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ABSTRACT
The aim of this paper is to construct an estimated sequence for the sequence of
the mean of the fourth roots of the first n integers and to prove that both sequences
share the same floor. On the other hand, we show that the same pattern of sequence
construction is not applicable for the fifth-root and the sixth-root cases.

Keywords: Floor, Average, Fourth roots

1. Introduction

It has been a long time that many researchers have studied for sum of square
roots of non-negative integers. For instance, a mathematical formula of this sum is
proposed by Ramanujan [2] as

S WIS S S

7 kk k0(Jn+k+Jn+k+l)

Later, Merca [1] focused on the arithmetic mean of the square roots of the first n

integers and provided bounds of this mean as follows:

(2 sln SnHj n+ <_;\/_ (3 6n 6n\/FJJ_

Also he conjectured that the sequence has the same floor as a certain

approximated sequence, that is,
1 2 1
=Sk |= (—+—j\/n+1 :
nis 3 6n
In Zacharias [5], this conjecture was proved by Zacharias. The key of the proof is

to find the partition sets in which both sequences have the same floor. Zacharias

presented the partition sets in the modulo 2 pattern as, for k e NU{0},

2 2
Bl‘k={9(2k+1) 5 9(2k +2) s}mN

4 4

and
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2 2
B, - 9(2k+2)° -4 9(2k+3)° -9 AN,
‘ 4 4
where U B, UB,, =N forms a partition of N.
k=0

Afterwards Wihler [4] derived a formula for the arithmetic mean of the r —th roots

of the firstnintegers where r>1 as

1 1
SN e ) N, Wi NP )
e | 2 | r+1 2 12r

with &,,,=0 and o,(v+2,n+2) <6, <o,(v,n) for r>1 where

141
2—1—nlr ifv=1,

o, (v,n) = r
—1+1 —1-*—1
(v-) r-n " ifv>2
Recently, Sriponpaew and Intep [3] defined the estimated sequence for average
of the cube roots of integers by picking up the first two terms from the Wihler's formula
as

3 1 1
—+— [Rn+1-—.

4 4n
Furthermore, we generated the partition sets in the modulo 9 pattern as follows:

for k e NU{0},

_ 2 3 _
64(9k +1) —37'64(9k+2) -53 AN ifk=012
i 27 27 ]
Bl,k =
_ 3 3 7
64(9k +1) 37'64(9k+2) 80 AN fk=3,
i 27 27 |
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_ . , _
64(9k + 2) —26’64(9k+3) —-54 AN ifk=012
L 27 27 ]
Bz,k =
_ . 5 _
64(9k + 2) —53164(9k+3) —-54 AN ifk>3,
| 27 27 ]

and for j=3,4,...,9, define B;, as
_ 64(9k+j)3—bj 64(9k+j+1)3—bj+1—27

ik NN,
’ 27 27
where
27 if j=0 (mod3),
b, = 12(25-1) | if j =0 (mod3)and j=2',
J6+(-D') if jis prime and j=i (mod3),0<i<3,
o 9
and b, =37. Consequently, UU B« = N forms a partition of N. The result shown
k=0 j-1

in [3] is that both sequences share the same floor in each set.

In this article, we concentrate on the floor of arithmetic mean value S, of the
fourth roots of the first n integers. In the process of proof, we construct the sequence
A(n) from the formula of Wihler which share the same floor with S_. Also, we define
the highly sophisticated partition sets which are applicative for the fourth roots in order

to prove the following main theorem.

Theorem 1.1 (Main Theorem) For any positive integer n,

e 22

n\=

Moreover, based on some numerical results, we can show that the same
technique of construction for the approximated sequence is not suitable for the cases

of the fifth roots and the sixth roots.
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2. Preliminaries
The goal of this article is to derive the floor of mean value of the fourth roots of
the first n integers into the floor of a simpler sequence. In particular, we define the

seqguence
S, = EZW
N

and prove that

5.1 = Kfﬁjr‘ﬁJ'

To simplify the process, we define the functions
i - (S 2 )i 2

and

L(x) = (ﬂ 3 j4x+1—3—23,
5 10x 960x

for all real x>1.Firstly, we verify that both functions are strictly increasing.

