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ABSTRACT
In this article, two problems leading to the origin of probability theory that Antoine
Gombaud asked Blaise Pascal in AD 1654 are presented.
Keywords: Probability theory, Dice problem, Problem of division of the stakes
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ABSTRACT
This article is the second and final part of the study of Jacobi method and Dodgson’s
condensation method.

Keywords: Determinants, Cofactors
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|A1:2,2:3| |Al:2,3:4|
|A2:3,2:3| |A2:3,3:4|

|A”l:2,2:3| |Al:2,4:5|
|A2:3,3:4| |A2:3,4:5|

a2,2
|A2:3,1:2| |A2:3,2:3|
|A3:4,1:2| |A3:4,2:3|

a2,3
|A2:3,2:3| |A2:3,3:4|
|A3:4,2:3| |A3:4,3:4|

a‘2,4
|A2:3,3:4| |A2:3,4:5|
|A3:4,3:4| |A3:4,4:5|

&
|A3:4,1:2| |A3:4,2:3|
|A4:5,1:2| |A4:5,2:3|

a3,3
|A3:4,2:3| |A3:4,3:4|
|A4:5,2:3| |A4:5,3:4|

84
|A3:4,3:4| |A3:4,4:5|
|A4:5,3:4| |A4:5,4:5|

a4,2

Yaunsng A= A% gl

a4,3
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|A1:3,1:3| |A1:3,2:4| |A1:3,3:5|
A = |A2:4,1:3| |Az:4,2:4| |A2:4,3:5| (6)

|A3:5,1:3| |A3:5,2:4| |A3:5,3:5|

|A2:3,2:3| |A2:3,3:4|

souviin1sAIunuu A® waznisaleaundnly int AY =
‘A3:4,2:3‘ ‘A3:4,3:4‘

} Tondumsng

ATULUY

|A1:3,1:3| |A1:3,2:4| |A1:3,2:4| |A1:3,3:5|
|A2:4,1:3| |A2:4,2:4| |A2:4,2:4| |A2:4,3:5|
|A2:3,2:3| |A2:3,3:4|
|A2:4,1:3| |A2:4,2:4| |A2:4,2:4| |A2:4,3:5|
|A3:5,1:3| |A3:5,2:4| |A3:5,2:4| |A3:5,315|
|A3:4,2:3| |A3:4,3:4|

31naun1s (5) ludedaunm 1.1 e n=5k =2 \51lafdanmuaveuuninddes A, ..
VIR 4x 4 VLUNING A 9l
A

A

| A
A

1 42, j:j+2 ii+2, j+1:j+3

\ A

ii+3,j:j+3
i+1:0+2, j+1:j+2

i+L10+3,j:j+2 i+1:0+3, j+1:j+3

W i, j=1 1A

|A1:3,l:3| |A1:3,2:4|

1
‘A1:4,1:4‘ - ‘A2:3,2:3‘ ‘A2:4,1:3‘ ‘Az:4,z:4‘
Feflavifunauazvdni 1 ves A®
W i=1j=2 e
1 |A1:3,2:4| |A1:3,3:5|
‘A1:4,2:5‘ B ‘A2:31314‘ ‘Az:4,z:4‘ ‘A2:4,3:5‘

fanvdunaln 1 wazudna 2 vee A®
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Tuvhueufeaiu leuny i=2,j=1 uagunu i, j=2 150 |A,q,,| way [A, | 1Tu
A1TNTULAIN 2 NANT 1 hazauITNIULAILAETANT 2 v89 AP ANuEIRU AatU 1516991

aunTnlu A? AafANuAYNUNINTLREIUIN 4x 4 NINUAVDIUNIND A §19i)

|A1:4,1:4| |A1:4,2:5|

A? —
‘A2:5,1:4‘ ‘AZ:S,Z:S‘

dauﬁ%me%umumimuLLﬂuﬂ%amﬁw isilddedunnnmsmuntuadd 2 dalg
wndmuiy A mudann@nyndaly A Tuauns (6) Wushiuuavesunindeos
JuIn 3x3 Haruawes A waglunsyuaunismuntiuaded 3 Seililduvsndeundy A
WLi’lWU?’]ﬂN’]%ﬂVIﬂWﬂu A? Fudhfvunuesuminddesuuin 4x4 Havuauas A

muuiumimmmumqqmma Faromsauutiy A? wagmsendildene int AQ = A
Aanunsarmaleinailasdusiivusvenudng A wun 5x5 Tues uariisananeniu
ToajUverismukiuTaInDnTd

Tunquiiunselull lasuaninsfigrilsauutiuresmonddudmiuamindaun nxn

1o 9

nQufun 2.1 [3] (3%ﬂ’ml,uiuﬁuaqm@®§é’u) dmsumang A= A" u1a nxn ARIUNTEUI
mamuuty kA WWHusmndauuty AN = [aly”J k>] w1 (n—-k)x(n-k) loed

k=123, ..., n-1 umldhandn a ™ nnsdumidly A" fedvesimvunavesuning

(%
=]

goy A . Pilvn (k+1)x (k +1) Famunues A fail

ik, o+

()

||+k jrj+k T |A i+k, j:j+k

Toef i,j=12 3, ...,n—k tufe

|Al:k+1,l:k+l |A1:k+1,2:k+2 |A1:k+1,n—k:n
A(n—k) _ |A2:k+2,1:k+1 |A2:k+2,2:k+2 |A2:k+2,n—k:n
_|An—k:n,1:k+1 |An—k:n,2:k+2 |An—k:n,n—k:n ]
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‘U‘VIWHQ‘LI L“LJE]\‘H]']ﬂIUﬂi‘“‘U'JUﬂ'ﬁﬂ'JULLuum@ﬂﬂJﬂ'lﬁﬁ'lﬁﬂlJ’]GUﬂsUaﬂLm/liﬂ"?iﬂ’mLLu‘u A Gy

