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ABSTRACT 

In this paper, we present variable step-size 
algorithms based on an order statistic normalized 
averaged least mean square (OS-NALMS) with a 
data-reuse factor. An optimal step-size parameter is 
investigated by means of mean square deviation 
criterion, we then modify in the recursion form. Two 
of new variable step-size approaches are introduced 
with regard to the optimal step-size algorithm. In 
order to reduce the complexity, a variable data-reuse 
factor approach is applied to the number of reused 
gradient based estimate sequences for averaged least 
mean square algorithm. Simulation results 
demonstrate that the performance of proposed 
variable step-size OS-NALMS algorithms can obtain 
in terms of fast convergence and robustness. 

 
Keywords: Adaptive filters, variable step-size algorithm, 
order statistic mechanism, least mean square (LMS) 
algorithm, data-reuse factor. 
 

 
1. INTRODUCTION 

A class of adaptive algorithms based on least mean 
square (LMS) algorithm employing order statistic 
filtering of the sampled gradient estimates has been 
presented in [1] and [2]. These can perform in terms of 
simple and robust adaptive filter across a wide range of 
input environments. The order statistic LMS algorithms 
are similar to usual gradient-based LMS algorithm with 
robust order statistic filtering operations applied to the 

gradient estimate sequences. In [3], the adaptive step-
size based on order statistic LMS-based time-domain 
equalisation has been presented with robust order 
statistic filtering and be quite flexible for discrete 
multitone systems. 

The idea of data-reuse factor approach has been 
presented in [4] and [5] that utilised a variable number 
of past constraint sets at each coefficient update. In [6], 
the variable step-size based on normalised LMS 
algorithm has been proposed the adaptive filtering with 
regard to optimal performance by means of faster 
convergence rate and lower misadjustment error than 
existing schemes. The idea of an estimate averaging the 
prediction error in order to control the step-size 
parameter has been presented in [7].  

In this paper, we describe the optimal variable step-
size mechanism for order statistic normalised averaged 
LMS (OS-NALMS) algorithm by means of mean 
square deviation scheme in Section 2. A type of 
normalised LMS (NLMS) algorithm is applied in virtue 
of order statistic scheme which replaces linear 
smoothing of the gradient estimation by an averaged 
order statistic adaptive algorithm. An optimal step-size 
parameter is investigated based on the proposed OS-
NALMS algorithm with regard to the optimal 
performance in Section 3. Two variable step-size 
algorithms are proposed by means of optimal 
performance in Section 4. The variable data-reuse 
factor approach adjusted adaptively by quantising the 
range of data-dependent step-size parameter is 
presented to reduce the complexity of number of taps of 
coefficient in Section 5. Simulation results are shown in 
Section 6 and Section 7 concludes the paper.   



SITJONGSATAPRON et al.: ANALYSIS OF VARIABLE STEP-SIZE ORDER STATISTIC     11 
 

2. AN ORDER STATISTIC NORMALISED 
AVERAGED LEAST MEAN SQUARE (OS-
NALMS) ALGORITHM 

In this section, we present the NLMS algorithm 
which replace linear smoothing of gradient estimates by 
order statistic averaged LMS filter. The tap-weight 
vector ෝ࢝ ሺ݇ሻ  minimises the solution following 
optimisation criterion as 

 
min	‖	 ෝ࢝ ሺ݇ሻ െ ෝ࢝ሺ݇ െ 1ሻ	‖	, 																																												ሺ1ሻ 
 
subject to the constraint  
 
ෝ࢝ுሺ݇ሻ ∙ ෥࢞ሺ݇ሻ ൌ 	݀	෩ ሺ݇ሻ	,																																																			ሺ2ሻ 
 
where ݀	෩ሺ݇ሻ is the desired signal. The operator ሺ∙ሻு 
denotes as the Hermitian operator. The vector ෥࢞ሺ݇ሻis 
the input signal vector as ෥࢞ሺ݇ሻ ൌ 	 ሾݔ	̃ሺ݇ሻ,⋯ , ሺ݇̃	ݔ െ
ܮ െ 1ሻ	ሿ் , where the operator ሺ∙ሻ்  denotes as the 
transpose operator. 
   To solve the optimisation problem with the 
method of Lagrange multipliers, the update of complex-
valued tap-weight estimated vector ෝ࢝ ሺ݇ሻ  can be 
formulated by means of NLMS algorithm as [4], [9] as 
	

