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ABSTRACT
This paper proposes a more realistic optical code

division multiple access (OCDMA) sequence bit error
rate (BER) evaluation technique for multiple access
interference (MAI) during transmission over optical fiber.
The technique provides a filter for all possible non-zero
correlations events that may occur during transmission,
leaning on all positive time-frequency intervals for
a 2-D OCDMA, or all positive time intervals for 1-
D OCDMA. As a wavelength hopping/time sequence
(WH/TS) suggests, thisMAI evaluation on a 2-DOCDMA
consists of one-coincidence frequency hopping code
optical orthogonal code (OCFHC-OOC) Bragg gratings
encoded signals. For a better assessment of the time-
intervals, we also investigate the 1-DOCDMAOOC since
the OOC is the time spreading component of the OCFHC-
OOC sequence. In both cases, the signals of interest are
transmitted using simple On-Off keyingwith non-return-
to-zero signalling and direct detection at the receiver.
The received signal contains multiple access interference
from other users’ coincidence correlations and the in-
band random correlations from the photodiode due to
square detection. The MAI mean and variance are
analysed over all possible non-zero wavelength-time
interval pairs of sequences and the standard Gaussian
approximation is used to evaluate the bit error rate.
Further, the resulting bit error rate is then compared with
that of the user coincidence-based evaluation technique.

Keywords: Asymmetric Error Correcting Code, Bragg
Gratings, Fast FrequencyHopping, Optical CodeDivision
Multiple Access, Optical Orthogonal Code

1. INTRODUCTION
In several cases, bit error rate (BER) evaluation of

optical code division multiple access (OCDMA) systems
is performed using user coincidence-based correlations
for multiple access interference (MAI) from other users
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[1], [2]. The number of coincidences is the number of
hits experienced by a targeted bit in the superposition
scenario of a particular sequence [1]. This approach is
applied when evaluating the MAI BER in 1-D OCDMA
optical orthogonal codes (OOC) [2] and in 2-D OCDMA
one coincidence frequency hopping code-OOC (OCFHC-
OOC) [3] sequences. However, applying this analytical
approach where the square detection is performed on the
signals from the photodiode detector and Bragg gratings
encoder/decoder is used, raises two issues: the first is the
number of coincidences, which leads to the second, the
actual systemMAI.The user coincidence-based approach
either ignores, or assumes negligible, in-band frequencies
from the photodiode due to the square detection which
cause random correlations. In fact, during the opto-
electrical conversion of the user-1 central frequency
signal 𝑠1(𝑡), the photodiode generates a signal 𝑠𝑝(𝑡) of
the same frequency band, which is added and squared.
The output of the squared signal from the low pass filter
contains the quantity 2𝜂𝑠1(𝑡)𝑠𝑝(𝑡 − 𝜏) called beat noise
[4], [5], [6], with 𝜂 being the transmittance constant.
This implies that there is no delay at all at the time the
photodiode generates 𝑠𝑝(𝑡) an approach that needs to be
revisited for a better statistical analysis of the BER.

The approach requires therefore a technique that takes
into account these in-band correlations by assuming that
while the photodiode generates 𝑠𝑝(𝑡), the signal may
experience a random delay 𝜏 , perhaps small but not
neligible, which is uniformly distributed over the sig-
nalling time interval. As a consequence, the photodiode-
generated noise is expressed as 2𝜂𝑠1(𝑡)𝑠𝑝(𝑡 − 𝜏), which
exhibits the correlation properties, has to be added to the
user’s coincidence-based correlations. Note that when
𝜏 = 0, one reverts to the noise scenario in [4], which
is called beat noise, since in [7], it is proven that the
beat noise is proportional to the coherent time. However,
this paper re-evaluates the MAI BER and consequently
its signal-to-noise ratio (SNR) when 𝜏 ≠ 0, since the
generation of 𝑠𝑝(𝑡) happens after detection of 𝑠1(𝑡) by the
photodiode. The difference might be small but taking it
into account is crucial for small signals system analysis,
particularly for a system such as OCDMA that never
went beyond laboratories.

Further, the OCFHC-OOC user’s coincidence-based
approach in [3] is developedwithout the encoder require-
ments. The OCFHC-OOC is a wavelength hopping-time
sequence (WH/TS), and the studies conducted by [18]
proposed the Bragg gratings as encoder for such WH/TS
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sequences. Then using this encoder for the OCFHC as
wavelength hopping sequence raises a concern. When a
frequency is used in a sequence, it is no longer available.
As a consequence, the number of coincidences given in
[3] requires a recount.

Furthermore, considering the characteristics of light
and the OCFHC-OOC sequence, the coincidences are
no longer the coincidences in frequency alone as in
[3], but also the coincidences in time. We consider
therefore during analysis, the time at which a frequency
is considered as coincidence frequency. This brings to
the fore the time-intervals at which one observes zero-
correlations.

The contribution of this paper is to provide a more
realistic statistical tool in evaluating the MAI BER for
the struggling OCDMA systems made of Bragg gratings
encoder/decoder and direct detector. This is challenging
for such OCDMA systems that never went far from the
laboratories, but which are becoming compelling with
the current high data traffic volume and number of users
demands. Therefore, we evaluate the OCDMA system
performance using: 1-D OCDMA OOC because of its
better performance compared to other good correlation
codes, and 2-D OCDMA OCFHC-OOC which shows
a better performance than the first [11]. For that
purpose, it requires a MAI BER evaluation technique that
takes into account the coincidence-based correlations,
the photodiode in-band frequencies random correlations,
and the zero-correlation time-intervals as imposed by
the characteristics of light and the encoder frequency
requirements.

