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ABTRACT 

We introduce a system of nonlinear coupled-mode 
equations (CMEs) for Bragg gratings (BGs) where the 
Bragg reflectivity periodically switches off and on as a 
function of the evolution variable. The model may be 
realized in a planar waveguide with the Kerr 
nonlinearity, where the grating is represented by an 
array of parallel dashed lines (grooves), aligned with 
the propagation direction. In the temporal domain, a 
similar system can be derived for matter waves trapped 
in a rocking optical lattice. Using systematic 
simulations, we construct families of gap solitons 
(GSs) in this system, starting with inputs provided by 
exact GS solutions in the averaged version of the 
CMEs. Four different regimes of the dynamical 
behavior are identified: fully stable, weakly unstable, 
moderately unstable, and completely unstable solitons. 
The analysis is reported for both quiescent and moving 
solitons (infact, they correspond to untilted and tilted 
beams in the spatial domain). Weakly and moderately 
unstable GSs spontaneously turn into persistent 
breathers (the moderate instability entails a small 
spontaneous change of the breather’s velocity). 
Stability regions for the solitons and breathers are 
identified in the parameter space. Collisions between 
stably moving solitons and breathers always appear to 
be elastic. © 2010 Optical Society America 
 
OCIS codes: 050.2770, 230.1480, 190.5530, 060.5530 
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1. I N T R O D UC T IO N  A N D TH E  M O DE L 

Bragg gratings (BGs) represent one of basic types 
of media used in photonics. They are written as periodic 

lattices of defects on the surface of optical waveguides, 
such as fibers or thin films. With spatial period 

/ (2cos )   where   is the angle between the 
Poynting vector of the electromagnetic waves and the 
direction normal to grating (in particular, 0   in the 
case of the fiber grating, and 0 / 2    in planar 
waveguides, where the BG is realized as an array of 
parallel grooves), the BG provides for the resonant 
(Bragg) reflection of light, and thus linear 
interconversion between two waves co-propagating at 
wavelength  . This mechanism gives rise to the 
bandgap in the corresponding spectrum, i.e., an interval 
of frequencies where linear waves cannot propagate. 
Fiber gratings have drawn a great deal of interest due to 
their important applications [1], such as optical sensors 
and elements used in fiber-optic telecommunications [2], 
and fundamental effects demonstrated by the wave 
dynamics in nonlinear gratings [3]– [7]. It was predicted 
that the combination of the strong effective dispersion 
near the bandgap and the Kerr nonlinearity of the 
waveguide may give rise to gap solitons, GSs (a more 
general name for them is “BG solitons”, as they are not 
necessarily centered inside the bandgap, in terms of the 
frequency domain) [5]. The standard model for the 
description of the light transmission through the 
nonlinear BG amounts to a system of coupled-mode 
equations (CMEs) for amplitudes of the two waves, u(x, 
t) and v(x, t), which are linearly coupled by the Bragg 
reflection and interact nonlinearly via the cross-phase 
modulation, acting on themselves through the self-phase 
modulation [6]. The scaled form of the CME system is 
 

2 2( 2 ) 0,t xiu iu u v u v             (1a) 
 

2 2( 2 ) 0.t xiv iv v u v u              (1b) 
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In the case of the fiber grating, x  and t t are the 
coordinate along the fiber and time, while   is the 
Bragg reflectivity. The group velocity of light and the 
overall Kerr coefficient are scaled to be 1. If κ is 
constant, it may also be replaced by 1. 

A well-known two-parameter family of exact 
solutions for GSs is generated by Eqs. (1), with free 
parameters that determine the soliton’s amplitude and 
velocity [4], [8], [9] [see Eqs. (4) below]. The stability 
of the GSs within the framework of Eqs.(1) was studied 
by means of the variational approximation [10], and then 
with the help of accurate numerical methods [11], [12]. 
The analysis had demonstrated that, approximately, half 
of the soliton family is stable, while the remaining part 
is unstable. Temporal solitons in short pieces of fiber 
gratings ( 10cm ) were created in the experiment, 
launching high-power laser pulses into the fiber [13]– 
[15].  

GSs were also predicted as spatial solitons in planar 
waveguides [7], [24]– [26] and in photonic crystals [27]. 
Equations (2) are also relevant in that context, with t 
replaced by propagation coordinate z. Later, discrete 
GSs were predicted in discrete counterparts of CMEs (1) 
[16], [17]. Quasi-discrete spatial GSs were created in 
experiments, using arrays of semiconductor waveg-uides 
with strong cubic nonlinearity [18], [19], arrayed 
photovoltaic waveguides in LiNbO3 [20], and photonic 
lattices with saturable nonlinearity [21]– [23]. 

