. saTIvIMTiemansuazmalulad v Inedesvaguasanssa 126
S enLE o o .
A== Y413 atuil 18 NINHIAN - UINAN 2564

Fixed Point of Ordered Banach Contractions in Partial b-Metric-Like Spaces
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Abstract

In this paper, some fixed point theorems in a partial b-metric-like space endowed with a partial
order are proved. The results of this paper generalize and extend the Banach contraction
principle and some other known results in partial b-metric-like spaces endowed with a partial

order.
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1. Introduction

Bakhtin (Bakhtin, 1989) and Czerwik (Czerwik, 1993) introduced b-metric spaces as a
generalization of metric spaces. In these spaces, the triangular inequality of the usual metric
function was replaced by a more general inequality consisting a constant s > 1 such that for we
obtain the usual metric as a special case. They also obtained the generalized version of Banach
contraction principle in such spaces. After this work, several interesting generalization in b-metric
spaces have been obtained (see (Czerwik, 1993; Khamsi & Hussain, 2010; Jovanovic et al., 2010;
Boriceanu, Bota & Petrusel, 2010; Bota et al,, 2011; Roshan et al,, 2013; Aghajani et al.,, 2014;
Sarkar, 2020; Jain & Kaur, 2021) and the references therein).

Theorem 1.1 (Dine, Zoto & Ansari, 2018). Let (X, by) be a complete b-dislocated metric space
with parameter s > 1 and S, T, F, G : X — X are self-mappings such that F(X) € T(X),
G(X) € S(X) and satisfy generalized f ({, @, s) weakly contractive condition. If one of F(X), S(X),
T (X) or G(X) is closed, then (F, S) and (G, T) have a coincidence point in X. Moreover, if suppose
that (F, S) and (G, T) are weakly compatible pairs, then F, G, S, T have a unique common fixed

point.

* Corresponding author : boonyarit.n@nsru.ac.th

Received: 14 §1.8. 64; Revised: 7 n.4. 64; Accepted: 25 ¢.61. 64



'3Wimiaﬂmmsmmmamma”mmiuiaa NﬁW’JVIEJ’]ﬁEJS’]‘UﬂQUﬂia’Jiiﬂ 127

SVENLE _ ;

13 Q‘U‘U‘W 18 NINHIAN — SUNAN 2564

Theorem 1.2 (Czerwik, 1993). Let (X, d) be a comptete b-metric space and let T : X — X satisfy
d(T(x), Ty)) < dld(x, y), Vx, y € X,
where ¢ : R* — R* is increasing function such that rli—{god)“(t) = 0 for each fixed t > 0. Then T
has exactly one fixed point u and
lim d(T"(x), u) = 0

n—-oo

for each x € X.

In 1994, Matthews (Matthews, 1994) introduced the notion of partial metric spaces as a
part of the study of denotational semantics of dataflow network. In these spaces, the usual
metric was generalized by introducing the nonzero self-distance of points of space. Matthews
showed that the Banach contraction principle is valid in partial metric spaces and can be applied

in program verification.

Theorem 1.3 (Matthews, 1994) (The partial metric contraction mapping theorem) For each
complete pmetric p : U> — R, and for each function f : U — U such that, 30 < ¢ < 1,
Vx,y €U,

p(f(x), fly)) < cp(x, y)
called a contraction, firstly there exists a unique a € U such that a = f(a), and secondly

pla, a) =0.

On the other hand, Ran and Reurings (Ran & Reurings, 2004) obtained the existence of
fixed points of a self-mapping of a metric space equipped with a partial order. The fixed point

results in spaces equipped with a partial order.

Theorem 1.4 (Ran & Reurings, 2004). Let T be a partially ordered set such that every pair
x, y € T has a lower bound and an upper bound. Furthermore, let d be a metric on T
such that (T, d) is a complete metric space. If F is a continuous, monotone (i.e., beither order-
preserving or order-reversing) map from T into T such that
1. 30 < c < 1: d(F(x), F(y)) < cd(x, y), Vx 2y,
2.3x, € T: %y < Fxg) or x, 2 Flxg)
then F has a unique fixed point X. Moreover, for every x € T, Ill_I)IOIOdD F'(x) = x

In 2014, Shukla (Shukla, 2014) generalized b-metric and partial metric spaces by

introducing the notion of partial metric spaces and proved the Banach contraction principle in
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such spaces. Later in 2017, Shukla (Shukla, 2017) proved the generalization of the Banach
contraction principle in partial b-metric space endowed with a partial order. In this paper, we
prove a generalization of Banach contraction principle in partial b-metric-like space endowed

with a partial order.