(=2) muuiuﬂ13waauumaumiwamsumqﬂmsuaa

amﬁzmiul,umﬂsﬁmaiu int A"
int A" LgiBuaug wassnaviigalaeldguieidndnemans el

do k=1 Aensmundupdusn Feldumsndmuudy AT ) fiflaanTnyndumtadiy
AR IEIMUATEILYENToEUUNA 2x 2 HIUATIUNING A

Tunseuutundedte 91U flo k=2,3 ..., n-1 @undliaundnvonsydndauudy AT
afadl k Ao
(8)

") =|A:i+k,j:j+k
el i,j=12,3,....n—k

soutlunseuuiuedsdl k+1 shlislfamindenuuiu A" (k”):[ai(,“j’(k”))} JGE

k+l

i,j=12,3...,n-(k+1) wazawBn a"“* ldanniseouudu AT = [ag(yj‘k)] WA

[

wisegau@nly int AT §adl
k) (n-k
I(nj )ai(-:-]l,jj-l al( j+l

i,] n—(k-1
ai(+l,§+1 ))

n-k
)ai(+l, j )

A
=}
PN
=
¥
=
=
|
Q

970 (8) 1A

|A+1:i+k+1,j+1:j+k+l _|Ai:i+k,j+1:j+k+l A+1:i+k+l,j:j+k

a(n—(k+1)) _ |Aﬁ:i+k,j:j+k

i

9)

|A1+l‘i+k,j+1:j+k

TnogUieidendadians tsadesuansdn am Y ddsiafy A | 1089

A jjeka Wuamsndgasvune (k+2)x(k+2) 983 A

ai,j ai,j+1 ai,j+k+1
= _ ai+1,j ai+1,j+1 ai+1,j+k+l I as I = A @
LUBIYIN Aﬁ:i+k+l,j:j+k+l_ . . . AYITVBIYTLAU LIABNER
a‘i+K+1,j ai+k+1,j+1 a‘i+k+l,j+k+1

WO i+1 89 i+k wagvan? j+1 89 j+k 39U Kk W03 K NENVOY A e
virliild m=2 uasiluiuedusgnouvenuninddos A jua 19 [ @i |=

a a

i+1, j+1 i+1, j+k

s v =
:A+l:i+k,j+1:j+k b & 313‘1 bUBDIADNAABDIVUD A:i+k+1,j:j+k+l Ao
ai+k,j+1 ai+k,j+k
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! !’
' C ij C|+k+1j
|:ai+l:i+k,j+1:j+k:| Cr C/

i,j+k+1 i+k+1, j+k+1

' '
_ 1 Ci,j C|+k+1 j
- ' ’
|A+l:i+k,j+l:j+k Civj+k+1 C'+k+1 jrk+l

} lagh C/, ABlAUNNLABTVOY Ay e WAY

nans (1) vaselad lah

‘A:i+k+1,j:j+k+1

=
IR
ro_ i+]
Ci,j —(_1) A+1‘i+k+l,j+tj+k+1
i+j+k+1
|+k+1j _( ) A:i+k,j+1:j+k+1
_ i+j+k+1
| J+k+l _( ) A+l:i+k+l,j:j+k
i+j+2k+2
|+k+1 jrk+1 T ( ) Ai:i+k,j:j+k

AU FITNUAVDUUNINGEDY Aper o VU (K+2)x(k+2) 209 A fig

A t+k, jrj+k

|Ai+1'i+k jHLj+k

|A+1|+k+l j+1j+k+1 |A d+k, j+Lj+k+1 A+1I+k+lj j+k

(10)

|A i+k+1, j:j+k+1| —

= n k+l

Faflewviriu " ) Tuaunns (9) Tneguiioidendineans saigavaunis (7)

Iu%’uqmmwamsmimwuu o k=n-1 15133a3Uld 9 wndndaruuinlunss

aavne AY wihiuadnvunvesuvsng A wu1a nxn O

lugrevingveanisiigalisaivuiuvenenddu dnsldnguiuneladiienidn

(n=(k+1))

wazwansidlawingu Y Faduaudnlummsndauuiy A 53

|A:i+k+l,j:j+k+1
AN |A:i+k+l,j:j+k+l

Ao s 379U k U073 k ndn FeludBvesenlaltu ts1arunsaifendauainasndn

'
a

BSUINNTAALAIN Ti+1 D i+k waznanyl j+1 D9 j+k o9

Ju 9 09 fvlsranansam | Imduiy Fatedunniazdis i
G] Ai:i+k+1,j:j+k+l A:i+k+l,j:j+k+l i

WAURILAZUDUNNTDIUNATUUDITTAIULUUUDINOATFUTIVLLANITIWAZLDIATURITD
maly

3. Ugymiinuluddaruuwiuvasnanidunazisuily
YymdrdguilsnnuluidsmuniuvosnanidufsilolianFnursiveuuningnielu

int A uaud Fanlduansisunletdyminudegisduumanuneui 1 1udd wilunsdli
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[y

aundnnndaly intA liwinduaudfenaibidadgmilunszuiunisaivuduld dmdan
MIAIKLILATIT k wdnAndaunTnuieialy int A Seuduaud
nsundagmidenan wldanuduius (7) lungugun 2.1 lesauudlilunisaiuuuy