Lemma 2.1 For x>1, A(X) and L(X) are strictly increasing functions.

Proof. To show the strict monotonicity of A(X), we consider its derivative as
3

8x% —9x —12+12(x+1)*

A(x) = 3
40%* (x +1)*

After we simplify its numerator, we have

, 3 9\ 3 155
8X2 —9X—12+12(x+1)* = 8| x—— | +12| (x+1)*-—2=| > 0
16 128

for all x>1. This implies that A(X) is a strictly increasing function for all x>1.

Similarly, the numerator of derivative of L(X) are algebraically simplified to be
2 3
192 x—g +323| (x+ 1)4—@ >0 forall x>1.
16 1292

Hence, L(X) is also a strictly increasing function for all x >1. O
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We need to prove that S, is increasing in order to consider only boundaries of the

partition sets when we deal with the integer part of S, .

Lemma 2.2 S, = —Z\/E is a strictly increasing sequence.
nNa

1
Proof. It is well-known that f(X)=x* for x>1 is a strictly increasing function.

Therefore, we have
Z(‘/E < > AUn+1 =n Yn+1,
k=1 k=1

After adding nZi‘/E on the both sides of the inequality, we obtain that

k=1
n n+l
(n +1)Z(‘/E< nZ(‘/F
n+l
That is S, = Z\/_ —Z\/E = S,,;, Which implies that S, is a strictly
increasing sequence. L

We observe the values of both (Sn) and (A(n)) calculated by using MATLAB and
define the partition sets where both sequences share the same floor.
Let B, = [L37]"N and B,, = [38,195]"N. For ke NU{0} and j=12,...,64
with (],K) # (ZL 0),(2,0), we define R; as the remainder of division of |32— j| by 32,
ie. R; E|32— j|(m0d32) where 0<R; <32 and define the set B;, as follows:

625(64k + j)* ~b, 625(64k+]+1) —b,,, - 256

ik NN,
’ 256 256

where
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512 if R; =0 (mod4),
528 if R, =2 (mod4),
497 if R, =1
577 if R =3,
609 if R, =5,
593 if R, =7,
401 if R; =9,
545 if R, =11,
. _ /385 IfR =13
7 |433 if R, =15
561 if R, =17,
513 if R, =19,
417 if R, =21,
529 if R, =23,
465 if R, =25,
481 if R, =27,
449 if R; =29,
625 if R, =31,

and by, =625.

Notice that boundary points of B;, are all integers satisfying 1+max B;, =min B,

and 1+max By, =min B, ;. In conclusion, we have that {B;,} is the partition of N.
From (*), we obtain that

DR ( +_j¢—-__ﬂ

10n 48n

3 3 3
38 7 B
where 2 4-n* <o, < Z_n *. Note that forany n>2, 0<6,,, <

NN IEN|

Consequently,
A(n) > 1Z(‘/E> L(n) for n>2.
[ fpuey

The aim of the main theorem is to show that for any ne B;, the integer part of

A(n) and S, is 64K+ j. More precisely, 64k+j<S, 6 <A(n)<64k+ j+1. Notice
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that L(n) and A(n) are strictly increasing and the value of S, is between L(n) and
A(n). It is enough to show that L(r)>64k+ ] and A(S)<64k+ j+1 for any
625(64k + j)* —b. 625(64k + j+1)* —b.
— ( J) j andS=maXBjk= ( J ) j+l
256 ’ 256
To verify these inequalities, we investigate signs of coefficients of some Taylor

r=minB,,

expansions. Nevertheless, for some basic numbers n, we estimate the floor of S,

and A(n) by simple calculation.

