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Abstract 

The purpose of the present paper to continuous mappings, namely 𝓅𝓆-continuous 
mappings and  𝓅𝓆-homeomorphisms in bi-quasi generalized weak spaces, and we establish 
some of their properties. 
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1. Introduction 

 Continuity and homeomorphism of mapping is one of the core concept for researchers 
interesting to study in any spaces.  Especially, a topological space which is early space for most 
them to study and investigate.  While, generalization topological concepts are important way to 
development in modern mathematics research for introduce and study. 
      Császár (Császár, 1997) introduced weak structure as generalization of general topology, 
and introduced closure and interior, also introduced some type of 𝓌-open set. Lugojan (Lugojan, 
1982) introduced a generalization of topology as follow a sub collection GX on subset of a nonempty 
set X is called under arbitrary union.  Maki ( Maki, 1996)  studied minimal structure as follow, 
collections of subsets of X containing the empty set and X, with no other restriction. 
      One of the generalizations of generalized topologies has been introduced by Kim and Min 
(Kim & Min, 2013). It is called a σ-structure, which is a nonempty sub collection S of subsets of X 
satisfying:  if, for i ∈ I ≠ ∅, ui ∈ S  implies ⋃ ui ∈ Si∈I .  Ávila and Molina ( Ávila & Molina, 2012) 
introduced 𝓆-open set,  𝓆-closed set, 𝓆-subspace and studied them on generalized weak structure. 
      Recently, there were researchers from Rajabhat Mahasarakham University introduced a 
generalized of this space namely, quasi generalized weak space.  and bi-quasi generalized weak 
space.  They  introduced and studied on different topics as following.  Janrongkam and Pongman    
(Janrongkam & Pongman, 2019)  introduced quasi generalized weak space and 𝓆- continuity and 
𝓆∗-continuity respectively. Ratkanok (Ratkanok,2019) introduced 𝓆-compact on quasi generalized 
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weak spaces.  Furthermore,Thongpan (Thongpan, 2019) introduced a generalized space namely, 
bi-quasi generalized weak structure.  Bandorn(Bandorn, 2019) introduced and studied 𝓅𝓆- interior 
and 𝓅𝓆-closed sets while, Auscharaporn (Auscharaporn, 2019) introduced and studied 𝓅𝓆-derived 
and 𝓅𝓆-boundary sets on bi-quasi generalized weak space. 
      All of these causes, its leads to our works.  The purpose of this research is study and 
investigate the properties of 𝓅𝓆- continuous mapping and 𝓅𝓆- homeomorphism on bi- quasi 
generalized weak structure. 
 
2. Preliminaries 

In this section, we shall present theoretical background of our work. There are two main idea 
from Bandorn ( 2019)  and Thongpan ( 2019) .  They introduced the concept of bi- quasi generalized 
weak space and 𝓅𝓆-interior sets and 𝓅𝓆-closed respective. All result presented by them. 
     Definition 2.1  A quasi generalized weak structures (briefly, QGWS space) an nonempty set X, 
is a nonempty collection 𝓆 of subset of X satisfying the property :U ∩ V ∈ 𝓆 for any U,V∈  𝓆.            
A quasi generalized weak space consists of two objact : a nonempty set X and is denoted by (X, 𝓆). 
Each member of 𝓆 is called a 𝓆- open set in X (briefly 𝓆-open set) and the complement of 𝓆-open 
set is said to be 𝓆-closed set in X (briefly 𝓆-open set) 
     Example 2.2  Let X = {1,2,3} and  𝓆 =  {{1}, {1,2}}.  Then  𝓆 is QGWS on X.  We can see that 
{1}, {1,2} and all 𝓆-open sets thus {1}

c
= {2,3} and {1,2}c = {3}  are all 𝓆-open set. 