Asafl K €{0,1,2, ..., n-4} damdndauuiy A(”k*)z[ai(y”jk*q g int A" faundnly

PN i, j*e{z, 3,4,..., n—(k*+1)} Jueud tufe al(*”}k)zo waznmealdmaliiin
dg( 1 5 d‘ * % a - k* 2 a 6 1
Jaymaulunisamivuduasei k" +2 laganigiuaundn ai(*”_l(rfl)) PYOIUUNINTAIULUY
—(k" gy v -k ' o o a —(k o [P
A7) figosgnasdae ") edidlsfinnu duduandn A ugrumiediaid

]

(%

Yun Ao i=i -1 j=j -1 4y t5awnsaawalagldnszuiunisaiviiulnd ualu

[

AunUs i -1 uaz j -1 Addgn iausamuiuaAEuaunis (7) laasil

a(n—(k*+2))

o Ai*_lzi*_1+(k*+2), i-1: j*—1+(k*+2) (11)
Tnelgi5va981lad L5189 ENAALIILALANTBIUNINTLDE A Al

[ [N P Ry A Y T |
anunsaAuAdInualy (11) 19 andusnuaaudndiundsiddgmnaulumming

AULUY tazaiunisAukLusaluaulaAmiIrunves A

1 -1 0 1 O]
o 2 1 -2 1 2 1 =2
#9819 3.1 Masan A=A =|1 2 -1 1 0o & intA®=|2 -1 1
o1 2 2 1 1 2 2
1 -1 -1 0 1]
2 -1 -1 1
| & P _2 O —1 —1 R O — = |
TA8N1sAIULUUATIN 1 ladn ALY = L 3 4 WAy mtA(“){ } LU
-1 1 2 2

faugnluuniwasnani 1 ves int AY 1 Uuaud Fadanalvinisauuiuluassi 3 laaunse
yAaELInlusuuafeturasunsngamuwdy A? Tagldismuudunuuiauls ae19lsh

‘lld‘{j 1 1 & A v o Aa 1 a 1 (4)\'Lvtvdy
AN LHHUYMLUNITAIVLUUAITIN 2 L3IEIANUUNITAFIULUULUNTNDY A ARNIU
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1 1 -1
A¥=l_3 3 -5
2 -1 -5

Tun1sAmIuwUuATIN 3 151ka

Ao |72
3 5

s

nulgramzlusaasndni 1 logldanuduius (10) We n=5k =1 waz i, j" =0
d@nansamwina a? Jadusndnludundsidtymees A® ledsd
1 -1 0 1
0o 2 1 =2
@ _|a - =0
al,l | 1:4,1:4| 1 _2 _1 1
0o 1 2 2
Tneiseesenlad s ndendauaiuaznaniluaiietym Aedanoilaznand 1 way 2 999
¢ - . 1 -1 P v C;s C,
w1 bLAlLIURIUSENOURD [ |= wazluiuesaonnans [a |=| 22
A1.4,1.4 [ |,]:| O 2 |: I,j:' C3,14 C£4

log? C; Aelaunnimesves A, wazanans (1) veslad Lo

1 0 1 1 -1 1
Ciy Cil 02 20 2 -2
A |_Cé,4 Cial 100 2 2| |1 -2 1] 116 -2_,
1:4,1:4| — 1 _ _21 _1 0 1 _1 0 _23 _1_
0 2 0O 2 1l |0 2 1
O 1 20 1 -2 -1
Tufe
-3 5

1 & % ¥ - ¥ 6 !
Tunsmvuduesaaaeves A% wagmisey int AY =3 15114 det A===2 Jueves

o o dl 2V
FINTAUANEINABIVDY A

L4 o g

a y{j A aa a ° ' 1 . (n—k) &
ATINLINEIUITAAUYRINTUNUANITAU WAL UILUY int A L‘Uu@u’ﬂ d1%9U

ke{0,12,....n—4} Tagldauns (11) eraadrsanuasdeliifeu iesanannis (11)

gedeflanguiiun 2.1 Falinsinualiaudnlu intA way int A dedlaiidueud
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Tushegrensmirmunvesaninduuin 5x5 ta q seluil 1s1vedeululdiTves
glad InglunisAnnuiinvuavemnunindlugns (2) veseilad s18andninasinigee
uouagvdnfiussuvEndnieluveasmindii q Smdninaritiesilfaannsownuas
Juismusiuresmendduld Tunsdifitsvesnendduidamainnisiiaundnuissunsly
int A" L Huguddviu ke{0,1,2,..., -4} 15198 lHiAuinnnlasTeanunsald

ANuduNusluaunis (11) 1

A198149 3.2 19 A Aawunsng

By By, Ay By, B
a2,1 a2,2 a2,3 a2,4 a'2,5

A= as,l as,z as,a a3,4 a3,5
A 4, 3 Qy Qg

|51 852 853 854 8sp |

aa d v (% ~ . Yo s
91n35v0vu1lad I@ﬂﬂ?iﬁﬂLLﬂ?LLﬁ%‘MaﬂﬂUiiﬁ‘] intA Li'ﬂm’llmuaiﬂizﬂau