To capture the user’s coincidence-based correlations,
the in-band correlations from the photodiode and the
time-intervals with zero-correlation, this paper proposes
a technique that analyses all the non-zero signalling
time intervals of the aggregated signal. All delay MAI
expressions for direct sequence spread spectrummultiple
access were studied in [8], [9]. We extend the same
MAI BER evaluation that considers all possible non-zero
signalling time-intervals for a fast frequency hopping-
OCDMA (FFH-OCDMA) channel, using an OCFHC as
optical FFH sequence as suggested in [10], [18], which is
constructed according to Bin [19], an OOC constructed
using the difference of position, and the BER evaluated
using Gaussian approximation.

An OCFHC is a one-coincidence frequency hopping
code of length 𝐿 and 𝑄 frequencies available denoted
(𝐿, 𝑄, 𝐻𝑚𝑎𝑥). This is a (0, 1) sequence, with 0 if no
frequency is present, and 1 otherwise, satisfying the
Hamming correlation condition 𝐻𝑚𝑎𝑥 = 1 and optimal
cardinality |

𝑄(𝑄−1)
𝐿 | [11].

An (𝑛, 𝑤, 1)-OOC is an optical orthogonal code of
length 𝑛, Hamming weight 𝑤 which is characterized by
its correlation index 1 and optimal cardinality 𝑛−1

𝑤(𝑤−1)
[12].

When combined into 2-D OCFHC-OOC, the system

cardinality is given by:

|𝐶| = (𝐿 + 1)2𝐿 𝑛 − 1
𝑤(𝑤 − 1) .

Several techniques of Gaussian approximation have
been used to determine the BER [13], [14], [15], and
[16]. We determine the mean and variance of the
random variableMAI and use standard or direct Gaussian
approximations to obtain its BER. 1-D OCDMA OOC is
used to investigate the generalization of the technique,
leaning on its close properties with the OCFHC [19],
while 2-DOCDMAOCFHC-OOC is the system reference.
The improvement is evaluated fisrtly: by comparing
through MATLAB investigations the theoretical BER
results between our proposal and the coincidence-based
correlations for 2-D OCDMA OCFHC-OOC and for 1-D
OCDMA OOC BERs as evaluated in [1], [2] and [3]; sec-
ondly by comparing throughMATLAB simulations, these
theoretical BER results with the correlations outputted by
the system detection Fig. 4.

This paper is organized as follows: we start in
Section 2 with a brief description of the MAI in OCDMA
sequences. In Section 3, we evaluate the MAI over all
time-intervals using the system mode shown in Fig. 3. In
Section 4, we present the performance of the approach,
and a comparison is made with reported literature of
OCDMA MAI.

2. BACKGROUND
In OCDMA networks, all users can send and receive

signals asynchronously. We consider an OCFHC-OOC
sequence consisting of 𝑄 frequencies and 𝑁 time inter-
vals from the 𝑖-th user expressed as

𝑠𝑖(𝑡) =
𝑄−1

∑
𝑞=0

𝑁−1

∑
𝑛=0

𝐶𝑖(𝑤𝑞 , 𝑛)𝑝(𝑡 − 𝑛𝑇𝑐) (1)

where 𝐶𝑖(𝑤𝑞 , 𝑛) is the coded sequence and 𝑝(𝑡 − 𝑛𝑇𝑐) is
the pulse shape of duration 𝑇𝑐 = 𝑇𝑑

𝑁 with 𝑇𝑑 the data
duration.

The received signal from 𝐾 users is then

𝑟 (𝑡) =
𝐾

∑
𝑘=1

𝑏𝑘(𝑡 − 𝜏𝑘)𝑠𝑘(𝑡 − 𝜏𝑘), (2)

with 𝑏𝑘(𝑡) being the user 𝑘 transmitted information
symbols and 𝜏𝑘 the delay experienced. The adaptive
detector’s filter picks up the 𝑖-th user signal and the
photodiode generated in-band frequencies delayed by 𝜏𝑘
as well as the signals of the other 𝐾 − 1 users to output

𝑦𝑖 (𝑡) = ∫
𝑇𝑐

0
𝑠𝑖 (𝑡) 𝑟 (𝑡) 𝑑𝑡

= ∫
𝑇𝑐

0

𝐾

∑
𝑘=1

𝑏𝑘(𝑡 − 𝜏𝑘)𝑠𝑖(𝑡)𝑠𝑘(𝑡 − 𝜏𝑘)𝑑𝑡.
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Fig. 1: Electrical-optical conversion.

Fig. 2: Optical-electrical conversion.