ෝ࢝ ሺ݇ሻ ൌ 	 ෝ࢝ሺ݇ െ 1ሻ 	െ
ሺ݇ሻߤ

‖෥࢞ሺ݇ሻଶ‖
	෥࢞ሺ݇ሻ݁̃∗ሺ݇ሻ	,															ሺ3ሻ 

  
and  
 
݁	෥ሺ݇ሻ ൌ 	݀	෩ ሺ݇ሻ 	െ	 ෝ࢝ுሺ݇ െ 1ሻ ∙ ෥࢞ሺ݇ሻ	.																									ሺ4ሻ	 
 
where ݁	෥ሺ݇ሻ is a priori estimation error and ߤሺ݇ሻ is the 
step-size parameter. The notation ‖∙‖ is the Euclidean 
norm of a vector.  

The advantage of a class of order statistic LMS 
algorithms has been presented in [1] which is similar to 
the usual gradient-based LMS algorithm with robust 
order statistic filtering operations applied to the 
gradient estimate sequence. In order to reduce the 
dimensions of the matrix of ordering transformation, a 
number of data reuses ॰ in each update are applied. 

We present an update of the complex-valued 
estimated vector ෝ࢝ ሺ݇ሻ with an OS-NALMS algorithm 
as [1] 
 

ෝ࢝ ሺ݇ሻ ൌ 	 ෝ࢝ሺ݇ െ 1ሻ 	െ
ሺ݇ሻߤ

‖෥࢞ሺ݇ሻଶ‖
	ग෪ሺ݇ሻࢇ෥ሺ݇ሻ	,									ሺ5ሻ 

 
and 
 

ग෪ሺ݇ሻ ൌ 	ञሼ෥࢞	ሺ݇ሻ ∙ ݁̃∗ሺ݇ሻ, ෥࢞	ሺ݇ െ 1ሻ ∙ ݁̃∗ሺ݇ െ 1ሻ,
⋯ , ෥࢞	ሺ݇ െ ॰ ൅ 1ሻ ∙ ݁̃∗ሺ݇ െ ॰ ൅ 1ሻ	ሽ  ,                      (6) 
 

,෥ = ሾܽሺ1ሻࢇ ܽሺ2ሻ, … , ܽሺ॰ሻሿ		, ܽ	ሺ݅ሻ ൌ
ଵ

॰
		;	 

݅ ൌ 1, 2, … ,॰																																																																ሺ7ሻ 
 
where the estimation error ݁̃ሺ݇ሻ  is given in (4). The 
operator ञሼ∙ሽ  denotes as the algebraic ordering 
transformation applied to the sequence as shown in (6).  

The variable step-size ߤ	ሺ݇ሻ algorithm is derived 
firstly in order to achieve an optimal step-size 
parameter at each update in Section 3. The variable 
step-size algorithms based on the optimal step-size 
mechanism is proposed in Section 4. The vector ࢇ෥ሺ݇ሻ is 
an average of the gradient estimates of weighting of 
data reuses. The parameter ॰  is the number of data 
reuses that is adjusted by quantising the range of data-
dependent step-size parameter in Section 5. 
 
3. AN OPTIMAL VARIABLE STEP-SIZE OS-

NALMS ALGORITHM 

In this section, we explain how to achieve an 
optimal step-size parameter based on the OS-NALMS 
algorithm at each update that indicates to define a new 
variable step-size algorithm as presented in [8]. The 
objective of an optimal step-size approach based on the 
LMS algorithm is to obtain the largest decrease of the 
mean square deviation (MSD) at each update.  

We define the deviation vector ࣖ	ሺ݇ሻ  that is 
between the optimal tap-weight vector ࢝୭୮୲		 and 
adaptive tap-weight estimated vector ෝ࢝ ሺ݇ሻ  with the 
methods of OS-NALMS algorithm as  

 
ࣖ	ሺ݇ሻ ൌ ࢝୭୮୲ െ	 ෝ࢝ሺ݇ሻ	,																																																				ሺ8ሻ 

  
where the tap-weight estimated vector ෝ࢝ ሺ݇ሻ is given in 
(5). 

