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Abstract 

         Consider  the thn   order  non-homogeneous  Euler  equation  of  the  form 
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             (1)         
where 0m , 1m , 2m , …, nm  are real number 00 m , Rt  and f ( t )  is a right-sided 
distribution.  By using Laplace transform, we found that a complementary function of this 
equation in distribution sense is investigated under the conditions on the values of 0m , 1m , 

2m , …, and nm . 
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Introduction  

Generally, whenever we talk about the basic concept of differential equations, their 
solutions are called strong solutions and interpreted in the classical sense.  However, this 
ordinary sense cannot be used to solve many problems of differential equations, so the 
distribution sense is applied.  In 1999, Kananthai (1999) studied the solutions of the third 
order Euler equations.  In 2000, Hongsit (2000) studied the weak solutions and the strong 
solutions of the fourth order Euler equations.   

In this study, we will consider the thn  order Euler equations by using Laplace 
transform. 

 
Definition 1.1  

The space D  consists of all complex-valued functions   with continuous 
derivatives of all orders and with compact support; the support of   is the closure of the set 
of all elements t  in R  such that .0)( t   We call each function )(t  in ,D  the testing 
function.   
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Definition 1.2  
A functional on the space D  is a mapping ,: CDT   where C  is the set of all 

complex numbers.  For all ,D  the value of T  acting on   is denoted by .,  T  
 
Definition 1.3  

A continuous linear functional T  on the space D  is called a generalized function or 
a distribution.  The space of all such distributions is denoted by .D  

Example 1.1 The Dirac-delta function is a distribution defined by )0(  ,    
for .D  
 
Definition 1.4  

Let f  be a locally integrable function.  We can define T  through the convergent 
integral  







 

)()()(),(,, dtttfttffT   

for .D   Then a functional RD:T   defined is clearly a distribution.  Such 
distribution is said to be generated by .f  
 
Definition 1.5  

A distribution T  that is generated by a locally integrable function is called a regular 
distribution; otherwise, it is called a singular distribution. 
 
Definition 1.6  

The thk  order of derivative of a distribution T  is denoted by )(kT  and defined by 
 )()( )1(T,  , kkkT   for all .D  

Example 1.2 
 ,      =   )0(    for all .D  

 ,)(   k  =    )0()1( )(kk for all .D  
 

 A function H  is called a Heaviside function defined by 1)( tH  for ,0t  and, 
0)( tH  for .0t   The first derivative of the Heaviside function is denoted by H   and 

defined by 
  ,H   =   ,    for all .D  
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Definition 1.7  
Let   be an infinitely differentiable function and define the product of   with any 

distribution T  in D  by   ,  , TT  for all .D  
Example 1.3 

  ,  , ).0()0(   
 ,  t   t,  )0(0  0  .,0    

It follows that .0  t  
  tt , ,  ))()(1(, tt )0(  .,    
It follows that .   t  

In general, ... ,3 ,2 ,1   , )1()(   mmt mm   . 
 
Definition 1.8   

Let f  be a locally integrable function that satisfies the following conditions: 
0)( tf  for ,At   where A  is a real constant; 

There exists a real number c  such that )(tfe ct  is absolutely integrable over .R   Then 
the Laplace transform of  f  is defined by 
 

  



 

 T

st dte)t(f)t(fL)s(F      (2) 

 
where s  is a complex variable.  The greatest lower bound a  on all positive values of  ,c  
for which the condition (b) holds, is called the abscissa of absolute convergence. 
It can be shown that F  is an analytic function for the half-plane as )Re( , where a  is 
an abscissa of absolute convergence for  .)(tfL  
Now, equation (2) can be replaced by the notation 
 

  .),( )()(  stetftfLsF      (3) 
 