It is important to mention that the different channels
can induce different attenuation, resulting in different
powers being received. However, throughout this paper,
an assumption is made that the received power is the
same for all. The square detector adds in-band signals
with the same frequency which when squared yields:

𝑦′
𝑖 (𝑡) = ∫

𝑇𝑐

0
𝑏𝑖 (𝑡) 𝑠2

𝑖 (𝑡) 𝑑𝑡

+2 ∫
𝑇𝑐

0

∞

∑
𝜏𝑖=1

𝑏𝑖 (𝑡)𝑠𝑖(𝑡)𝑠𝑖(𝑡 − 𝜏𝑖)𝑑𝑡

+ ∫
𝑇𝑐

0

∞

∑
𝜏𝑖=1

𝑏𝑘 (𝑡)𝑠𝑖(𝑡)𝑠𝑘(𝑡 − 𝜏𝑘)𝑑𝑡 (3)

The first term of Eq. (3) is the actual information,
while the last two terms represent the photodiode
in-band correlations and the users’ coincidence-based
correlations, respectively.

3. SYSTEM MODEL AND NUMERICAL ANALYSIS
3.1 System Model

The FFH-OCDMA is made of two parts, an electrical
part and an optical part. We assume that the incoming
bits are already electrically processed, only the electro-
optical and opto-electrical conversions are our focus as
shown in Fig. 1 and Fig. 2. The encoding system under
analysis is presented in Fig. 3, as motivated by [8], [9],
[16]. It is composed of 𝐾 user sequences characterized
each one by its frequency and time information, with
each user transmitting asynchronously from its own or
same network. Each network is characterized by an
access code constituted of 𝐴𝑖(𝑤𝑞 , 𝑛) frequency sequence,
pulse modulated by 𝑎𝑖(𝑡) time sequence, to produce
the user sequence 𝐴𝑖(𝑤𝑞 , 𝑛)𝑎𝑖(𝑡) in compliance with the
outputs of Fig. 1.

These Bragg gratings encoded sequences are transmit-
ted in the format of a WH-TS, made of OCFHC-OOC as
described in Fig. 3, over the optical fibre with a non-
coherent receiver at the destination. The transmission
is considered linearly polarized over an effective fibre
length. These transmitted sequences are aggregated in
a destination of a targeted network receiver assumed to
be user-1 of network 1. These optical signals are received
by a system detection via an opto-electric conversion in
compliance with Fig. 2, though it is only important to
focus on the second part of the Fig. 2, the electrical
part. We assumed that the system detector is made of a
correlator and the decorrelator after the square detector,
before the decision device. According to the difference
family called divergence of position as construction
solution of the OOC given in [23], the weighted elements
are in a particular position pi such that the correlator
matrix P is reduced to a vector 𝐷 = [𝑝1𝑝2 · · · 𝑝𝑤]
representing the sequence of user 1. The signal y will
be correlated by the user 1 correlator in a fixed weighted
OOC vector.

𝒓 = 𝐷𝑦 = [𝑦11𝑝1 𝑦12𝑝2 … 𝑦1𝑤𝑝𝑤]

According to the system detector (Fig. 4) where the
correlation properties are exploited to determine which
bits were sent, the correlator outputs 𝑟 = |𝐷|𝐸𝑏 +
𝑁0 where 𝑁0 represents the MAI density level while
the decorrelator multiplies 𝑟 by (𝐸𝑏|D|)−1, subsequently
yields 𝑟¯ = 1 + 𝑁0

𝐸𝑏|𝐷| , with the decision device producing
d = 1 when the auto-correlation 𝐸𝑏|𝐷| = 𝑤𝐸𝑏 and
the decorrelation produces (𝐸𝑏|𝐷|)−1 = 1

𝑤𝐸𝑏
or d = 0

otherwise (see Fig. 4). Normally, |𝐷| = 𝑤 which is the
sumof non-zero bits or Hammingweight of the sequence,
however, with a fixed weighted OOC representation, one
can decide to reduce it to |𝐷| = 𝑤 − 1.

3.2 Multiple Access Interference Evaluation
In this analysis, we assume that the number of

frequencies available for OCFHC is 𝑄 and 𝑁 is the
number of OOC time spreading pulses propagating in the
optical fiber with power 𝑃 . The 𝑘-th modulating signal
of the user data is given:

𝑠𝑘 (𝑡) = √2𝑃 𝐴(𝑤𝑞 , 𝑛)𝑏𝑘(𝑡 − 𝜏𝑘)𝑎𝑘(𝑡 − 𝜏𝑘), (4)

where 𝐶𝑖 (𝑤𝑞 , 𝑛) = 𝐴(𝑤𝑞 , 𝑛)𝑏𝑘(𝑡 − 𝜏𝑘)𝑎𝑘(𝑡 − 𝜏𝑘) is the
OCFHC-OOC spreading sequence defined as:

𝐴(𝑤𝑞 , 𝑛)𝑎𝑘(𝑡−𝜏𝑘) = {
𝑎𝑘(𝑡 − 𝜏𝑘), if wq is present at 𝜏k

0, otherwise,

with

𝑎𝑘 (𝑡) =
𝑁−1

∑
𝑙=0

𝑎𝑙
𝑘𝑝 (𝑡 − 𝑙𝑇𝑐) (5)

= {
∑𝑙 𝑎𝑙

𝑘, 𝑡 = 𝑙𝑇𝑐 , 𝑙 = 𝑛 = 𝑞 = 0, 1, … , 𝑤 − 1,
0 otherwise,

(6)
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Fig. 3: 2-D OCDMA modulator system diagram.

