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Abstract

Consider the N"™  order non-homogeneous Euler equation of the form
met"y ™ () + mt"ty "V (@) +--+m L ty'(®) +m_y(t) = (1) (1)
where My, M;, M,, ..., M, are real number M, # 0, teR and f(t) is a right-sided
distribution. By using Laplace transform, we found that a complementary function of this
equation in distribution sense is investigated under the conditions on the values of mo, m,,

m,, ...,and M,.
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Introduction

Generally, whenever we talk about the basic concept of differential equations, their
solutions are called strong solutions and interpreted in the classical sense. However, this
ordinary sense cannot be used to solve many problems of differential equations, so the
distribution sense is applied. In 1999, Kananthai (1999) studied the solutions of the third
order Euler equations. In 2000, Hongsit (2000) studied the weak solutions and the strong
solutions of the fourth order Euler equations.

In this study, we will consider the n”‘ order Euler equations by using Laplace

transform.

Definition 1.1

The space D consists of all complex-valued functions @ with continuous
derivatives of all orders and with compact support; the support of @ is the closure of the set
of all elements t in R such that @(t) # 0. We call each function @(t) in D, the testing

function.
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Definition 1.2
A functional on the space D is a mapping T : D — C, where C is the set of all
complex numbers. For all @ € D, the value of T acting on ¢ is denoted by <T,p >.

Definition 1.3

A continuous linear functional T on the space D is called a generalized function or
a distribution. The space of all such distributions is denoted by D’.

Example 1.1 The Dirac-delta function is a distribution defined by < &, @ >=@(0)
for @ € D.

Definition 1.4
Let T bea locally integrable function. We can define T through the convergent

integral

<T,p>=<fp>=<fM).0t)>=[ fOpt)d
for ¢€D. Then a functional T :D —> R defined is clearly a distribution.  Such

distribution is said to be generated by f.

Definition 1.5
A distribution T that is generated by a locally integrable function is called a regular

distribution; otherwise, it is called a singular distribution.

Definition 1.6
The K™ order of derivative of a distribution T is denoted by T ®) and defined by
<T9 0>=<T,(-1)*p" > foral ¢ eD.
Example 1.2
<o,p> = —¢'(0) foral ¢ eD.
< 5(k),(0 > = (—l)k(p(k)(O) forall @ € D.

A functon H is called a Heaviside function defined by H(t)=1 for t >0, and,
H(t) =0 for t <0. The first derivative of the Heaviside function is denoted by H' and
defined by

<H"p> = <6,p> for all @ € D.



Definition 1.7

Let @ be an infinitely differentiable function and define the product of & with any
distribution T in D' by <aT,@p>=<T,a¢p> forall ¢ €D.

Example 1.3

<ao,p>=<0,ap>=a(0)p(0).
<td,p> =<0,tp> =0p(0) =0=<0,p>.
It follows that t& =0.
<td',p>=<0tp>=<0,-D(tpt)) >=—p0) =<-05,p>.
It follows that t&' =— 0.
In general, t6™ =-ms™P m=123,....

Definition 1.8

Let f be a locally integrable function that satisfies the following conditions:
f(t)=0 for —co <t < A, where A is a real constant;
There exists a real number C such that € ° f (t) is absolutely integrable over R. Then

the Laplace transform of f is defined by

F(s)= L{f(t)}:j:’ f(t)edt @)

where S is a complex variable. The greatest lower bound O, on all positive values of C,
for which the condition (b) holds, is called the abscissa of absolute convergence.

It can be shown that F is an analytic function for the half-plane Re(s) > O, ,where O, is
an abscissa of absolute convergence for L{f (t)}

Now, equation (2) can be replaced by the notation
F(s)=L{f(t)}=< f(t),e™ >. 3)

Suppose f is a distribution, that is, f € D". we try to define the Laplace transform of
right-side distributions. Suppose f is a distribution whose support is bounded on the left
and there exists a real number C for which € f ('[) is a tempered distribution.

Define

F(s)=L{f(t)}=<e ™ f(t),X(t)e " > )
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where X(t) is any infinitely differentiable function with compact support on the left and

equals to 1 over the neighborhood of support of f (t).

For Re(s) >c, X(t)ef(H)t is a testing function in the space S. Equation (4) can be

deduced to the definition

F(s)=L{f(t)}=< f(t),e™ >. (5)

Then equation (5) possesses a distribution sense, which is similar to equation (3).
Now F is a function of S defined over the right side of the half-plane Re(s) >C. By
Zemanian [9], F is an analytic function in the region of convergence Re(s) > 0, where

0, is the abscissa of convergence for which e o f (t) €S

Example 1.4 If Re(S) >0 and H is the Heaviside function, then

(i) L{H (t)}=§

| tH (@) 1
(||)L{ k! }:sk” for kK =1,2,3,....

(iii) L{5}=1 for Re(S)€ R and & is the Dirac-delta function whose support
concentrated on a single point.

(iv) L{5(k) }: s* for Re(s)e R, k is a positive integer.

(v) L{tk f(t)}z (-1)F™)(s) for Re(s) > o,, where f is a distribution in
the space D,; of distributions whose supports are bounded on the left.

(vi) L{f(k)(t)}:skF(s) for Re(s) > o, where f € Df,.

Definition 1.9

The inverse Laplace transform of F is denoted by Lﬁl{F (S)} and is defined by

1 . c+iy
f(t)=L*{F(s)}=—1 F(s)e'd 6
) =LHF©)} = lim [ F(s)e"ds ©)
where Re(s)>c>o,.

