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ABSTRACT
This general article presents an interesting part of Plato’s biography and his
mathematician quote.

Keywords: Plato, Biography, Mathematician quote
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They are not thinking about these figures but of those things which the figures
represent; thus, it is the square in itself and the diameter in itself which are the matter
of their areuments, not that which they draw; similarly, when they model or draw
objects, which may themselves have images in shadows or in water, they use them in
turn as images, endeavouring to see those absolute objects which cannot be seen
otherwise than by thought. [6]

¥ VY
51 a o

Wity AnAndls Saguil weisjaviang lugd Nday
d9g9e19 13Ul Tdunudiu wae Ut Auadu liusaun
1958 399034 ns1edna Usngda freteny uninuiy
HuAudnans dunasne veRuwey Aldwdiu duriunans egnsuun
= a dl dil al £ o % a =l ¥ ¥
9 uAn 1Beail Alald 81u3elV LeSunedng onavgua
owmneds daduld lunua Tytuma Ngudnwal Usedndm

= L4 1 ¥ a o dl !
guun wilawnaine $1e3Uld wnuAuAn luvsiy Avdngd
TuABL #991889 VB Junmdou azviounn 5191513
wenddld gUdnaes Iiuewdiu eduysal Suaaau Wunniuans
Faleauns Je1any Uszauniu W gduyTal lRNNZHIY NN9ANAR
1’4 a

1ANE1591984

[1] USw Hrevdnydu uazmnie. (2540). 97585553 aUelusIal - AdENaIN. NTUNNUMIUAT:
dilnfiuriuiepinasnsalunninest.
Changkwanyeun, P. et al. (1997). Civilization: Prehistoric — Middle Age. Bangkok:
Chulalongkorn University Publisher.



MIANSARAFERNS USU1 64 L1aUN 699 AU — SuIAN 2562

[2] The Story of Mathematics. Retrieved June 27, 2019, from

https://www.storyofmathematics.com/greek plato.html.

Greek Greece Reporter. Retrieved June 20, 2019, from
https://greece.greekreporter.com/2018/11/12/the-platonic-academy-of-athens-
the-worlds-first-university.

Pickover, C.A. (2013). The Math Book: 250 Milestones in the History of
Mathematics. New York: Barnes & Noble, Inc.

Thomas L., Heath. (2013). Euclid’s Elements : all thirteen books complete in
one volume. Michigan: Sheridan Books, Inc.

Newman, J.R. (1956). The World of Mathematics (Vol. 1). New York: Dover

Publications, Inc.


https://www.storyofmathematics.com/greek_plato.html
https://greece.greekreporter.com/2018/11/12/the-platonic-academy-of-athens-the-worlds-first-university
https://greece.greekreporter.com/2018/11/12/the-platonic-academy-of-athens-the-worlds-first-university

DOI: 10.14456/mj-math.2019.11 Tsasadineans Ui 64 auil 699 fugneu - Suanay 2562

H 2158715ANAANENT Mathematical Journal 64(699) fugnen — Sues 2562

oy aunauadinmansuisssmalne Tunseususgudug

http://www.mathassociation.net Email: MathThaiOrg@gmail.com

WMANANITEIUAINATENS

Mathematics Teaching Technique

a3ns Andma

Siriporn Thipkong
Department of Education, Faculty of Education, Kasetsart University, Bangkok 10900

Email: fedusit@ku.ac.th

Fuiisuumena : 3 nsngIew 2562
Fufiudloumannu : 31 nsngiau 2562

JuiinauSuunay : 5 dwneu 2562

UNANED

wadansaeuiinnudrdufiezdislddnEeuiianuddalunisiseu vildnnsdou
nsaeuiivseandanuiniu dnidsuaynauiulunisSounasiiniug wadanisaou
AdlnAans b (1) madanisiididuniiew lnensidlsyiiadamansiagnisnuniu
anudfugiunounisdoudedlal (2) wadanisanudniu nMsnudInuYesAzIzde
N3EAUANNANYDITINISEY ATIRdaUAUIlA LagAuTvgraveslnseu (3) wallans
afausegale agmsliuuuiindindimunzanivemaunsavesiniFeu liniFeuidni
aulosUszaunNdse (4) wmalanisendiegns Tnesuainnslimioiaiienou uaydl
fethmanefegnaiifertosiuiinaiuardaindey (5) madanslddenistous asens
THdofingusehvsiuies dodnfagu viedemalulad flasgaensedunruaulavesingoy
(6) wadian1sagUunSeu dnidsudesasdsiindeuldFoulusiasay iethanudiuly
TlumsuitymuagnmaBsuadaman flussiuiigedusiely

AdnAny: watiansaeuadamans watanisiidiguniseun natansaiausgdla
6



MIASAMAFNERNS USUN 64 LauT 699 fuenay — SuIAu 2562

ABSTRACT

Teaching technique is important for helping students’ intention in learning and
making instruction more effectively. The students enjoy learning and have knowledge.
There are many technique for teaching mathematics such as (1) The introductory
lesson technique: telling mathematics history and reviewing students’ background
knowledge before starting a new topic. (2) Asking question technique: the teacher’s
questions will help students’ thinking impulse and test their understanding and
reasoning. (3) Constructed reinforcement technique: the teacher should give students
appropriate exercises according to their ability so that they feel successful. (4) Giving
example technique: starting from easy example and there are many examples related
to real life and the environment. (5) Using learning materials technique: there are
learning materials that the teacher made, ready- made materials, and technology
materials. These will help stimulate students’ interest. (6) Summary lesson technique:
students have to summarize what they learn in each period. They can bring their
knowledge in solving problems and further study in higher mathematics.
Keywords: Mathematics teaching technique, Introductory lesson technique,

Constructed reinforcement technique
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ABSTRACT
In this article, the 27 Card Trick of Martin Gardner is presented. The use of base
number systems can explain how to perform the trick. Generalized versions of this
card trick are also offered.
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Mgt wndenldiargiu 5 uazaziUaliielvigvudneaslidiuiu 4 seu Favilns
foaldlnanunsanuius® = 625 Tu fasiaiuisaldlninuiu 12 drsuieundslniiainany
waneaiy wagiiulnldnines (oker) asludanilaly stuvtavuadu (12x52) + 1 = 625
lunefdl 1saglanuasiundsiilurasnduudeninuasIvisuniuasaunaedl uag
eeliudenauiiveuaniay 1 8 625 umilelay NUs1agyiMsiUalnkuulaui

'
T A

suaevh uwinsniluuiarseutusandalieandu 5 nos wadliradneswiiflniiden
15 siwauil 4 seu dumedaddaiisdosinszsninedivhnsdalniazlufine widonh
auiigrandeninavsendaevienou (Fududnun) ndufthunms 5 Ifawitlnilian
thnaslifigrud Ui lusumisiesmuitld Tnewes 0, 1, 2, 3 uay 4 vanedsiumisvesnes
imnuuasaamudiy (ileadwiilnauds) drulvnesduiiuulallddagnaiumidud
1§ anduthuamsildluaasislusause q Tudwivauesy 4 sou udlnlufifumdenl e
meglusumisiingdeinisies
L‘J’]Ej'ﬂﬁW?,J’liﬂUizqﬂ(ﬁﬂﬁiLﬁuﬂ@lﬂiﬂjﬁUi%UULamﬁﬁuﬁLLGiazﬂ/iélﬂﬁj’mLLGmG]'Nﬁu [1] B4l
uneruiiasveiiunt “seuviauukay” fheghady isndenldiavdnusn (Huannisen
ude) Wugu 4 vanfiaendugiu 2 vanfaundugiu 5 uagndniididugiu 3 el
siodldliifanun 4 x 2 x 5 x 3 = 120 Tu LEINIdsuRULsazuiaLs 0 81 119 Triagly

U

Y

ABCD 35,.4) = (Ax(5x2x4))+(Bx(2x4))+(Cx4)+D

Tnefi Ae{0,1, 2}, Be{0,1, 2,3,4}, C {0, 1}, De{0,1, 2, 3} Tatanawaglaiigaguuuy
Wiy TuunanuilisagSenssuuaugunantdn ssuumugIunay (3,5, 2, 4) 3U 3.1