Fig. 4: System detection.

being the OOC time spreading sequence mapped into a
rectangular pulse 𝑝(𝑡) of amplitude 𝑎 𝑙

𝑘 | and width 𝑇𝑐 , and
𝑎𝑙

𝑘 being the 𝑙-th chip from user 𝑘. The data sequence
𝑑𝑘 = 𝑏𝑘(𝑡) is also mapped into a rectangular pulse as:

𝑏𝑘 (𝑡) =
𝑁−1

∑
𝑗=𝑙=0

𝑏𝑗
𝑘𝑎𝑗

𝑘𝑝 (𝑡 − 𝑗𝑇𝑐),

where 𝑏𝑗
𝑘 being the 𝑗-th data symbol of the 𝑘-th user

taken from 𝑏𝑘 = {𝑏0
𝑘, 𝑏1

𝑘, …}. However, in the following
development, we consider that bk is binary, amplitude
|𝑎𝑙

𝑘| = 1 in line with (6) such that ∑𝑙 𝑎𝑙
𝑘 = 𝑤, and

that (𝑛, 𝑤, 1)-OOC constructed using the difference of
position [17], dictates the time mapping sequence, hence
𝑛 = 𝑁 . In that sequence, the number of “0” bits is bigger
than the number of “1” bits which corresponds also to
the spreading sequences. In an On-Off Keying (OOK)
signalling, the presence of bit “0” is characterized by no
signal and the presence of bit “1” means presence of the
signal.

Therefore, the random variables 𝑎𝑙
𝑘 are the Bernoulli

random variables with the probabilities within one time
sequence, and 𝑏𝑗

𝑘 is deterministic in compliance with the
OOK signalling and the characteristics of a Z-channel.
The errors that occur (“1” becoming “0”) are corrected

using the OOC error correcting code capability, therefore
we define the following filter:

⎧⎪
⎨
⎪⎩

if 𝑏𝑗
𝑘 = 1, and 𝑟 (𝑡) ≠ 0, then no error
or 𝑟 (𝑡) = 0, an error occured

if 𝑏𝑗
𝑘 = 0, 𝑟 (𝑡) = 0, then no error

Henceforth the following probabilities:

Pr [𝑎𝑙
𝑘 = 1] = 𝑤

𝑁 , and Pr [𝑎𝑙
𝑘 = 0] = 𝑁−𝑤

𝑁

These probabilities lead to the following non-coherent
receiver analysis. At the receiver, the 𝐾 user signals are
such that:

𝑟 (𝑡) =
𝐾

∑
𝑘=1

𝑁−1

∑
𝑛=0

𝑄−1

∑
𝑞=0

√2𝑃 𝐴(𝑤𝑞 , 𝑛)𝑏𝑗
𝑘𝑎𝑙

𝑘(𝑡 − 𝜏𝑘)

The non-coherent receiver listening to user 1 outputs:

𝑦1 (𝑡) = ∫
𝑙𝑇𝑐

0
𝑠1 (𝑡) 𝑟1 (𝑡) 𝑑𝑡 = 𝐼1

+2𝑃 ∫
𝑙𝑇𝑐

0

𝐾

∑
𝑘=1

𝑁−1

∑
𝑛=0

𝑄−1

∑
𝑞=0

(𝐴 (𝑤𝑞 , 𝑛) 𝑏𝑗
𝑘𝑎𝑙

1𝑝 (𝑡) 𝑎𝑙
𝑘𝑝 (𝑡 − 𝜏𝑘))𝑑𝑡

The quantity 𝐼1 is the decision value for user 1 while.
the second term represents the MAI.

𝐼mai = 2𝑃 ∫
𝑙𝑇𝑐

0

𝐾

∑
𝑘=1

𝑁−1

∑
𝑛=0

𝑄−1

∑
𝑞=0

𝐴 (𝑤𝑞 , 𝑛)

×(𝑏𝑗
𝑘𝑎𝑙

1𝑝 (𝑡) 𝑎𝑙
𝑘𝑝 (𝑡 − 𝜏𝑘))𝑑𝑡 (7)

𝐼1 is made of signals sampled at 𝑡 = 𝜏𝑘 = 𝑙𝑇𝑐 , 𝑛 =
𝑗 = 𝑙 = 𝑁 for which the correlation properties require
that 𝐴1(𝑤𝑞 , 𝑛)𝐴𝑘(𝑤𝑞 , 𝑛)𝑏𝑗

𝑘𝑎𝑙
𝑘 = 1. In that case, user-1

experiences a total interference given by:

𝐼mai = 2𝑃 𝑁 ∫
𝑙𝑇𝑐

0

𝐾

∑
𝑘=2

𝑄

∑
𝑞=1

(𝑏𝑗
𝑘𝑎𝑙

1𝑝 (𝑡) 𝑎𝑙
𝑘𝑝 (𝑡 − 𝜏𝑘))𝑑𝑡 (8)

For what follows, we focus only on the correlation
integral Eq. (8), ∫𝑙𝑇𝑐

0 𝑎1(𝑡)𝑎𝑘(𝑡 − 𝜏 )𝑑𝑡 of the spreading
sequence as in [8] and [9], and we consider two consec-
utive data symbols of the 𝑘-th signal 𝑏0

𝑘, and 𝑏1
𝑘.

