅𝐸𝑏

𝑁0
𝑑2

𝑖 )
(10)

where 𝑄 (𝑥) = 1
2𝜋 ∫∞

𝑥 𝑒− 𝑢2
2 𝑑𝑢, 𝐸0

𝑁0
is the energy-per-bit-

to-noise ratio. Please note that at each level 𝑖 where
the substitution code takes place in a codeword, to the
error probability above is added the probability of the
resulting (𝑖 − 1) level codeword which is multiplied by
the probability of occurrence of the “1” that have been
substituted (Pr[101] ≠ Pr [110] for instance).

Assume furthermore that there are |𝐶𝑤| codewords
of length 𝑛 and Hamming weight 𝑤 and knowing that
a non-zero chip appears with probability 𝑤

𝑛 , then for the
whole level known in [21] as block partitioning, the level
𝑖 error probability is bounded by:

𝑃𝑖 =
𝑛

∑
𝑤=𝑑𝑖

|𝐶𝑤|𝑤
𝑛 𝑃 𝑟 [

𝑋1 + 𝑋2
2 ≠ 0]
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Fig. 10: Equivalent channel 1 BER OOK-OOC vs ASK UG
vs ASK UEP.

≤
𝑛

∑
𝑤=𝑑𝑖

|𝐶𝑤|𝑤
𝑛

𝑤

∑
𝑖=0

(
𝑤
𝑖 ) (

1
2𝑙 )

𝑤
𝑄

(√
2𝑅𝐸𝑏

𝑁0
𝑑2

𝑖 )
(11)

The probability of level 3 is provided in the following
figures, in comparison to ASK from UEP and UG. Note
that UEP’s error probability of level 𝑖 is bounded by [21]:

𝑃𝑈𝐸𝑃 =
𝑛

∑
𝑤=𝑑𝑖

|𝐶𝑤|𝑤
𝑛

𝑤

∑
𝑖=0

(
𝑤
𝑖 ) (

1
2)

𝑤
𝑄

(√
2𝑅𝐸𝑏

𝑁0
𝑑2

𝑖 )
(12)

while UG provide us with the following error probability
[21]. Note that we will only present level 3 for 8-
ASK demonstrated by [21] in accordance with [20] and
compare it with our 8-OOK.

𝑃𝑈𝐺 =
𝑛

∑
𝑤=𝑑

|𝐶𝑤|𝑤
𝑛

𝑤

∑
𝑖=0

(
𝑤
𝑖 ) (2)𝑤𝑄

(√
2𝑅𝐸𝑏

𝑁0
𝑑2

𝑖 )
(13)

Figs. 9, 10, and 11 give the results of the bit error rate
performance in comparison with two other methods that
inspire this paper, namely UG and UEP.

4.5 Application: Outdoor VLC Channel
The outdoor VLC system of our interest keeps its

signal spectrum unchanged over the entire signal band-
width, which is a condition of Line of sight (LoS)
communication, for simplicity. In that condition, the
received power 𝑃𝑟 is given by [35]:

𝑃𝑟 = 𝑃𝑡𝐻(0),

where 𝑃𝑡 is the transmitted power, 𝐻(0) is the DC
channel gain, which is consequently flat due to the
condition of pure LoS above.

Therefore, 𝐻(0) characterizes the entire medium,
which characteristics can be enumerated as follows [36],
[37].

Fig. 11: Equivalent channel 2 BER OOK-OOC vs ASK UG
vs ASK UEP.

- 𝐻(0) is inversely proportional to the square of the
distance 𝑑 between the transmitter and the receiver.

- 𝐻(0) takes into consideration the distribution of the
power per unit solid angle, defined through 𝜃. Note that
𝜃 is the angle defined from positive to the negative axis
perpendicular to the propagation plane, which with the
azimuth in that plane 𝜙 yield a function 𝑅(𝜃, 𝜙) we will
elucidate later.

- 𝐻(0) is proportional to the optical gain of the
photodiode, which depends on the field-of-view angle
Φ𝑐 , 𝑔 (Φ𝑐) .

- 𝐻(0) is proportional to the surface of the photodiode
𝐴𝑝. Therefore, in a pure LoS VLC communication system
we have:

𝐻 (0) =
𝑅(𝜃, 𝜙)𝑔 (Φ𝑐) 𝐴𝑝

𝑑2

Please note, it can be an inclination Φ𝑖 between the
transmitter and the receiver, in that case, multiply this
expression by cos𝛷, that is: 𝐻(0)cos𝛷i. In this case we
choose Φ𝑖 = 0.