2. Preliminaries
First, we recall some definitions from b-metric, partial metric, partial b-metric spaces

and partial b-metric-like spaces (see Jovanovic et al., 2014; Shukla, 2017)).

Definition 2.1 (Shukla, 2017). Let X be a nonempty set and the mapping d : X x X — R"
(IR* stands for nonnegative reals) satisfies:

(bM1) d(x,y) = 0 ifand only if x = y;

(bM2) d(x, y) = dly, x);

(bM3) there exists a real number s > 1 such that d(x, y) < s[d(x, z) + d(z, y)], for all x, y € X.

Then d is called a b-metric on X and (X, d) is called a b-metric space with coefficient s.

Definition 2.2 (Shukla, 2017). A partial metric on a nonempty set X is a function p : X x X —>
R* such that, for all x, y, z € X:

(P1) x = y if and only if p(x, x) = p(x, y) = ply, ¥);

(P2) p(x, x) < p(x, y);

(P3) plx, y) = ply, x);

(Pa) p(x, y) < plx, 2) + plz, y) - p(z, 2).

A partial metric space is a pair (X, p) such that X is a nonempty set and b is a partial metric on

X.

Definition 2.3 (Shukla, 2017). A partial b-metric on a nonempty set X is a function b : X x X —>
R* such that for all x, y, z € X:

(Pb1) x =y if and only if b(x, x) = b(x, y) = bly, y);

(Pb2) b(x, x) < b(x, y);

(Pb3) blx, y) = by, x);

(Pb4) there exists a real number s > 1 such that b(x, y) < s[b(x, z) + b(z, y)] - b(z, 2).
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A partial b-metric space is a pair (X, b) such that X is a nonempty set and b is a partial b-metric

on X. The number s is called the coefficient of (X, b).

Remark 2.4 (Shukla, 2017). In a partial b-metric space (X, b) if x, y € X and b(x, y) =

then x =y but converse may not be true.

Definition 2.5. A partial b-metric-like on a nonempty set X is a function b : X x X = R* such
that forall x, y, z € X:

(Pb1) if b(x, x) = b(x, y) = bly, y), then x = y;

(Pb2) b(x, x) < b(x, y);

(Pb3) blx, y) = bly, x);

(Pb4) there exists a real number s > 1 such that b(x, y) < s[b(x, z) + b(z, y)] - b(z, 2).

N

A partial b-metric-like space is a pair (X, b) such that X is a nonempty set and b is a partial

b-metric-like on X. The number s is called the coefficient of (X, b).

Definition 2.6. Let (X, b) be a partial b-metric-like space with coefficient s. Let {x,} be any
sequence in X and x € X. Then

(i) the sequence {x.} is said to be convergent and converges to x, &‘lﬁ‘o b(x,, x) = b(x, x),
(i) the sequence {x.} is said to be Cauchy sequence in (X, b) if ngrlloob(xn, Xpm) exists and is
finite, ’

(i) (X, b) is said to be a complete partial b-metric space if for every Cauchy sequence {x,} in X,
there exists x € X such that ngriloob(xn, Xm) = 11m b(x,,x) = b(x,X).

If a nonempty set X is equipped with a partial order “E” such that (X, b) is a partial
b-metric-like space with coefficient s > 1, then the triple (X, b, E) is called an ordered partial
b-metric-like space. Elements x, y € X are called comparable, if x E y or y E x. A subset A of
X is called well ordered if all the elements of A are comparable. A sequence {x,} in X is called
nondecreasing with respect to £, if x, E x,,; for all n € N. A mapping T : X — X is called non-
decreasing with respect to &, if x E y implies Tx E Ty. We denote the set of all fixed points of

T by Fix (T), that is, Fix (T) = {x € X : Tx = x}.
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Definition 2.7. Let (X, b, E) be an ordered partial b-metric-like space with coefficient s > 1 and
T : X — X be a mapping. Then T is called an ordered Banach contraction if the following
condition holds: there exists A € [0, 1) such that

x £y implies b(Tx, Ty) < Ab(x, y), (1)

for all x, y € X. The constant A is called the contractive constant of T.