WEPIRIBENNTAALAYFIUNEY (3, 5, 2, 4) VBIUNAILAY
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413 441 4|78 4 111 4115
213 1 210 1 219 2 2027 3 2|28 3
511 1 505 0 519 1 513 1 514 0
30 1 31 0 31 4 312 3 3|2 4
0 0 0 1 01 0 2 0 2
13 =0111,,,, 41=1001,,,, 78=1412,.,, 111=2313_ ., 115=2403,,,,

gﬂﬁ 3.1 fIREINMSAALAYFIUNEY (3, 5, 2, 4) vaay 13 41 78 111 uag 115

Fanaiavildlafeauroud 0 e 119 wihiu duhlfsannseldisnsdulunindy
nalnidmsulns o 120 Wil eesesliudonaeiivovatnian 1 89 120 wazis1ay
ymsdaliuuuiduiisiaeriusnsmdsuounedwiimuidduusasseuarliiviiu Tew
azuslyioonidu 4 nesluseuusn 2 nesluseuiiass 5 nesluseuiiany was 3 nedluseudia
warlaudneslniinlndidenl fivwiu druedndulumsuaninafiie indesiiavidua
Fenuaueondevikreulunouusn Mniufiinums 4 WWaswhlndlishneswilded
TuhlusumisenauildlasfnnisFeshumininuuasduuuida nthuhaamsildly
Ansiolusausie 9 TUuAnauAsy 4 sou Tngluusazseuiivdelsnemsfiena 2, 5 uay 3
pudrdu TilufigeudentifasaumngedlusundsiifuuldidonliFusnousunuans
lpogneindrassd

dmsvlunaderfuiisfiamsoaduiuminaugiu viewdeusussnauiinuiuud
§suaulwlddnnainnaisguuuy deilwisnsidunalundazuuueiaunnsieiu vie
willauiulaluunadiay U 3.2 wansiiegean1sAnaugiunas (4, 2, 3, 5), (2, 2, 6, 5) wag

(4, 5, 6) VDIALAVUNAILAY
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513 541 5|78 5 [111 5 [115
312 3 318 1 315 3 322 1 323 0
2|0 2 2|2 2 2|5 0 27 1 2|7 2
4]0 o 4l1 o 412 1 413 1 413 1
0o 01 0 2 0 3 0 3
13 =0023,,,, 41=1021,,,, 78=2103,,,, 111=3111,,,, 115=3120,,,,
513 5|41 5|78 5 111 5 |115
612 3 68 1 615 3 622 1 6 (23 0
2|0 2 21 2 202 3 2|3 4 23 5
2(0 o0 20 1 21 0 21 1 2 1 1
00 0 0 01 01 0 1
13 =0023,,,, 41=0121,,., 78=1033,, , 111=1141,, . 115=1150,,
6 [13 6 (41 6 |78 6 6 [115
512 1 516 5 513 0 5 |_ 3 519 1
4]0 2 411 1 412 3 4|3 3 403 4
0 0 0 1 0 2 0 3 0 3
13=021,,, 41=115,,  78=230,,, 111=333,. .  115=341,

Y

gﬂﬁ 3.2 fRgaNTARAYIFIUNEN (4, 2, 3, 5) (FUuw), (2, 2, 6, 5) (FUnang) uag

(4, 5, 6) (5Uan9) vaaaw 13, 41, 78, 111 uay 115

uenanisdansaAeuiinaaunat andliivudonaviivevlunounsnudaun
ylslnfigsudonluumngeglusumisiu Wunslifuundenitluusiarsevaslilrinassos
noslvudeunaslnuthausldldligudendauariivevluneunsn usisazusuduinmaly
Tnethduaviumisiigaudonauiuausssiiumisiu (S?J’yuagjﬁ’uﬁ']Liﬂ%’l,a%maﬂi)

wduanavadluides q auluseuausiveniniwluduarluegisumidlalunadlwumudly

LU
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4. a3y

aunsaldszuuavgusnggliniswananaln 27 luves unsiu nsaues anduly
Tagdw wonniindsansaversiinisidunalndliiluddulasldssuuiavgunay
sufsguuuumsuansnaiasuluse fisuninduegrebeingsuaglfiuauduisy
nsgruuneud wavannsnhluidunaionnuayn mufaduvsslenivazninilld

‘U@Qi%‘U‘ULﬁ?@WUNWﬂ%U

LONE1591984
[1] Bolker, E. D. (2010). Gergonne's Card Trick, Positional Notation, and Radix Sort.
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[2] Gardner, M. (1956). Mathematics, Magic and Mystery. New York: Dover Publications.
[3] Hargrave, C. P. (2000). A History of Playing Cards and a Bibliography of Cards and

Gaming. Mineola, New York: Dover Publications.
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ABSTRACT

In this paper, we find positive integral solutions of the Diophantine equation
1 2 3 1
—t—t—==.

Xy z 2

Keywords: Diophantine equation, Positive integral solutions
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1. Introduction

In 1948, Erdds and Straus [1], [3] have conjectured that for each n>2, the

Diophantine equation 1+£+1=i has a positive integral solution (X,y,z), where
X y z n

X#Y, Y#2 and z#X. Later, many researchers studied and solved this Diophantine
equation, see [2], [4], [7] and [8].

In 2013, Rabago and Tagle [5] studied on the areas and volume of a certain regular

solid and the Diophantine equation i+£+1=1. Sandor [6] offered an elementary
X y z
1 1 1 1
approach to the solution of the Diophantine equation ;+ y +;=E

In this paper, we try to solve for all positive integral solutions of the Diophantine

1 2 3 1
equation —+—+—=—.
X y z 2

2. Method of Analysis

From the Diophantine equation 1+£+§=%, we get x>3,y>5 and z>7.
X y z

We are going to split into three cases.

Casel If x<y<z or x<z<y, then l:1+2+3<9 Hence, 3<x<12.
2 X y 7 X

If x=3, then 3 3_ 3,|e (y—-12)(z-18) = 216. (1)
y z 6

If x=4, then 2,31 e, (y-8)(z-12)=96. (2)
y z 4’

If x=5, then 2,3 3 i.e., (3y—20)(z-10)=200. (3)
y z 10’

If x=6, then 2, E=1 , (y—6)(z-9)=54. (4)
y z 3

If x=8, then 2,3 § i.e., (3y—16)(z—8)=128. (5)
y z 8’

If x=10, then 3+§=§, ie., (y-5)(2z-15)=75. (6)
y z
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For (1), the only following cases are possible:
y-12=1,z7-18=216; y-12=2,7-18=108; y—-12=3,2-18=72;
y—12=4,7-18=>54; y—-12=6,z-18=36; y—-12=8,z-18=27,
y—-12=9,2-18 = 24; y-12=12,7-18=18; y—-12=18,z-18=12;
y—-12=24,2-18=9; y-12=27,2-18=8§; y—-12=36,z-18=6;
y—-12=54,7-18=4; y-12=72,2-18=3; y—-12=108,z-18=2;
y—-12=216,z-18=1.
Leading to the solutions: (x,y,z) =(3,13,234), (3,14,126), (3,15,90), (3,16,72), (3,18,54),
(3,20,45), (3,21,42), (3,24,36), (3,30,30), (3,36,27), (3,39, 26), (3,48,24), (3,66,22), (3,84,21),
(3,120,20) and (3,228,19).
In the same manner
(2) leads to (x,y,z)=(4,9,108), (4,10,60), (4,11,44), (4,12,36), (4,14,28),
(4,16,24), (4,20,20), (4,24,18), (4,32,16), (4,40,15), (4,56,14) and (4,104,13).
(3) leads to (x,v,2) =(5,7,210), (5,8,60), (5,10,30), (5,15,18), (5,20,15) and
(5,40,12) .
(4) leads to (x,y,z)=(6,7,63), (6,8,36), (6,9,27), (6,12,18), (6,15,15), (6,24,12),
(6,33,11) and (6,60,10) .
(5) leads to (x,y,z)=(8,8,24), (8,16,12) and (8,48,9).

While, (6) leads to (x,y,z)=(10,10,15) and (10,20,10).
2 3 5

If x=7,then =+==— (7)
y z 14

If x=9, then g+§:1. (8)
y z 18

f x=11, then 24>=2 (9)
y z 22

if x=12, then 24+3=> (10)

y z 12
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If z<y, then (7) gives %:£+§SE, that is, 7<z<14. However, only
7z

2€{9,10,14} gives positive integral values of y. Hence, (x,y,z)=(7,84,9),(7,35,10)
and (7,14,14).
. 5 2 35 .
If y<z,then (7) gives ﬂ=—+—S—, that is, 7<y<14. However, only ye{7,8}
y 7.y
gives positive integral values of z. Hence, (X,y,z)=(7,7,42) and (7,8,28).

If z<y, then (8) gives %=E+ESE, that is, 9<z<12. However, only ze {9}
y 7z
gives positive integral value of y. Hence, (X,Y,2)=(9,36,9).
3

If y<z, then (8) gives %=E+—si,that is, 9<y<12. However, only ye{9}
y 2.y

gives positive integral value of z. Hence, (x,Y,2)=(9,9,18).