We consider the desired output ሼ݀	෩ሺ݇ሻሽ  that arise 
from this model as 
 
݀	෩ (k) = ࢝୭୮୲	

ு ෥࢞ሺ݇ሻ ൅  ሺ9ሻ																																													,	ሺ݇ሻ	ߟ	
 
where ߟሺ݇ሻ defines for the measurement noise.  

By following [6] and [10], the update recursion in 
(5) can be expressed in terms of weight deviation vector 
ࣖ	ሺ݇ሻ in (8) as  
 

ࣖሺ݇ሻ ൌ 	ࣖሺ݇ െ 1ሻ 	െ
ሺ݇ሻߤ

‖෥࢞ሺ݇ሻଶ‖
	ग෪ሺ݇ሻࢇ෥ሺ݇ሻ	,												ሺ10ሻ 

 
where ग෪ሺ݇ሻ  and ࢇ෥ሺ݇ሻ  are given in (6) and (7), 
respectively. 
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We then see that MSD can be satisfied by squaring 
both sides of (10) and taking expectation as 
 
ሼ‖ࣖሺ݇ሻ‖ଶሽܧ ൌ ሼ‖ࣖሺ݇ܧ	 െ 1ሻ‖ଶሽ െ 	Δߤሺ݇ሻ		,											ሺ11ሻ 
 
and  
 

Δߤሺ݇ሻ ൌ ሺ݇ሻߤ2 ∙ Ը ൝ܧ ቊ
ग෪ሺ݇ሻ ∙ ෥ࢇ
‖෥࢞ሺ݇ሻ‖ଶ

∙ ࣖሺ݇ െ 1ሻቋൡ			 

																			െ	ߤଶሺ݇ሻܧ ቊ
ग෪ሺ݇ሻ ∙ ෥ࢇ
‖෥࢞ሺ݇ሻ‖ଶ

∙
ग෪ሺ݇ሻ ∙ ෥ࢇ
‖෥࢞ሺ݇ሻ‖ଶ

ቋ	,									ሺ12ሻ 

 
where Ըሼ∙ሽ and ܧሼ∙ሽ denote as the real and expectation 
operators, respectively. The operation ‖ ∙ ‖ଶ denotes the 
squared Euclidean norm operation. 

The idea is that if ∆ߤሺ݇ሻ  is maximized, then it 
guarantees that MSD will undergo with the largest 
decrease from each previous iteration ሺ݇ െ 1ሻ  to 
present iteration ሺ݇ሻ.  

By maximising ∆ߤሺ݇ሻ in (12) with respect to ߤሺ݇ሻ 
and setting to zero, the optimal step-size parameter 
  ୭୮୲ሺ݇ሻ becomesߤ

 

୭୮୲ሺ݇ሻߤ ൌ 	

Ը ൝ܧ ൜
ग෪ሺ݇ሻ ∙ ෥ࢇ
‖෥࢞ሺ݇ሻ‖ଶ ∙ ࣖሺ݇ െ 1ሻൠൡ

ܧ ൜
ग෪ሺ݇ሻ ∙ ෥ࢇ
‖෥࢞ሺ݇ሻ‖ଶ ∙

ग෪ሺ݇ሻ ∙ ෥ࢇ
‖෥࢞ሺ݇ሻ‖ଶ ൠ

	,																ሺ13ሻ 

 
where the matrix ग෪ሺ݇ሻ and the vector  ࢇ෥ሺ݇ሻ are given 
in (6) and (7), respectively. 

For convenience of computation, let us define as 
 

ሺ݇ሻࣀ ൌ 	
ग෪ሺ݇ሻ ∙ ෥ࢇ
‖෥࢞ሺ݇ሻ‖ଶ

		,																																																								ሺ14ሻ 

 
where ࣀሺ݇ሻ defines as the gradient vector.  