   Note 2.3 Every topology is a QGWS, but converse is not true 
   Definition 2.4  Let X be a nonempty set and 𝓅, 𝓆 be quasi generalized weak structures on X. 
A triple (X, 𝓅, 𝓆) is called a bi-quasi generalized weak space (briefly, BQGW space).  
   Definition 2.5  Let (X, 𝓅, 𝓆) be a bi-quasi generalized weak space and A ⊆  X. Then A is called 
𝓅𝓆-closed if 𝑐𝓅 (𝑐𝓆(A)) = A. The complement of 𝓅𝓆-closed set is called a 𝓅𝓆-open set.  
     Example 2.6  Let X = {a, b, c}. Define the bi-quasi generalized weak spaces 𝓅 and 𝓆 on X as 
follows: 𝓅 = {{a}, {a, b}} and 𝓆 = {{b}, {a, b}}. Then 𝑐𝓆 ({c}) = ⋂{{c}, {a, c}} = {c}. Consider 𝑐𝓆  (𝑐𝓆 
({c}) = 𝑐𝑝 ({c}) = ⋂{{c}, {b, c}} = {c}. Therefore c𝓅 (𝑐𝓆 ({c})) = {c}.Then {c} is 𝓅𝓆-closed and {a, b} 
is 𝓅𝓆-open since {c}c = {a, b}. 
     Example 2.7  Let X = {a, b, c}. Define the bi-quasi generalized weak spaces 𝓅 and 𝓆 on X as 
follows: 𝓅 = {{a}, {a, b}} and 𝓆 = {{b}, {a, b}}. Then {a} is not 𝓅𝓆-closed. Because  c𝓆 ({c}) = ⋂{{a, 
c}} = {a, c}, we obtain 𝑐𝓅 (𝑐𝓆 ({a})) = 𝑐𝓅 ({a, c}) =∩ {F: {a, c} ⊂ F} =⋂∅ = X. Therefore c𝓅 (c𝓆 ({a})) 
≠ {a}.  
     Remark 2.8  Let (X, 𝓅, 𝓆) be a bi-quasi generalized weak space and A be a subset of X. Then 
A is a 𝓅𝓆- open if and only if  AC is a 𝓅𝓆-closed. 
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     Theorem 2 . 9  Let ( X, 𝓅 , 𝓆 )  be a bi- quasi generalized weak space and A be a subset of X. 
Then A is 𝓅𝓆-closed if and only if c𝓅(A) = A and 𝑐𝓆(A) = A.   
     Corollary 2 . 10  Let ( X, 𝓅 , 𝓆 )  be a bi- quasi generalized weak space and A be a subset of X. 
Then A is 𝓅𝓆-closed if and only if  c𝓆(𝑐𝓅(A)) = A. 
     Theorem 2.11  Let (X, 𝓅, 𝓆) be a bi-quasi generalized weak space and I be an index set. If Ai 
is 𝓅𝓆-closed for all i ∈ I, then  ∩i∈I Ai is 𝓅𝓆-closed. 
     Theorem 2.12  Let (X, 𝓅, 𝓆) be a bi-quasi generalized weak space and A and B be subsets of 
X. If A and B are 𝓅𝓆-closed, then A∪B is 𝓅𝓆-closed. 
     Theorem 2 . 13  Let ( X, 𝓅 , 𝓆 )  be a bi- quasi generalized weak space and A is a subset of X. 
Then A is 𝓅𝓆-open if and only if A = i𝓅(i𝓆 (A)). 
      Theorem 2.14  Let (X, 𝓅, 𝓆) be a bi-quasi generalized weak space and I be an index set. If Ai 
be 𝓅𝓆-open for all i ∈ I, then ∪i∈I∈ Ai is 𝓅𝓆-open. 
     Theorem 2.15  Let (X, 𝓅, 𝓆) be a bi-quasi generalized weak space and A and B are subsets of 
X. If A and B are 𝓅𝓆-open, then A ∩ B is 𝓅𝓆-open. 
     Definition 2.16  Let (X, 𝓅, 𝓆) be a BQGW space and A ⊆ X. The 𝓅𝓆 -interior of A, denoted 
by i𝓅𝓆 (A), is defined by i𝓅𝓆 (A) = ⋃{U : U is a 𝓅𝓆-open set and U ⊆ A}.  
     Note 2.17 Let (X, 𝓅, 𝓆) be a BQGW space and A ⊆ X. Then x ∈ i𝓅𝓆 (A) if and only if there 
exists a 𝓅𝓆-open set U such that X ∈ U ⊆ A.      
      Example 2.18  Consider a BQGW space (X, 𝓅, 𝓆) where X ={1, 2, 3}, 𝓅 = {{3}, {2, 3}} and 𝓆 = 
{{2}, {2, 3}}. Then {2, 3} and ∅ are all 𝓅𝓆-open sets because 𝑖𝓆 (𝑖𝓅 ({2, 3}) = {2, 3}.  Then  𝑖𝓅𝓆  (X) 
= ⋃{U: U is a 𝓅𝓆-open set and 𝑈 ⊆  𝑋} = ⋃{{2, 3}, ∅} = {2, 3}.  
      Theorem 2.19  Let (X, 𝓅, 𝓆) be a BQGW space and A, B ⊆ X. Then   
     (1)  𝑖𝓅𝓆  (∅)  =  ∅,  
     (2)  𝑖𝓅𝓆  (𝐴)  ⊆  𝐴,    
     (3)  If 𝐴 ⊆  𝐵, then 𝑖𝓅𝓆  (𝐴)  ⊆  𝑖𝓅𝓆  (𝐵),   
     (4)  𝑖𝓅𝓆 (A) is a 𝓅𝓆-open set,   
     (5)  i𝓅𝓆 (A) is the largest 𝓅𝓆-open set contained in A,  
     (6)  A is a 𝓅𝓆-open set if and only if A = i𝓅𝓆  (A),  

      (7)  i𝓅𝓆  (i𝓅𝓆 (A)) = 𝑖𝓅𝓆(A), and  
    (8)  i𝓅𝓆 (A) ⊆ i𝓆 (i𝓅 (A)). 
     Corollary 2.20  Let (X, 𝓅, 𝓆) be a BQGW space and A ⊆ X. Then A is a 𝓅𝓆-open set if and 
only if for every 
 x ∈ A, there exists a 𝓅𝓆-open set U such that x ∈ U ⊆ A. 
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     Theorem 2.21  Let (X, 𝓅, 𝓆) be a BQGW space and A, B ⊆ X. The following properties hold:    
     (1)  𝑖𝓅𝓆  (A) ∪  𝑖𝓅𝓆 (B) ⊆  𝑖𝓅𝓆  (A ∪ B).  
     (2)  𝑖𝓅𝓆 (A ∩ B) = 𝑖𝓅𝓆  (A) ∩  𝑖𝓅𝓆 (B)  
       Definition 2.22  Let   (X, 𝓅, 𝓆) be a BQGW space and A ⊆ X. The 𝓅𝓆 -closure of A, denoted 
by c𝓅𝓆 (A), is defined by 𝑐𝓅𝓆 (A) = ⋂{F : F is a 𝓅𝓆-closed set and A ⊆ F}.  
     Note 2.23  Let (X, 𝓅, 𝓆) be a BQGW space and A ⊆ X. Then x ∈ c𝓅𝓆 (A) if and only if x ∈ F 
for every 𝓅𝓆-closed set F with A ⊆ F.  
     Example 2.24  Consider a BQGW space (X, 𝓅, 𝓆) where X = {1, 2, 3, 4}, 𝓅 = {{1}, {1, 2}} and 
𝓆 = {{1}, {1, 2, 3}}. Then {2, 3, 4} and X are all 𝓅𝓆-closed sets because 𝑐𝓅 (𝑐𝓆  ({2, 3, 4}) = {2, 3, 4}. 
Let A = {2, 3}. Then c𝓅𝓆  (A) = ⋂{F : F is a 𝓅𝓆-closed set and A ⊆ F}  = ⋂{{2, 3, 4}, X} = {2, 3, 4}.  
     Theorem 2.25  Let (X, 𝓅, 𝓆) be a BQGW space on X and A ⊆ X. Then   
     (1)  𝑐𝓅𝓆 (X) = X,  
     (2)  A ⊆  𝑐𝓅𝓆 (A),   
     (3)  If A ⊆ B, then 𝑐𝓅𝓆 (A) ⊆  𝑐𝓅𝓆 (B),   
     (4)  𝑐𝓅𝓆 (A) is a 𝓅𝓆-closed set,  
     (5)  𝑐𝓅𝓆 (A) is the smallest 𝓅𝓆-closed set containing A,  
     (6)  A is a 𝓅𝓆-closed set if and only if 𝑐𝓅𝓆 (A) = A,  
     (7)  𝑐𝓅𝓆 (𝑐𝓅𝓆 (A)) = 𝑐𝓅𝓆 (A), and  
     (8)  c𝓆 (𝑐𝓅 (A)) ⊆ c𝓅𝓆 (A). 
     Theorem 2.26  Let (X, 𝓅, 𝓆) be a BQGW space and A ⊆ X. Then x ∈ c𝓅𝓆 (A) if and only if U 
∩ A ≠ ∅ for every 𝓅𝓆-open set U with x ∈ U.   
     Corollary 2.27  Let (X, 𝓅, 𝓆) be a BQGW space and A ⊆ X. Then c𝓅𝓆 (A) = {x ∈ X : U ∩ A ≠ 