To evaluate 𝑅(𝜃, 𝜙), we lean on Gfeller’s assumption
that the luminescence of a single LED can be considered
the same in all directions, a condition evoking Lamber-
tian radiators [38]. This yields consequently an uni-axial
symmetry, leading to 𝑅 (𝜃, 𝜙) = 𝑅 (𝜃) = 𝑚+1

2𝜋 cos𝑚𝜃𝑛,
with 𝜃𝑛 ∈ [0, 𝜋], which we consider in this paper as
𝜃 = 60∘. According to Lambertian radiator, 𝑚 = ln 2

ln(cos 𝜃𝑛)
where 𝜃𝑛, known as half power beamwidth, is the angle
between the maximum power axis and the points at half
power. In the VLC channel investigation, we consider
that the received signal is the equal to the sensitivity of
the photodiode detector, which can be obtained using the
relation given by [38]:

𝑆𝑖 = 𝐾𝑇 𝑇𝑎𝐵𝐹 𝐸𝑏
𝑁0

where 𝐾𝑇 = 1.38 × 10−23𝐽𝐾−1 is the Boltzmann
constant, 𝐵 = 463MHz is the bandwidth taken from
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Table 3: Minimum effective distance.

SNR 1.5 1.6 1.7 1.8 1.9 2
d (m) 25∘𝐶 2168 1862 1584 1340 1185 1019
d (m) 30∘𝐶 2158 1852 1574 1330 1175 1009

the LED emitter’s frequency modulation, 𝑇𝑎 is the
photodiode operating temperature 𝑇𝑎 = [−40, 85]∘𝐶 , 𝐹
is the noise factor, 𝐹 = 2. The result of this investigation
provides with the distance as a function of SNR, which is
chosen in the range of 10−6 to 10−8 of the BER value, for
25 and 30∘𝐶 photodiode temperature, are given in Table
3.

4.6 Results Analysis

From the obtained results, Fig. 8, it is shown that
it is possible to improve the flat-like optical spectrum
for outdoor visible light communications to a better
level whether using OOK or ASK. It is also possible to
improve the data rate by improving the transmission
capacity as shown in the results in Table 2. With the
protection of the most significant bit, the transmission
at level 𝑖 yields the rate of the entire system if limited
at that level, such that the transmission rate at level
3 is 2.573 bits/symbol, getting closer to Shannon rate,
than the UG technique at 2.5 bits/symbol. Not only
about rate improvement, one can also observe, BER wise
that protecting the most significant bit controlled better
the noise, and consequently increases the SNR, which
in turns reduces the BER as shown in Figs. 8, 9, and
10 respectively. This is the required characteristic for
outdoors VLC-ITS transmission, as it requires only 1, 1
of SNR in a log-scale to achieve about 10−7 bit error rate.
As a result, our model is providing us with a gap of 0.29
in terms of efficiency compared to the other UEP method
which inspired this paper, and less than ∼ 106 for UG
scheme. Note that the gap is a function of the permissible
probability of error and the encoding system of interest.
The difference comes from the fact that the OOC used
herein provides us with a sequencemanagement tool that
allows to adapt the sequence to the requirements of the
channel.

Also, we recall that MLD associated with MSD can
tend towards the Shannon rate if the rate is chosen
appropriately. Though we did not explore that solution,
it is again obvious analytically that in doing so, we will
still achieve a better performance, SNR and consequently
BER wise than the previous techniques.

When investigating theminimum distance of photodi-
ode sensitivity, one can realizes that a minimum distance
of 2 km can be achieved at an SNR of 1.5 in ratio. Beyond
that distance, power increase is needed, which means,
the overheating noise increases and the diode is likely
to reach its breakdown, which is materializes by the
decrease of distance as the power increases.

5. CONCLUSION

In this paper, we showed that it is possible to
transmit information at a better data rate, or at a better
transmission rate obtained through a better SNR.We also
showed that it is possible to improve a flat like PSD level
of a wireless optical communication such as outdoors
VLC, using M-ary coded modulation. The improvement
is achieved by choosing a code that provides us with a
sequence pattern that fits the constraints of the channel
and controls the modulation. With only 1.1 dB of SNR
and a rate getting closer to 3 bits/transmission, one can
transmit and receive the so-called low rate from low
SNR communication systems like ITS, VLC, and I2V at a
minimum distance of 2000 m in ambient light. However,
investigating the system in a non-LoS scenario or in the
presence of smoke/fog is left for further studies.
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