If z<y, then (9) gives %ZE-{-ESE, that is, 11<z<12. However, both of them
y z z

do not give positive integral value of y. Hence, there is no solutions for (9)

If y<z,then (9) gives %=E+§£E, that is, 11< y<12. However, both of them
y z.y
do not give positive integral value of z. Hence, there is no solutions for (9)
If z<y, then (10) gives %ZE-FESE, thatis, z=12. Hence, (x,y,2)=(12,12,12) .
y z 2
. 5 2 3.5 .
If y<z, then (10) gives EZ—-F—S—, that is, y=12. Hence, (x,Y,z)=(12,12,12) .
y z.y
Case ll If y<x<z or y<z<x,then l:1+£+§SE. Hence, 5<y<12.
Xy zy
1 3 1 .
If y=5,then =+==—ie., (x-10)(z-30)=300. (11)
x z 10
1 3 1.
If y=6, then StyTe e (x—6)(z-18)=108. (12)
X z
1 3 3 .
If y=7,then =+=2=""ie., (3x-14)(z-14)=196. (13)
Xx z 14
1 3 1.
If y=8, then SroE e (x—4)(z-12)=48. (14)
X z
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1 3 3 .
If y=10,then =+=="ie., (3x—10)(z—10)=100. (15)
x z 10
1 3 1.
If y=12, then o= ies (x=3)(z-9)=27. (16)
X Z

For (11) the only following cases are possible :
x—10=1,z-30=300; x—10=2,z-30=150; x—-10=3,z-30=100;
x—-10=4,2-30=75; Xx—10=5,z-30=60; Xx—-10=6,z—-30=50;
x—-10=10,z-30=130; x—-10=12,7—-30=25; x—-10=15,z-30=20;
x—10=20,z-30=15; x—10=25,2-30=12; x—-10=30,z-30=10;
x—-10=50,z-30=6; x—-10=60,z-30=5; x—=10=75,2-30=4;
x—-10=100,z -30=3; x—-10=150,z-30=2; x—-10=300,z-30=1.
Leading to the solutions : (x,Y,z) =(11,5,330),(12,5,180),(13,5,130), (14,5,105), (15,5,90),
(16,5,80),(20,5,60),(22,5,55), (25,5,50), (30,5, 45), (35,5,42), (40,5, 40), (60,5,36), (70,5, 35),
(85,5,34),(110,5,33),(160,5,32) and (310,5,31).
In the same manner,
(12) leads to (x,y,z)=(7,6,126),(8,6,72),(9,6,54),(10,6,45),(12,6,36), (15,6,30),
(18,6,27),(24,6,24),(33,6,22),(42,6,21), (60,6,20) and (114,6,19).
(13) leads to (x,y,z)=(14,7,21),(21,7,18) and (70,7,15).
(14) leads to (x,y,z) = (10,8,20),(12,8,18),(16,8,16),(20,8,15), (628,8,14) and
(52,8,13) .
(15) leads to (x,y,z)=(20,10,12).
While, (16) has no solutions.

1 3 5
If y=9,then —+—=—. 17
y x z 18 ( )
1 3 7
If y=11, then —+—=—. 18
y X z 22 ( )

If x<z,then (17) gives %=%+§S;, that is, 9<x<14. However, all values of

x do not give positive integral value of z. Hence, there is no solutions for (17).
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If z<x,then(17) gives %:1+§<i ,thatis, 9<z<14. However, only ze{11,12}
X 7z 1z
gives positive integral values of x. Hence, (x,y,z)=(198,9,11) and (36,9,12) .

If x<z,then (18) gives é=1+§££, that is, 11< x<12. However, both values
X z X

of x do not give positive integral value of z. Hence, there is no solutions for (18).

If z<x, then (18) gives é:1+§<ﬂ, that is, 11<z<12. However, only ze{11}
X 7 1

gives positive integral value of x. Hence, (x,y,z)=(22,11,11).

Case lll If z<x<y or z<y<X, then 1=1+3+§s§. Hence, 7<z<12.
X y z z

1 2 1 .

If z=7,then =+==—ie., (x-14)(y—28)=392. (19)
X y 14
1 2 1.

If z=8,then =+===ie, (x—8)(y—16)=128. (20)
X y 8
1 2 1 .

If z=9,then =+===ie, (x-6)(y—-12)=72. (21)
X y 6
1 2 1 .

If z=10, then —+===i.e. (x—5)(y—-10)=50. (22)
X y 5
1 2 1 .

If z=12, then Stus e (x—4)(y—8)=32. (23)
Xy

(19) leads to (x,y,z)=(15,420,7),(16,224,7),(18,126,7),(21,84,7),(22,77,7),
(28,56,7),(42,42,7),(63,36,7),(70,35,7),(112,32,7),(210,30,7) and (406,29,7).

(20) leads to (x,y,z)=(9,144,8),(10,80,8),(12,48,8),(16,32,8),(24,24,8),(40,20,8),
(72,18,8) and (136,17,8).

(21) leads to (x,y,z)=(10,30,9),(12,24,9),(14,21,9),(15,20,9), (18,18,9), (24,16,9),
(30,15,9),(42,14,9) and (78,13,9).

(22) leads to (x,y,z)=(15,15,10),(30,12,10) and (55,11,10).
While, (23) has no solutions.

1 2 5

If z=11 then =4+ ==—". (24)
X y 22
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. 5 1 23 .
If x<vy, then (24) gives Z:_+_S_’ that is, 12<x <13, However, both values
X y X
of x do not give positive integral value of y. Hence, there is no solution for (24).
If y<x then (24) gives %=£+Z<§ that is, 12<y<13. However, both values
X yy

of y do not give positive integral value of x. Hence, there is no solution for (24).

Suggested Problem

Let a,b,c,p and q be positive integers, we may ask for the positive integral

solutions (X,y,z) for the Diophantine equation 3+E+E=E where X,y and z are

X'y z qQ
positive integers.
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ABSTRACT
In this research, we study the form of odd prime number p in Legendre Symbol
(2p,p,/ p) where p;, p, are odd prime numbers, p|p, and pJp, by using
Chinese Remainder Theorem for finding the solutions of system of congruence. We
separate this study into 3 cases as the followings.
1. p,=1(mod 4) and p,=1(mod 4)
2. p,=1(mod 4) and p,=3(mod 4)
3. p,=3(mod 4) and p,=3(mod 4)

Keywords: Quadratic residue, Legendre symbol, Chinese remainder theorem

1. UMY
dmsuinnuduuin m uardiudy a 9 (a,m)=11319gn0a173 a Judueands

o w @ 1 A 2 a
Maseaeuegla m Araidle x° =a (mod m) Axaweae

[

ddnuwaliaevesnludydnwaliiiansisnnududiunnaeidsaes@slonunsolull

o [

a [ 2/ [ o a & o & A L4
undleny 1.1 [1] Avueld p Wudwiuanigd wag a Wudwiuaun pla dydnual

o

1999847 (Legendre symbol) (a/ p) szsuaA el

(a/p)=1 e a WudunnAiiasees wagla p
(a/p)=-1 e a LiudunnAeiidsees wenla p

[

dmsunsdin a=2 §9a51 Meyyed [1] lnandsguuuuvesinuiuansaludydnynl

vo X
LA9RIN IR

|4 p=£l(mod 8)
(Z/p)_{—l, 0=+3 (mod 8)

(Y v L4

MNMIFNYUIBNNEITRIR UM FULULTIIWIaNEAludydnyalaa 8 wud

o

Tul w.e. 2547 9y Aszasna [2] WAnwimgUuuuvesinuiuanizd p ludydnualiae

[ A v v

399 (b/ p) e b Wudwuamzd 71 p b Feinan15idedisil

a5



o a v o ¢ ¢
sUuuudwauaned p ludydnualiaevssd (2p,p,/ p)

nauun 1.1 [2] Awuald b uay p Wudwwanzd leed p b uas b=1(mod 4)
Agle
1, =b+r*b+r* (mod 2b
(b p)=] b PEDHCOETmod )
-1, p=b+r*b+r* (mod 2b)
lo S, €{2,4,6,...,b-1}, T,efl, 3, 5..., b—2} uaz r Wusnugugruweqla b

nawun 1.2 [2] Mvuali b uag p Husruwaned laedl pJb was b=3(mod 4)
9zlann
1, p=3b+4n,r> (mod 4b),
=-3b+4n,r™ (mod 4b)
-1, p=3b+4n,r" (mod 4b),
=-3b+4n,r> (mod 4b)

(b/p)=

ilo S, e{2, 4,6,..., b-1}, T,e{l 3 5,..., b2}, n, Wudwoutu uaz r 1Jusin
Ususnueqla b laefl n, deandesiuaunis b =4n, -1

a

Tul w.a. 2559 0y Asyasna uazaney [3] laAnwigunuudnuauanizd p lu

€

wdnwaliaeaesd (pp,/ p) e p, uway p, Judwiwanzd &3 plp, uas plp,
S

&Q. oMt

aAdesmnuiundeldil
nauuN 1.3 [3] Awuald p, p, wag p Dusuanzd 39 p, =1 (mod 4),
p,=1(mod 4), pJp, waz pJ p, azlei