∅ for all 𝓅𝓆-open set U with x ∈ U}.  
     Theorem 2.28  Let (X, 𝓅, 𝓆) be a BQGW space and A and B be subsets of X. Then    
     (1)  𝑐𝓅𝓆 (A) ∪  𝑐𝓅𝓆  (B) = 𝑐𝓅𝓆 (A ∪ B) and   
     (2)  𝑐𝓅𝓆  (A ∩ B) ⊆  𝑐𝓅𝓆 (A) ∩  𝑐𝓅𝓆 (B).   
     Theorem 2.29  Let (X, 𝓅, 𝓆) be a BQGW space and A ⊆ X. Then  
     (1)  [𝑖𝓅𝓆  (𝐴)]𝐶  =  𝑐𝓅𝓆  (𝐴𝐶),  
     (2)  𝑖𝓅𝓆 (A) = [C𝓅𝓆  (AC)]C, and  
     (3)  i𝓅𝓆  (AC) = [C𝓅𝓆  (A)]C. 
     Definition 2.30  (Auscharaporn, 2019) Let (X, 𝓅, 𝓆) be a bi-quasi generalized weak space and 
A ⊆ X. The 𝓅𝓆-derived set of A ,denoted by d𝓅𝓆(A) , is defined by 
  d𝓅𝓆(A) = {x ∈ X ∶ U ∩ (A − {x}) ≠ ∅ for all 𝓅𝓆- open set U with x ∈ U} 
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     Example 2. 31  Let (X, 𝓅, 𝓆) be a bi- quasi generalized weak space , where X = {a, b, c}, 𝓅 = 
{{a}, {a, c}} and 𝓆 = {{c}, {a, c}}.  Let A = {a, b}. Then d𝓅𝓆 ({a, c}) = {a, b}. 

     Theorem 2.32  (Auscharaporn, 2019) Let (X, 𝓅, 𝓆) be a bi-quasi generalized weak space and 
A and B be subset of X. Then 
 (1). If A ⊆ X., Then d𝓅𝓆(A) ⊆ d𝓅𝓆(B) 
 (2). d𝓅𝓆(A) ⊆ c𝓅𝓆(A) 
 (3). A is a 𝓅𝓆-closed set if and only if d𝓅𝓆(A) ⊆ A 
 (4). c𝓅𝓆(A) = A d𝓅𝓆(A) 

 
3. Main Results 

In this section, we shall introduce and study the  𝓅𝓆 - continuous mapping, 𝓅𝓆 - homeomorphism 
and presentation its important properties as the following: 
      3.1  𝓹𝓺 –continuous mappings 
     Definition 3 . 1. 1  Let ( X, 𝓅, 𝓆)  and ( Y, 𝓇, 𝓈)  be bi- quasi generalized weak spaces.  Then a 
mapping f ∶ (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈) is called 𝓅𝓆 -continuous on X if the inverse image of every 𝓇𝓈 
-open set in Y is 𝓅𝓆 -open in X.    
     Example 3.1.2  Let X = {1,2,3}  ,  𝓅 =  {{1,2}}   = 𝓆 
           Y = {𝑎, 𝑏}  ,   𝓇 =  {{𝑎}},    𝓈 =  {{𝑎}, {𝑎, 𝑏}} 
     Define f ∶ (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈)      by f(1) = a = f(2) , f(3) = b.  We have {1,2} is 𝓅𝓆 -open in 
X and {𝑎} is 𝓇𝓈 -open in Y, so f-1{𝑎} = {1,2}.Therefore f is 𝓅𝓆 -continuous mapping on X. 
     The following theorem characterizes 𝓅𝓆 -continuous  mapping in terms of   𝓅𝓆 -closed sets.  
     Theorem 3 . 1. 3  A mapping f ∶ (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈)   is 𝓅𝓆 - continuous if and only if the 
inverse image of every 𝓇𝓈 -closed sets in Y is 𝓅𝓆 -closed in X. 
     Proof : Let f be 𝓅𝓆 -continuous and F be 𝓇𝓈 -closed in Y. That is Y-F is 𝓇𝓈 -open in Y. Since 
f is 𝓅𝓆 -continuous, f-1(Y-F) is 𝓅𝓆 -open in X. That is, X- f-1(F) is 𝓅𝓆 -open in X. Therefore, f-1(F) 
is 𝓅𝓆 -closed in X. Thus, the inverse image of every 𝓇𝓈 -closed set in Y is 𝓅𝓆 -closed in X, if f is 
𝓅𝓆 -continuous on X. 
 Conversely, let the inverse image of every 𝓇𝓈 –closed in Y be 𝓅𝓆 -closed set in X.  Let 
G be 𝓇𝓈 -open in Y. Then Y-G is 𝓇𝓈 -closed in Y. Then f-1(Y-G) is 𝓅𝓆 -closed in X. That is X- f-
1(G) is 𝓅𝓆 -closed in X.Therefore,  f-1(G) is 𝓅𝓆 -open in X. Thus, the inverse image of every 𝓇𝓈 -
open set in Y is 𝓅𝓆 -open in X. That is f is 𝓅𝓆 -continuous on X.  
 In the following theorem, we establish a characterization of 𝓅𝓆 - continuous mapping in 
terms of   𝓅𝓆 -closure. 
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     Theorem 3 . 1. 4  A mapping f ∶ (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈) is 𝓅𝓆 - continuous if and only if f ∶