Physical properties and potential applications of 
BGs may be vastly expanded by using gratings with 
various superstructures (alias supergratings), which, 
roughly speaking, amount to periodic variations of the 
Bragg reflectivity [coefficient κ in Eqs. (1)]. 
Superstructures have been investigated experimentally 
[28] and theoretically [29]. In particular, “coupled-
supermode equations” were derived in Ref. [29], as a 
(rather complex) generalization of Eqs. (1). A specific 
Moir´ superstructure, in the form of a sinusoidally 
modulated BG, was elaborated theoretically [30, 31] and 
realized in the experiment [32]. It features a narrow 
transmission band in the middle of the central gap, 
helping to create “slow light” in the grating. A 
superstructure pattern may also be implemented in the 
form the “semi-discrete” BG, i.e., as a waveguide with 
uniform nonlinearity and periodically placed short 
segments with strong Bragg reflectivity [33]. 

The form and stability of GS families in various 
models of fiber BGs with superimposed structures were 
studied in detail [29], [33]– [35]. In particular, it was 
found that the supergrat-ings may open up additional 
bandgaps, populated by solitons, and they strongly affect 
the stability of the solitons. A similar result was 
demonstrated in the model of a Bose-Einstein 

condensate (BEC) with the self-repulsive nonlinearity 
loaded into a periodic potential in the form of an optical 
lattice (OL). If a periodic long-wave modulation is 
imposed on the OL, it gives rise to additional “mini-
gaps” in the linear spectrum, which may also be 
populated by specific types of GSs [36]. 

The objective of this work is to study the dynamics 
of spatial GSs in waveguides with the BG subjected to 
the “management” in the form of a periodic modulation 
of the reflectivity along the propagation distance, z . If 
the spatial grating is realized, as mentioned above, as a a 
system of parallel grooves running along z , this simply 
means that the depth of the grooves varies periodically 
as a function of z . In particular, it is possible to 
consider the modulation of the piecewise-constant 
(Kronig-Penney) type, i.e., the spatial BG formed by an 
array of periodically “dashed” grooves. The respective 
scaled system of the CMEs is [cf. Eqs. (1)] 
 

2 2( 2 ) ( ) 0,u ui i u v u z v
z x


 

    
 

        (2a) 

 
2 2( 2 ) ( ) 0,v vi i v u v z u

z x


 
    

 
        (2b) 

 
where, in the case of the Kronig-Penney (“on-off”) 
modulation, the management map is defined as follows, 
within its period map on offZ Z Z  : 
 

0
( )

0
on

map
on on off

z Z
Z

Z z Z Z



     

          (3) 

 
We define the map so as to scale the the average 
reflectivity to 1, i.e., / 1,on mapZ Z    hence 

/ 1.map onZ Z    Setting 1( 0)offZ   , makes Eqs. 
(2) identical to the standard system (2) with the uniform 
grating. 

The difference of the present model from all 
previous studies of superstructures in BGs is that the 
reflectivity is periodically modulated as the function of 
the evolutional variable ( z ), while in earlier works the 
superstructures were represented by periodic functions 
of x  [29], [33]– [36]. While the “Bragg management” 
of this type is obviously possible in the spatial domain, it 
is virtually impossible for temporal solitons, which were 
dealt with in the earlier works. Accordingly, the model 
based on Eqs. (2) and (3) belongs to the general class of 
management systems, in which one or several 
parameters are made periodic functions of the evolution 
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variable [38]. Previously, a different model of the 
management in the spatial-domain BG system was 
introduced in Ref. [37], where the local nonlinearity 
periodically jumped between self-focusing and self-
defocusing along the propagation distance. Another 
physically relevant example of the management, which 
eventually leads to the same equations (2), but in the 
temporal domain, was experimentally realized in BEC, 
in the form of a “rocking” OL, i.e., the lattice which, as 
a whole, performs a periodic motion [39], [40] (in the 
spatial domain, a counterpart of the rocking lattice was 
experimentally realized in a planar waveguide carrying a 
periodically undulating BG [41]). If the intrinsic 
nonlinearity of the BEC is self-repulsive, which is the 
case in the experiment, this setting suggests to study 
stability limits for GSs trapped in the rocking OL, which 
was done in Ref. [42]. In particular, in the limit of a 
weak OL which performs the rocking motion with a 
large amplitude, the underlying one-dimensional Gross-
Pitaevskii equation was reduced to Eqs. (2) with ( )t  
represented by a periodic chain of delta-functions. 

