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ABSTRACT
This paper will explore the Jacobian matrix from both geometric and analytical
perspective, focusing on how it arises from the transformation of infinitesimal volume
elements. Then, as a practical application, we will demonstrate how the Jacobian can
be used to transform key vector calculus operators from Cartesian to spherical
coordinates.

Keywords: Jacobian matrix, Vector field, Gradient, Divergence, Curl

1. Introduction

The Jacobian matrix is @ mathematical tool that shows how a set of variables
changes with respect to another set. Each entry in the matrix corresponds to a partial
derivative. Its structure allows powerful ways to handle coordinate transformations
and analyze local behavior of functions [1].

One particular application of the Jacobian is in vector calculus, where there are
serval key operators such as the gradient, divergence, and curl. While these operators
are typically expressed in Cartesian coordinates, many problems—especially where
spherical symmetry occurs—are easier to solve using spherical coordinates [3].
Therefore, to work effectively in spherical coordinates, these operators need to be
transformed accordingly.

While it is possible to derive these transformations using the multivariable chain
rule, such derivations are rarely fully shown in most calculus textbooks. The steps are
often abbreviated or spread out across different topics, making it difficult for readers
to grasp the full transformation process. The Jacobian approach therefore aims to offer
a more systematic and unified method that ties together geometry, linear algebra, and

differential calculus [4].
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2. Spherical Coordinates

Before going into the derivations, let us review about the spherical coordinates.
A problem featuring a spherical shape (a sphere, or a hemispherical shell) is often
easier to solve using spherical coordinates [3].

Compared to the Cartesian coordinates of (x,y,z), spherical coordinates are
expressed as (1,0, @) where r is the radial distance from the origin, 8 is the polar
angle, and @ is the azimuthal angle [2]. Note that in this paper, we will use the physics
convention as specified by the ISO standard 80000-2:2019.

Figure 2.1 3D diagram of spherical coordinates.

From Figure 2.1, we can use the Cartesian coordinates to express spherical

coordinates [2].

r= 125 2 W
(2)
(3)

cosf =

RIQIN

tang =

On the contrary, we can also express Cartesian coordinates in terms of spherical

coordinates by the following expressions:

X =71cosqsinf (4)
y =rsin¢@sin 6 (5)
zZ=171cos6 (6)

In spherical coordinates, the unit vectors ¥, 9, and @ point in directions of

increasing 1, 8, and @, respectively. Unlike Cartesian unit vectors, these are not fixed
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and vary with position. They are defined relative to the geometry of a sphere. However,

their orientation can be expressed in terms of Cartesian unit vectors as follows [3]:

7 =1ficosqsin@ + jsin@sinf + kcos6 (7)
0 = icos@cosf +jsinpcosf — ksinb (8)
@ =—lisingp+jcosg )

Geometrically, the radial unit vector 7 points directly outward away from the
origin. The polar unit vector @ is tangent to a vertical circle centered at the origin with
a diameter on the z-axis. The azimuthal unit vector @ is tangent to a horizontal circle
in the xy plane and centered on the z-axis in an anticlockwise sense (just as in

2D polar coordinates) [3]. Remember that these unit vectors are of magnitude one.

3. The Jacobian

The Jacobian matrix and determinant are used when transitioning between
coordinate systems occurs. Geometrically, they can represent the factor by which
areas or volumes are scaled when changing coordinates. Suppose we have a density
function f(x,y,z) and want to calculate its mass. We have to use an integral as the
density of each point can vary. To simplify our calculation, we can switch to a different
coordinate system u, v, w with a scale factor J (Jacobian). This can be represented

below as:

[ fCx,y,2)dxdydz = [[[ f(a(u,v,w), B, v,w),yw,v,w))Jdudvdw (10)

Here, we have expressed (x,y, z) in terms of our new coordinates as functions of
(u,v,w) denoted below.

x=a(u,v,w)

y =B, v,w)
z=y(u,v,w)

We know that dxdydz represents the infinitesimal volume element (a rectangular
prism) in Cartesian coordinates. However, after applying the transformation, this

volume element is distorted and becomes a shape called a parallelepiped.
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Figure 3.1 A rectangular prism and a parallelepiped.

We can label each side of the parallelepiped with a vector.

axb

)

Figure 3.2 Parallelepiped labelled with vectors a, b, c.