The continuous-time partial cross-correlation of user 1
and 𝑘-th user’s spectral-spreading signal is defined as
𝑅𝑘,1(𝜏 ) = ∫𝜏

0 𝑎𝑘(𝑡 − 𝜏 )𝑎1(𝑡)𝑑𝑡 and its complement
𝑅 𝑘,1(𝜏) = ∫𝑙𝑇𝑐

𝜏 𝑎𝑘(𝑡 − 𝜏 )𝑎1(𝑡)𝑑𝑡. To this partial cross-
correlation spreading signal, is associated the discrete
aperiodic cross correlation of the same user’ sequences𝐶 ,
which is a function of 𝜆 interdependent chips and written
as in [15]

𝐶𝑘,1 (𝜆) =
⎧⎪
⎨
⎪⎩

∑𝑁−1−𝜆
𝑗=0 𝑎𝑗

𝑘𝑎𝑗+𝜆
1 , 0 ≤ 𝜆 ≤ 𝑁 − 1,

∑𝑁−1+𝜆
𝑗=0 𝑎𝑗−𝜆

𝑘 𝑎𝑗
1, 1 − 𝑁 ≤ 𝜆 < 0,

0, |𝜆| ≥ 𝑁.
(9)
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Noting that the signal is continuous while data is
discrete, the total MAI for two consecutive data symbols
after substituting 𝑅𝑘,1, 𝑅 𝑘,1 is therefore:

𝐼mai = 𝑃𝑏𝑁 [𝑏0
𝑘𝑅𝑘,1 (𝜏) + 𝑏1

𝑘 𝑅 𝑘,1(𝜏)]
where 𝑃𝑏 = 2𝑃 is the power per bit.

The continuous partial cross-correlations𝑅𝑘,1depends
only on user-1 and the 𝑘-th user signature sequences
through𝐶𝑘,1, and on the partial auto-correlation𝑅𝑝(𝑠) =
∫ 𝑠

0 𝑎(𝑡)𝑎(𝑡 + 𝑇𝑐 − 𝑠)𝑑𝑡 of the chip signal. As so, is
𝑅𝑘,1 for 𝑅 𝑝(𝑠) = ∫𝑇𝑐

𝑠 𝑎(𝑡)𝑎(𝑡 − 𝑠)𝑑t, such that 𝑅𝑝(𝑠) =
𝑅𝑝(𝑠) = 0 for 𝑠 < 0 or 𝑠 > 𝑇𝑐 . The overall
cross-correlation becomes as in [22].

𝑅𝑘,1 (𝜏) = 𝐶𝑘,1(𝛾 − 𝑁)𝑅𝑝(𝜏 − 𝛾𝑇𝑐)

+𝐶𝑘,1(𝛾 + 1 − 𝑁)𝑅𝑝(𝜏 − 𝛾𝑇𝑐), and

𝑅𝑘,1 (𝜏) = 𝐶𝑘,1(𝛾)𝑅𝑝(𝜏 − 𝛾𝑇𝑐)

+𝐶𝑘,1(𝛾 + 1)𝑅𝑝(𝜏 − 𝛾𝑇𝑐).
The random 𝐼mai is obtained at 𝑡 = 𝜏𝑘 − 𝛾𝑘𝑇𝑐 .

Considering the delay 𝑆𝑘 = 𝜏𝑘 −𝛾𝑘𝑇𝑐 , which is a random
variable uniformly distributed over [0, 𝑇𝑐], 𝛾𝑘 a random
shift uniformly distributed over {0, 1, . . . , 𝑙 − 1}, while
𝜏𝑘 is uniformly distributed over [0, 𝑙𝑇𝑐], the MAI can be
written as follows:

𝐼mai = 𝑃𝑏𝑁 [𝑏0
𝑘𝐶𝑘,1 (𝛾𝑘 + 1 − 𝑁) + 𝑏1

𝑘𝐶𝑘,1 (𝛾𝑘)] 𝑅𝑝(𝑆𝑘)

+ [𝑏0
𝑘𝐶𝑘,1 (𝛾𝑘 + 1 − 𝑁) + 𝑏1

𝑘𝐶𝑘,1 (𝛾𝑘 + 1)] 𝑅𝑝(𝑆𝑘) (10)

Eq. (10) can be simplified by transforming the
Bernoulli random variables 𝑎𝑙

𝑘 and 𝑏𝑗
𝑘 into other Bernoulli

independent random variables 𝑃𝑘, 𝑄𝑘 and the sum of
independent Bernouilli random variable namely 𝑋𝑘, 𝑌𝑘
as in [8], [9]. These random variables are obtained from
Eq. (10) and letting 𝑎𝑖

1 = 𝑦𝑖 , 𝑎𝑖
𝑘 = 𝑥𝑖 leads to the

following notations:

𝑍𝑗 =
⎧
⎪
⎨
⎪
⎩

𝑏0
𝑘𝑥𝑗−𝛾+𝑁 𝑦𝑗 , 𝑗 = 0, … , 𝛾 − 1,
𝑏1

𝑘𝑥𝑗−𝛾 𝑦𝑗 , 𝑗 = 𝛾, … , 𝑁 − 2,
𝑏1

𝑘𝑥𝑁−𝛾−1𝑦𝑁−1, 𝑗 = 𝑁 − 1.
𝑏0

𝑘𝑥𝑁−𝛾 𝑦0, 𝑗 = 𝑁,
Rearranging Eq. (10) accordingly yields:

𝐼mai = 𝑁𝑃𝑏[[
𝑁−2
∑
𝑗=0

𝑍𝑗 (𝑅𝑝(𝑆𝑘) + 𝑦𝑗𝑦𝑗+1𝑅̄𝑝(𝑆𝑘))

+𝑍𝑁 𝑅𝑝(𝑆𝑘) + 𝑍𝑁−1𝑅̄𝑝(𝑆𝑘)]]
Noting that:
𝑃𝑘 = 𝑍𝑁−1, 𝑄𝑘 = 𝑍𝑁 ,
𝑋𝑘 = ∑𝑗𝜖𝐴 𝑍𝑗 , 𝑌𝑘 = ∑𝑗𝜖𝐵 𝑍𝑗 , where
𝐴 = {𝑥𝑗 ∶ 𝑎𝑗

1𝑎𝑗+1
1 = 1} and 𝐵 = {𝑥𝑗 ∶ 𝑎𝑗

1𝑎𝑗+1
1 = 0}.

𝑋𝑘, 𝑌𝑘, 𝑃𝑘, and 𝑄𝑘 can be interpreted as follows: 𝑋𝑘
and 𝑌𝑘 represent the cross-correlation of the spreading
sequence coefficients {𝑎𝑗

𝑘}; 𝑃𝑘 and 𝑄𝑘 are the correlation
coefficients at the end and at the beginning (after one

cycle) of the sequence positions. Without loss of
generality, 𝑆 = 𝑆𝑘 is the random time correlation
of the spreading rectangular pulse probability function,
considered as uniformly distributed over [0, 𝑇 𝑐) and so
is (1−𝑆). We can also, without loss of generality consider
that the power bit 𝑃𝑏 = 1. The MAI expression (10)
of an OCFHC-OOC evaluated with OOC sequences for
which 𝑛 ≅ 1 mod (𝑤(𝑤 − 1)) (the worst case), which
is constructed using difference of position [17]. It is very
important to understand that this sequence is made of
at most 1 consecutive two pulses (𝑋𝑘), and at least 1
parsed single pulse (𝑌𝑘), leading to 𝑦𝑗𝑦𝑗+1 = 1 or
𝑦𝑗𝑦𝑗+1 = 0 (in an OOC sequence, each dierence between
any 2 positive bits can only be present at most once). The
MAI can be reduced to:

𝐼mai = 𝑁[[𝑃𝑘𝑅𝑝(𝑆) + 𝑄𝑘𝑅𝑝(𝑆) + 𝑋𝑘(𝑅𝑝(𝑆)

+𝑅̄𝑝(𝑆𝑘)) + 𝑌𝑘𝑅̄𝑝(𝑆𝑘)]],
Assuming rectangular chip pulses 𝑅𝑝 (𝑆) = 𝑆 and 𝑅̄𝑝 =
1 − 𝑆 , the MAI becomes:

𝐼mai = 𝑁 [𝑋𝑘 + 𝑌𝑘 (1 − 𝑆) + 𝑃𝑘 (1 − 𝑆) + 𝑄𝑘𝑆] (11)

This MAI is a random variable 𝐼mai consisting of the
Bernoulli random variables 𝑋𝑘, 𝑌𝑘, 𝑆 , 𝑃𝑘, 𝑄𝑘, which
according to 𝑎𝑘(t) in (6) occur𝑤 times each. Since there is
only interference when there is light in accordance with
the filter definition, only the transitions 1 → 0 and 1 → 1
(two consecutive pulses can correlate if and only if there
is presence of light on the first pulse) are valid, hence:

|𝐴| + |𝐵| = 𝑤.
This implies 𝑃 𝑟[𝑍𝑗 = 𝑥𝐴] = 1

𝑤 and 𝑃 𝑟[𝑍𝑗 = 𝑦𝐵] =
𝑤−1

𝑤 . Also, 𝑃 𝑟[𝑍𝑗 = 1] = 𝑤
𝑛 and 𝑃 𝑟 [𝑍𝑗 = 0] = 1 − 𝑤

𝑛 .
Therefore, 𝑃 𝑟[𝑍𝑗 = 𝑃𝑘] = 𝑃 𝑟[𝑍𝑗 = 𝑄𝑘] = 1

2 .

3.3 Gaussian Approximation
Since all variables are statistically independent Bernoulli

random variables, the MAI is characterized by the mean
(𝑁 is omitted here, however, we will revert to it):

𝐸 [𝐼mai] = 𝐸 [𝑋𝑘] + 𝐸 [𝑌𝑘] 𝐸 [(1 − 𝑆)]

+𝐸 [𝑃𝑘] 𝐸[[(1 − 𝑆)] + 𝐸 [𝑄𝑘] 𝐸[𝑆], (12)

and the variance

Var[𝐼mai] = Var[𝑋𝑘] + Var[𝑌𝑘]Var[1 − 𝑆]

+𝐸2[𝑌𝑘]Var[1 − 𝑆] + Var[𝑌𝑘]𝐸2[1 − 𝑆]
+Var[𝑃𝑘]Var[1 − 𝑆] + 𝐸2[𝑃𝑘]Var[1 − 𝑆]

+Var[𝑃 ]𝐸2[1 − 𝑆] + Var[𝑄𝑘]Var[𝑆]
+Var[𝑄𝑘]𝐸2[𝑆] + 𝐸2[𝑌𝑘]Var[𝑆]

The mean and the variance is evaluated using the
following random variable statistics