1, p= p1p2+2(n1r1Sl D, + NIy mod 2p,p,),
= p,p, +2(n" p, + 00 py

P.)
p,) (mod 2p,p,
-1, p= p1pz+2<nlr1Sl pz"'nzr )
P.)
1

(plpzlp):

= p,p, +2(ny" p, + 0,1, mod 2p,p,

( )
( )
(mod 2p,p,),
( )
3 J

o S,e{2,4,6,..,p-1,S,¢€{2 46..,p,-1},T,cfl, 35..p-2,

46
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T,e{l 3 5..., p,—2}, [, waz r, \Wusindgugruneqla p, uay p, awadu uay n,
uwar n, Wudnudugenndasiu 2p,n =1 (mod p,) wae 2pn, =1 (mod p,) MWW

naufun 1.4 [3] Awualv p,, p, wag p Judruruanisd 3 p, =1 (mod 4),

p,=3(mod 4), p|p, w8z pJ p, kA

1, pz—p1p2+4(n3r1Sl p, +4n,n,r,> pl) (mod 4p,p,),
= PP, +4 (N> p, +4nen,17 p, ) (mod 4p,p,),
z—p1p2+4(n3r1T1 p, +4n,n,r,? pl) (mod 4p,p,),
= PP, +4(ngh" p, +4ngn,rp, ) (mod 4p;p,)

-1, pz—p1p2+4(n3r1Tl p, +4n,n,r,> pl) (mod 4p,p,),
= p1p2+4(n3r1T1 p, +4n,n, 1 pl) (mod 4p,p,),

(p.p,/ P)

=—p,p, +4(nr> p, +4ngn,12 p, ) (mod 4p;p,),
= PP, +4(Ngh> p, +4nen,1,% p; ) (mod 4p;p,)

§lo S, e{2, 4,6,..., p—1, S,e{2, 4,6,...,p,~1}, T,e{1, 3, 5..., p,-2},
T,e{L 3,5,..., p,-2}, I, waz I, WusinUgugrunenla p, uaz p, Ama1du uas
N, N, waz n, tdusiuruiduiiaenndos p,=4n -1 4p,n, =1 (mod p,)uae

4pn, =1 (mod p,) ANEINU

nqeun 1.5[3] Avualv p, p, wag p Wudruauianizd 39 p =3 (mod 4),

p,=3(mod 4), pfptaz pJ p, ki

ar



sUuuudwauaned p ludydnualiaevssd (2p,p,/ p)

L p=pp,+16(ngngn p, +myn,r;7p, ) (mod 4p;p,),
=-p,p, +16(n0n3r1T1 p, +myn,r,> pl) (mod 4p,p,),
= PP, +16(Nynyt" p, +myn,r2 p, ) (mod 4p,p,),
=-p,p, +16(n0n3r1Sl p, +myn,r,> pl) (mod 4p,p,)

-1, p=p,p,+16(nngh" p, +myn,r>p,) (mod 4p,p,),
=-p,p, +16(n0n3r1Sl p, +myn,r, pl) (mod 4p,p,),

B, P, +16(nngh* p, +myn,r2 p, ) (mod 4p,p,),

-p,p, +16(n0n3r1T1 p, +Myn, K, pl) (mod 4p,p,)

(p.p,/ P)

§lo S, e{2 4, 6., p-11,S,€{2, 4, 6., p,-1}, T,e{l, 3, 5., p-2},
T,e{l, 3 5,...,p,-2}, I, uaz r, \usinugugruneqla p, uaz p, MudIAU uae
Ny, My, Ny uae N, Wudnudufiaenndos p, =4n, -1, p, = 4m, -1,
4p,n, =1 (mod p,) uaz 4p,n, =1 (mod p,) ANAWY
MNAFinaINedy ﬁﬁiﬁﬁ%’ﬂléfﬁiaaamLmemﬁmﬁ lpgRAssULUUIDIT U

wied p lududnwaliasaees (2 /p) e p, Wusuiuanizd, WAy
< 1M2 1 2 1

Pl p,

2. HAN5IY
Tuddell nguiunisumdevesiudeliinluniadedfglunisudssuvaunaiiie

myduuuinuamzaludydnuaiineasts lnenquiuniaunieveduiliieninuswieluil

nauun 2.1 [1] dwuald m, m,, my, ..., m Wudrwauduuinidudiwiuanis

n

duinsyng uar a, a,, a,, ..., &, \Wudwudule o agldissuvaune

n

x=a, (mod m,)

x=a, (mod m,)

x=a, (mod m,)
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<

sziinaeasiiiesdnfauanla m e m=mm,m,...m Wude I X, \Junaway uas

nawaevvunazeglusy X, +km e k Wudwiuwiule o

TuunitgavemguluniaviniovesdulanafegUiuunanaguasseuuaualinal
MY, +3M; Y, +8MeY; +...+8,M, Y,
A ’ m % ' .
e m' =— uaz y, wilsan my, =1 (mod m;) vn ie{l,23,...,n}
m.

wenmilonnyguiiawinasvesduuad wdddnguiundeluilunisiigalivemsuiuy

PNz Aludysnvallanionnig

nQufiun 2.2 [1] Amuald m, m,, my, ..., m Wudwawduuin uwag b, b, by, ..., b

n

& o < 2
mndudnnudule o azlddnssuvaunia
x=b (mod m,)

x=b, (mod m,)

x=b, (mod m,)

Aziinalaay Neawile (mi,mj)| (b —b;) dwmiunndn i, je{l, 2, 3...,n} 7 i#] uag
Y = = L% a
inilnaiay gilnamaeiiissifeenia [m, m, my,..., m, ]

nufun 2.3 [1] dmuald p ifudwiuianizd way a, b 1udwwdud pla uay
pIb agled (ab/ p)=(a/ p)(b/p)

dmiunsAinvmguuuuvesiiwiuanzd p ludydnualiaedesd (2p,p,/ p) e

b, P, \Wuswuwaned, plp, uaz plp, wildutsnsfinwesndu 3 nsd Faseluil
1. p,=1(mod 4) uaz p,=1(mod 4)
2. p,=1(mod 4) uag p,=3 (mod 4)

3. p,=3(mod 4) uag p,=3 (mod 4)

49



o a v o ¢ ¢
sUuuudwauaned p ludydnualiaevssd (2p,p,/ p)

nsdifl 1 p, =1 (mod 4) waz p,=1 (mod 4)

Ya

naefiun 2.4 191 p, war p, dudwiwanzaivilildidwudy m wer n Jdenndos
fiu p,=4m+1 uaz p,=4n+1 azlei

¥ & o [ ! o
1. 01 m+n Wuduuaue waa pp, =1 (mod 8)

%

2. & m+n Wudwouwdud ud —3p,p, =1 (mod 8)

a L1

UNNEIU

v
9/
1

Loanud m+n wludiwiudug agddiwiruwdn | Av1d m+n=21 wwszaziy
PP, =(4m+1)(4n+1)=16mn+4(m+n)+1=16mn+4(21)+1=8(2mn+1)+1 satiy
p,p, =1 (mod 8)

2. auu® men tWudiuruhud azddiuaudun | 991 TF man=21+1 azléan

PP, =(4m+1)(4n+1)=16mn+4(m+n)+1=16mn+4(2l +1)+1=8(2mn+1)+5

WWSIzasiiu
-3p,p, =8(—6mn—-3l1)-15=8(—6mn—31)-16+1=8(—6mn -3l -2)+1
fethy -3 p.p, =1 (mod 8) O

a v @ o a =
nauun 2.5 p, p, waz p WudiuamnzA dap | p, waz pl p, way
¥ ] (Y [ [ 1
01 p,=4m+1 uaz p, =4n+1 dmSuu iy m waz n aglann

v < o I 1 v
1. 82 m+n LUU%WU’JULW@J@J b8
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1, p=pp,+16n, (nr P, + N, 1, pl) (mod 8p,p, ),
= p,p, +16n, ( L p, + N1, ) (mod 8p,p,),

=-p,p, +16n, nr p2+nr P, mod 8p,p, ).