The paper is organized as follows. In Section 2, we 
report results of a systematic numerical analysis of 
“quiescent” GSs (i.e., untilted beams in the spatial 
domain). Four types of the dynamical behavior are 
identified: completely stable solitons; weakly unstable 
ones, which form robust breathers; moderately stable 
solitons, that lose a part of their power and turn into 
persistent moving breathers; and completely unstable 
beams, quickly decaying into radiation. Stability borders 
for the solitons and breathers are identified in relevant 
parametric planes. In Section 3, the analysis is extended 
to initially “moving” solitons (actually, tilted beams), 
which demonstrate similar types of the behavior. Their 
stability regions are identified too. In Section 3, we also 
briefly consider collisions between stable moving 
solitons. Section 4 concludes the paper. 
 
 
2. STABILITY LIMITS FOR QUIESCENT 

SOLITONS 

To look for soliton solutions in the present model, it 
is natural to start with initial conditions that would yield 
the usual exact GS solutions in the averaged version of 
Eqs. (2), i.e., Eqs.(1) with 1   [8], [9]: 

 
1

0 ( ) (sin ) exp( )sec ( / 2),u x A W i h i           (4a) 
 

0 ( ) (sin ) exp( )sec ( / 2),v x A W i h i            (4b) 
 

where parameters (0 )     and ( 1 1)c c     

determine the amplitude and velocity of the GS (in fact, 
in the spatial domain “velocity” means a tilt of the beam 
carrying the soliton, relative to axis z ): 

 

 1/4 2 1/2(1 ) / (1 ) , (1 ) ,A c c c                (5) 

 
(sin )( ), (cos )( ),x cz cx z                  (6) 

 

2

2
2 3

2

1 exp(2 ) exp( ) .
exp(2 ) exp( )3

c
cc iW

ic
 
 

   
    

         (7) 

 
Integral characteristics of the soliton are its total power 
(which corresponds to the energy, in the temporal 
domain) and momentum (see, e.g.,  Ref. [43]), 

 
2 2 2 2( ) ( ) 4 (1 ) / (3 ),E u x v x dx c c




             (8) 

 
* * 2( ) 4 1x xP i u u v v dx c c




     

2

2 2

7 cos(sin cos ) .
(3 ) 3

c
c c

   
 

     
         (9) 

 
The power and momentum, unlike the Hamiltonian, 
remain dynamical invariants of Eqs. (2) in the presence 
of the management, κ = κ(z). 

The known result is that, at c = 0, these GSs are 
stable, as solutions to Eqs. (1), in interval 0 < δ < δcr ≈ 
0.505π, i.e., almost exactly in the half of their existence 
domain [10]–[12]. At 0,c   the dependence of δcr on c 
is very weak [11].  

Because the present model does not admit an 
analytical consideration, results for the existence and 
stability of GSs were collected from systematic 
simulations of Eqs. (2) with initial conditions (4). In this 
section, we summarize the findings for the quiescent 
GSs (c = 0), i.e., in fact, for the spatial solitons which 
represent straight beams running parallel to axis z. The 
simulations reveal four distinct types of the dynamical 
behavior: full stability, weak instability, moderate 
instability, and complete instability, as specified below. 

First, stable solitons with an almost permanent 
shape were found, being similar to their counterparts 
given by exact solution (4) with c = 0. A typical 
example of a completely stable soliton is displayed in 
Fig. 1. In most cases, the stable nearly-stationary soliton 
keeps at least 99.9% of the initial power, a tiny share 
being lost with emitted small-amplitude waves. 
Naturally, such solitons exist when the modulated model 
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is very close to the one with the constant reflectivity, 
i.e., for small values of κ − 1, see Eq. (3). 
 

(a) 
 

 
(b) 

 

 
(c) 

Fig. 1. (Color online) A typical example of a stable 
nearly-stationary quiescent soliton for κ = 1.01, δ = π/8 
and Zmap = 4.2. In this figure and Figs. 2-4 below, 
panels (a) and (b) display the evolution of the u− and 
v−components, respectively. Panel (c) shows the 
evolution of the soliton’s power. 
 