Suppose f  is a distribution, that is, .Df    We try to define the Laplace transform of 
right-side distributions.  Suppose f  is a distribution whose support is bounded on the left 
and there exists a real number c  for which )(tfe ct  is a tempered distribution.  
Define  

    t)cs(ct e)t(X),t(fe)t(fL)s(F     (4) 
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where )(tX  is any infinitely differentiable function with compact support on the left and 
equals to 1 over the neighborhood of support of ).(tf  
For ,)Re( cs   t)cs(e)t(X   is a testing function in the space .S   Equation (4) can be 
deduced to the definition 
 

   stetftfLsF ),( )()( .     (5) 
 

Then equation (5) possesses a distribution sense, which is similar to equation (3). 
Now F  is a function of s  defined over the right side of the half-plane .)Re( cs    By 
Zemanian [9], F  is an analytic function in the region of convergence 1)Re( s  where 

1  is the abscissa of convergence for which .)( Stfe ct   
 

Example 1.4 If 0)Re( s  and H  is the Heaviside function, then 

(i)  
s

tHL
1

)(   

(ii)
1

1

!

)(











k

k

sk

tHt
L   for ,3,2 ,1 k . 

 (iii)     1L  for R)s( Re  and   is the Dirac-delta function whose support 
concentrated on a single point. 
 (iv)     kk sL )(  for R)s( Re , k  is a positive integer. 
 (v)    )s(F)()t(ftL )k(kk 1  for ,)Re( 1s  where f  is a distribution in 
the  space RD  of distributions whose supports are bounded on the left. 
  (vi)    )s(Fs)t(fL k)k(   for 1)Re( s  where .RDf   
 
Definition 1.9  

The inverse Laplace transform of F  is denoted by  )(1 sFL  and is defined by 

  dsesF
i

sFLtf st
iyc

iycy 




 
 

 

1 )(lim
2

1
)()(


    (6) 

where .)Re( acs   
Example 1.5 For k  is a positive integer, 

(i)    
!k

)t(Ht

s
L

k

k














1

1 1  for .0)Re( s  

(ii)     )k(ksL 1  for .)(Re Rs   
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Result 
 In this section, we find the solution of the thn  order non-homogeneous Euler 
equation by using Laplace transform. 
 
 Consider the thn  order non-homogeneous Euler equation of the form 
 

    )()()()()( 1

11

10 tgtybtytbtytbtytb nn

nnnn  

    (7) 
 

where 0b , 1b , 2b , …, nb  are real numbers, 00 b , Rt   and )(tg  is a right-sided 
distribution.  
 From equation (7), we get  
 

    )()()()()( 1

11

1 tftymtytmtytmtyt nn

nnnn  

    (8) 
 

where 1m , 2m , …, nm  are real numbers Rt  and f ( t )  is a right-sided distribution. 
The solution of equation (8) is )()()( tytyty ph   where )(tyh  is a complementary 
function and )(ty p

 is a particular solution. 
 From equation (8), if 0)( tf  we get  
 

    0)()()()( 1

11

1  

 tymtytmtytmtyt nn

nnnn    (9) 
 

where 1m , 2m , …, nm  are real numbers and Rt .  The solution of equation (9) is  
)(tyh .  

Theorem 2.1  
Consider the thn  order non-homogeneous Euler equation of the form 
 
    )()()()()( 1

11

1 tftymtytmtytmtyt nn

nnnn  

    (10) 
 

where 1m , 2m , …, nm  are real numbers, Rt  and f ( t )  is a right-sided distribution. 
Let 1r , 2r , …, nr  are distinct complex numbers and iX  is defined by  

10 X , 

nrrrX  211 , 
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nnnn rrrrrrrrrrrrrrX 124232131212   , 

nnnnn rrrrrrrrrrrrrrrrrrrrrX 1231531431214213213   , 

    
nn rrrrX 321 .   