(
,) (mod 8p,p,),

)

mod 8p,p,),
=3p,p, +16n, (> p, +n,r,? )
)

n,

=—p,p, +16n, (N, p, +n,1,° 1)
=3p,p, +16n (5" p, + N, 1> ) (mod 8p,p, ),

=-3p,p, +16n, (> p, + 0,7 p,) (mod 8p,p,),
200,/ p)~ =-3p, p, +16n, (" p, +n,r;2p, ) (mod 8p,p,)
L P2 -1, p= plp2+16n3(nlrllp2+n2r22pl) (mod 8p,p, ),

= p,p, +16n, (0" p, +n,r2p, ) (mod 8p,p, ),

=—p,p, +16n, (n,r> p, +n,5,7 p,) (mod 8p,p,),

) (

)
=—p,p, +16n, (n,1" p, +n,r,> p,) (mod 8p,p,),
=3p,p, +16n, (N> p, +n,r2p, ) (mod 8p,p, ),

(
=3p,p, +16n, (" p, +n,r,2p, (mod 8p,p,),
p,) (mod 8p,p,),

(
=-3p,p, +16n (n,5" p, +n,1,7 p,) (mod 8p,p,)

n,
=—-3p, p, +16n, (% p, +N,1,”

o S,e{2,4,6,...,p,-1,S,€{2,4,6,...,p,-1}, T, e{L, 3,5,..., p, -2},
T,e{l 3,5..., p,—2}, , waz r, 1Wusndgugiuuenla p, wag p, AWAIAU Lag
n, n, wag n, Wudrwuduaeandesiu 2p,n =1 (mod p,), 2pn, =1 (mod p,)
wag 8n, =1 (mod p,p,) ANEINU

I [ o < (%
2. 01 M+n WUPUIUGUA A7
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o a v o ¢ ¢
sUuuudwauaned p ludydnualiaevssd (2p,p,/ p)

1L, p=-3p,p,+16ny(nr>p,+n,r;2p,) (mod 8p;p,),

=-3p,p, +16n, (5" p, +n,5,2 p,) (mod 8p,p,),
) (mod 8p,p,),
) (

=3p,p, +16n, ( )
( )
=—p,p, +16n, (N5 p, +n,57 p,) (mod 8p,p,),
( ) ( )

nlr;I. g p2 + anZ2 pl

=3p,p, +16n, (" p, +n,r,2p, ) (mod 8p,p,),

=—p,p, +16n, nlrlTl p2+n2r252 p,) (mod 8p,p,),
= p,p, +16n, (N, p, +n,r,2p, ) (mod 8p;p, ),
= p,p, +16n,(n," p, +n 12 p, ) (mod 8p,p,)
(2p1p2/ p)=

(
(

-1, pz—3plp2+16n3(nlrllp2+n2r 1) (mod 8p,p,),
) mod 8p,p,),

=-3p,p, +16n (N1 p, + 1,1,
mod 8p,p,),

=3p,p, +16n, (N> p, + N, p,

( ) (

=3p,p, '1‘16|']3(nlr1T1 P, +N,L," pl) mod 8p1p2)’

=-p,p, +16n, (n > p, +n,n,> ) (mod 8p,p,),
( ) ( )

=-p,p, +16n, nr p2+nr P, mod 8p,p, ),
= p1p2+16n3(n1r11p2+n2r2 pl) (mOd 8p1p2)’

= p,p, +16n, (" p, +n,1,7 p,) (mod 8p;p,)

§lo S,e{2, 4,6,..., p,—-1, S,e{2,4,6,...,p,~1}, T, e{L, 3,5,..., p,—2}
T,e{l,3,5,...,p,—2}, I, uaz I, Wusindgugiuuenla p, waz p, AINEIGU way
n, n, waz n, Wudrwuduaeandesdu 2p,n =1 (mod p,), 2pn, =1 (mod p,)

wag8n, =1 (mod p,p,) AUEIAU
nsdifl 2 p, =1 (mod 4) waz p,=3 (mod 4)

naufiun 2.6 i p, waz p, Judwuenzaivilvldduudy m wer n Jadenndes
fiu p,=4m+1 uaz p,=4n+3 azlan
1. 1 3m+n Wudwiwdug uds 3pp, =1 (mod 8)

2. ¢ 3m+n Wudnaudud udy —pp, =1 (mod 8)
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unngay
1. aund 3m+n Wudruuding seddiuaudy | #vils 3m+n=21 agléi
PP, =(4m+1)(4n+3)=16mn+4(3m+n)+3=16mn+4(21)+3=8(2mn+1)+3
zaziy
3p,p, =8(6mn+31)+9=8(6mn+3l1)+8+1=8(6mn+3l+1)+1
St 3p,p, =1 (mod 8)
2. auyd 3m+n Wudmoudud asddmoudy | Avild 3m+n=21+1 gl
PP, = (4m+1)(4n+3)=16mn+4(3m+n)+3=16mn+4(2l +1)+3=8(2mn+1)+7
Wzaziy
—p,p, =8(-2mn—1)-7=8(-2mn-1)-8+1=8(-2mn—1-1)+1
ety —p,p, =1 (mod 8) O

a 1% & o a =
nauun 2.7 W p, p, waz p WudwiueweA @9 p ) op, waz pl p, was
¥ ] LY o < 1
01 p,=4m+1 uaz p, =4n+3 EuSuuTIuAN m ez n azlein

1. 61 3m+n Judaudug udn
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o a v o ¢ ¢
sUuuudwauaned p ludydnualiaevssd (2p,p,/ p)

1L p=3p,p,+32n,(nyrp, +4(n+1)n,7p,) (mod 8p,p,),
=3p,p, +32n (ng" p, +4(n+1)n,7 p,) (mod 8p,p,),
=—-3p, p, +32n; (N, p, +4(n+1)n,r7 p,) (mod 8p,p,),
=-3p, p, +32n, (n," p, +4(n+1)n,r;> p, ) (mod 8p,p,),
= p,p, +32n; (nyr" p, +4(n+1)n,r7 p, ) (mod 8p,p, ),
= p,p, +32n, (S p, +4(n+1)n,2p, ) (mod 8p,p,),

=—p,p, +32n; (ng" p, +4(n+1)n,2p, ) (mod 8p,p,),

(
=—p,p, +32n; (N> p, +4(n+1)n,5 p, ) (

(2p,p,/ p)=

-1, p=3p,p, +32n (N p, +4(n+1)n,r2 py
=3p,p, +32n, (1,

)
mod 8p,p,)
mod 8p,p,),

)

(
(

N> p, +4(n+1)n,r7p,)
-3p,p, +32n; (N p, +4(n+1)n,; p,) (mod 8p,p,),

mod 8p,p, ),

-3p,p, +32n; (N, p, + 4(n+1)n,r,” pl) (mod 8p,p, ),

PP, +32n (N, p, +4(n+1)n,57 p,) (mod8p,p,),
B, P, +32n, (n," p, +4(n+1)n,r;> p,) (mod 8p,p,),
—p,p, +32n (N> p, +4(n+1)n,r;7 p,) (mod 8p,p,),
—p,p, +32n (1" p, +4(n+1)n,r2 p, ) (Mod8p,p,)
§lo S, e{2, 4,6,..., p,—-1}, S,e{2, 4,6,..., p, -1}, T, e{L 3,5,..., p,—2},

T,e{l,3,5,...,p,—2}, I, uaz I, JusinUgugiunenla p, wag p, AINEIGU Laz

n,, n, uag ng WWudnnwduiiaenndes 4p,n, =1 (mod p,), 4p,n, =1 (mod p,) uaz
8n, =1 (mod p,p,) MNAWY

2. 81 3m+n Wuduukud wad
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L p=-pp,+32n (N, p, +4(n+1)n,r;> p,) (mod 8p;p,),
=—p,p, +32n; (ny" p, +4(n+1)n,r,7 p,) (mod 8p,p,),
= p,p, +32n (1 p, +4(n+1)n,r7 p,) (mod 8p;p,),
= py,p, +32n (1" p, +4(n+1)n,5> p,) (mod 8p,p,),
=-3p, p, +32n; (N, p, +4(n+1)n,r7 p, ) (

) (

=3p,p, +32n (5" p, +4(n+1)n, 1S p1) (mod 8p,p,),

mod 8p,p,),

=-3p,p, +32n, (N, p, +4(n+1)n,5,> p,) (mod 8p,p,),

:
n4r2 ’ pl

=3p,p, +32n (N, p, +4(n+1) )
—1, p=—p,p, +32n(ny"p, +4(n+1)n,c p, )

(2p,p,/ p)=

4r2T2 pl
=p,p, +32n5(n3r1T1 p, +4(n+1)n,r pl) (mod 8p,p,),
= p,p, +32n, (> p, +4(n+ 1), p, )

(
=-3p,p, +32n (N, p, +4(n+1)n,r7 p,) (mod8p,p,),

=—p,p, +32n, (N> p, +4(n+1)n

=-3p,p, +32n; (ny" p, +4(n+1)n,r;7p, ) (mod 8p,p,),

=3p,p, +32n, (N, p, +4(n+1)n,r>p, ) (mod 8p;p,),

=3p,p, +32n (" p, +4(n+1)n,r,2 p, ) (mod8p;p,)
§lo S, e{2, 4,6,..., p,—-1}, S,e{2, 4,6,..., p, -1}, T, e{L 3,5,..., p,—2},
T,e{l,3,5,...,p,—2}, I, uaz I, JusinUgugiunenla p, wag p, AINEIGU Laz
n, n, uaz N udnuiuiiaenndes 4p,n, =1 (mod p,), 4pn, =1 (mod p,) wae