(𝑋, 𝓅, 𝓆 ⊆ 𝑐𝑟𝑠(f(A)) for every subset A of X. 
     Proof : Let f be 𝓅𝓆 -continuous and A ⊆ X . Then f(A) ⊆  Y, by theorem 2.29 (4), we have  
𝑐𝑟𝑠(f(A)) is 𝓇𝓈 -closed in Y. Since f is  𝓅𝓆 -continuous, f-1 (𝑐𝓇𝓈(f(A))) is 𝓅𝓆 -closed in X. Since 
f(A) ⊆   𝑐𝓇𝓈(f(A)) , A ⊆ f-1 (𝑐𝓇𝓈(f(A))). Thus  f-1 (𝑐𝓇𝓈(f(A))) is a 𝓅𝓆 -closed set containing A. But 
𝑐𝓅𝓆(𝐴)  is the smallest 𝓅𝓆 -closed set containing A. Therefore c𝓅𝓆(A) ⊆ f-1 (c𝓇𝓈(f(A))). That is f 

(c𝓅𝓆(A)) ⊆ c𝓇𝓈(f(A)). 
    Conversely, let f (c𝓅𝓆(A))  ⊆  c𝓇𝓈(f(A)) for every subset A of X. If F is 𝓇𝓈 -closed in 
Y, since f −1(F) ⊆ X , f (c𝓅𝓆(f −1(F))) ⊆ c𝓇𝓈(f(f −1(F))) ⊆ c𝓇𝓈(F). That is c𝓅𝓆(f −1(F)) ⊆  f- 1 
(c𝓇𝓈(F))  =  f −1(F)  , since F is 𝓇𝓈- closed.  Thus c𝓅𝓆(f −1(F)) ⊆ f −1(F).  But f −1(F) ⊆

c𝓅𝓆(f −1(F)). By theorem 2.29 (2), Therefore, f −1(F) is 
 𝓅𝓆 -closed in X for every 𝓇𝓈 -closed set F in Y. That is f is 𝓅𝓆 -continuous.  
     Remark 3 . 1. 5  If f: (X, p, q)  →  (Y, r, s)  is 𝓅𝓆 - continuous, then f( c𝓅𝓆(A)) is not necessarily 
equal to c𝓇𝓈(f(A)) where A ⊆ X .See example : Let X={1,2,3}  ,p={{1,2}} , 
q={{1}, {1,2}} ,Y= {a, b, c}.  r={{a}}. s={{a}, {a, b}}. Let f: 
     Example 3 . 1. 6  Let X =  {1,2,3}, p =  {{1,2}}, q =  {{1}, {1,2}} , y =  {a, b, c}, r =  {{a}}, s = 
{{a}, {a, b}}.  
     Let f: (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈) by  f(1)= a = f(2), f(3)= b. We have f is 𝓅𝓆-continuous mapping. 
Let A = {3},  
then c𝓅𝓆{3}  =  {3}  ⟹  f({3})  =  {b}. But c𝓅𝓆f{3} = c𝓅𝓆{b} = {b, c}  ≠  {b}. 
     Theorem 3. 1. 7 A mapping f: (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈)  is 𝓅𝓆 - continuous if and only 
ifc𝓅𝓆(f −1(B)) ⊆ f −1(c𝓇𝓈(B)) for every subset B of Y. 
     Proof :  If f is 𝓅𝓆- continuous and B⊆Y , c𝓇𝓈(B) is 𝓇𝓈- closed in Y and hence f −1(c𝓇𝓈(B)) is 
𝓅𝓆- closed in X.  Therefore c𝓅𝓆(f −1(c𝓇𝓈(B))) =  f −1(c𝓇𝓈(B)). Since B ⊆ c𝓇𝓈(B) , f −1(B)  ⊆

f −1(c𝓇𝓈(B)). Therefore c𝓅𝓆(f −1(B)) ⊆ c𝓅𝓆(f −1(c𝓇𝓈(B)))  =  f −1(c𝓇𝓈(B)). That is c𝓅𝓆(f −1(B)) ⊆