Example 1.5 For K is a positive integer,

k
(i) Ll{ 1 }:t I:ft) for Re(s) > 0.
s !

k+1

(il L‘l{sk}:é(k’ for Re(s) € R.



Result

In this section, we find the solution of the n“‘ order non-homogeneous Euler

equation by using Laplace transform.

Consider the N™ order non-homogeneous Euler equation of the form

bty (1) + byt "ty " (R) -+ b, 4ty (t) + b, y(t) = g (t) (7)
where by, b, b,, ..., b, are real numbers, b, #0, te R and g(t) is a right-sided
distribution.

From equation (7), we get
YV O+ mt"y V@ -+ m '+ myy ) = FO ®

where M;, M,, ..., M_ are real numbers t € R and f(t) is a right-sided distribution.
The solution of equation (8) is Y(t) = Yh )+ yp(t) where yh(t) is a complementary
function and Y, (t) is a particular solution.

From equation (8), if f (t) =0 we get

£y ) +mt"y (@) - m Lty () + M,y ) =0 ©)
where M, M,, ..., M  are real numbers and t € R. The solution of equation (9) is
Ya ().
Theorem 2.1

Consider the N™ order non-homogeneous Euler equation of the form

£y ) +mt™y )+ mty'(©) + m, () = () (10)
where M, M,, ..., M are real numbers, t € R and f(t) is a right-sided distribution.
Let I, I,, ..., I, are distinct complex numbers and Xi is defined by
X, =1,

Xi=0+0 441,
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X2 =nrL+n+--+0r +0L0+0L0 4+ 01+ T 1,
Lo +nnt +---+nnr +neLr, + 0L+ -+ LG+ +r 0 4f,

X, =

X, =nrr-r.
k
If mkzz Un_k+l(k—|—2|.—i)Xi for k=012,...,n where
i=0

Ul(V)Zl, Up(1)=1 and Up(v)zzp:iUi(V—l) , Pp,veN then

n
the complementary function of equation (10) is yh(t):ZCi5(r‘)(t)
i1

(i)
where I,I,,...,I, are distinct non-negative integers and C;,C,,...,C, are arbitrary
constants.

notTH(t

(ii) the complementary function of equation (10) is Y, (t) = ZCi (®)

i=1 F(_ri)

for Re(r;) <0, i=123,...,n and C,,C,,...,C, are arbitrary constants.

of equation (10) is

complementary function

(iii) the
for each | which there exists positive integer W; such that

& PHETH®))
Yu(t) = Zci r(r)

i1
W, —1<Re(r;) <W, and C,C,,...,C, are arbitrary constants and Pf(g(t)) is a

pseudo-function which is a finite part of j_: g(t)g(t)dt.

Proof: Consider equation
"y ™) +mt"ty V@) +- 4 mty'(t) +m, y(t) =0 (11)
where M;, M,, ..., M_ are real numbers, t R and m, =1. We have

> m, ty@(t)=0 (12)
i=0

Taking Laplace Transforms to equation (12), we get
n ) di )
> Y lmy sy ()]0

i=0



Z( )im [sY(s)]:

i(—l)i m, . ZKLJ (k} kls' ™y (=) (5)} =0. (13)

Let Y(S) =S" where r is an arbitrary constant.
From Example 1.4, we get Y (s) =r(r=D)(r=2)---(r—i+k =1)s""*.

Now equation (13) becomes

fom 8] o
sl g, oo

kg -
B L

K
Suppose ZUn k+1 k+1—i X, for k=012,...,n and M, =1 where
i-0

Il
o

— —
Il
o

Since 8" # 0, we get

zzp: V 1 and U () 1,Up(1)=1, p,ve N and X, is defined by

0

U,

X, =1,

Xo=rh+0 441,
X, =1

Xy =T,

r+n+---+n0r +0LG 00+ -+ L0+ 4T 1

n-1"n

2

3 r2r3+rr2r+ Rl O P P ol £ O PO ol P O PO e ol P £ P R ol (SRIPY (Y PO

X, =nrrr

n n-

From equation (12), we get
X, =X +PX =X 4+ (D" X, +(-D)"r" X, =0
FPX, =X+ X, =X+ ()X + (D)X, =0
" A, A )2, e ) e (<) (rr,E - r) =0
0

(r—rl)(r—rz)(r—r3)-~(r—rn):

n

r
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where I'=10,1,,...,1, .
Hence Y (S) = s",8%,...,8™ are solutions of equation (13).

Taking inverse Laplace Transform, we get

n
(i) y, () = Zcié'(r‘)(t) is the solution of equation (11) for I},T,,...,I, are non-
i1

negative integers and C;,C,,...,C, are arbitrary constants.

) _ UTTHQ)
(i) na)—%kireﬁ)

1=123,...,n and C,,C,,...,C, are arbitrary constants.

) & PHETH®))
(i) yMO—%}r—;FEr—

there exists positive integer W, such that W, —1<Re(r;) <w, and C,,C,,...,C, are

is the solution of equation (11) for Re(r;) <0,

is the solution of equation (11) for each i which

arbitrary constants.
(|

Conclusion

By using Laplace transform, we found that a complementary function of the n™"
order non-homogeneous Euler equation of the form

Mty (X) + mt"y "I (@) -+ my Lty (1) +m, () = F ()

where My, M, M,, ..., M are real number My #0, te R and f(t) is a right-sided
distribution. It is investigated under the conditions on the values of mo, m;,, m,, ..., and

m

n-
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