Cl,l C5,1

(8000 |=INA=A, ,,, uaghuuesaenndos [a),,, |= [C c
1,5 55

} Taodl C,, Ao lauyin-

waived A laggnas (1) vasenlad islel

_ 1 ‘A1:4,1:4‘ ‘A1:4,2:5‘ (12)

‘A224,214‘ ‘A2:5,1:4‘ ‘A2:5,2:5‘

1

_ Cu G _
lint Al

C:1,5 C5,5

o
‘ A2:4,2:4‘

C5,5 C:5,1
C1,5 Cl,l

TUNITUIFINAUAVDNUNTNTEDY Ay 1as Arssss Apsrs WAT Ag e 1311035 URIEN1AT
logdnwauasnaniusspuvsndneluveusiasiunindtoy dmuansuudiludedauns 1.1

4115 (5) Wouwnu n=5, k=2 151l¢

|A1:3,1:3| |A1:3,2:4| |A1:3,2:4| |A1:3,3:5|
|A2:4,1:3| |A2:4,2:4| |A2:4,2:4| |A2:4,3:5|
|A1:4,1:4| |A1:4,2:5| _ |A2:3,2:3| |A2:3,3:4|
|A2:5,1:4| |A2:5,2:5| |A2:4,1:3| |A2:4,2:4| |A2:4,2:4| |A2:4,3:5|
|A3:5,1:3| |A3:5,2:4| |A3:5,2:4| |A3:5,3:5|
|A3:4,2:3| |A3:4,3:4|
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FINUNFUINIUAIANUAYDIAUNSTUUARaNBNtuunSngauLty A? TuiSveinansd

Fu wazanaunis (6) Tuteduna 1.1 15leaudnlu A? Weuladu

| A1:3,1:3 | | A1:3,2:4 |

|A2:4,l:3| |A2:4,2:4|

|A1:3,2:4| |A1:3,3:5|

|A2:4,2:4| |A2:4,3:5|

|A2:3,2:3|
|A2:4,1:3| |A2:4,2:4|

|A3:5,1:3| |A3:5,2:4|

| A2:3,3:4 |
|A2:4,2:4| |A2:4,3:5|

|A3:5,2:4| |A3:5,3:5|

|A3:4,2:3|

| A3:4,3:4 |

_ |:|A141.4| |A1.425|:|

|A2:5,l:4| |A2:5,2:5|

wazflofinnsandindnly A® wutldinanmsmuntuavsndaunn 3x3 soluil
[Aussal |Asaza  [Aass
[Paasa| [Asaza| [Anaas]
[asaa| |Assiza| [Aasas]

[Aaazal [Aaaad
[Aaazal |Asaad]
dfoumdndmuuin AY luiSvesmenddutiues

[Auasal |Asaza| [Arass
A% = [Agsa| [Asaz| [Aaas]

|A3:5,1:3| |A3:5,2:4| |A3:5,3:5|

WATVINTAEALNTN LY [ ] TUMWAULAEINY BAZLSINUINUNINDYUIN 3% 3

[

Tun1sAuudIf1IUsveLUnInggasvu1n 3x3 duduauidnly AY lasnisdauainasy
nanusspumnIndniesluvesudaziuninddoy Aankanwuailuauns (4) Tudedunnl.l

w5l
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FanunanTnlu AP Algynainmsmundusivisng AY uaziseay int A=

Tnefi A9 fg

|Al:2,1:2| |Al:2,2:3|
|A2:3,1:2| |A2:3,2:3|

|A1:2,2:3| |Al:2,3:4|
|A2:3,2:3| |A2:3,3:4|

|Al:2,2:3| |A1:2,4:5|
|A2:3,3:4| |A2:3,4:35|

a‘2A2
|A2:3,1:2| |A2:3,2:3|
|A3:4,1:2| |A3:4,2:3|

a2.3
|A2:3,2:3| |A2:3,3:4|
|A3:4,2:3| |A3:4,3:4|

a2.4
|A2:3,3:4| |A2:3,4:5|
|A3:4,3:4| |A3:4,4:5|

8,
|A3:4,1:2| |A3:4,2:3|
|A4:5,1:2| |A4:5,2:3|

&3
|A3:4,2:3| |A3:4,3:4|
|A4:5,2:3| |A4:5,3:4|

834
|A3:4,3:4| |A3:4,4:5|

|A4:5,3:4| |A4:5,4:5|

a4.2

a4.3

_|A].'2,:L'2| |A1:2,2:3| |A1:2,3:4| |A1:2,4:5|_
‘ AZ:S,]:Z ‘ ‘ A2:3,2:3 ‘ ‘ A2:3,3:4 ‘ ‘ A2:3,4:5 ‘
| A3:4,].'2 | | A3:4,2:3 | | A3:4,3:4 | | A3:4,4:5 |
_| A4:5,1I.'2 | | A4:5,2:3 | | A4:5,3:4 | | A4:5,4:5 |_

a4.4

o2 o QI (4) 2 i a ¢a v Y
LAZDNATY dUNBNLUY AV LARAIINATITAIULUULUNINYLINAU A UULDI

a'2,2

83,
8,

INTUEAINVIVUA 1S UAUBNATIINIBMIULULTBIRDATAURBNTALTIUN TS oUNT UL
& ] ay v Y aa N v o v vaa 1 ¢ o
TunaUA1 9 AlFNaunIs (12) smeadveseilad Muudisldismutuurssnonidulunis
MAIAIMUATEY A wagnudndauiBnuisiundddy intAY (3o intA ) wirdumud
auufne |A3:4V3:4|=0 LSINUIT ATTUIUNITAIVUMUUTDIADAIdUTIAsALun1sae LU e
|A].‘4,1:4| |A].‘4,2:5|
‘A2:5,1:4‘ ‘AZ:S,Z:S‘
laglaildn19dnuaiuasnanwuuLANAuSSy intA,,,, J935undguilaiunsaldladiniy