3. Results
The following lemma will be useful in the sequel.

Lemma 3.1 (Shukla, 2017). Let (X, b, E) be an ordered partial b-metric-like space and
T : X — X be a mapping. If T is non-decreasing with respect to & and it is an ordered Banach
contraction with contractive constant A. Then for any k € N, the mapping F : X — X defined
by Fx = T, for all x € X is also non-decreasing with respect to & and it is an ordered Banach
contraction with contractive constant A%

Proof. Since T is nondecreasing with respect to E, for x, y € X with x E y, we have Tx E Ty.
Continuing in this manner, we obtain T'x E T, that is, Fx £ Fy. Thus F is non-decreasing with
respect to C. For x E y since T is non-decreasing with respect to E. we have T'x E T"y for all

n € N, Using (1), get that

b (Fx, Fy) = bi(T', T) = b(TTx, TT%)
< Ab(T¥'x, T)

< Nblx, y).

Hence, F is an ordered Banach contraction with contractive constant S ]
Now we state the ordered version of Banach contraction principle in partial b-metric-like spaces.

Theorem 3.2. Let (X, b, E) be an ordered and complete partial b-metric-like space with
coefficient s > 1 and T : X — X be a mapping such that the following conditions hold:

(1) T is an ordered Banach contraction with contractive constant 4;

(1) there exists x, € X such that x = Tx,;

(N T is non-decreasing with respect to E;

(IV) if {x.} is a non-decreasing sequence in X and converging to some z, then x, E Z forall n €

N.
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Then T has a fixed point u € X and b(u, u) = 0. In addition, the set of fixed points of T, Fix (T) is
well ordered if and only if the fixed point of T is unique.
Proof. As, A € [0, 1) we can choose n, € N such that, for given 0 < € < 1, we have 1™ < 4—;.
Let Ty = Fand FkxO = x, for all k € N. By Lemma 3.1, F is non-decreasing with respect to &
and it is an ordered Banach contraction with contractive constant A".
Since x, E Tx, and T is non-decreasing with respect to &, we have Tx, E TTx, and x, E Tx,E
T’x,. Continuing in this manner, we obtain
X ETETxE =+ E T E T"x E -+, foralln €N.
Therefore, x, E T'pxg E T, E *** ET"x, E ***, foralln € N.
Thatis, x,E Fx,E Fx,E *** E F'x,E *+*, forall n € N.
SoxEx,Ex,E - Ex,Ex, E - forallk €N.
Hence, the sequence {x.} is non-decreasing with respect to “E
Since {x,} is non-decreasing and F is an ordered Banach contraction with contractive constant
A", we obtain
bxe, Xr1) = bOF%g, F %o ) = bIF( F<"xp),
F(Fxo) = b(Fxyr, Fxi.)
< A1"b(xc1, %)
< Ablxg, X;) = 0, as k —> oo,
We can choose | € N such that b(x, x,;) < 57
Let BE (X, fs] ={y EX:x Evy}
b(x, y) < f + b(x, x).

We will show that F maps Bb (X, s ] into itself. Now it is obvious that x € Bb X, :].
Thus Bg (X, i # Q. letz € Bb [xl, ] be arbitrary, then x E z. Since F is non-decreasing
with respect to &, we have Fx, E Fz That is, xu1 E Fz. So x, E x,1y E Fz which implies
x E Fz. Since F is an ordered Banach contraction with contractive constant A", we get

b(Fx, F2) = A™b( x, 2) < é[ i + blx, x)1.
Hence b(x, Fx) = b(x, x,1) < @.
Therefore,

b(x, Fz) < s[b(x, Fx) + b(Fxl, F2)] - b(Fx,, Fx)

<9[ { +b(><L, x)H - b(Fx, Fx)

8s2 452
€
<s[l—+— +bx,><
[ =55 + =5 =+ blx, X)1
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82

e €
— + +— b(x, %
8s ' 16sZ  4s O, x)

€
<—+Db
4s (Xlr Xl)r
[y € C €. .
Thus Fz € By [, E]. Hence, F maps By [x, E] into itself.

