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Abstract
We consider the (p,q) - Fibonacci sequence and the (p,q) - Lucas sequence. By
using the Binet's formulas, we get some properties of the odd and even terms of the (p,q) -

Fibonacci number and the (p,q) - Lucas number.
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INTRODUCTION
Falcon and Plaza (2007) considered the K - Fibonacci sequence {Fk,n} which is
defined as F,=0, F,=1and F  , =kF +F ., for n>1 k>1. We get the classical

Fibonacci sequence {0,1,1, 2,3,5,8,13,...} for k=1. The well-known Binet's formula for the

K- k+k? +4

Kk - Fibonacci number, see [1], is given by F.= L where I, = T and
Y h=rn
k—vk?+4
r,= s are roots of the characteristic equation r> —kr—1=0.

In 2007, Falcon and Plaza (2007) studied the K - Fibonacci sequence and the
Pascal 2- triangle. Next, they considered the 3 - dimensional K - Fibonacci spiral in

(Falcon and Plaza, 2008)

Some combinatorial identities for the K - Fibonacci and K - Lucas numbers was

proved SUCh as I:k,2n Lk,2n = Fk,4n ’ Fk,2n+1Lk,2n = I:k,4n+1 +1and Fk,Zn Lk,2n+1 = Fk,4n+1 _1'
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The (p,q) - Fibonacci number which be defined as Flao=0, F, =1 and

Foan =PFgns +0F 4 for p=1g>1 and n>2. And the (p,q) - Lucas number which
be definedas L,,,=2L,,,=p and L, , =pL,, ., +0dL,,,, for p=1, =1 and n=2.

Moreover, the Binet's formulas for the (p,q) - Fibonacci number and the (p,q) - Lucas

- ; _p+yP*+4q
a7 L= NE T

number are given by F === and L, ., =n"+r; where 5 and
a, r—r, a,
p—p° +4q . o
r, =# are roots of the characteristic equation r“—pr—gq=0. We note that

L+r,=p, Lr,=-q and r,—T, =wfp2+4q.

In 2015, Suvarnamani and Tatong (2015) showed some properties of the (p,q) -
Fibonacci number. For examples, F...F..:—Fan=(-1)"0"" and F ... =FonFons +0FqmiFoon:

Then Suvarnamani (2016) showed some properties of the (p,q) - Lucas number in 2016

such as L, ,,ublyans—Loan :(7q)“’1(p2 +4q) and L L Lpanibpan :(7q)"’2(p3 +4pq) .

p.a.n-2-pagn+

Now we use the Binet's formulas for finding some properties of the odd and even

terms of the (p,q) - Fibonacci number and the (p,q) - Lucas number.

MAIN RESULT

We get 6 theorems which are some properties of the odd and even terms of the
(p.q) - Fibonacci number and the (p,q) - Lucas number. Frist, we get the result of the even

term of the (p,q) - Fibonacci number. We get the following result.

Theorem 2.1. Let P, 4 and n be positive integers. Then F, ., =F -L ...
r2n _ r2n
Proof. We have Flam= L 2
o h-n
2 2
_(5) (%)
-
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O

Next, we get the result of the even term of the (p,q) - Lucas number. We get the

following result.

Theorem 2.2. Let P, g and nbe positive integers with n>2. Then

o (pz +4q)Fp2%n S |

,0,2n
p.q 2

Proof. We have Logon =H"+1"

267" + 212"
2

(B =20+ )+ (5" + 267 + 1))

2
B (-1 )2 +(1 1y )2
- 2
2
(rl” rz“ )2 (:1::2] + (rl” + rz”)
1 2

O

Then we get the result of the product between the odd term of the (p,q) - Fibonacci

number and the even term of the (p,q) - Fibonacci number. We get the following result.

Lp,q,4n+1 - pq2n

Theorem 2.3. Let P, 4 and nbe positive integers. Then F, . -F ..., = 7440
2n 2n 2n+1 2n+1
=" o™,
Proof. We have Fp a.2n .|:p — 1 2 .4 2
- - h=n h—r

4n+l 2n+1,.2n 2n .2n+1 4n+1
n at (R Pl F Y +1,

(rl_rZ)z
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4n+1

2n+1,.2n 2n,.2n+1
G

T (T )
(r-r)

S ARl A (A
(r-r,)

_ Lp.q.4n+l _(_q)2n (p)
p®+4q

4n+1

_ Lp,q,4n+1 - qun

~ pP+4q
O

Next, we get the result of the product between the odd term of the (p,q) - Lucas

number and the even term of the (p,q) - Lucas number. We get the following result.

Theorem 2.4. Let P,  and n be positive integers. Then L, .. L, 200 =L, a0 +pg*

Proof. We have Lyazn *Lpgona = (1" 40" )-(rf“+1 +1;")

— r.14n+]. + r12n+1r2n + r.2nr.2n+l r24n+1

(r4n+1 4n+1) (G?n+lr2n +_r2nr2n+1)

4n+l

I, 4n+l) 2n,.2n

+0") 4" (4,

=L, qana +PA*"

O

Then we get the result of the product between the odd term of the (p,q) - Lucas

number and the even term of the (p,q) - Fibonacci number. We get the following result.

Theorem 2.5. Let P, 4 and n be positive integers. Then F , -L .50 =F .. -q*
> —r
_ 1 2 2n+1 2n+1
Proof. We have Foazn Logana = P '(rl +1, )
4n+1 2n+1.2n 2n,.2n+1 4n+l
A A Al Akl A o

il

4n+1 4n+1 2n+1.2n 2n,.2n+1
(rl —-h )_(rl - )

il
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4n+l 4n+l 2n,.2n
(rl —h )_rl I (rl_rZ)

L=

=F 2n

p,g,4n+1 —q

O

Then we get the result of the product between the even term of the (p,q) - Lucas

number and the odd term of the (p,q) - Fibonacci number. We get the following result.

Theorem 2.6. Let P, § and n be positive integers. Then F , ,-L ., = Fp,q,4r‘+1+q2n
r2n+1 _ r2n+l
1 2 2n 2n
Proof. We have Foazna Logan =| ——— '(rl +r; )
n-n
4n+1 2n+1.2n 2n,.2n+1 4n+1
:rl +h L -0 -
il
4n+1 4n+1 2n+1.2n 2n,.2n+1
_(rl =) (2 - )
L=

4n+1 4n+1 2n.2n
(Rt =)+ (r-r,)

[l

_ 2n
- Fp,q,4n+1 + q

Remark 2.7. If p=1 and =1 then we get the classical Fibonacci sequence

{0,1,1,2,3,5,8,13,...} and the classical Lucas sequence {2,1,3,4,7,11,18,29,...}. Then

1) From Theorem 2.1, we get F,, =F, -L,,,. Itissimilarlyas F, =F -L.

SR, L 5F2 + L2
2) From Theorem 2.2, we get L, =0t is similarly as L,, =%.
L11 4n+1 -1 L
3) From Theorem 2.3, we get F,,,-F .. = T It is similarly as
L., -1
I:Zn ’ I:2n+1 = %

4) From Theorem 2.4, we get L, , L;,0,0 =L 40 +1. Itis similarly as

L2n ' L2n+l = I—4n-¢-1 +1'
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5) From Theorem 2.5, we get F,, 'L 00 =F140.0 —1. Itis similarly as
Fr - Lon = Fina =1

6) From Theorem 2.6, we get F , ., -L;,,, =F 4., +1 Itis similarly as
Fa Loy =Fpa +1

n+l " =2n
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