f −1(c𝓇𝓈(B)). 
     Conversely, let c𝓅𝓆(f −1(B)) ⊆ f −1(c𝓇𝓈(B)) for every B⊆Y.  Let B be 𝓇𝓈 −closed in 
Y.  By theorem 2.29 (6)  Then c𝓇𝓈(B)=B. By assumption, c𝓅𝓆(f −1(B)) ⊆ f −1(c𝓇𝓈(B)) =  f −1(B). 
Thus,c𝓅𝓆(f −1(B)) ⊆  f −1(B). But f −1(B)  ⊆ c𝓅𝓆(f −1(B)). Therefore c𝓅𝓆(f −1(B)) = f −1(B). That 
is, f −1(B) is 𝓅𝓆-closed in X for every 𝓇𝓈-closed set B in Y. Therefore, f is 𝓅𝓆 − continuous on X. 
    The following theorem establishes a criterion for 𝓅𝓆- continuous maps in terms of 
inverse image of 𝓇𝓈-interior of a subset of Y. 
     Theorem 3 . 1. 8  A mapping f: (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈)  is 𝓅𝓆 – continuous on X if and only if  
f −1(i𝓇𝓈(B))  ⊆  i𝓅𝓆(f −1(B)) for every subset B of Y. 
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  Proof  :  Let f be 𝓅𝓆 –continuous and B ⊆ Y. By theorem 2.23 (4) ,Then i𝓇𝓈(B) is 𝓇𝓈-
open in (Y, 𝓇, 𝓈). Therefore f −1(𝒾𝓇𝓈(B)) is 𝓅𝓆 –open in (X, 𝓅, 𝓆). That is, f −1(i𝓇𝓈(B)) =

 i𝓅𝓆(f −1(i𝓇𝓈(B)). Also, i𝓇𝓈(B) ⊆ B implies that f −1(i𝓇𝓈(B))  ⊆  f −1(B).Therefore  
i𝓅𝓆[f −1(i𝓇𝓈(B))] ⊆ i𝓅𝓆(f −1(B)). 
That is f −1(i𝓇𝓈(B))  ⊆  i𝓅𝓆(f −1(B)). 
 Conversely, let f −1(i𝓇𝓈(B))  ⊆  i𝓅𝓆(f −1(B)) for every subset B of Y. If B is 𝓇𝓈-open in Y, 
by theorem 2. 23 ( 4)   i𝓇𝓈(B) =  B.  Also, f −1(i𝓇𝓈(B))  ⊆  i𝓅𝓆(f −1(B)). That is, f −1(B) ⊆

i𝓅𝓆(f −1(B)). But i𝓅𝓆(f −1(B))  ⊆  f −1(B). Therefore f −1(B) =  i𝓅𝓆(f −1(B)). Thus f −1(B) is 𝓅𝓆 –
open in X for every 𝓇𝓈-open set B in Y. Therefore f is 𝓅𝓆 –continuous. 
     Theorem 3.1.9  Let f: (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈)  , g ∶ (Y, 𝓇, 𝓈)  → (Z, 𝓂, 𝓃)  are 𝓅𝓆 –continuous 
and 𝓇𝓈-continuous maps respective. Then gof ∶ (X, 𝓅, 𝓆)  →  (Z, 𝓂, 𝓃) is 𝓅𝓆 –continuous  
     Proof :  Let G be an arbitrary 𝓂𝓃- open set in Z.  We shall  prove gof is a 𝓅𝓆 – continuous 
maps, it is enough we shall prove that (gof)-1(G) is 𝓅𝓆 –open in X. 
     Since (gof)-1(G) = f −1[g−1(G)] 
           = f −1(H)  where H = g−1(G)   …(*) 
     Since g is 𝓇𝓈-continuous, G ⊆Z is 𝓇𝓈-open set  
    ⟹  g−1(G) is 𝓇𝓈-open in Y. 
    ⟹ H is 𝓇𝓈-open in Y. 
     H is 𝓇𝓈-open in Y, f is 𝓅𝓆 –continuous maps  
    ⟹  f −1(H) is 𝓅𝓆-open in X 
    ⟹ (gof)-1(G) is 𝓅𝓆-open in X , by (*) 
     Definition 3.1.10  Let : (X, 𝓅, 𝓆) be a bi-quasi generalized weak space A ⊆ X. Then A is said 
to be a 𝓅𝓆 –dense set in X if  c𝓅 (c𝓆(A)) = X 
     Definition 3.1.11  A subset A of a bi-quasi generalized weak space (X, 𝓅, 𝓆) is said to be 𝓅𝓆 
–dense in itself if A⊆ d𝓅𝓆(A) 
     Theorem 3.1.12  Let f: (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈)  be an onto, 𝓅𝓆 –continuous maps. If A is 𝓅𝓆 –
dense in X, then f(A) is 𝓇𝓈-dense in Y. 
     Proof : Since A is 𝓅𝓆 –dense in X, c𝓅𝓆(A) = X. Then f (c𝓅𝓆(A)) =  f(X)=Y, Since f is onto. Since 
f is 𝓅𝓆 –continuous on X, f(c𝓅𝓆(A))  ⊆ c𝓇𝓈(f(A)).  Therefore, Y⊆ c𝓇𝓈(f(A)).  But c𝓇𝓈(f(A)) ⊆ Y. 
Therefore, c𝓇𝓈(f(A))=Y. That is, f(A) is 𝓇𝓈-dense in Y. Thus, a 𝓅𝓆 –continuous mapping maps  
𝓅𝓆 –dense sets into 𝓇𝓈-dense sets, provided it is onto. 
     Theorem 3.1.13   If f: (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈)  be a one-one-continuous map, then f maps 𝓅𝓆 
–dense in itself subset of X onto 𝓇𝓈-dense in itself subset of Y. 
     Proof : Let A⊆ X be 𝓅𝓆 – dense in itself so that A⊆ d𝓅𝓆(A) …(1).  
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We shall prove that f(A) is 𝓇𝓈-dense in itself. For this we prove f(A) ⊆ d𝓅𝓆(f(A)) …(2).   
Let y ∈ f(A) be arbitrary. Then ∃ x ∈ A such that f(x)=y, since f is one-to-one so that X=f −1(y). 
We want to show that y is in 𝓇𝓈-derived of f(A).  Let G be 𝓇𝓈-open in Y with y ∈ G 
     y ∈ G ⟹  f −1(y) ∈ f −1(G). Also f is 𝓅𝓆 –continuous. 
   ⟹  x ∈ f −1(G) be 𝓅𝓆 –open in X. 
     By (1), x ∈ A ⟹ x ∈  d𝓅𝓆(A)  ⟹ (f −1(G) − {x} ) ∩ A ≠ ∅  