WA T UTUADUAITUN A(Z){ } Ao9iNTUTUIBMIAIAIMUA [A,

a ¢ a
LUNSNTUUIRN Nxn leed n>4
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agalshenu Tunismuuiunsagaring

1 |A1:4,1:4| |A1:4,2:5|

detA=
int A® Aosie| [Ass sl

dwsuming A 9w nxn 1o 9 91 n>3 Aawnsanansialuriueafeniui

R LY V. W
int A® ‘A |A2:n'2:n

det A=

2:n,1:(n— 1)‘
siudnlutugaiiediinismsdae intA? wardn intA® =0 1519gldanunzanidl
s munldlnedtmunduresmenddu uazn1smusiuildsdunisunteunidasldiin
Usglewfla 9 ag19lsfinu iaunsansavdeuinienivutuaving A udrezilentad
int A® =0 3ald lngldanuduiusainaunis (6) waz (10) laan

int A® azz‘ nl)2nl‘_|mtA|

At NeunazlinsmuniueInendduilomARIN1YuA 15 IReInTREeUELedN [int Al£0

Fashetheeluil
10 -1 1 1]
-1 -1 2 -10
f79819 3.3 WS A=[ 2 2 -1 1 0
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ABSTRACT

This research aimed to compare the sugarcane prices forecast model by six
statistical forecasting methods: Holt’s exponential smoothing method, Damped trend
exponential smoothing method, simple seasonal exponential smoothing method,
Winters’ additive exponential smoothing method, Winters” multiplicative exponential
smoothing method, and combined forecasting method in order to create the best
forecasting model. Time series of monthly sugarcane prices were gathered from the
website of Office of Agricultural Economics during January 2005 to August 2018 of 164
values. The criterion of the lowest mean absolute percentage error was used for
comparing the accuracy of the forecasting model. Research findings indicated that for
all forecasting methods that had been studied, the most appropriate method was
simple seasonal exponential smoothing method and the forecasting model was
Y, =794.134160+S, where Y, represents the forecast value at time t and S,
represents the seasonal index at time t.

Keywords: Sugarcane, Exponential smoothing method, Combined forecasting method
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ABSTRACT
In this paper, a closed (1, 2, 2)-knight’s tour on the 3r x 4s x 4t chessboard, where
r=1ands,t=> 2, is obtained.

Keywords: Closed knight’s tour, Chessboard

1. Introduction

A knight is an interesting chess piece on the chessboard because of its move.
It moves like the L-shape, one square vertically or one square horizontally and then
two squares at 90 degrees angle. Euler [4] was the first person to study the knight’ s
moves on the chessboard. He found that, a knight can move from a square to every
other squares exactly once and return to its starting square. This is called a closed
knight’s tour. Then, the chessboard is extended to an m x n chessboard, an array with
m rows and n columns. The problem is which m x n chessboard contains a closed

knight’s tour. In 1991, Schwenk [4] answered this question.

Theorem 1.1 [4] The m x n chessboard with m < n admits a closed knight’ s tour
unless one or more of the following conditions holds:

(i) m and n are both odd; or

(ilm=1or2or4or

(iii'm=3andn=4or6or 8.

Next, the knight’s move was generalized by Chia [2] to move a squares vertically
or a squares horizontally and then b squares at 90 degrees angle. It is called an (a, b)-
knight’s move. An (1, 2)-knight’s move is an ordinary knight’s move and a closed
(1, 2)-knight’ s tour is a closed knight’ s tour. The authors in [2] obtained necessary

conditions for existence of a closed (a, b)-knight’s tour on the m x n chessboard.
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Theorem 1.2 [2] Suppose that the m x n chessboard admits a closed (a, b)-knight’s
tour, where g < b and m < n. Then,

(i) a + bis odd;

(i) m or n is even;

(i) m>a + b; and

(iv) n = 2b.

Also, the chessboard is extended to the three-dimension chessboard called the
k x m x n chessboard. It is obtained from k copies of the m x n chessboard by putting
each copy from the top to the bottom. We label each square by ((, /, j ) where (is the
level of the k x m x n chessboard counting from the top to the bottom and (j, j) is
the position of the square of the m x n chessboard. Note that it can be seen that a
position of the three-dimension chessboard is a cube. Moreover, the (a, b)-knight’s
move is extended to an (a, b, ¢)-knight’s move. If the knight moves with an (a, b, ©)-
knight’s move from cube (/, j, k) to cube (r, s, t), then {|r - /'|, |5 -j|, |t - k|} = {a, b, c}.
That is, if the knight stands at cube ((, i, j), then the knight can move to at most 24
cubes: ({+a,i+b,j+0),(l+£b,i+xa,j+0),and(l+c,i+b,j+a). Also,a closed (a,
b, c)-knight’s tour is a series of (a, b, ¢)-knight’s moves that visits every small cube of
the k x m x n chessboard. Bai et al. [1] obtained necessary conditions for existence of

a closed (1, 2, 2)-knight’s tour on the k x m x n chessboard.