Weakly unstable solitons can be easily found too. They 
rearrange themselves into robust breathers, which then 
remain stable indefinitely long, see an example in Fig. 2. 
In most cases, the breathers keep no less than 98% of the 
initial power. Further, Fig. 3 demonstrates that a 
moderately strong instability originally converts the 
soliton into a breather-like mode, but, after a long 
evolution, it spontaneously breaks the reflectional 
symmetry, and starts moving slowly, and somewhat 
erratically, in either direction. The moving breathers, 

although no longer being quiescent modes, keep their 
integrity until hitting an edge of the integration domain. 
The spontaneous onset of the motion of a moderately 
unstable soliton is not af-fected by the interaction with 
radiation waves, that were originally emitted by it and 
would eventually hit the soliton after bouncing back 
from edges of the computation domain, as the radiation 
was eliminated by absorbers installed at the edges. The 
size of the domain was made large enough, to avoid 
effects of absorbers on the solitons. 

 

 
(a) 

 

 
(b) 

 

 
(c) 

Fig. 2. (Color online) A typical example of a stable 
breather generated by the evolution of a weakly unstable 
quiescent soliton, for κ = 1.5, δ = π/10 and Zmap = 1. 
 

It may seem that the spontaneous onset of motion 
of the moderately unstable breathers violates the 
conservation of the momentum, see Eq. (9). However, 
Fig. 3 demonstrates that the actual value of the 
spontaneously acquired velocity is very small, cspont ≃ 
0.008. Detailed inspection of the numerical data (not 
shown here) demonstrates that the small momentum 
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carried by the moving soliton is compensated by the 
recoil effect, i.e., by the momentum carried away by 
radiation waves emitted by the moderately unstable 
soliton in the course of its transformation. 
 

 
(a) 

 

 
(b) 

 

 
(c) 

Fig. 3. (Color online) The evolution of a moderately 
unstable initially quiescent soliton, which spontaneously 
transforms itself into a moving breather, at κ =1.15, δ = 
π/8 and Zmap = 2.5. Panel (c) displays a detailed 
picture of the soliton’s motion by means of contour plots 
of |u(x, z)|2 [for |v(x, z)|2 the picture is virtually 
identical]. 
 

Finally, Fig. 4 represents a typical example of the 
complete instability of solitons, which, naturally, occurs 
at sufficiently large values of the management period 
Zmap (when the BG is switched off for a long “time”), 
and/or large values of (κ − 1). We stress that the solitons 
of all the types would survive or decay as a tightly 
bound states, without splitting into the u- and v-
components. 

Stability regions for the quiescent solitons and 
breathers, as well as the region of the existence of the 
moderately unstable solitons, are shown in Fig. 5 in the 
plane of (δ, Zmap) for fixed κ = 1.01, 1.1, 1.3, and 1.7 
[see Eqs. (3) for the definitions], and in Fig. 6 in the 
plane of (κ − 1, Zmap), for fixed δ = π/10. In Fig. 5(c) 
and 5(d), the “moderately unstable breathers” are 
essentially the same objects as the moderately unstable 
solitons defined above, i.e., spontaneously moving 
pulsating modes which maintain their integrity (after 
shedding off a part of the total power in the course of the 
initial evolution), and “decaying breathers” are the same 
as “decaying solitons”, being completely unstable 
objects. In Fig. 6, the vertical border between the stable 
solitons and breathers is a somewhat fuzzy one, as stable 
solitons too feature very small intrinsic oscillations. 
 

 
(a) 

 

 
(b) 

Fig. 4. (Color online) An example of the decay of a 
completely unstable qui-escent soliton, for δ = π/8, κ = 
1.1, and Zmap = 3.0. 
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(a) 

 

 
(b) 

 

 
(c) 

 

 
(d) 

Fig. 5. (Color online) Stability borders for the (initially) 
quiescent solitons in the plane of (δ, Zmap) for fixed κ = 
1.01 (a), 1.1 (b), 1.3 (c) and 1.7 (b). In panel (a), which 
corresponds to very small κ − 1 = 0.01, the diagram 
does not have a region of completely unstable 
(decaying) solitons. The vertical lines at δ ≈ π/2 
represents the stability border in the standard model 
with the uniform reflectivity, κ(x) ≡ 1 [10]–[12], see the 
text. 
 

 
Fig. 6. (Color online) Stability borders for the (initially) 
quiescent solitons in the plane of (κ − 1, Zmap) for fixed 
δ = π/10. 
 