Therefore, the optimal step-size parameter ߤ୭୮୲ሺ݇ሻ  
can be rewritten by substituting (14) in (13) as 
 

୭୮୲ሺ݇ሻߤ ൌ 	
Ը൛ܧሼࣀሺ݇ሻ ∙ ࣖሺ݇ െ 1ሻሽൟ

ுሺ݇ሻࣀሼܧ ∙ ሺ݇ሻሽࣀ
	.																									ሺ15ሻ 

 
To facilitate the analysis, let us consider under a 

few assumptions as follows [6]. 
 

 
Assumption 1: We assume that the noise sequence ߟሺ݇ሻ 
is identically and independently distributed (i.i.d.) and 
statistically independent of input signal	෥࢞ሺ݇ሻ. 
 
 

Assumption 2: We assume that the previous deviation 
vector ࣖሺ݇ െ 1ሻ can be neglected on past noise. 
 

By using the assumption 1 and assumption 2, the 
optimal step-size parameter ߤ୭୮୲ሺ݇ሻ can be performed 
approximately as 
 
୭୮୲ሺ݇ሻߤ

ൎ
ሼ‖ࣖሺ݇ܧ െ 1ሻ‖ଶሽ

ሼ‖ࣖሺ݇ܧ െ 1ሻ‖ଶሽ ൅ ݎఎଶܶߪ ൜ܧ ቄ൫ࣀுሺ݇ሻࣀሺ݇ሻ൯
ିଵ
ቅൠ
		,	 

ሺ16ሻ 
 
where 
 

ሼ‖ࣖሺ݇ܧ െ 1ሻ‖ଶሽ ൌ 	
ா൛ࣖಹሺ௞ିଵሻࣀሺ௞ሻࣀಹሺ௞ሻࣖሺ௞ିଵሻൟ

ா൛ࣀಹሺ௞ሻࣀሺ௞ሻൟ
		,								(17) 

 
and ܶݎሼ∙ሽ denote as the trace of a matrix and ߪఎଶ is the 
variance of the noise signal. 

Hence, the optimal step-size ߤ୭୮୲ሺ݇ሻ in (16) can be 
written with method of the expression above as 

 

୭୮୲ሺ݇ሻߤ ൌ 	
ሼ‖ࣖሺ݇ܧ െ 1ሻ‖ଶሽ

ሼ‖ࣖሺ݇ܧ െ 1ሻ‖ଶሽ ൅ 	ԧ
			,																									ሺ18ሻ		 

 
where ԧ is a small positive constant. It is noticed that  ԧ 
is related to (16) and (18) as  
 

ԧ ൌ ݎఎଶܶߪ	 ൜ܧ ቄ൫ࣀுሺ݇ሻࣀሺ݇ሻ൯
ିଵ
ቅൠ		.																										ሺ19ሻ 

 
where ࣀሺ݇ሻ	is given in (14). The matrix ܶݎሼ∙ሽ denote as 
the trace of a matrix and ߪఎଶ is the variance of the noise 
signal. 
 
4. PROPOSED VARIABLE STEP-SIZE 

ALGORITHMS 

This section describes the proposed variable step-
size algorithms based on optimal step-size OS-NALMS 
algorithm as described in Section 3 as follows. 

 
4.1 Proposed variable step-size OS-NALMS (VSOS-

NALMS) algorithm  

We propose a new variable step-size order statistic 
normalised averaged least mean square (VSOS-
NALMS) algorithm by means of optimal step-size 
approach as analysed in Section 3 for the adaptive tap-
weight estimated vector ෝ࢝ ሺ݇ሻ as 

 

ෝ࢝ ሺ݇ሻ ൌ 	 ෝ࢝ሺ݇ െ 1ሻ െ 	ሺ݇ሻߤ	
ग෪ሺ݇ሻ ∙ ෥ࢇ
‖෥࢞ሺ݇ሻ‖ଶ

		,																ሺ20ሻ	 
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where ग෪ሺ݇ሻ  and ࢇ෥ሺ݇ሻ  are given in (6) and (7), 
respectively. 