Note that, x € Bg [ x, —I. Therefore Fx € By [x, is] and so F'x € By [ x, —]foralln €N.

i] £
. 4s 4 4s
That is, x., € B% [ X, E] forallm =L Forn, m> |,

b(Xp, Xo) < S[b(X,, x) + blx, X1 - blx,, %)
&
. 4s
<o+ 2sb(x;, X))

< s[— + b(x, x) + i + blx, xJ1 - blx, x)
€
< g+ 2sb(X, Xi41)
€ €
<—42s—< E&.
2 8s2
Hence, the sequence {x.} is a Cauchy sequence and b(x,, x,) < &, forall n, m > 1.
By completeness of X, there exists u € X such that
limb(x, u) = lim b(x,, x.,) = b(u, u) = 0. (2)
n—-oo n,m-—oo
We will show that u is a fixed point of T.
By assumption (IV), we have x, E u for all n € N. For any n € N, by (1), we have
b(u, Tu) < s[blu, Tx,) + b(Tx,, Tl - b(Tx,, Tx,)
< s[[s {blu, x,) + b(x,, Tx,)} - b(x,, x.)] +Ab(x,, W] - b(Tx,, Tx,)
< 57 (blu, X)) + 5° (blx,, Tx) - 5~ (b(x,, %)) + sAb(x,, u)
= (s”+ sA) bx,, u) + sbx,, Tx,)
= (s"+ sA) blxn, u) + D"y, TF™,)
= (s”+ sA) blxn, u) + S°b(F"x,, F'Txy). (3)
Since x, = Tx,, F™x, E F'Tx, for all n € N. Since F is an ordered Banach contraction with
contractive constant ﬂno, we have

b( F™%,, F'Tx,) = b( FF™'x,, FF™'Tx,)

< A F"x,, F"Tx)

< A" gbxg, Txo).
From (3), we have
bu, Tu) < (s°+ As) bx,, u) + Sb(F"x,, F'Tx,)
< (5% + As) b(x,, u) + S°A™b(xy, TXo),
which together with (2) yields b(u, Tu) = 0. Therefore, u is a fixed point of T.
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For uniqueness, suppose Fix (T) is well ordered and u, v € Fix (T), then Tu = u, Tv = v. Suppose
that b(u, v) > 0. Since Fix (T) is well ordered, assume that u E v. Now it follows from (1) that
b(u, v) = b(Tu, Tu) < Ab(u, v) < blv, u). This contradiction shows that b(u, v) = 0. Thus u = v.
Similarly, if v E u, then u = v. Therefore, fixed point of T is unique. Further, if T has a unique

fixed point, then Fix (T) is singleton, and so well ordered. ]

The following is a simple example which illustrates the above theorem and shows that
the condition of well orderedness of Fix (T) for uniqueness of fixed point is not superfluous.

Also it shows that the above theorem is a proper generalization of known results.

Definition 3.3. (Shukla, 2017). Let (X, b, E) be an ordered and complete partial b-metric-like
space with coefficient s > 1 and f: X — X'and T : X — X be two mappings. The mapping T is
called an ordered f-contraction if there exists A € [0, 1) such that

x £y implies b(fTx, fTy) < Ab(fx, fy) (4)
forall x,y € X.

The constant A is called the contractive constant of T.

Next, we prove a common fixed point result for two mappings as a consequence of Theorem

3.2.

Corollary 3.4 (Shukla, 2017). Let (X, b, E) be an ordered and complete partial b-metric space
with coefficient s = 1. Let f : X — X and T : X — X be two mappings such that the following
conditions hold:

(D Tis an ordered f-contraction;

(I) there exists x, € X such that x, & Tx;

(IN) T is non-decreasing with respect to E;

(IV) if {fx.} is a nondecreasing sequence in X and converging to some fz, then x, E z

foralln € N.