Theorem 1.3 [1] The kK x m x n chessboard with kK < m < n does not admit a closed
(1, 2, 2)-knight’s tour if one of the following conditions holds:

(i) K, m and n are odd;
(i k < 2;
(iik=3andm < 7;

(iv) k = 4.
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Moreover, the authors in [1] showed closed (1, 2, 2)-knight’ s tours on the

3 x 4s x 4t chessboard, where s, t > 2.

Theorem 1.4 [1] Suppose s >2 and t > 2. Then, the 3 x 4s x 4t chessboard admits
a closed (1, 2, 2)-knight’s tour.

The knight’s tour problem is converted to question about a certain graph. A graph
that represents all (a, b, ¢)-knight’ s moves on the k x m x n chessboard is a graph
with mnk vertices where each cube is replaced by a vertex and two vertices are joined
by an edge if the knight can move by an (a, b, ¢)-knight’s move between these cubes
or vertices. Then, a closed (a, b, ¢)-knight’ s tour is a Hamiltonian cycle, a cycle that
passed through each vertex exactly once, of the graph representing all (a, b, ¢)-knight’s
moves on the k x m x n chessboard.

Motivated by these, this paper shows that the 3r x 4s x 4t chessboard, where

r>1ands,t>2, contains a closed (1, 2, 2)-knight’s tour (in Theorem 2.1).

2. Main Results
First, we recall the construction of a closed (1, 2, 2)-knight’ s tour on the

3 x 4s x 4t chessboard, where s, t > 2, in the proof of Theorem 1.4 as follows.

Algorithm 2.1 A closed (1, 2, 2)-knight’ s tour on the 3 x 4s x 4t chessboard, where

s, t > 2, is obtained as follows.

(i) A closed knight’s tour C of the first level of the 3 x 4s x 4t chessboard is
obtained by Theorem 1 of [3]. (We roughly describe in Section 2.1.)

(i) Cis extended to a closed (1, 2, 2)-knight’s tour C: viv, ..v,v; on the
3 x 4s x 4t chessboard where vy, vy, vy, ..., v, . o (respectively vy, Vs, Vs, ..., V, .1 and vs,
Vg, Vo, ..., V) are vertices on the first (respectively second and third) level of the

3 x 4s x 4t chessboard.
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(i) If C = (i, j1) (in, jo)..Aigs, jae) (i1, j1) is a closed knight’s tour of the ds x 4t chessboard,
where r, s> 2, then a path P: (1, iy, j1) (2, &, B (3, 11,1 (1, i, j») of C is constructed
where
( (s +2,j; + 2)if i (mod 4) € {1, 2}, j; (mod 4) € {1, 2}

(ih+2,j,-2) if iy(mod4d) €11, 2}, j; (mod 4) € {0, 3}

(a, p) = <
(ih-2,j1+2) if iy (mod 4) € {0, 3}, j; (mod 4) € {1, 2}

L (1-2,j1-2) if iy (mod4d) € {0, 3}, j; (mod 4) € {0, 3}

Repeat the above construction for the edge (i, j»)(is, j3) by replacing iy and j; with i,
and j,, respectively, and so on. Note that in the first level and the third level, we
obtain the same closed knight’s tour C.

In this paper, we have two main results as follows.

(i) Introduce new algorithm to find a closed knight’s tour of the 4s x 4t chessboard,
where s, t > 2.

(i) Construct a closed (1, 2, 2)-knight’s tour of the 3r x 4s x 4t chessboard, where

r>1ands, t>2.

2.1 The Construction of a Closed Knight’s Tour of the 4s x 4t Chessboard where

s, t>2

Parberry’s algorithm is to find a closed knight’s tour in all square-like chessboards,
such asn x n,n x (n+1) and n x (n+2). Lin and Wei [3] improved Parberry’s algorithm
to an arbitrary rectangular m x n chessboard. Lin and Wei’s algorithm on the m x n
chessboard where m < n has three steps as follows.

First, partition the m x n chessboard. If m = 3, then partition into one 3 x k for
some k < n,and many 3 x 4 chessboards. If 4 < m < 10, then divide into two rectangular
chessboards. For m > 10, divide into four quadrants.

Second, find closed knight’s tours on each smaller rectangular chessboard.
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Finally, combine all closed knight’s tours on smaller chessboards to a closed
knight’s tour on the m x n chessboard.

In this section, we introduce the new algorithm to find a closed knight’ s tour on
the 4s x 4t chessboard where s, t > 2. Our algorithm does not divide the 4s x 4t
chessboard into two or four small chessboards. We start with the 8 x 8 chessboard
and its closed knight’ s tour. The extension of the 8 x 8 chessboard to the 4s x 4t
chessboard is the combination of the small chessboard with four columns chessboard
on the right-side or with four rows chessboard on the bottom of the 8 x 8 chessboard.
While Lin and Wei’s algorithm finds closed knight’s tours on each smaller chessboard,
our construction obtains cycles on small chessboards, 4 x 4, 4 x 8 and 8 x 4
chessboards. Finally, connect each cycle with the closed knight’ s tour on the 8 x 8
chessboard to obtain a closed knight’s tour on the combined chessboard.