If  1

0

1
k

k n k i

i

m U k i X 



    for nk ,,2,1,0   where 10 m ,   

 1 1,U v   1 1pU   and
 

   
1

1
p

p i

i

U v iU v


   , ,p v N  then  

 (i) the complementary function of equation (10) is  
)()(

1

tcty ir
n

i

ih 


  

where nrrr ,,, 21   are distinct non-negative integers and nccc ,,, 21   are arbitrary 
constants.  

(ii) the complementary function of equation (10) is 
)(

)(
)(

1

1 i

rn

i

ih
r

tHt
cty

i








  

for 0)Re( ir , ni ,,3,2,1   and nccc ,,, 21   are arbitrary constants.  
  (iii) the complementary function of equation (10) is 

 
)(

)(
)(

1

1 i

rn

i

ih
r

tHtPf
cty

i








  for each i  which there exists positive integer iw  such that 

iii wrw  )Re(1  and  nccc ,,, 21   are arbitrary constants and  ( )Pf g t  is a 

pseudo-function which is a finite part of 
 

( ) ( )g t t dt


 . 

 
Proof: Consider equation 
 

    0)()()()( 1

11

1  

 tymtytmtytmtyt nn

nnnn    (11) 
where 1m , 2m , …, nm  are real numbers, Rt   and 10 m .  We have 
 

0)(
0

)( 




n

i

ii

in tytm        (12) 

 
Taking Laplace Transforms to equation (12), we get 

  0)()1(
0






n

i

i

ini

i
i sYsm
ds

d  
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  0)()1(
0



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ds
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Let rssY )(  where r  is an arbitrary constant.  
 From Example 1.4, we get ( ) ( ) ( 1)( 2) ( 1)       i k r i kY s r r r r i k s .   
Now equation (13) becomes 

                     0!
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Since 0rs , we get  
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 Suppose   i

k

i

knk XikUm 


 
0

1 1  for nk ,,2,1,0   and 10 m  where 

   



p

i

ip viUvU
1

1  and     11,11  pUvU  , ,p v N  and iX  is defined by  

10 X , 

nrrrX  211 , 

nnnn rrrrrrrrrrrrrrX 124232131212  

nnnnn rrrrrrrrrrrrrrrrrrrrrX 1231531431214213213   , 

    
nn rrrrX 321 .   

From equation (12), we get 

       0)1()1( 01
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1  
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0  



n

n

n
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1  

 rrrrrrrrrrrrrrrr n

n

nnn   
                                                      0321  nrrrrrrrr   



วารสารวชิาการวทิยาศาสตรแ์ละเทคโนโลย ีมหาวทิยาลยัราชภฎันครสวรรค ์ปีที ่9 ฉบบัที ่9 มกราคม – มถุินายน 2560 
 

 where nrrrr ,,, 21   . 
 Hence nrrr

ssssY ,,,)( 21   are solutions of equation (13). 
Taking inverse Laplace Transform, we get 

 (i)   
)()(

1

tcty ir
n

i

ih 


   is the solution of equation (11) for  nrrr ,,, 21   are non-

negative integers and  nccc ,,, 21   are arbitrary constants. 

(ii) 
)(

)(
)(

1

1 i

rn

i

ih
r

tHt
cty

i








   is the solution of equation (11) for  0)Re( ir , 

ni ,,3,2,1    and  nccc ,,, 21   are arbitrary constants. 

(iii)  
)(

)(
)(

1

1 i

rn

i

ih
r

tHtPf
cty

i








   is the solution of equation (11) for each i  which 

there exists positive integer iw  such that iii wrw  )Re(1  and  nccc ,,, 21   are 
arbitrary constants. 
                    □ 
Conclusion 
 By using Laplace transform, we found that a complementary function of the thn  
order non-homogeneous Euler equation of the form 

    )()()()()( 1

11

10 tftymtytmtytmtytm nn

nnnn  

   
where 0m , 1m , 2m , …, nm  are real number 00 m , Rt  and f ( t )  is a right-sided 
distribution. It is investigated under the conditions on the values of 0m , 1m , 2m , …, and 

nm . 
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