                    ⟹ ∃ z ∈ (f −1(G) − {x} ) ∩ A 
                 ⟹ ∃ z ∈ A , z ∈ (f −1(G) − {x} ) , z ≠ x 
                                ⟹ f(z) ∈ f(A) , f(z) ∈ G , z ≠ x 
       Since f is one-to-one and z ≠ x 
             ⟹ f(z) ≠ f(x) = y 
                 ⟹ y ≠  f(z). 

     It means that f(z) ∈ f(A) ∩ ((G) − {y} ) or f(A) ∩  ((G) − {y} )  ≠ ∅.  
     Therefore y is in 𝓇𝓈-derived of f(A). Hence (2) is established. 
 
  3.2   𝓹𝓺 –homeomorphisms 
     Definition 3.2.1  A mapping f: (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈)  is a 𝓅𝓆 –open map if the image of every 
𝓅𝓆 –open set in X is 𝓇𝓈-open in Y. The mapping f is said to be a 𝓅𝓆 –closed map if the image 
of every 𝓅𝓆 –closed set in X is 𝓇𝓈-closed in Y. 
     Example 3.2.2  Let X = {1,2,3}, p = {{3}, {1,3}}, q = {{3}, {1,3}, {2,3}}.  We have 𝓅𝓆 –open 
sets are {3}, {1,3}, ∅. Let y =  {a, b, c}, r =  {{c}, {a, c}}, s =  {{c}, {a, c}, {b, c}}.  We have 𝓇𝓈- open 
sets are {c}, {a, c} and ∅. 
     Theorem 3 . 2. 3 A mapping  f: (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈)  is a 𝓅𝓆 – closed map if and only 
if  c𝓇𝓈(f(A)) ⊆ f(c𝓅𝓆(A)) for every subset A of X. 
     Proof: If f is 𝓅𝓆 –closed, f(c𝓅𝓆(A)) is 𝓇𝓈-closed in Y, since c𝓅𝓆(A) is 𝓅𝓆 –closed in X. Since 
A ⊆ c𝓅𝓆(A) , by thorem 2.29 (2), so that f(A) ⊆ f(c𝓅𝓆(A)).  Thus f(c𝓅𝓆(A))  is 𝓇𝓈- closed 
containing f(A). Therefore,  c𝓇𝓈(f(A)) ⊆ f(c𝓅𝓆(A)).  
     Conversely, if c𝓇𝓈(f(A)) ⊆ f(c𝓅𝓆(A)) for every subset A of X and if F is 𝓅𝓆 –closed in X, then 
c𝓅𝓆(F) =F and hence f(F) ⊆ c𝓇𝓈(f(F)) ⊆ f (c𝓅𝓆(F)) =  f(F). Thus f(F) = c𝓇𝓈(f(F)). That is f(F) 
is 𝓇𝓈-closed in Y. Therefore, f is a 𝓅𝓆 –closed map. 
     Theorem 3 . 2. 4 A mapping f: (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈)   is 𝓅𝓆 – open map iff f(i𝓅𝓆(A))  ⊆

i𝓇𝓈(f(A)), ∀A ⊆  X  

     Proof : Let f be 𝓅𝓆 –open. Let A ⊆ X be arbitrary. We shall prove f(i𝓅𝓆(A))  ⊆ i𝓇𝓈(f(A) 
Since i𝓅𝓆(A)  ⊆  A  by theorem 2.23 (2) ⟹  f (i𝓅𝓆(A)) ⊆  f(A) 
                                     ⟹  i𝓇𝓈(f (i𝓅𝓆(A)) ⊆ i𝓇𝓈(f(A) 

Since i𝓅𝓆(A) is 𝓅𝓆 –open ⟹ f (i𝓅𝓆(A)) is 𝓇𝓈-open 
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              ⟹  f (i𝓅𝓆(A))  =  i𝓇𝓈(f (i𝓅𝓆(A))                                                                   

                     ⟹  f (i𝓅𝓆(A)) ⊆ i𝓇𝓈(f(A) 