For our construction, we give sequences of the knight’s moves by labeling each
square of the chessboard by numbers or letters. Thus, readers can consider cycle in
appropriate direction by following each process of the construction from the smaller
chessboards, 4 x 4, 4 x 8, 8 x 4 and 8 x 8 chessboards, and then obtain a Hamiltonian

cycle or a closed knight’s tour on 4s x 4t chessboard where s, t > 2 as follows.

Process 1: Construct a closed knight’s tour C : 1-2-3-+++-64-1 on the 8 x 8 chessboard

as shown in Figure 2.1(a).

Process 2: Construct four 8-cycles on the 8 x 4 chessboard, called C;, C,, G5 and Cq
where C; : 1-2-3-4-5-6-7-8-1, C, : s-t-u-v-w-x-y-z-s, C53 : A-B-C-D-E-F-G-H-A, and
Cq : a-b-c-d-e-f-g-h-a, as shown in Figure 2.1(b).
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1 |50 5 (|54 7 |58]1% |60 1|s|A]a
4 |53 2 |63|30]|61]8 |57 B|lb|2]|t
4 | 64 | 51| 6 | 55| 20|59 | 18 z|8|h|H
52| 3 |a8|29| 6231|569 c|Clul|3
27|44 | 25|38 | 21| 34|17 | 32 Ty |G|«
24 |47 | 28| 41| 14| 39| 10| 35 Dld|d]|v
a3 |26 | 45| 22| 37| 12|33 | 16 x |6 | f|F
a6 | 23 |42 |13 (40| 15] 36 | 11 e |E|w|5

(a) (b)

Figure 2.1 (a) A closed knight’s tour on the 8 x 8 chessboard
and (b) Four 8-cycles on the 8 x 4 chessboard

Process 3: Construct a closed knight’ s tour on the 8 x 12 chessboard from a closed
knight’s tour of the 8 x 8 chessboard and four 8-cycles of the 8 x 4 chessboard by
- putting the 8 x 8 chessboard on the left of the 8 x 4 chessboard,

- deleting edges 8-9, 16-17, 32-33, and 56-57 of C, 7-8 of Cy, y-z of C,, D-E of G,
and d-e of (,, and

- joining 8 of C with z of C,, 9 of C with y of G, , 16 of C with E of G5, 17 of C with
D of G5, 32 of C with d of (4, 33 of C with e of (4, 56 of C with 7 of C;, and 57 of C

with 8 of C;, as shown in Figure 2.2.

1 |50 5 |54)7 |58)|19]60( 1

(53
b
w

4 |53 2 |63|30)|6118 |57 B

b
ag | 64 |51 | 6 | 552059 |18||z |8 | h|H
52| 3 |48 29| 62|31 C

27|44 | 25|38 21 3-’-1.

24 |47 |28 | 41| 14| 3% | 10| 35

a3 | 26 |45 | 22| 37|12 |33 16| x | 6 | f | F

a6 | 23 |42 | 13|40 | 15|36 | 11|l e | E[w ]| 5

Figure 2.2 A closed knight’s tour on the 8 x 12 chessboard
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Process 4: The 8 x 4t chessboard, where t > 4, is obtained from the 8 x 12 chessboard
and t — 3 copies of the 8 x 4 chessboards by putting 8 x 12 chessboard on the left of
t — 3 consecutive copies of the 8 x 4 chessboards. We do two steps to obtain the
8 x 4t chessboard.
4.1 Connect four 8-cycles of each of t — 3 consecutive of the 8 x 4 chessboard by

- for the i copy, deleting edges 3-4 of Cy, t-u of G, G-H of G5 and a-h of G,

- for the (i + 1) copy, deleting edges 7-8 of C;, s-z of C,, C-D of C and b-c of
Cy, and

)" copy, 4 of the i copy with 7 of

- joining 3 of the i copy with 8 of the (i + 1
the (i + 1)" copy, t of the i copy with s of the (i + 1) copy, u of the i'" copy with z
of the (i + 1) copy, H of the i copy with C of the (i + 1) copy, G of the i copy with
D of the (i + 1)™ copy, a of the i copy with b of the (i + 1)™ copy, h of the i copy
with ¢ of the (i + 1) copy, as shown in Figure 2.3.

Then, the 8 x 4(t — 3) chessboard is obtained from t — 3 copies of the 8 x 4
chessboard by joining each of t — 3 consecutive copies and it contains four cycles.

4.2 Connect a closed knight’s tour on the 8 x 12 chessboard with four 8-cycles of

the first copy of the 8 x 4 chessboard. Since the last four columns of the 8 x 12
chessboard is obtained from the 8 x 4 chessboard, we can use the algorithm in step
4.1 to obtain a closed knight’s tour on the combined chessboards.

" copy  (i+1)" copy

1|50 5 |53 7 |58|19|60) 1 |s|A]|a 1]l s|A]|a 1|s|A]|a
4 |53 2 |63|30|61]|8 |57 B|b)|2]|t B|b Blb|2]|t
a9 |64 | 51| 6 | 55| 20|59 |18z | 8| h|H z |8 z h| H
52| 3 |d8|29| 6231|569 | c|C|lu]|3 c|C Clu]3
27|ag 25|38 |21 |3a|17| 32| 7T |y |G| & Ty y|G|¢s
2 ar (28|41 | 14| 39|1W0 |35 D|d]|d]|w 0|d d|d|wv
a3 |26 |a5 |22 | 37| 12|33 |16 x| 6| f | F x| 6 x| 6| f|F
dg |23 |4z |13 |40 | 15|36 |11l e | E|w| 5 e | E e | E|w|5

Ficure 2.3 A closed knight’s tour on the 8 x 4t chessboard, where t > 4
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Note that (i) when Process 4 ends, we obtain a closed knight’s tour on the 8 x 4t
chessboard, and (i) if we anti-clockwise rotate the 8 x 4 chessboard, we obtain the

4 x 8 chessboard, and also obtain four 8-cycles.