𝐸 [𝑋𝑘] = 𝐴
𝑤, 𝐸 [𝑌𝑘] = 𝑤 − 𝐴

𝑤 , 𝐸 [𝑃𝑘] = 𝐸 [𝑄𝑘] = 1
2 ,
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𝐸 [𝑆] = 1
𝑇𝑐 ∫

𝑇𝑐

0
𝑠𝑑𝑠 = 𝑇𝑐

2 ,𝐸 [𝑆2] = 1
𝑇𝑐 ∫

𝑇𝑐

0
𝑠2𝑑𝑠 =𝑇 2

𝑐
2 ,

𝐸 [1 − 𝑆] = 1
𝑇𝑐 ∫

𝑇𝑐

0
(1 − 𝑠) 𝑑𝑠 = 1 − 𝑇𝑐

2 ,

𝐸 [(1 − 𝑆)2] = 1
𝑇𝑐 ∫

𝑇𝑐

0
(1 − 𝑠) 𝑑𝑠 = 1 − 𝑇𝑐 − 𝑇𝑐

2

3 ,

Var[𝑋𝑘] = 𝐴(𝑤 − 1)
𝑤2 ,Var[𝑌𝑘] = (𝑤 − 𝐴)(𝑤 − 1)

𝑤2 ,

Var[𝑃𝑘] = Var[𝑄𝑘] = 1
4 , Var[𝑆] = 𝑇 2

𝑐
12 , Var[1 − 𝑆] = 𝑇 2

𝑐
12

Since the MAI noise process 𝐼mai is the Bernoulli
distributed with mean 𝐸[𝐼mai] and variance Var[𝐼mai], it
is approximated as a Gaussian process using the central
limit theorem with the probability density function of
random variable 𝑖mai described as:

𝑓 (𝑖mai) = 1
√2𝜋Var[𝐼mai]

exp(−𝑖mai
2

2 ) (13)

where 𝑖mai = 𝐼mai−𝐸[𝐼mai]
√Var[𝐼mai]

4. PERFORMANCE EVALUATION
4.1 Analytical Results

We have evaluated the MAI BER based on the time-
interval correlations in a 2-D OCDMA OCFHCOOC
sequence (BER1). However, in a Bragg gratings appli-
cation, once a frequency is used in a sequence, it is
no longer available, thus the previous given cardinality
given in the preceding is reduced to |𝐶| = (𝐿 +
1)𝐿 𝑛−1

𝑤(𝑤−1) . Therefore, there are |𝐶| 𝑤 chips exposed
to error. Since the probabilities are associated with the
Bernoulli independent random variables, the probability
of error from the standard Gaussian approximation of Eq.
(13) is obtained as follows (used in [21]):

𝐵𝐸𝑅1 = ∫
1

√2𝜋Var[𝐼mai]
exp(−𝑖mai

2

2 )𝑑𝑖mai (14)

This Gaussian approximation for K users is averaged to:

𝐵𝐸𝑅1 = (𝐾 − 1) 𝑁
|𝐶| 𝑤 − 1 erfc

(
𝑤𝐸[𝐼mai]

√Var[𝐼mai])
(15)

Since the OOC is the time sequence of the OCFHC-
OOC dictating the “1” bit positions, the time-interval
analysis based on frequency-time (𝜆, 𝑇 ) pairs is the same
as the analysis conducted based on 𝑇 . Therefore, BER1
is also valid for 1-D OCDMA OOC with the cardinality
being the one for (𝑛, 𝑤, 1)-OOC. We evaluate its MAI
BER for the class 𝑛 ≅ 1 mod (𝑤(𝑤 − 1)) and investigate
the case when n is lengthened by introducing “0” bits.
We compare the time-interval correlations BER1 with the
previous OCDMA results on MAI which are based on the
user’s coincidence correlations using the same Gaussian

approximation as in [2] for OOC and in [3] for OCFHC-
OOC. According to [2], [3], the number of coincidences
a chip of a sequence experiences is 𝑤 with a probability
of 𝑤

𝑛 . The probability of appearance of a chip during the
specific time interval is 0.5. Hence, the probability that a
chip experiences coincidence is 𝑝 = 𝑤2

2𝑛 . According to
[7], the bit error rate is then given by:

𝐵𝐸𝑅 = 1
2

𝐾−1

∑
𝑖=𝑤

(
𝐾 − 1

𝑖 ) 𝑝𝑖(1 − 𝑝)(𝑘−1−𝑖). (16)

One can realize that the above probability can be approx-
imated using the central limit theorem as the number of
users becomes large.

Accordingly, for a given 𝐾 users in a 2-D OCDMA
OCFHC-OOC, the BER [3] (BER2) can be reduced to

𝐵𝐸𝑅2 = 1
2

(𝐾 − 1 − 𝑤)
|𝐶| − 1 [

erfc
(

𝐾 − 1 − 𝑤
√(𝐾 − 1)𝑝𝑞 )

−erfc
⎛
⎜
⎜
⎝
√

(𝐾 − 1)𝑞
𝑝

⎞
⎟
⎟
⎠

⎤⎥⎥⎦
(17)

Also, the approximation of the BER equation [7] for
1-D OCDMA OOC sequence (𝐵𝐸𝑅3) can be given by:

𝐵𝐸𝑅3 = 1
√2𝜋𝐾𝑝𝑞

erfc
(√

𝐾𝑞
𝑝 )

(18)

4.2 Simulations
We use MATLAB to investigate the analytical results

presented by Eqs. (15), (17), and (18) considering the
following numerical values: 𝑛 = 𝑁 = 7, 𝑤 = 3,
𝐿 = 7, 𝑄 = 8, which gives a cardinality of 392 in an
OCFHC-OOC scheme for a Bragg gratings application. 𝐾
is ranging from 50 to 400 for a 2-DOCDMAOCFHC-OOC
sequence just to also investigate the case whereby the “0”
bits are introduced to extend the code length.