 
3. MOVING GAP SOLITONS 

3.A. The stability of moving solitons 

In experiments performed with temporal GSs in 
fiber gratings, only moving solitons have been created 
thus far [13]–[15]. As said above, in the spatial domain 
“moving” GSs, such as those given by Eq. (4), with c≠0, 
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actually represent light beams tilted with respect the z 
axis. The creation of of both “quiescent” and “moving” 
(untilted and tilted) spatial quasi-discrete GSs was 
reported in arrays of parallel waveguides [19].  
 

 
(a) 

 

 
(b) 

Fig. 7. (Color online) An example of a stable moving 
soliton generated by the initial condition (4) with δ = 
π/30, κ = 1.2 and velocity parameter c = 0.6 in initial 
conditions (4) (the actual average velocity produced by 
the simulations is c  ≈ 0.667). The management period 
is Zmap = 0.6 . Here and in Figs. 8 and 9, coordinate y 
is defined as per Eq. (10), with appropriate values of c . 
 

We tried to generate moving solitons in the present 
model by running the simulations with the input in the 
form of expressions (4) with finite values of c. A 
technical problem is that, with the available size of the 
simulation domain, moving solitons may reach the 
domain’s edges and hit the absorbers. This problem 
could be easily solved in the following way: Running 
the simulations in the direct way until the soliton would 
hit the absorbers, the actual average velocity of the 
soliton, c , was found from the numerical data [there is a 
difference between c  and parameter c in initial 
conditions (4), see below]. Then, Eqs. (2) were rewritten 
using the traveling coordinate, 
 

,y x cz               (10) 
 

Instead of original x . The transformed equations take 
the following form : 
 

2 2(1 ) ( 2 ) ( ) 0,u ui i c u v u z v
z y


 

     
 

    (11a) 

 
2 2(1 ) ( 2 ) ( ) 0,v vi i c v u v z u

z x


 
     

 
    (11b) 

 
and initial conditions (4) were transformed accordingly 
too. Then, solitons found as the nu-merical solutions to 
Eqs. (11) remained close to the initial position as long as 
the simulations were run, allowing us to make definite 
conclusions about their stability. 
 
 

 
(a) 

 

 
(b) 

Fig. 8. (Color online) An example of a stable moving 
breather, with δ = π/30, κ = 1.2, c = 0.6 and Zmap = 
1.2. The average velocity produced by the simulations is 
c  ≈ 0.658. 
 

The results again reveal four types of the dynamical 
behavior. Examples of stable moving solitons and 
breathers are shown in Figs. 7 and 8, respectively. As 
well as in the case of the quiescent solitons, the border 
between them is fuzzy, as any soliton in the present 
model per-forms some intrinsic oscillations. A 
counterpart of what was defined as moderately unstable 
breathers in the case of the initial condition with c = 0 
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was found here too, see an example in Fig. 9. In the 
latter case, we observe the formation of breathers which 
lose a considerable part of their total power, and 
demonstrate deviations from the steady motion, with 
small acceleration and deceleration around the average 
velocity. 
 

 
(a) 

 

 
(b) 

Fig. 9. (Color online) An example of moderately 
unstable moving breather, with δ = π/10, c = 0.6, and 
Zmap = 1.5, κ = 1.2. The average velocity produced by 
the simulations is c  ≈ 0.538 (note that c  < c in this 
case, on the contrary to c  > c in the cases displayed in 
Figs. 7 and 9). 
 

 
Fig. 10. (Color online) Stability borders for moving 
solitons with velocities c = 0.1 and c = 0.9, at (κ − 1) = 
0.01. 
 

For very small values of (κ − 1) – for instance,       
κ − 1 = 0.01 – the stability border for the moving 

solitons with small and large velocities, viz., c = 0.1 and 
c = 0.9, are shown in Fig.10. In this case, stable 
breathers were not found, as a species visibly different 
from the stable solitons. On the contrary, at larger (κ − 
1), such as κ − 1 = 0.2, stable moving solitons with 
small velocities could not be generated, but stable 
moving breathers were found instead. This result 
complies with the above finding that, in the case of the 
zero velocity, stable breathers appear with the increase 
of (κ − 1), see Fig. 6. The stability borders for this case 
are shown in Fig. 11(a), for c = 0.2. 

 

 
(a) 

 

 
(b) 

Fig. 11. (Color online) Stability borders for the moving 
solitons with κ − 1 = 0.2: (a) c = 0.2, (b) c = 0.6. 
 