Let us define that  
 

ࣖሺ݇ െ 1ሻ ൎ 	
ग෪ሺ݇ሻ ∙ ෥ࢇ
‖෥࢞ሺ݇ሻ‖ଶ

	ൎ ሺ݇ࣀ	 െ 1ሻ	,																							ሺ21ሻ 

 
and 

 

ฮ෡ࣖሺ݇ሻฮ
ଶ
ൌ 	ࣖுሺ݇ െ 1ሻ

ுሺ݇ሻࣀሺ݇ሻࣀ

ሺ݇ሻࣀுሺ݇ሻࣀ
ࣖሺ݇ െ 1ሻ	,								ሺ22ሻ 

 
where ࣀሺ݇ሻ	is given in (14). 

Therefore, the proposed VSOS-NALMS algorithm 
can be expressed using time-averaging as  
 
ሺ݇ሻߤ ൌ ߙ	 ∙ ሺ݇ߤ	 െ 1ሻ 				

൅ 	ሺ1 െ ሻߙ
ฮ෡ࣖሺ݇ሻฮ

ଶ

ฮ෡ࣖሺ݇ሻฮ
ଶ
൅ ԧ

		,							ሺ23ሻ 

 
where ߙ  is a smoothing factor, when 0.95 ൑ 	ߙ	 ൏ 1. 
The constant ԧ is a positive constant referred to (19).  
 
4.2 Proposed Variable averaging Step-size OS-

NALMS (VASOS-NALMS) algorithm  

The objective is to ensure a large step-size 
parameter ߤሺ݇ሻ , when the algorithm is far from an 
optimal value with step-size parameter reducing as we 
approach the optimum [7]. 

We introduce a new variable averaging step-size 
order statistic normalised averaged least mean square 
(VASOS-NALMS) algorithm with the method of 

estimate of an averaging of ฮ෡ࣖሺ݇ሻฮ
ଶ
as 

 
ሺ݇ሻߤ ൌ ߛ	 ∙ ሺ݇ߤ	 െ 1ሻ ൅ ߚ	 ∙ 	  ሺ24ሻ																										,		ሺ݇ሻߢ̂
 
ሺ݇ሻߢ̂ ൌ ߙ	 ∙ 	 ሺ݇ߢ̂ െ 1ሻ 	

൅	ሺ1 െ ሻߙ
ฮ෡ࣖሺ݇ሻฮ

ଶ

ฮ෡ࣖሺ݇ሻฮ
ଶ
൅ ԧ

		,										ሺ25ሻ 

 
where 0 ൑ 	ߛ	 ൏ 1  and ߚ  is an independent parameter 

for scaling the prediction of averaging of ฮ෡ࣖሺ݇ሻฮ
ଶ
. The 

exponentially-weighting parameter ߙ should be close to 
1. The parameter ԧ is referred to (19).  

Therefore, the proposed variable step-size OS-
NALMS (VSOS-NALMS) algorithm and variable 
averaging step-size OS-NALMS (VSOS-NALMS) 
algorithm using adaptive data-reuse factor are 
summarized as introduced in Table 2 and 3, 
respectively.  

5. PROPOSED DATA-REUSE FACTOR 

In this section, we describe how to assign a proper 
data-reuse factor that utilised a variable number of taps 
at each coefficient update. We consider a rule for 
choosing the number of data-reuses 	॰ሺ݇ሻ  at each 
update.  

The idea of a suitable assignment rule is to increase 
the data-reuse factor when the solution is far from 
steady-state and to reduce the factor when close to 
stead-state [5].  

The quantisation levels can be expressed into the 
maximum number of data-reuses allowed ॰୫ୟ୶	regions 
as 
ࣦௗ ൌ ሼ݈ௗିଵ ൏ ሺ݇ሻߤ	 ൑ 	 ݈ௗ	ሽ		,		 

݀ ൌ 1,… ,॰୫ୟ୶ െ 1																																							ሺ26ሻ 
 

that is defined by the decision level ݈ௗ . The variable 
data-reuse factor is given by  
 
॰୫ୟ୶ ൌ ݀	, if		ߤሺ݇ሻ ∈ 	ࣦௗ		.																																											ሺ27ሻ   
 
 The decision levels ݈ௗ	is used by the relation 
 
݈ௗ 	ൌ 	 ݁ିట

ሺ॰ౣ౗౮ିௗሻ ॰ౣ౗౮⁄ 			,																																												ሺ28ሻ 
 
where ߰ is a positive constant and ݈଴ ൌ 0. The number 
of data-reuse in the practical case should be changed for 
a maximum of five reuses as describes in [5].  