If f is continuous, injective and sequentially convergent, then T has a fixed point u € X and
b(u, u) = 0. In addition, the set of fixed points of T, Fix (T) is well ordered if and only if the fixed

point of T is unique.
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Proof. Define b, : X x X — R" by b,(x, y) = b(fx,fy) for all x, y € X.
To show that (X, b;) is a complete partial b-metric space with same coefficient s >1. For all x,
y, Z € X, we have
(Pb1) by(x, y) = by(x, x) = by(y, y) implies b(fx, fy) = b(fx, fx) = b(fy, fy),
i.e., fx = fy and f is injective, so x = y;
(Pb2) b,(x, x) = b(fx, fx) < b(fx, fy) = by(x, y);
(Pb3) by(x, y) = bfx,fy) = b(fy, fx) = by, x);
(Pb4) b,(x, y) = b(fx, fy) < s[b(fx, fz) + b(fz,fy)] - b(fz, fz) = s [by(x, 2) + by(z, y)I - by(z, 2).
Thus (X, b,) is a partial b-metric space with coefficient s > 1.
Let {x,} be a Cauchy sequence in (X, b,), then n1}iﬂr_r)1oob1(><n, X)) = nlnilriloob(fxn, fx.,) exists.
Hence, {fx.} is Cauchy sequence in (X, b). Since ’(X, b) is complete,‘ so there exists y € X such
that
ALII.}O b(fx,, y) = bly, y).
Thus {fx.} is convergent in (X, b). By the property of f, there exists x € X such that
IP_IEO b(x,, ) = b(x, x).
By f, we have
r11_r)£1o b(fx,, fx) = b(fx, fx) = b;(x, x).
This is, &i_f)'{)lobﬁxm x). Thus {x,} converges in (X, b;) and so it is complete.
Note that, the contractive conditions (a) is reduced into the following condition:
(@) x E y implies b,(Tx, Ty) < Ab,(x, y)
for all x, y € X. Hence T is an ordered Banach contraction in (X, b;).

By Theorem 3.2., we obtain which lead to T has a fixed point u € X and b,(u, u) = b(fu, fu) = 0.

Again, the condition for uniqueness follows from Theorem 3.2. U

Remark 3.5 (Shukla, 2017). A pair (T, f) of self-maps of a nonempty set X is called a Banach pair
if Tfx = fTx for all x € Fix (T). If all the conditions of the above corollary are satisfied and in
addition, (T, f) is a Banach pair, then T and f have a unique common fixed point. Indeed, if (T, f)
is a Banach pair and if T has a unique fixed point u € X (which is ensured by (Corollary 3.4.),
then Tfu = fTu = fu, and by uniqueness of fixed point of T, we have fu = u. Thus, the pair (T, f)
has a unique common fixed point. In the above Corollary, for u € Fix(T) the self-distance b(u,
u) = 0, but b(u, u) need not be zero, also, when we consider the existence of common fixed
point of the pair (T, f), then the condition that (T, f) is a Banach pair cannot be omitted, as

shown in the following example.
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Theorem 3.6. Let (X, b, E) be an ordered partial b-metric-like space and T : X — X be a
mapping satisfies the following condition:

x C y implies b(Tx, Ty) < Abl(x, y) (5)
for all x, y € X, where A € [0, 1). Suppose, there exists u € X such that u = Tu and
b(u, Tu) < b(x, Tx) for all x € X. Then u becomes a fixed point of T and b(u, u) = 0. In addition,
the set of fixed points of T, Fix (T) is well ordered if and only if the fixed point of T is unique.
Proof. Let F(x) = b(x, Tx) for all x € X. By the assumption, we have

F(u) < F(x) forall x € X. (6)
Suppose F(u) > 0. Since u E Tu, it follows from (5) that

F(Tu) = b(Tu, TTu) < Ab(u, Tu) = AF(U) < F(u).
Then, we have F(Tu) < F(u), which contradicts the inequality (6).
Thus, we must have F(u) = b(u,Tu) = 0, That is, Tu = u. Hence u is a fixed point of T.
Now, for any fixed point z € X of T, if b(z, z) > 0, then from (5) we have
b(z, z) =b(Tz, T2) < Ab(z, 2) < b(z, 2).
Lead to contradiction This implies that b(z, z) = 0.
For uniqueness, suppose Fix (T) is well ordered and u, v € Fix (T), Tu = u, Tv = v and
b(u, u) = blv, v) = 0. Suppose b(u, v) > 0. That is since Fix (T) is well ordered,
assume that u = v. From (5) that
b(u, v) = b(Tu, Tv) < Ab(u, v) < b(u, v).