8n, =1 (mod p,p,) MNAWY
nsdifl 3 p,=3 (mod 4) uaz p,=3 (mod 4)

naefjun 2.8 11 p, war p, dudwwanzaivihlilddwuiy m war n Jdenndos
flu p,=4m+3 waz p,=4n+3 azlan
1. &1 m+n Wudnaudug udd pp, =1 (mod 8)

2. ¢ m+n Judunudud win -3pp, =1 (mod 8)
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o a v o ¢ ¢
sUuuudwauaned p ludydnualiaevssd (2p,p,/ p)

4

unigaul
1. aund m+n iJusuudug agiidiuouda | iviild m+n=21 agléi
p,p, =(4m+3)(4n+3)=16mn+12(m+n)+9=16mn+12(21) +8+1
=8(2mn+31+1)+1
ey p,p, =1 (mod 8)
2. auud m+n Judwnudiud sedisiuowdn | Avld m+n=21+1 aglé
p,p, =(4m+3)(4n+3)=16mn+12(m+n)+9=16mn+12(21 +1) +9
=8(2mn+3l)+21

zazi
-3p,p, =8(—-6mn—91)—63=8(—6mn—91)—64+1=8(—6mn—91-8)+1
fathu —3p,p, =1 (mod 8) a

a v & o a =
naEHUN 2.9 W p, p, way p uduiuanizA 33 pf puaz pf p, was
i3 o [ o < 7
a1 p =4m+3 uaz p, =4n+3 dwsuuRdnudiy m waz n azlein

14 Id [J @ 1 1
1. 07 m+n WuaUIULALR ka7
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1L p=p,p,+128n,((n+1)n,r, p, +(m+1)n,r,” pl) (mod 8p,p,),

= p,p, +128n ((n+1)ng" p, +(m+1)n,7 p,) (mod 8p,p,),

=—p,p, +128n; ((n+1)n," p, +(M+1)n,r;p, ) (mod 8p,p, ),
=—p,p, +128n, ((n+1)nyr* p, +(m+1)n,r;> p,) (mod 8p,p,),
=3p,p, +128n; ((n+1) N, p, +(m+1)n,57 p,) (mod 8p,p,),
=3p,p, +128n, ((n+1)n," p, +(M+1)n,r;> p,) (mod 8p,p,),
=—3p,p, +128n, ((n+1)nr" p, +(m+1)n,r;> p,) (mod 8p;p,),
=-3p,p, +128n, ((n+1)n,r* p, +(M+1)n,r,? pl) (mod 8p,p,)

~1 p=p,p, +128n;((n+1)n," p, +(M+1)n,r;2 p,) (mod 8p,p,),
= p,p, +128n, ((n+1)ny> p, +(M+1)n,r,2 p, ) (mod 8p,p, ),
=—p, p, +128n, ((

((n+1)n,r" p, +(m+1)n,r7p, ) (mod8p;p,),
( ) (

(n
=-3p,p, +128n, ((n+1)n,r> p, +(m+1)n,rp, ) (mod 8p,p,),

(n+1)ng>p, +(m+1)n,r;>p, ) (mod 8p,p, ),
=—p,p, +128n, ((n+1)n," p, +(M+1)n,r;2 p, ) (mod 8p,p,),
=3p,p, +128n,
=3p,p, +128n,

n+1)n,r>p, +(m+1)n,r,2 p,) (mod 8p,p, ),

=-3p,p, +128n, ((n+1)n,r* p, +(m+1)n,r,? pl) (mod8p,p, )

§lo s, e{2 4,6,...,p-1,S,€{2, 4, 6., p,-1}, T,e{l, 3, 5., p-2},

T, e{l, 3, 5...,

p, -2}, I uaz 1, Wusinugugiuneqla p, uae p, MLEIAU uae

I ° 2 1%
ny, N, kaz ng LWudnuulAnvdennass 4p,n, =1 (mod p,), 4p,n, =1 (mod p,)

wag 8ny =1 (mod p,p,) ANEIU

9 2 o @ o v
2. 071 M+n WUUIUAUA LA
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o a v o ¢ ¢
sUuuudwauaned p ludydnualiaevssd (2p,p,/ p)

1L, p=-3p,p,+128n,((n+1)n,rp,

(
=-3p,p, +128n, ((n+1)n," p,
=3p,p, +128n.((n+1

( 5" p, +
=3p, p, +128n, (

(

( n,r>p, +
=—p,p, +128n, ((n+1)n,r*p, +
=—p,p, +128n ((n+1)ny" p, +

((n
«((

)
n+1)

= p,p, +128n,((n+1)n,r"p
)

+1nr p, +

= p,p, +128n

(2p1p2/ p):

n
-1, p=-3p,p, +128n((n+1)ny" p, +

(
=-3p,p, +128n,((n+1)n,1;> p, +

=3p,p, +128n.((n+1

((n+2)nyep, +
((n+1)
=—p,p, +128n; ((n+1)nyn
((n+1)

=3p,p, +128n. ((n+1

nyr p
r

-p,p, +128n ((n+1

nr p, +

N rl

5
= p,p, +128n,((n+1)
= p,p, +128n, ((n+1)
o s,€{2 4, 6,...,
T, el 35,

1}, S,€{2, 4,6,...,

-1}, T,e{1,3,5,...,

+(m+1)n,r;> p,) (mod 8p,p, ),
+(m+1)n,;7p;) (mod 8p,p,),

+(m+1)n,;7 p;) (mod 8p,p,),
(m+1)n,r;%p,) (mod 8p,p,),
+(m+1)n,r,2p,) (mod 8p,p,),

) ( )

(m+1)n,r,>p,) (mod 8p,p,),

+(m+1)n,r;> p,) (mod 8p,p,),
(

(m+1)n,r;=p,) (mod 8p,p,)
+(m+1)n,r2p,) (mod 8p,p,),
+(m+1)n,;7 p,) (mod 8p,p,),

(m+1)n,7p,) (mod 8p,p,),
+(m+1)n,r;2p, ) (mod 8p,p,),
+(m+1)n,;7p,) (mod8p,p,),

(
+(m+1)n,r,2p,) (mod 8p,p,),

+(m+1)n,r;7p, ) (mod 8p,p,),

K" p, + (m+1)n4r2T2 pl) (mod8p,p,)

2,

Py

p,—2}, I wag r, Wusndgugiuueqla p, uag p, A1ua1AU uay

[ o & A o
ny, n, wag ng Wudhnuhuiaenmaes 4p,n, =1 (mod p,), 4pn, =1 (mod p,) uay

8n, =1 (mod p,p,) MNAWY

a L4 a = = I ¥ = [ ¥
NINGAUNGBHUN 2.5, NEWHUN 2.7 LaSNEBHUN 2.8 innupanvaaeiulngagld

nguiun 2.3 wewvalunsdiges o wazlinguium 2.1 uas nguiun 2.2 Tun1siiansaing

gj d‘ dldy Y 1 a L3 a ~a
bRAYVDITEUUAUNIAUU 9 Falund b319ENAIBY NUNNHIUVBING Y UN 2.5 A%0N m+n

udnunudug 06130517 9 o bARLLLIMINISRGIUNgUHUNTI 3 Nufun
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UNEAUNGBHUN 2.5 NQuun 1.3 1515107

L p=pp+ 2<nlr1Sl P, +N,L,” pl)
= PP+ Z(nlrlTl P, + nzrsz pl)

(PP, / p)= . ;

-1 p= p1p2+2(n1r11p2+n2r22p1)

_ T S
= p.p, +2(n " p, + 0,57 py

T,e{l 3, 5..., p,-2}, f, uaz I, \Wusindgugruneqla p, way p, Mudwu uay n,
way n, Wudniuduaenndasiu 2p,n =1 (mod p,) 4az 2pn, =1 (mod p,) AXEWU
1, p=z£1(mod 8)
-1, p=+3(mod 8)

a I [ [ 1 1
auu@ m+n WWudnnusug ki

wagan (2/p) :{

AR 1 f91san (2p,p, ! p)=1 nwguiun 2.3 aglan (2/p)(p.p,/ p)=1
N3l 1.1 (2/p)=1uaz (pp,/p)=1
nsaif 1.1.1 p=1(mod 8) uas
p=p,p, +2(n5>p, +n,07 p;) (mod 2p;p,)
9zlei1 p=1(mod 8) waz p=p,p, +2(n1rfl p, + N, r,* pl) (mod p,p,)
m, =8 m = p,p, a =1
m, = p,p, m, =8 8, =2(nL% p, +n,17 py )
p.p,y,=1(mod 8)  8y,=1(mod p,p,)
PNNGURUN 2.4 wazauudgu 9zladn y, =1 uaz y, =N, AUaRY
Tnanguiuniawnaoradu 9zlaan
amy, +a,my, =(1)(p, pz)(1)+(2(nlrlsl p, + NI pl))(B)(nS)
= p,p, +16n, (N, p, + 0,07 py )
fath p=p,p, +16n, (1, p, +n,r,7 p;) (mod 8p,p,)

dlo n, Wudrunudunvily 8n, =1 (mod p, p,)
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n3difl 1.1.2 p=1(mod 8) uaz p= p.p, +2(n"p, +1n,02p; ) (mod 2p,p,)

ety p=p,p, +16n, (nr"p, +n,17p, ) (mod 8p,p, )
AsaN 1.1.3 p=-1(mod 8) uag

p=p,p,+2(NE P, + 0,1, pl) (mod 2p,p,)

fedu p=- p,p, +16n, (nlrlSl p, +N,I,> pl) (mod 8p,p,)
nsalN 1.1.4 p=-1(mod 8) uax

p=p.p,+2(nK"p, +n,7p,) (mod 2p;p,)

fedu p=-p,p, +16n, (nt"p, +n,57p,) (mod 8p,p,)