We know that the volume of the parallelepiped is calculated by:

V' = area of base - height

= (|a||b| sin @) - |c| cos ¢
= [(axb) -

In order to find the vectors a, b, ¢, we can use the relationship between our
coordinates system. In Figure 3.1, we consider the sides of the infinitesimal volume
element of the rectangular prism to be vectors dxi, dyj, dzk respectively. Once we
have changed into our new coordinates, the vectors will be shifted. Given that x,y, z
are functions of u, v, w, the transformed vectors could have components in the i, j, k
directions after applying the transformation. We can represent these changes with the
following expressions.

dx > 2 sui + 2 6vj + - owk
dy > 2 sui + 22 §vj + 2 swk

0z o 0z " 0z =~
dz - a(‘)‘Ul +6_v6v] + ﬁ(‘)‘Wk
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These new vectors now represent the vectors a, b, ¢ respectively. To find the
volume of the parallelepiped, we will take the triple product of a,b and c. This can
be computed by finding the determinant of a 3xX3 matrix (Jacobian matrix) arranged

in the order below. Note that we have factored out dudvéw.

0z 0z 0z
Ju Jdv Jdw
dxdydz - a_x a_x a_x oudvdw = Jéudvéw
Ju Jdv Jdw
dy dy 0y
Ju Jdv Jw

We have now shown how the volume element has been transformed under our
new coordinates. Furthermore, as the infinitesimal quantities du, v, Sw approaches
zero, they will converge to their differential forms of du, dv, dw. Hence, our new

volume integral can be written as:

([ stz = ([ s

Going back to equation (10), since we have already parameterized our density
function using the new coordinates, we can now calculate the mass using the
transformed volume integral. Thus, we have finally showed how the Jacobian (the
determinant of the 3x3 matrix in the previous page) behaves like a factor when
changing between coordinate systems.

Lastly, the Jacobian matrix can be generally expressed as:

[0Fr . OA]
|ax1 axnl
J=|: -~ i
0E, 0E,
dx,  0x,

4. The Gradient
The gradient operator defined by the symbol V (del, nabla) and has partial

derivatives as its components [2]. In Cartesian coordinates, it is represented as:
]

= a
V=i—+j
6x+]6y

=~ 0
+k£ (11)
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We can apply the gradient operator to a multivariable function, resulting in the

gradient vector.

5. O0f of ~Of
Vf—la-}-]a ka

Similar to how taking the derivative of a function would give the rate of change at
any point, the gradient operator not only gives the rate of change but also indicates

the direction of the fastest increase for a multivariable function.

5. The Divergence
The divergence of a vector function is the scalar product between the gradient

operator and a vector function [2]. In Cartesian coordinates, it is represented as:

Vﬁ—(a 0 il )(F+ j + F,k)
ax ]ay L ] z
_OR 0F oE,
dx dy 0z
You can think of the divergence as a way to represent the rate at which a vector

(12)

field spreads out or converges into a given point in space. A value greater than zero
would mean that the field lines (flux) are radiating outwards, while a value less than

zero would mean that the field lines (flux) are converging inwards [2].

6. The Curl

The curl of a vector function is the vector product between the gradient operator
and a vector function [2]. We can carry out this operation by setting up a 3X3 matrix
and calculating its determinant. The result of calculating the curl is a vector. In

Cartesian coordinates, it is represented as:

—~

> ’5 o 0 o 8 o a
Vxﬁza—a——zzay oz| —jlox ozl +k|ox oy

x oy oz F, F F, F F, F,

F, E, F

)

= oF;, _ 9k i_<%_%)j+ 0F, 0k k
dy 0z dx 0z dx dy
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You can think of the curl as a measure of the net circulation of field lines at a
point. For example, when an electric current is running through a wire, it creates a
magnetic field around the wire. By calculating the curl, we can determine both the
direction in which the magnetic field rotates and its rate (magnitude) at any given

point.

7. Gradient Operator in Spherical Coordinates

Now that we have familiarize ourselves with the Jacobian and all the vector
calculus operators, let’s see how the Jacobian matrix can be used to transform the
gradient from Cartesian to spherical.

Firstly, the gradient operator in Cartesian is represented by equation (11). However,

we want it to be in terms of r, 8, ¢. We can use the chain rule which will give us:

d 00x 0ddy 00z

6 _00x 30y, 0820z (13)
ar _oxor Tayor  azor
9 dox 00y 8oz
9 _00x 09, 00 (1)
96~ 9x06 9y 00 T 9206
9 dox 003y 0oz

(15)

3¢~ dxdp ayde ' ozdp
We can now use matrix notation to represent equations (13), (14), and (15)

altogether. The matrix on the right side is the Jacobian matrix (]).