3. Proof of Main Theorem

Proof. Let neN.
Case 1 ne B,

Subcase 1.1 k=0
For ne B, thatis 1<n<37, the bounds of S, and A(n) are the following:
1=5 <3S, <SS, ~1.9978
and
1.0081 =~ A@D) < A(n) < A(37) ~ 1.9983.
Hence LSHJ = LA(n)J =1 for 1<n<37.
Subcase 1.2 k>1

_ 625(64k +1)* —b,  625(64k +1)* —625
256 256 '
We will prove that L(r) > 64k +1. By using MATLAB, we expand the following

Let r

expression to be the Taylor series about 1 as
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(7681 + 288)* (r +1) — (960r (64k +1) + 323)*
= 47547546119427481762032000826199731966895
+774640203119425658720785007239699135200000(k —1)

+5909344435099731237832022406397662720000000(k —1)°
+28020765127418531234936412187585855488000000(k —1)°
+92444324128312396503878409379251565363200000(k —1)*
+225017389924911730934110727749382229196800000(k —1)°
+418034724196383328296638346040442880000000000(k —1)°
+604672308282822866952735142403112960000000000(k —1)"
+688253248703557434098810368580124672000000000(k —1)°
+618527192560207135388140144951296000000000000(k —1)°
+437444936821085833008918803785973760000000000(k —1)*°
+240916714292533524653917863936000000000000000(k —1)*
+101291473496103583647859841433600000000000000(k —1)*
+31430535042075469918765056000000000000000000(k —1)**
+6788349707073106765204684800000000000000000(k —1)*
+911780353413022488924782592000000000000000(k —1)*°
+57376752766866189346406400000000000000000(k —1)** > 0.

Then we derive the above inequality into (768r +288)/r +1 > 960r(64k +1) + 323.

4 3 323
We have L(r) = | =4+ — |[¥r+1——— > 64k +1 by direct calculation.
() (5 10rj 960r Y
4 _ _ 4 _
let §= 625(64k +2)" —b, — 256 _ 625(64k + 2) 784. We will show that
256 256

A(S) <64k +2. Similarly, the following expression are written as the Taylor expansion

about 1 as
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(10s(64k +2) +3)* —(8s+3)* (s +1)
= 10953709046418827757109091072488404
+169615890158725058399687231063750520(k —1)

+1231151431305453417400028832235382400(k —1)°
+5560325905943677952822429251120128000(k —1)?
+17488957096089532314859379642818560000(k —1)*
+40621294930019226943217203622707200000(k —1)°
+99643568429174106784851547914240000000(k —1)’
+108486397100314238227268920934400000000(k —1)°
+93324256201346188695935385600000000000(k —1)°
+63221184162282908838568919040000000000(k —1)*°
+33372558966296612654442086400000000000(k —1)™*
+13456894494578024210497536000000000000(k —1)*
+4007064398391505059840000000000000000(k —1)**
+830964796745664430080000000000000000(k —1)**
+107221699928436768768000000000000000(k —1)*°
+6485183463413514240000000000000000(k —1)*¢ >0.

By the same calculation, we have

64k +2 > ﬂ+i \4/s+1—i—A(s).
5 10s

10s
Since A(n) and L(n) are increasing, for r <n<s, we have
64k +1< L(r) <L(n)<S, < A(n) < A(s) <64k +2.
Hence |_an = LA(n)J =64k +1 for k>1.
Case 2 neB,,
Subcase 2.1 k=0
We consider neB,, so that 38<n<195. Since S, and A(n) are strictly
increasing sequences,
2.0105 = S;; < S, < S = 2.9974

and

2.0110 ~ A(38) < A(n) < A(195) ~ 2.9975.
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Hence [ S, | = | A(n) | = 2 for 38<n<195.

Subcase 2.2 k>1

Let r

| 625(64k +2)' —b, 625(64k +2)* —528

256 256

We will show that L(r) > 64k + 2. Again we consider that the Taylor expansion
about 1 of (768r +288)*(r +1) —(960r(64k +2) +323)" in terms of K is greater than

zero for k>1 as the following.
(768r +288)* (r +1) — (960r (64k + 2) +323)*

668277994873531131546094004060653155415727
+10400114950554878959352664454883733411164160(k —1)

+75867603840583500904679025425153247200870400(k —1)°
+344362702240926543282997452509306552057856000(k —1)°
+1088550155865703890324832023114330710999040000(k —1)*
+2541000229559109600433119988914263477452800000(k —1)°
+4530928649775465308350805797614611595264000000(k —1)°
+6295443882813605556499487033900075581440000000(k — 1)’
+6888301792756014127024691114710715596800000000(k —1)°
+5955100114930619634516627670066790400000000000(k —1)°
+4054270203976961665595455761348034560000000000(k —1)*°
+2150765292754342181898829079720755200000000000(k —1)**
+871564931093289201074214436601856000000000000(k —1)*
+260813809742924716184237506560000000000000000(k —1)**
+54354342663695314594163589120000000000000000(k —1)**
+7048224061829361439522947072000000000000000(k —1)*°
+428413087325934213786501120000000000000000(k —1)*° >0 .