N3N 1.2 (2/p)=-1uag (p,p,/p)=-1

Aseif 1.2.1 p=3 (mod 8) ua

p=p.p,+2(nrp, +n,07p;) (mod 2p;p,)

fedu p=3p,p, +16n, (5> p, +n,02p; ) (mod 8p,p,)
nsaifl 1.2.2 p=3 (mod 8) uax

p=p,p, +2(nn"p, +n,07p;) (mod 2p,p,)

ety p=3p,p, +16n, (" p, +n,r7 py) (mod 8p,p,)
AsaN 1.2.3 p=-3 (mod 8) uaz

p=p,p, +2(nr>p, +n,57p, ) (mod 2p;p,)

fedu p=-3p,p, +16n, (5> p, +n,02p; ) (mod 8p,p,)
nsdifl 1.2.4 p=-3 (mod 8) uaw

p=p.p, +2(n1rlTl p, +N,I,> pl)(mod 2p,p,)

ety p=—3p,p, +16n, (n5"p, +n,12p;) (mod 8p;p,)

st 2 fAn1san (2p,p, 1 p)=-1 anngufun 2.3 le (2/ p)(p,p,/ p)=-1
nsdifl 2.1 (2/ p)=1 uaz (p,p,/ p)=-1

nseid 2.1.1 p=1(mod 8) was

p=p.p,+2(nrp, +n,07p;) (mod 2p;p,)

fedu p=p,p, +16n, (6> p, +n,r7p,) (mod 8p,p,)
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n3difl 2.1.2 p=1(mod 8) war p=p,p, +2(n"p, +n,07p;) (mod 2p;p,)

fatu p=p,p, +16n, (nr"p, +n,r7p;) (mod 8p,p,)
nsaiN 2.1.3 p=-1(mod 8) uay

p=p.p,+2(nrp, + 0,07 p;) (mod 2p;p,)

fedu p=- p,p, +16n, (nlrf1 p, +N,I)? pl) (mod 8p,p,)
nsaN 2.1.4 p=-1(mod 8) uax

p=p,p, +2(n1rlT1 p, +N,r,* pl) (mod 2p,p,)

fedu p=—p,p,+16n, (nt"p, +n,r2p,) (mod 8p,p,)

3R 2.2 (2/p)=-1uaz (p,p,/ p)=1

nseif 2.2.1 p=3 (mod 8) uaw

p=p.p, +2(nnp, +n,r7p;) (mod 2p;p,)

fedu p=3p,p, +16n, (5> p, +n,r7 p,) (mod 8p;p,)
nsaifl 2.2.2 p=3 (mod 8) uax

p=p.p,+2(nK"p, +n,7p,) (mod 2p;p,)

ety p=3p,p, +16n, (nr"p, +n,r2p, ) (mod 8p,p,)
A3N 2.2.3 p=-3 (mod 8) uaz

p=p,p,+2(n5>p, +n,r7 p,)(mod 2p,p,)

fedu p=-3p,p,+16n, (6> p, +n,r57 p,) (mod 8p,p,)
nsdif 2.2.4 p=-3 (mod 8) uaw

p=pnp, +2(n1r1T1 p, +N,I,* pl)(mod 2p,p,)

fathy p=—3p,p, +16n, (n5"p, +n,5,7p,) (mod 8p,p,)
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o a v o ¢ ¢
sUuuudwauaned p ludydnualiaevssd (2p,p,/ p)

1, p=npp,+16n, (nr P, +N,r,” pl) (mod 8p;p;,),
= plp2+16n3(nr1p2+n n? ) (mod 8p,p, ),

=-p,p,+16n, 'p, +N, r P, mod 8p.p, ),

=—p,p, +16n, (N p, +n,r,?

(
=3p,p, +16n,(n,r> p, +n,r,2p,) (mod 8p,p,

)

p,) (mod 8p;p,),
P:) )
)

(n
(
(
(m

=3p,p, +16n, (01" p, +n,r,* p;) (mod 8p,p,),

n
=—-3p, p, +16n, (N, p, + 1,5, p, ) (mod 8p,p,),
(200,11 = =-3p,p, +16n, (" p, +n 1, p, ) (mod 8p,p,)
~1 p=p,p, +16ny(nrp, +n,57p,) (mod 8p,p,),
= p,p, +16n, (N, p, + 1,12 p, ) (mod 8p,p,),
=—p,p, +16n, (N> p, +n,1,7 p;) (mod 8p,p,

" p, +0,02py ) (

).
=-PP, +16I’l3 mod 8p1p2)’
).

mod 8p, p,

Nt p2+nr Py

(
=3p,p, +16n, (n % p, +N,r.* )
s(m )
=-3p, p, +16n, (n,,* p, +n,r,7 p,) (mod 8p,p,),
(

(
=3p,p, +16n (mod 8p,p,),

=-3p,p, +16n, (N p, +n,r,? pl) (mod 8p,p,)
§lo S, e{2, 4,6,..., p,—-1, S,e{2, 4,6,..., p, 1}, T, e{L 3,5,..., p,—2},
T,e{l,3,5,...,p,—2}, I, uaz I, Wusindgugiuuenla p, waz p, AINEIGU way
n, n, waz n, Wudrwuduaeandesdu 2p,n =1 (mod p,), 2pn, =1 (mod p,)
wag 8n, =1 (mod p,p,) ANEINU

dwsunsdl m+n Wudnnwfud wvhmsiigadluviueadertunisigatingdl m+n

Judnnusug O
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3. d9d

[ 1
v

n153deasedilunisfinwimigluuuvesdruiuanisd p ludydnvaliaesssd
d‘ [ o a ' a

(2p,p,/ p) tie p, p, tWudnuaulanigh, plp, uag pjlp, 1A8LUINITAIITUN
ponidu 3 nsdl Ao

1. p,=1(mod 4) uaz p,=1(mod 4),

2. p,=1(mod 4) usz p,=3 (mod 4) uay

3. p,=3(mod 4) uaz p,=3 (mod 4)
warlunmaznsdllauindu 2 nsdldes Ineldldnguiuniavindsvesdudaiungeiun
& ) ° A o 1% ° aa
Hugrulumanguituaulunisaiuiaiieyi liaiunsam sUuuuvesdnuIuanIz A
donnnesiudyanualiaeasddls wazdelundilu fidemeniainnuideiienvaviilignis

myduuwresitwiuanzd p ludydnualiaesesila q deluluewan
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Closed Knight’s Tour on Ring Board (n,n, 1)
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JuineusuunANY ; 15 daau 2562

unAnge
T m, n QU aubnAT m, n > 3 NsAUIMNIN (m, 1, 1) WWunszaumingnuue

m x n Afldnsnarun 1 x 1 emegld unanuaduiifnwiReulensuuseiunsiled
VBINITHAURUUTAVRIIIVUNTEATUIMNIU (1,7, 1) WABNTEATUNWAIY (m, m + 4k, 1)
- @ o aa a a a o 1% o

Weo m 1 UuduiIuan m > 11 uaz k > 1 wagnindnisiauiuuUavesdiiualaziiaus
TupaUIBlUNITAUGIY

o o w a

AEALY: NSAULULTAYB9EN NTEATUINLAIY

ABSTRACT
Let m, n be odd integers such that m, n = 3, the ring board (m,n,1) isan mxn

chessboard with the middle part of size 1 x 1 is missing. This article studies the

64
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conditions to guarantee the existence of a closed knight’s tour on the ring board
(n,n, 1) and the ring board (m,m + 4k, 1) for odd integers m such that m = 11 and
k > 1and if it exists, then an algorithm for finding a closed knight’s tour on that board
is given.