We do the same for an OOC in a 1-D OCDMA OOC
sequence with cardinality 7, and 𝐾 ranging from 5 to
50 users for OOC assuming the “0” bits introduction
into (7, 3, 1)-OOC, increasing its length to (49, 3, 1)-
OOC and consequently the number of users. These
theoretical results are compared through simulations,
with the correlations from the direct detector output,
using a MATLAB built-in script of Fig. 4. The quantity
𝑁0
𝐸𝑏

represents the SNR. For an on-off keying with
NRZ signalling with direct detection applied at the
output of the Z-channel, the optimum threshold level
for spatial (constellation) signal detection using Leibniz’s

approximation is given by 𝑤
𝑛 √

|𝐷|𝐸𝑏
𝑇𝑏

. The average error

probability of symbol 0 being detected when symbol 1 in
a binary scheme was sent is therefore given by:

𝑃𝑒 = 1
2erfc

⎛
⎜
⎜
⎝

𝑛 − 𝑤
𝑛 √

|𝐷|𝐸𝑏
𝑁0

⎞
⎟
⎟
⎠
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Fig. 5: BER for time-interval-based vs. user coincidence-
based correlations for OCFHC-OOC.

Fig. 6: BER for time-interval-based vs. user coincidence-
based correlations for OOC.

The detection of the transmitted signal impaired by
MAI, when considering 𝑪 𝒊(𝝎𝒒 , 𝒏) in Eq. (4), has a
probability of bit error

𝑃𝑒 = 1
2erfc(

𝑛 − 𝑤
𝑛 √

(𝑤 − 1)𝐸𝑏
𝑁0 )

The simulated results for 2-D OCDMAOCFHC-OOC and
1-D OCDMA OOC are both in Figs. 5 and 6 while the
system SNR for OCDMA using OCFHC-OOC is given in
Fig. 7.

4.3 Results

The results show an expression of the MAI random
variable in Eq. (11) close to the one in [9, 15], which
considered as a Gaussian random variable, allowed us to
obtain the BER1 in Eq. (15), resulting from all positive
time intervals. This BER1 is compared with BER2 in
Eq. (17) for 2-D OCDMA OCFHC-OOC sequence, and
BER3 in Eq. (18) for when reduced to 1-D OCDMA OOC
from [3], [2] user coincidence-based techniques. We

Fig. 7: SNR time-interval based vs. user coincidence-based
approaches.

compare for each, 1-D and 2-D OCDMA, our approach
with the user coincidence-based technique, and in both
cases, we investigate their respective behaviours against
the system detection output made of a correlator, a
decorrelator and decision device (Fig. 4). The results of
these investigations are shown in Figs. 5 and 6.

4.4 Discussion
The zero-correlation time-intervals improve the sys-

tem performance. This is in line with the theory which
implies that an increase in code length in 1-D OCDMA
OOC increases the system performance up to a certain
limit. In fact, the introduction of “0” bits increase the
code length which is proportional to the cardinality, and
which is related to the number of users. Therefore, the
increase in number of users exploits the increase of zero-
correlation timeintervals, explaining why the system
shows a better performance level when the number of
users increases. The user’s coincidence correlation-based
are not the only correlations events that impact the
system’s performance. One should count the users and
the inband correlations to get a closer SNR required
for the system performance. Thus, we can say that
our approach of taking into account all the correlation
events in evaluating MAI BER as developed in this paper,
presents a better BER performance and subsequently
SNR.

5. CONCLUSION
In this paper, we presented an improved evaluation

of the MAI BER on OCDMA channel based OCFHC-
OOC sequences, which is achieved using time-interval
analysis. This analysis yielded an MAI random varitable
from which the BER (BER1) is obtained using a Gaussian
approximation. Since we suggested the OOC to be the
time sequence for FFH-OCDMA, the technique is also
valid for this scheme. In both cases, we confirmed the
previous OCDMA results showing that as the number
of users increases for the code, the performance of the
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system worsens but at a lesser rate for our technique,
with the 2-D OCDMA being better than its 1-D counter-
part. We showed that the coincidence-based correlations
present not a good performance since the method omits
other correlations occurring during transmission. Hence,
the time-interval based correlations suggested herein,
due to the fact that the zero-correlation time-intervals
and the in-band frequencies are taken into account,
seems to be a better tool for MAI BER evaluation, as it
allows us to overcome the limit on the number of users
supported by the user coincidence-based evaluation,
improving accordingly the findings of [11]. Finally, we
showed that the users-based correlations are not the only
impairment responsible for the MAI in an OCDMA using
photodiode detector in a direct detection scenario. One
should count the in-band frequencies as well from the
photodiode. The analysis to evaluate the bounds of code
length for a required transmission power are left for
further studies.
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