In the similar process to Case 1, we have L(r)>64k+2.

Let S

_ 625(64k +3)* —b, —256  625(64k +3)* — 705

. The same technique
256 256

of the Taylor expansion about 1 is used for the following algebraic expression
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(10s(64K +3) + 3)* — (85 +3)" (s +1)
= 6522182691627129366698257394526050
+09271809888737786023175689174466525(k —1)

+708260082620689530531688729770735000(k —1)*
+3144109142755200329883445563177100000(k —1)°
+9720116809480917161028739153319050000(k —1)*
+22190424775092205530308079652435200000(k —1)°
+38697441968427874104549561320960000000(k —1)°
+52583764932346668227730894848000000000(k —1)’
+56268307020125628881185701888000000000(k —1)°
+47573280080701744289624883200000000000(k —1)°
+31674149437471491100183101440000000000(k —1)*°
+16432337223384313110724608000000000000(k —1)**
+6512021529840412367257600000000000000(k —1)*
+1905689081114326466560000000000000000(k —1)**
+388379788591874703360000000000000000(k —1)**
+49249113725110059008000000000000000(k —1)*
+2927339757790822400000000000000000(k —1)* >0.

By positivity of coefficients of the Taylor series of (10s(64k +3)+3)* —(8s+3)* (s+1)
in term of k about 1, we get A(S) <64k +3.
Thus, for r <n<s, we obtain that
64k +2<L(n)<S, <A(n) <64k +3.
Hence LSHJ = |_A(n)J =64k + 2.
Case 3 neB;,

_ 625(64k +3)* — 449

- 256

(768r +288)* (r +1) — (960r (64k + 3) + 323)*

= 156625164231863950511+ 58569627496076052622080k
+10194329686304320962969600k >
+1097187308676744111194112000k*
+81785824949797735225098240000k

Let r . By using the Maclaurin series expansion, we gain
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+4479926087277225077165260800000k>
+186637086876734709974433792000000k®
+6035290884358828786565775360000000k
+153160198360576307538532761600000000k®
+3061598521606783995425587200000000000k°
+48062265635436921267117096960000000000k*°
+586475431819508949402098073600000000000k ™
+5454620023724177977994379264000000000000k*2
+37388742873545543453245440000000000000000k
+178159299899929429341634560000000000000000k**
+527356109875019020303859712000000000000000k*®
+730597318564762811010908160000000000000000k*® >0.

Consequently, we gain L(r) > 64k +3.
625(64k +4)* —768

256
conclude that LSnJ = LA(n)J =64k + 3.

Let S =

. In the same process, we obtain A(S) <64k +4 and

For the remaining cases, to show that
|_SnJ =|_A(n)J=64k+ j, forj=4,5,...,64,
we use similar arguments to those in case 3, i.e., we expand
(768r +288)*(r +1) — (960r (64k + j) +323)*
and
(10s(64k + j+1) +3)* —(8s+3)* (s +1)
into the Maclaurin series in the following form
Co+CiK+Cj K +--4Cp k™

where ¢;, >0. 0

In an analogous way, we define approximated sequences as

Agn)==(§+iijﬂﬁii—il

6 3n

and

6 5 )\ 5
A(n) = (?er] n+1
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for the fifth roots and the sixth roots respectively. Nonetheless, the numerical results

show that

146930
146930) | = 9 Sk
[A,(146930)] = 9 = L46930 2,

and

661026
6

661026 % Z
These imply that the similar pattern of formulation for the estimated sequences

A;(n) and A, (n) is not applicable.

| A(661026) | = 8 = 7 = L
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