Keywords: Closed knight’s tour, Ring board

1. unih
nswauvesiuunszgaunnnniduisesiiiaulalunadnamans lnedhaznululy
WUIUBUMIBLWIAITIUIUAD TR Ia M UTUSTUIULAEIAY 90 aermfulwLRNLasAUsDlY

a I Y
NNUIYDY AU

P
A
2 &

JUN 1.1 N151AUYeianANAMUATUNSEAUNIINTNVLIN 4 X 4

TnealunsgnmuminngnIUIANIRF LB duNSEAUMINNTNTUIN 8 X 8 FaUTENDUMIEYs
sUaAwRsudnSasesdany 8 uan ualay 8 3U deundnadinAanslaveen1siAuYesinuy
NFEAUNNINTNULIA 8 X 8 TUdn 15AuYeRinuuNTEAUMNININVUIA m X n BaUsEnaume

a a o = 1 %

PesgUudmdsudniaiosotiu m uaa undag n 5U Lagmusazdewnedunuazdmaduiiu
U

dmsunszaunIINgnIUIn m x n driruabiuwsaztesiiuniaiu (i) ludnvue
HEINUNTATRUARUALSALNTNVDUUNINGVUIN M X N LLé’wﬂé’j’]ﬁnﬁa@ﬂuﬁT’nmm G, ))
aganusafendulula 1 9o99neg19un 8 Yae laganaluaglusunus (i £ 1,j £ 2) w30
(i +2,j + 1) §unanmsivvesiluudazess sziuandesdunludmesdsn nietesdn
Udmesdunawiny

msduvvTnvesuunseaiumngnuIn m x n fie mstiuvesinlasfifhidulunn

YIVBINTEAMUNUINGNVUIN M X n LEanTATe wWAINFUUTIYALTUAY Aeiuandadauns
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MMSAULUUT AR ENULATEAWIWINY (1,1, 1)

NefunIsivresdvinliladn ddnunutesdviiuaseduunseaunungnniasaund
iy wmeglianunsamnsusuulavaaiuunsgaurangnaienaila
Tl a.A. 1991 Schwenk [2] Towmeunsioulandnlunaziiisswedmsunisleguanis

[

WULUUTAYDUINUUNTEAUNIINGNTUIA m X n Gi3il

NQuuN 1.1 [2] UUNTEAMIINTNIUIA m X n 1nefl m < n axdinnAuwuuYavesily
oniiuindouludoladondeoludiduats

a) m uar n iudnwauded vie

b) m =1 %30 2 %30 4 ¥38

Om=3ua¥n=4%0 6 10 8

wena1nil Schwenk [2] §afigatidn MUUNTEAUNNINIATUIA m X n TN1TAULULTA
299514879 IANFU TN TAUBLUUTAVB AN UTENINH LA UIAD I A UIUUNTEATY

AINaTIVIaNNA 10 ¢ Nsanunsassyiumiamaiulalate

nauUN 1.2 [2] dmsunszanuminngnuunn m x n idnsfuwuudavesh siamisam
mMaduLuavesihiikiutesuunszaumngniu 10 ¢ fe
1Ln-1)-GBn),m-2,n-1)-(mn),(m—-11) - (m3),(m—1,n—-2) - (m,n),
4n-1-2n),1L,n)-Bn-1),m-2,n)-(mn-1),(m,1) - (m—1,3),
(mn—-2)-(m—-1n) ke (m,2) - (m—1,4)

Iolaus
n

N\l 2z
X,
/“/\
rd
\/

skt A

JUT 1.2 fumidsaeasinimieianie 10 f aunguiun 1.2

UVUNTEMUMLINTNVUIA m X n NANSAULULTATDN
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soutinITeurinulaiululveuauladunisifuvesivunsgaunuingnuwin m x n
= PN % o @ A =
N39TNANVUA 7 X 7 gl m, n, r LWUPWIWANN 7 > 1 Uag m, n > 2r FUILNNTEAUY

WUUTIN ATEMINNUBIY (M, n,T)

JUT 1.3 fReeenseauIsmiu (5,5,1)

o

dwsunsdianizl m = n auiuinmieguwin r x r azivesgudmasudnSasgiiuiu
n—-r = =~ ' 1 <
T U0 BU5136NIANUVUNTDINTTAUNUIIY (1, 7, 7) LU Tusy 1.3 989UIINTEAUN
Wi (5,5,1) Haurundu 2

Tul A.f. 1996 Wiitala [3] L9@N®1LA8IAUNITHULUUTAVDILIUUNTEATUITLIAIY

(n,n,7) NiANuuLIY 2 FelananisAneisadl

nawfun 1.3 [3] lufin1sifunuudavesinuunssauisniu (n,n, r) Afanununiu 2

Wen=>5

unAnuaduilagAnwiReuluferiunisilogveani Al uuUnvenuunsEAUIUNIY
(n,n,1) e n \Dudrwiuduauiesiuiu lnensuuenseauiawmu (n,n, 1) eandud 9
WAIRNAITUINITLAUY AN I UFIULA T ULAE NS IUNINILT aud o T UAULTUNS AU UL

YWNUUNTEAUINIIY (n, 1, 1) Nauysal

a a v = < o &
2. NMSHOULUUUAYDIUTUUNTEATUIILAIU (n,n 1) lHan WUIMUIULAUA

luidailis1agAnw1nsRuLULTAYeINULATEATLIWIIY (n, 1, 1) B n Tus1uiu

& aa
BUAN n = 3
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MMSAULUUT AR ENULATEAWIWINY (1,1, 1)

nsal 1 1o n = 3 5@usamnsiaunuulauesiuunsyauismiy (3,3,1) laaaans

Tugy 2.1 MeiliuaunAA Ui AUNSIANTREINUUN TEATUNUIUAINEGT?

1 6 3
7 2 5

JUT 2.1 Maduiuulavesiiuunseauiauniu (3,3, 1)

s 2 1o n =5 91n3U 1.3 n5zA1ULIY (5,5, 1) Hrnunundu 2 datu lnengefun
1.3 aglainlifin1sAunuulnveanuun e AMUISLINAING 1)
ASel 3 1o n = 7 L51@1509NSARLUUTATDEITUUNTEAWIWIU (7,7, 1) tasauEna

Tusy 2.2 Mallfauiifiumnefediun 1SRN UNNTEATUILILAINAT

107 2[5 [20]13]22
1|49 [12]23]16]19
8 |11 6 |3 |18 2114
41| 48 | 39 - 15 | 24 | 17
38 | 45 | 42 | 27 | 30 | 35 | 32
43 | 40 | 47 [ 36 [ 33| 28 | 25
46 | 37 |44 [ 29 | 26 | 31 | 34

JUT 2.2 Mafiuuulavesinuunseauawnu (7,7, 1)

n3el 4 119 n = 9 151A@WTOMINITAULULTAYBINUUNTEAUIUNIU (9,9, 1) TaRsuans
Tusy 2.3 Mallfauiifiunmnefediun1sANYe I UNNSEATUINLILAINGT

a - @ o < o ™ ' &
N3l 5 1o n 1 U IUANAUING n > 11 15UWUINTEAUIUMIU (n,n, 1) oanilunszau
MHINFNGDIVUIA "= x == 1411 9 AU 2 N93AU WASNTTAUNNINTNIBETUIA

1 -1 ' v o Y]
% X nT b1 € AUATUIU 2 NTTATU GHQJLLU’JLE‘?‘UGUE]UGUE]\?E”UH'M 1 X1 UNTEATUIILLNATU

(n,n,1)
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5 |1017 (12|27 34|23 (38|25

18|13 (4 |9 |22(39)26|33 (30

3 |6 |11(16|35|28 |31 (24|37

14119 (8 |1 |40(21 36|29 (32

7T |2 |15 20.60 55|42 |47

72|69 |76 (6180|4148 (59|54
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83 | 90 | 97 | 108 | 81 | 92 | 99 | 74 | 79 | 128 (133 | 72 | 67 | 58 | 63
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3. yanannsiusuuuUnAndaueluunauiinél Chia kag Ong [1] Saladaue

a v = = a v adyw a a & o
ASAUTLUY (a, b) We a < b FsAensiaudniavinulUlunuiueunssluIfLIuIU a
PoaanyuluszuIuFeIiy 90 asmduiwiAuLaziAualusn b Yo fatugaulens
N300 EMTUNISAUT LU (a, b) 1o a wag b Wudwiuduuinidvuali aviinng

WULUUTAUBBNUUNTEMUNLAIU (m,n,7) 11 7 = 2 Viseld

LONEI381989

[1] Chia, G.L. and Ong, S.-H. (2005). Generalized Knight’s Tours on Rectangular
Chessboards, Discrete Applied Mathematics, 150, p. 80 - 98.

[2] Schwenk, A.L. (1991). Rectangular Chessboards have a Knight’s Tour, Math.
Magazine, 64, p. 325 - 332.

[3] Wiitala, H.R. (1996). The Knight’s Tour Problem on Boards with Holes, Research
Experiences for Undergraduates Proceedings, p.132-151.
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