Conversely, let f(i𝓅𝓆(A))  ⊆ i𝓇𝓈(f(A))   ∀A ⊆ X. We shall prove f is 𝓅𝓆 –open. Let G be 𝓅𝓆 –open 
so that i𝓅𝓆(G) =  G ⟹  f (i𝓅𝓆(G)) =  f(G).  But  f(i𝓅𝓆(G))  ⊆ i𝓇𝓈(f(G)) by given.  So, we have 
f(G) ⊂ i𝓇𝓈(f(G). Also i𝓇𝓈(f(G) ⊂  f(G) ∀G. Hence f(G) = i𝓇𝓈(f(G) is 𝓇𝓈-open. Therefore f is 𝓅𝓆 –
open. 
     Definition 3.2.5  A mapping f: (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈) is said to be a 𝓅𝓆 –homeomorphism if  
     (1). f is one-to-one and onto 
     (2). f is  𝓅𝓆-continuous and 
     (3). f is 𝓅𝓆 –open 
     Theorem 3 . 2 . 6  Let f: (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈) be a one- one onto mapping.  Then f is a 𝓅𝓆 –
homeomorphism if and only if f is 𝓅𝓆 –closed and 𝓅𝓆 –continuous. 
     Proof : Let f be a 𝓅𝓆 –homeomorphism. Then f is 𝓅𝓆 –continuous. Let F be an arbitrary 𝓅𝓆 
–closed set in (X, 𝓅, 𝓆). Then X-F is 𝓅𝓆 –open.  Since f is 𝓅𝓆 –open , f(X-F)  is 𝓇𝓈-open in Y. 
That is,   Y-  f(F) is 𝓇𝓈-open in Y. Therefore f(F) is 𝓇𝓈-closed in Y. Thus the image of every 𝓅𝓆 
–closed set in X is 𝓇𝓈-closed in Y. That is f is 𝓅𝓆 –closed.  
     Conversely, let f be 𝓅𝓆 –closed and 𝓅𝓆 –continuous. Let G be 𝓅𝓆 –open in (X, 𝓅, 𝓆). Then 
X- G is 𝓅𝓆 – closed in X.  Since f is 𝓅𝓆 – closed, f(X − G)  =  Y −  f(G) is 𝓇𝓈- closed in Y. 
Therefore, f(G) is 𝓇𝓈-open in Y. Thus, f is 𝓅𝓆 –open and hence f is a 𝓅𝓆 –homeomorphism. 
     Theorem 3 . 2. 7  A one- to- one map f of (X, 𝓅, 𝓆) onto (Y, 𝓇, 𝓈) is a 𝓅𝓆 – homeomorphism if 
and only if f (c𝓅𝓆(A)) = c𝓇𝓈(f(A) for every subset A of X. 
     Proof :  If f is a 𝓅𝓆 – homeomorphism, f is 𝓅𝓆 – continuous and 𝓅𝓆 – closed.  If ⊆

X , f(c𝓅𝓆(A))  ⊆ c𝓇𝓈(f(A) , since f is 𝓅𝓆 – continuous.  Since c𝓅𝓆(A) is 𝓅𝓆 – closed in X and f is 
𝓅𝓆 –closed, f(c𝓅𝓆(A)) is 𝓇𝓈-closed in Y. c𝓇𝓈(f (c𝓅𝓆(A)) =  f(c𝓅𝓆(A)). Since A ⊆ c𝓅𝓆(A) , f(A) ⊆

 f(c𝓅𝓆(A)) and hence c𝓇𝓈(f(A))   ⊆ c𝓇𝓈(f (c𝓅𝓆(A)) =  f(c𝓅𝓆(A)). Therefore, c𝓇𝓈(f(A))  ⊆

 f (c𝓅𝓆(A)). Thus f (c𝓅𝓆(A)) = c𝓇𝓈(f(A)) if f is a 𝓅𝓆–homeomorphism. 
     Conversely, if f (𝑐𝓅𝓆(A)) = 𝑐𝓇𝓈(f(A))  for every subset A of X, then f is 𝓅𝓆 –continuous. If A 
is    𝓅𝓆 –closed in X, 𝑐𝓅𝓆(A) = A  which implies f(𝑐𝓅𝓆(A)) =  f(A). Therefore, 𝑐𝓇𝓈(f(A))  =  f(A). 
Thus, f(A) is 𝓇𝓈-closed in Y, for every 𝓅𝓆 –closed set A in X.  That is f is 𝓅𝓆 –closed.  Also f is 
𝓅𝓆 –continuous. Thus, f is a 𝓅𝓆 –homeomorphism. 
     Theorem 3.2.8  An identity mapping is a 𝓅𝓆 –homeomorphism. 
     Proof : Let f: (X, 𝓅, 𝓆)  →  (X, 𝓅, 𝓆) be an identity map, given by f(x) = x   ∀A ∈ X 
      Let G ⊆ X be an arbitrary 𝓅𝓆 –open set. 
      Then f −1(G) = {x ∈ X: f(x) ∈ G} 
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               = {x ∈ X: x ∈ G} 

               = G is a 𝓅𝓆 –open. 
      Hence f is a 𝓅𝓆 –continuous. 
     Let G ⊆ X be an arbitrary 𝓅𝓆 –open set. 
      Then f(G) = {f(x): x ∈ G} 
          = {x: x ∈ G} 

          = G is 𝓅𝓆 –open set. 
       Hence f −1 is 𝓅𝓆 –continuous map. Moreover f is one-to-one onto. This means that 
the identity map f is a 𝓅𝓆 –homeomorphism. 
     Theorem 3.2.9  A one-to-one onto map f: (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈) is a 𝓅𝓆 –homeomorphism iff 
f (i𝓅𝓆(A)) = i𝓇𝓈(f(A)), ∀A ⊆ X  
     Proof : Suppose f: (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈) is one-to-one onto map. Also suppose that A ⊆ X is 
arbitrary. Suppose f is a 𝓅𝓆 –homeomorphism. We shall prove f (i𝓅𝓆(A)) = i𝓇𝓈(f(A)). Since f is 
a 𝓅𝓆 –homeomorphism, then f is a 𝓅𝓆 –continuous and   f −1 = g (say) is 𝓇𝓈-continuous   …(1) 
     Let B =    f( A)  then B ⊆ Y.  Since   B ⊆ Y and  f is 𝓅𝓆 – continuous then f −1(i𝓇𝓈(B)) ⊆

 i𝓅𝓆(f −1(B)) , Since B = f(A)  so  that  f −1(i𝓇𝓈(f(A))) ⊆  i𝓅𝓆(f −1(f(A))) = f −1(f (i)𝓅𝓆(A)). Therefore 

 f −1(i𝓇𝓈(f(A))) ⊆  f −1(f( i𝓅𝓆(A))).Thus f : X → Y is a 𝓅𝓆 –continuous map and A ⊆ X. 
                                        Then   (i𝓇𝓈(f(A)) )) ⊆  f(i𝓅𝓆(A))   …(2). 
     Similarly g : Y → X is 𝓇𝓈-continuous , B ⊆ Y. Then  i𝓅𝓆(g(B)) ⊆  g(i𝓇𝓈(B)) . Since  g = f −1 ( 

by (1))  so that i𝓅𝓆(f −1(f(A))) ⊆  f −1 (i𝓇𝓈(f(A))). Hence     f −1(f(i𝓅𝓆(A)) ⊆  f −1(i𝓇𝓈(f(A))). 