Therefore, a variable data-reuse factor can be 
defined by  
 

॰ሺ݇ሻ ൌ max ൜1, ඄॰୫ୟ୶ ൬1 ൅
1
߰
ln 		ൠ	ሺ݇ሻ൰ඈߤ , ሺ29ሻ 

 
where ۀ∙ڿ  is the ceiling operator. The values of the 
decision variables ݈ௗ  of variable data-reuse factor 
approach provided in Table I are calculated with the 
above expression using ߰	 ൌ 	4		and 	॰୫ୟ୶ ൌ 	5.  
 
Table 1 Quantisation levels for ॰௠௔௫ ൌ 	5 and ߰	 ൌ 	4. 

 
ࣦௗ ॰	ሺ݇ሻ

ሺ݇ሻߤ ൑ 0.0408 1 
0.0408 ൏ ሺ݇ሻߤ ൑ 0.0907 2 
0.0907 ൏ ሺ݇ሻߤ ൑ 0.2019 3 
0.2019 ൏ ሺ݇ሻߤ ൑ 0.4493 4 

ሺ݇ሻߤ ൐ 0.4493 5 

 
6. SIMULATION RESULTS 

The performance for proposed VSOS-NALMS and 
VASOS-NALMS algorithms are presented by carrying 
out of the computer simulations. The experiment is 
implemented for discrete multitone (DMT) systems or 
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high speed wired multicarrier transmission as 
asymmetric digital subscriber lines (ADSL) 
downstream simulation that comprises 512 coefficients 
of channel impulse response.  

The carrier serving area (CSA) loop no. 2 was a 
representative of simulations with all 8 CSA loops 
detailed in [13]. The CSA#2 loop is of 26- and 24-
gauge loop of length of 3000 and 700 ft, with 26 gauge 
bridged taps of length of 700 ft at 3700 ft and of 24- 
and 26-gauge loop of length of 350 and 3000 ft with 
26-gauge bridged taps of length of 650 ft at 7050 ft. We 
implement the transmission channel based on 
parameters as follows: the sampling rate ௦݂ = 2.208 
MHz, the size of FFT ܰ	 ൌ 	512, the synchronisation 
delay Δ	 ൌ 	28, the length of cyclic prefix ߥ	 ൌ 	32 and 
the input signal power of -40dBm/Hz [11]. The signal 
to noise ratio gap of 9.8dB, the coding gain of 4.2dB 
and the noise margin of 6dB are chosen for all active 
tones. The AWGN with a power of −140dBm/Hz and 
NEXT from 24 ADSL disturbers are included. 

The initial parameters of proposed VSOS-NALMS 
and VASOS-OSNALMS algorithms are as follows: 
ෝ࢝ ሺ0ሻ ൌ ૙, ߙ ൌ 0.975, ݁̃ሺ0ሻ ൌ  ఎଶ. The other parametersߪ
of proposed VASOS-NALMS algorithm are as: 
ߙ ൌ 0.97, ߛ ൌ 0.975	 and ߚ ൌ 1.95 ൈ 10ିଷ. 

The proposed algorithms can computed with the 
soft-constrained initialization. The number of tap of 
proposed algorithm is set to 32. The chosen active tones 
at 200 was a representative of the high tone (frequency) 
causing the largest attenuation of active tones starting at 
tones 38 to 255 for ADSL downstream. 

Fig. 1 shows the mean square deviation (MSD) of 
vector ‖ෝ࢝ሺ݇ሻ െ ෝ࢝ሺ݇ െ 1ሻ‖ଶ  of proposed algorithms 
with the initial step-size parameter as: ߤሺ0ሻ ൌ 0.005 of 
proposed VSOS-NALMS and ߤሺ0ሻ ൌ 0.001  of 
proposed VASOS-NALMS algorithms. Fig. 2 
illustrates the mean square errors (MSE) of proposed 
algorithms compared with the conventional OSNALMS 
[1] as described in (5)-(7).   