Therefore, we must have b(u, v) = 0, that is, u = v. Similarly, if v = u, then u = v. Hence fixed
point of T is unique. Further, if fixed point of T is unique then Fix(T) is singleton, and so well
ordered. That is

x E yimplies b(Tx, Ty) < Ab(x, y) (7)
forall x, y € X, where A € [0, 1).
Suppose, there exists u € X such that u E Tu and b(u, Tu) < b(x, Tx) for all x € X. Then u
becomes a fixed point of T and b(u, u) = 0. In addition, the set of fixed points of T, Fix (T) is well
ordered if and only if the fixed point of T is unique.

4. Conclusions
Some fixed point theorems in a partial b-metric-like space endowed with a partial order
are proved. The results of this paper generalize and extend the Banach contraction principle

and some other known results in partial b-metric-like spaces endowed with a partial order.



o NINTINMTINAEaARTLasinalulad i Inendesvaguasasa 136
IENLE o .
e UN 13 auun 18 nIngIaN - sWau 2564

5. References

Aghajani, A., Abbas, M., & Roshan, J. R. (2014). Common fixed point of generalized weak
contractive mappings in partially ordered b-metric spaces. Mathematica Slovaca, 64(4),
941-960. https://doi.org/10.2298/FIL1406087A

Bakhtin, I. (1989). The contraction mapping principle in quasimetric spaces. Functional Analysis,
30, 26-37.

Boriceanu, M., Bota, M., & Petrusel, A. (2010). Multivalued fractals in b-metric spaces. Central
european journal of mathematics, 8(2), 367-377. https://doi.org/10.2478/s11533-010-
0009-4

Bota, M., Molnar, A., & Varga, C. S. A. B. A. (2011). On Ekeland’s variational principle in b-metric
spaces. Fixed Point Theory, 12(2), 21-28. https://www.researchgate.net/publication/
267070932

Czerwik, S. (1993). Contraction mappings in b-metric spaces. Acta Mathematica et Informatica
Universitatis Ostraviensis, 1(1), 5-11. http://dml.cz/dmlcz/120469

Dine, J., Zoto, K., & Ansari, A. H. (2018). Fixed point results of contractive mappings by altering
distances and C-Class functions in b-Dislocated metric spaces. Open Access Library
Journal, 5(7), 1-23. https://doi.org.10.4236/0alib.1104657

Jain, K., & Kaur, J. (2021). Some fixed point results in b-Metric spaces and b-Metric-Like spaces
with new contractive mappings. Axioms, 10(2), 55. https://doi.org/10.3390/axioms10020055

Jovanovi¢, M., Kadelburg, Z., & Radenovic, S. (2010). Common fixed point results in metric-type
spaces. Fixed Point Theory and Applications, 2010, 1-15. https://doi.org/10.1155/2010/
978121

Khamsi, M. A., & Hussain, N. (2010). KKM mappings in metric type spaces. Nonlinear Analysis: Theory,
Methods & Applications, 73(9), 3123-3129. https://doi.org/10.1016/j.na.2010.06.084

Matthews, S. G. (1994). Partial metric topology. Annals of the New York Academy of Sciences-
Paper Edition, 728, 183-197. https://www.dcs.warwick.ac.uk/pmetric/Ma94.pdf

Ran, A. C,, & Reurings, M. C. (2004). A fixed point theorem in partially ordered sets and some
applications to matrix equations. Proceedings of the American Mathematical Society,
1435-1443,

Roshan, J. R., Parvaneh, V., Sedghi, S., Shobkolaei, N., & Shatanawi, W. (2013). Common fixed
points of almost generalized (J, &) s-contractive mappings in ordered b-metric spaces.
Fixed Point Theory and Applications, 2013(1), 1-23. https://doi.org/10.1186/1687-1812-
2013-159



o MINTIINTINEIMansuazialulad WIne1duIva)UATEITIA 137
IENLE _ o .
e UN 13 auun 18 nIngIaN - sWau 2564

Sarkar, K. (2020). Rectangular partial b-metric spaces. Journal of Mathematical and
Computational Science, 10(6), 2754-2768. https://doi.org/10.28919/jmcs4995

Shukla, S. (2014). Partial b-metric spaces and fixed point theorems. Medliterranean Journal of
Mathematics, 11(2), 703-711. https://doi.org/10.1007/s00009-013-0327-4

Shukla, S. (2017). Some fixed point theorems for ordered contractions in partial b-metric

spaces. Gazi University Journal of Science, 30(1), 345-354. https://www.researchgate.net/
publication/315657334