                                  Therefore     f(i𝓅𝓆(A)) ⊆  i𝓇𝓈(f(A))   … (3). 
     By (2) and (3) , we have f(i𝓅𝓆(A)) =  i𝓇𝓈(f(A)).    
     Conversely, suppose that f(i𝓅𝓆(A)) =  i𝓇𝓈(f(A)). We  shall prove that f is a 𝓅𝓆–
homeomorphism, we have to show that 
     (i)   f is one-to-one onto 
     (ii)   f is 𝓅𝓆 –continuous 
     (iii)   f-1 is 𝓇𝓈-continuous 
     By initial assumption, we found that f is one-to-one onto and 
                                                          i𝓇𝓈(f(A)) ⊆  f(i𝓅𝓆(A))   … (4) 
                                                                     f(i𝓅𝓆(A))  ⊆  i𝓇𝓈(f(A))  … (5) 
     Let f −1= g so that  f =  g−1.By (5),we have  g−1(i𝓅𝓆(A))  ⊆  i𝓇𝓈(g−1(A)) 
  Hence g is 𝓇𝓈-continuous , by theorem 3.1.8.Therefore f −1 is 𝓇𝓈-continuous. 
     Let B = f(A) so that A =  f −1(B).  
 By (4),we have  i𝓇𝓈(f(f −1(B))) ⊆  f(i𝓅𝓆(f −1(B))).                                               
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And  f(f −1(i𝓇𝓈(B))) ⊆  f(i𝓅𝓆(f −1(B))).       

We have  f −1(i𝓇𝓈(B))  ⊆  ipq(f −1(B)). 

             Therefore f is 𝓅𝓆 –continuous , by theorem 3.1.8. 
     Theorem 3.2.10  Let f: (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈) be one-to-one and onto map. Then the following 
statements are equivalent : 
     (i) f is 𝓅𝓆 –open and 𝓅𝓆 –continuous 
      (ii) f is a 𝓅𝓆 –homeomorphism 
     (iii) f is a 𝓅𝓆 –closed and 𝓅𝓆 –continuous. 
     Proof : Let f: (X, 𝓅, 𝓆)  →  (Y, 𝓇, 𝓈) be an one-to-one onto map. Let f be 𝓅𝓆 –open and 𝓅𝓆 
– continuous.  We shall prove ( i)  ⟹ ( ii) , prove that f is 𝓅𝓆 – homeomorphism, we have to prove 
that 
     (1) f is one-to-one onto 
     (2) f is 𝓅𝓆 –continuous 
     (3) f −1 is 𝓇𝓈-continuous. 
     By assumption, (1) and (2) at once follow f −1: (Y, 𝓇, 𝓈) →  (X, 𝓅, 𝓆)  
     Let G be a 𝓅𝓆 –open, then (f −1)−1(G) = f(G). Since f is 𝓅𝓆 –open. Hence f(G) is 𝓇𝓈-open 
in Y. It follows that f −1 is a 𝓇𝓈-continuous. 
     We shall prove ( ii)  ⟹ ( iii) .  Let f be a 𝓅𝓆 –homeomorphism. We shall  prove that f is 𝓅𝓆 –
closed and 𝓅𝓆 –continuous.  Let F be a 𝓅𝓆 –closed subset of X so that X-F is an 𝓅𝓆 –open. 
     The f is a 𝓅𝓆 –homeomorphism ⟹  f −1: (Y, 𝓇, 𝓈) →  (X, 𝓅, 𝓆) is 𝓇𝓈-continuous, 
     where X-F is 𝓅𝓆 –open   so that (f −1)(X − F)   =  f(X − F) is 𝓇𝓈-open in Y. 
                                                                     =  f(X)–  f(F) 
                                           
                                                                                                 =  Y −  f(F). 

      Therefore f(F) is 𝓇𝓈-closed in Y. Therefore f is 𝓅𝓆 –closed map. 
 We shall prove that (iii) ⟹ (i). 
     Let f be a 𝓅𝓆 –closed and 𝓅𝓆 –continuous map. We shall prove that f is 𝓅𝓆 –open and 𝓅𝓆 –
continuous. 
     By assumption, f is a 𝓅𝓆 –continuous. 
     Let G be 𝓅𝓆 –open subset of X so that X-G is a 𝓅𝓆 –closed subset of X. Consequently  f(X −

G) is 𝓇𝓈-closed subset of Y. For f is given to be 𝓅𝓆 –closed. 
     Now f(X − G) =  f(X) − f(G) =  Y −  f(G).  Hence  Y −  f(G) is 𝓇𝓈-closed so that f(G) is 𝓇𝓈-
open. Therefore f is 𝓅𝓆 –open. 
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4. Conclusion 
      The purpose of this research is to study and investigate the properties of a 𝓅𝓆-continuous 
mapping and a 𝓅𝓆- homeomorphism on bi- quasi generalized weak space.  Characteristic of this 
mapping under the domain of set of 𝓅𝓆- open and 𝓅𝓆- closed sets ,also its taken for 𝓅𝓆- open 
map and 𝓅𝓆- closed map.  Otherwise in some case we can use 𝓅𝓆- interior and 𝓅𝓆- closure 
determine to investigate some properties.  In the future, we shall extend to study in a generalized 
continuity of this mapping and also homeomorphism. 
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