Fig. 3 depicts the learning curves of step-size ߤሺ݇ሻ 
of proposed algorithm with the different of initial step-
size parameter as: ߤሺ0ሻ ൌ 0.005	and 0.100 of proposed 
VSOS-NALMS and ߤሺ0ሻ ൌ 0.001 and 0.100 of 
proposed VASOS-NALMS algorithms. It is shown to 
convege to its own equilibrium.  

 
 
 
 
 
 
 

Table 2 Summary of variable step-size OS-NALMS 
(VSOS-NALMS) algorithm with data-reuse factor 
 
 
Starting with the soft-constrained initialization 
as:	 ෝ࢝ ሺ0ሻ ൌ 	૙ 

For ݇ ൌ 1,2, … ,  ܭ
1) To arrange the estimated error ݁̃ሺ݇ሻ  and order 

transformation matrix ग෪ሺ݇ሻ as:  
 

݁	෥ሺ݇ሻ ൌ 	݀	෩ ሺ݇ሻ 	െ	 ෝ࢝ுሺ݇ െ 1ሻ ∙ ෥࢞ሺ݇ሻ	.														 
 

ग෪ሺ݇ሻ ൌ 	ञሼ෥࢞	ሺ݇ሻ ∙ ݁̃∗ሺ݇ሻ, ෥࢞	ሺ݇ െ 1ሻ ∙ ݁̃∗ሺ݇ െ 1ሻ,
⋯ , ෥࢞	ሺ݇ െ ॰ሺ݇ሻ ൅ 1ሻ ∙ ݁̃∗ሺ݇ െ ॰ሺ݇ሻ ൅ 1ሻ	ሽ  ,       

 
,෥ = ሾܽሺ1ሻࢇ ܽሺ2ሻ, … , ܽሺ॰ሺ݇ሻሻሿ		,	 

ܽ	ሺ݅ሻ ൌ
1

॰ሺ݇ሻ
		; 	݅ ൌ 1, 2,… ,॰ሺ݇ሻ						 

 
2) To assign the deviation vector ࣖሺ݇ሻ and ‖ࣖሺ݇ሻ‖ଶ 

as: 

ฮ෡ࣖሺ݇ሻฮ
ଶ
ൌ 	ࣖுሺ݇ െ 1ሻ

ுሺ݇ሻࣀሺ݇ሻࣀ

ሺ݇ሻࣀுሺ݇ሻࣀ
ࣖሺ݇ െ 1ሻ	,	 

where	 
 
ࣖሺ݇ሻ ൌ 	 ෝ࢝ሺ݇ሻ െ	 ෝ࢝ሺ݇ െ 1ሻ		, 
 

ሺ݇ሻࣀ ൌ 	
ग෪ሺ݇ሻ ∙ ෥ࢇ
‖෥࢞ሺ݇ሻ‖ଶ

		.												 

 
3) To calculate ෝ࢝ ሺ݇ሻ as: 
 

ෝ࢝ ሺ݇ሻ ൌ 	 ෝ࢝ሺ݇ െ 1ሻ െ 	ሺ݇ሻߤ	
ग෪ሺ݇ሻ ∙ ෥ࢇ
‖෥࢞ሺ݇ሻ‖ଶ

		. 

 
4) To compute ߤሺ݇ሻ as: 
 

ሺ݇ሻߤ ൌ ߙ	 ∙ ሺ݇ߤ	 െ 1ሻ ൅	ሺ1 െ ሻߙ
ฮ෡ࣖሺ݇ሻฮ

ଶ

ฮ෡ࣖሺ݇ሻฮ
ଶ
൅ ԧ

		,		 

 
where ԧ is a small positive constant. 
 

5) To calculate the number of data-reuses ॰ሺ݇ሻ as:  
 

॰ሺ݇ሻ ൌ

ە
ۖ
۔

ۖ
ۓ
1	, if										ߤሺ݇ሻ 	൑ 	0.0408																			
	2	, if				0.0408	 ൏ ሺ݇ሻߤ	 	൑ 0.0907						
3	, if				0.0907	 ൏ ሺ݇ሻߤ	 	൑ 0.2019					
4	, if				0.2019	 ൏ ሺ݇ሻߤ	 	൑ 0.4493					
5	,			otherwise.																																							
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