(0x 0x 0x7

or 90 ¢

Jd ad 0 ad a4 d1loy ody oy
[5%%]%@@&]5%%
dz 0z 0z

lor 96 d¢l

Going back to equations (4), (5), and (6). We can take the partial derivative with

respect to each variables, giving us:
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[a a 0 ]
dr 00 Od¢

a d 0
_[a @ E] singsinf rsingcosfd rcos@sing

cos@ —rsin @ 0

cospsinf rcos@cosf —rsin@sin 9]

[a d a]_[a d a] =
or 068 adpl lox oay odzl®
Here, the Jacobian is acting as a scaling factor to the gradient in Cartesian. Solving

a 9 0 i i .
for —,—,—, we can take the inverse of the Jacobian matrix.

ax’ay’ az’
[a d a] _1_[6 d a]
dr 060 Od¢ dx 0dy 0z
Although the detailed steps for computing the inverse of a 3X3 matrix especially
one involving trigonometric functions are complicated and requires lots of algebraic
manipulation, the final result is provided for completeness. The detailed calculations

are omitted to maintain focus on the primary analysis.

cospsinf singsinf cosf

|cos¢@ cos® singcosb sin 6 |
7t = r r r
l sin ¢ Cos @ 0 J
rsin @ rsin @

One property of the dot product is that when two perpendicular vectors are dotted
together, the answer will be zero. We can utilize this property to find the coefficients
of each of the components by multiplying the transformed gradient operator with the

spherical unit vectors #,8, @ respectively.
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L. q8 a2 a7 'COS‘PSinH] o o a1[t] o
V-t=|—= = ——|]'|singcosh =[— = —] =—
dr 00 Od¢ cos dr 060 Od¢ 0 or
) 0
Gp_ [0 2 07 [05P%f 1a a a)l1]|_19
“lor a8 3ol S”l"’.cogg _[ar 26 a<p] 7| " rae
sin 0
o 0
V”—[a 0 a]_l—smfﬂ_[a 0 a] o | 1 0
¢= dr 00 Od¢ J coS(p ~lor 90 a9 1 " rsinfde
7 sin 6

We have finally derived the gradient operator in spherical coordinates using the

Jacobian matrix and applying its inverse. Thus, the gradient in spherical coordinates is

expressed as:
d 10 1

. d
V= 700 im0 s ?

Compare to just using the chain rule, using the Jacobian matrix provides a more
structured and organized approach. By encapsulating all the partial derivatives into a

single matrix, it shows how each component changes across coordinate systems.

8. The Divergence in Spherical Coordinates

We know that the divergence in Cartesian coordinates is defined by equation (12).
It is the dot product between the gradient operator and a vector field. In order to
transform it into spherical coordinates, we can first take the same approach as we did

for the gradient (equations (13), (14), and (15)).

[cos ¢ sinf singsinf cos@ 1
0 a8 g.lcosgcos 6 singcosf sin 6 |
| Nk

[a d a]
dx 0dy 0z

) ) i .9 a8 d.
Here, we have used the inverse of the Jacobian matrix to obtain 953y’ 97 in terms

of r,0,¢. Next, let us express Fy, E,, F, in terms of E., Fg, F,. This can be done by

r r r
sin ¢ Cos @ 0 J
7 sin 6 7 sin 6

5%%[

manipulating the unit vectors.

10
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Firstly, writing equations (7), (8), and (9) in matrix notation.

r cosgpsinf singsinf cosO [1
0| =|cospcosd singpcosd —sinb||j
7 —sin¢ cos ¢ 0 k

As before, in order to express i, j, k in terms of ¥, 8, @, we can take the inverse of

the matrix. However, since this is an orthogonal matrix, the inverse is simply its

transpose.
i cospsing cospcos® —sing][T
J|=|singsinf singpcosf® cose ||0
k cos @ —sin @ 0 7]
We can now use this relationship to express F, F,, F; in terms of F., Fy, F,,.
Fy cos@sinf cos@cosf —sing]|F
Fy| =|singpsin® singpcosf® cosq ||Fe
E, cos @ —sin @ 0 F,

Multiplying out the matrix will give us:

E. = cosgsinf F. + cos@p cosOFy —sin@ F,
E, = singsin F. + sin @ cos 0 Fg + cos @ F,
F, =cos0 F. —sinf Fy

Putting this altogether will give us:

cos@sin@ F. cos@cosOFy —singkF,
]]‘1 sinpsin@ F. singpcosOFy cos@F,

- o ad d o0
V-Fz[
cosO E, —sin @ Fy 0

ar 46 dgp
Again, we shall omit the algebraic manipulation in order to maintain focus on the

primary analysis. Thus, after all of the tedious algebraic manipulation, we are left with:

v ﬁ_<6Fr+2F)+<16F9+cost9F)+ 1 0F,
“\or T r 90 ' rsinf rsin@ dg

Notice that the first two terms come from the product rule for derivatives. We can

reverse this to help simplifying the first two terms. Hence, the divergence in spherical

coordinates is given as:

ﬁ—162F+ ! aF'¢9+ L 9
- Tt singag oo™

—F
rsin@de ¢

11
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9. The Curl in Spherical Coordinates
Before we start deriving the curl in spherical coordinates, let us look at another

notation of the curl involving unit vectors first in Cartesian coordinates.

VxF=(1 oF +(j oF + E><aﬁ
*EE\ %) T U 7%y 9z

This notation helps us visualize how each component of the curl is related to the
changes in the vector field in the directions of the coordinate axes. It highlights how
the curl is constructed from partial derivatives in different directions.

Now, suppose we have a vector field in spherical coordinate expressed as:

F=Ef+Fy0+F,
From Section 7, we have already found the coefficients of the unit vectors when

it is transformed into spherical coordinates. Thus, we can write the following:

SIS aﬁ+§ aﬁ+ P xaﬁ
xE= rxar rxae rsinf Jdo

In order to make our derivation easier, let us work with each component

separately. Starting with # component:

_ 0F _ O(EF+F0+F,9)
YrX—=7rX
or or

We shall use the product rule on the second term. This will give us:

O(F7+Fo®+F,p) _OF _0F, _O0F,
ar T T 0% T

Note that we have referred to equations (7), (8), and (9) for the partial derivatives

of #,8,  with respect to r. Next, we will cross it with the unit vector 7.

_ OF Aal?r_}_,gaFg_}_AaF(p
rar or "’ar

_0F, _0F,
=05 05,

(16)

12
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Moving on to the 8 component.

6 0F 0 O(E++Fy0+F,9)
—X—=—==—=X
r 6 r 00

Using the product rule again on the second term.

(7 +Fe@+F,9) _OF . _dF, dF,
=L A EO+ 0t — Ff+ =2
96 Tog THo+ 05y~ + @5,

Note that we have referred to equations (7), (8), and (9) again for the partial

derivatives of #, 8, @ with respect to 8. Next, we will cross it with the unit vector 8.

0 OF 0 JOF o 5OF L OF,
T 9g T T P

POF. @ roF,
r 06 + r? + r 00
Lastly, consider the @ component. Since this requires a lot more algebraic

(17)

manipulation and space, we shall omit the working out and skip to the final answer.

9 OF 0 O0F, & O0F, FI9‘+F . #
X — = — —F,—
rsind  dg rsinf@dep rsinfadp Pr v €08

(18)
rsin @

Combine equations (16), (17), and (18) together and group all the #, 8, § together,

respectively.

~

7]

Jd OF aFQ]A 1[6 F 1 aFr],g 1[6 F aFr]
rsing lag "7 Gl r ar’ @ sin@ d¢ ar' 9 99

r r

Here we have taken out the common factors and use the product rule for
derivatives to simplify things. To finalize our derivation, we can write it in the

conventional matrix form (determinant of a 3X3 matrix).

—~

r 0 i # 18 rsinf@
. r2sin@ rsin® r 1 P P P
— =~ — r2siné [or 06 o
or 99 ¢ E. rFy rsin@F
E. rFg  7rsin@F, " 0 ¢

Thus, we have finally derived the curl in spherical coordinates.

13
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10. Conclusion

In this paper, we have explored the Jacobian and its role in deriving vector calculus
operators from Cartesian to spherical coordinates [3]. By visualizing how the Jacobian
arises from the deformation of infinitesimal volume elements, we provided a clear
and intuitive framework for understanding coordinate transformations [1]. This
approach allowed us to derive the gradient, divergence, and curl in spherical
coordinates, offering an alternative approach to the abbreviated derivations often seen
in traditional calculus textbooks. Future work could extend this framework to more
complex coordinate systems such as the curvilinear systems, or integrate them with

numerical methods for even broader applications [4].
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