On the other hand, for intermediate velocities, c ≃ 
0.4 − 0.6, both stable moving solitons and breathers can 
be identified. The stability borders for c = 0.6 (and κ − 1 
= 0.2) are displayed in Fig. 11(b). At velocities c > 0.6, 
no stable moving objects, solitons or breathers, could be 
found for κ − 1 = 0.2. 
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Fig. 12. (Color online) The residual velocity (defined in 
the text) as functions of κ − 1 and Zmap, at fixed Zmap 
= 1 and κ = 1.2, respectively. In both cases, δ = π/10. 
 

 
(a) 

 

 
(b) 

Fig. 13. (Color online) The collision between stable 
solitons moving with ve-locities c = ±0.6, the other 
parameters being κ − 1 = 0.2, Zmap = 0.5, and δ = 
π/10. 
 

As said above, the average velocity c , which could 
be extracted from the numerical data, was (slightly) 
different from the value of c in the initial conditions (4). 
For stable moving solitons, Fig. 12 shows the residual 
velocity, cresidual ≡ c  − c, versus (κ − 1) and Zmap for 
fixed δ = π/10. Except for the point with the negative 
value, cresidual ≈ −0.062, which corresponds to the 
moderately unstable breather displayed in Fig. 9 (for 
Zmap = 1.5, κ = 1.2 and δ = π/10, c = 0.6), all other data 

points, with cresidual > 0, pertain to stable solitons and 
weakly unstable breathers. One can see that the residual 
velocity of the stable and weakly unstable modes 
strongly depends on (κ − 1), and weakly depends on the 
management period, Zmap. 
 

3.B. Collisions between stable moving solitons 

The availability of stable moving solitons suggests 
a possibility to consider collisions between them. In the 
standard model based on CMEs (1), collisions between 
moving GSs were studied in detail, by means of 
systematic simulations [44], [45]. The collisions were 
also studied in a generalized model that contains 
additional terms accounting for the dispersion of the 
Bragg reflectivity [46]. In the model of the 
superstructure represented by a chain of short BG 
segments, against the background of the uniform Kerr 
nonlinearity, collisions were studied in detail in Ref. 
[33]. In all these models, regions of quasi-elastic and 
strongly inelastic collisions, that might lead to merger of 
the colliding solitons, were identified. 
 

 
(a) 

 

 
(b) 

Fig. 14. (Color online) The collision between two stable 
moving solitons at κ − 1 = 0.2 and Zmap = 0.5. The 
initial parameters of the left and right solitons are, 
respectively, c = 0.6, δ = π/10 and c = −0.5, δ = π/30. 
 

In all cases considered in the framework of the 
present model, collisions between stable solitons and 
breathers were elastic. As shown in Figs. 13 and 14, this 
is true for the collisions between identical solitons 
moving with opposite velocities, ±c, and for soliton 
pairs with different amplitudes and/or velocities. Fig. 15 
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additionally displays a typical example of the elastic 
collision between stable breathers. The elasticity of the 
collisions attests to the fact that the solitons and 
breathers that were identified as stable ones are indeed 
very robust objects. 

 

 
(a) 

 

 
(b) 

Fig. 15. (Color online) The collision between stable 
breathers moving with velocities c = ±0.6, the other 
parameters being κ − 1 = 0.2, Zmap = 1.2, and δ = 
π/30. 
 

 
4. CONCLUSION 

In this work we have studied families of GSs (gap 
solitons) in the framework of the CME (coupled-mode 
equation) system in which the Bragg reflectivity was 
made a piecewise-constant function of the evolution 
variable. We have adopted the management map (3), 
with the reflectivity periodically switching off and on. 
The model may be realized in a straightforward way in a 
nonlinear planar waveguide, with the grating represented 
by an array of parallel dashed lines (grooves). In the 
temporal domain, a similar CME system was derived as 
a limit form of the model for BEC loaded into a rocking 
optical lattice. By dint of systematic simulations, which 
made use of the initial conditions corresponding to the 
exact GS solutions in the averaged version of the model, 
we have identified four different types of the dynamical 
behavior of the solitons (fully stable, weakly unstable. 
moderately unstable, and completely unstable). This was 
done for the quiescent and moving solitons (actually, 
untilted and tilted ones) alike. The weakly and 
moderately unstable solitons turn themselves into 

persistent breathers (in the latter case, the breather 
features an erratic motion with a small velocity). 
Stability regions for the solitons and breathers have been 
identified. It was concluded that collisions between 
stable moving solitons and breathers are always elastic. 
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