Process 5: Construct a closed knight’ s tour on the 12 x 8 chessboard from a closed
knight’s tour of the 8 x 8 and four 8-cycles of the 4 x 8 chessboards by

- deleting edges 11-12, 36-37, 22-23, and 42-43 of C, and 3-4 of Cy, t-u of C,, A-H
of G5, and f-g of Cy

- joining 11 with f, 12 with g, 36 with 4, 37 with 3, 22 with H, 23 with A, 43 with t

and 42 with u, as shown in Figure 2.4,

1 |50 5 |5 )7 5|19 60

4 |53 2 | 6330|618 |57

49 |64 | 51| 6 [ 55| 20| 5% | 18

52| 3 |ag| 2962|3156 9

8x8 27|44 | 25| 38 |21 | 34| 17| 32

14| 39| 10 | 35

37| 12| 33| 16

a0 | 15] 36 | 11

e|v|F|S5

G|ld4|f|w
dx 8

s|bls|c]y|d]|s]|E
7

1L|Blz]|c Dl x|e

Ficure 2.4 A closed knight’s tour on the 12 x 8 chessboard

Process 6: Construct four 4—cycles on the 4 x 4 chessboard, called D,, D,, D5 and Dq
where Dy : 1-2-3-4-1, D, : s-t-u-v-s, D5 : A-B-C-D-A, and D, : a-b-c-d-a, as shown in
Figure 2.5.
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1| s|A]| a

Blb]|2]|¢t
v |da|d]|D
c|Clwu]| 3

Figure 2.5 Four 4-cycles on the 4 x 4 chessboard

Process 7: Construct four 12-cycles on the 4 x 12 chessboard from four 8-cycles of
the 4 x 8 chessboard and four 4-cycles of the 4 x 4 chessboards by

- deleting edges 5-6 of C;, w-x of C,, E-F of Czand e-f of G, and 1 - 4 of Dy, s-v of
D,, B-C of D5, and b-c of D,

- joining F with B, E with C, e with 4, f with 1, 5 with b, 6 with ¢, w with s, x with

v, as shown in Figure 2.6

4 %8 4 x4
Ficure 2.6 Four 12-cycles on the 4 x 12 chessboard
Process 8: The 4 x 4t chessboard, where t > 4, is obtained from the 4 x 12 chessboard
and t — 3 copies of the 4 x 4 chessboards by putting the 4 x 12 chessboard on the
left of t — 3 consecutive copies of the 4 x 4 chessboards. We do two steps to obtain
the 4 x 4t chessboard.
8.1 Connect four 8-cycles of each of t — 3 consecutive copies of the 4 x 4 chessboards

by

- for the i copy, deleting edges 2-3 of Dy, t-u of D,, A-D of Ds, a-d of Dy,

- for the (i + 1)™ copy, deleting edges 1 — 4 of Dy, s-v of D,, B-C of Ds, b-c of
Dy, and

- joining 2 of the i copy with 1 of the (i + 1) copy, 3 of the i'" copy with 4 of
the (i + 1) copy, t of the i copy with s of the (i + 1) copy, u of the i'" copy with v
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of the (i + 1) copy, A of the i copy with B of the (i + 1) copy, D of the i copy with
C of the (i + 1)" copy, a of the i copy with b of the (i + 1)™ copy, d of the i copy

with c of the (i + 1) copy, as shown in Figure 2.7.

w
o
[=33
al
~ %
o
(=)
m
-4
=
o
w o |&

4x12 d x4 g xd

Figure 2.7 Four cycles on the 4 x 4t chessboard

Then, the 4 x 4(t — 3) chessboard is obtained from t — 3 copies of the 4 x 4 chessboard
by joining each of t — 3 consecutive copies and it contains four cycles.

8.2 Connect four 12-cycles of the 4 x 12 chessboard with four 4-cycles of the first
copy of the 4 x 4 chessboard. Since the last four columns of the 4 x 12 chessboard is
obtained from the 4 x 4 chessboard, we can use the algorithm in step 8.1 to obtain four
cycles on the combined chessboards.

Then, the 4 x 4t chessboard contains four cycles.

Process 9: Construct a closed knight’ s tour on the 12 x 4t chessboard, where t > 2.
If t = 2, put the 8 x 8 chessboard on the top of the 4 x 8 chessboard. If t = 3, put the
8 x 12 chessboard on the top of the 4 x 12 chessboard. If t > 4, put the 8 x 4t
chessboard (in Process 4) on the top of the 4 x 4t chessboard (in Process 8). Here, we
note that the 8 x 12 chessboard and the 8 x 4t chessboard, where t > 4, are obtained
from the 8 x 8 chessboard. In either case,

- delete edges 11-12, 36-37, 22-23 and 42-43 of the 8 x 8 chessboard and edges
f-g, 3-4, A-H and t-u of the 4 x 8 chessboard, and

- join 11 with f, 12 with g, 36 with 4, 37 with 3, 22 with H, 23 with A, 43 with t and

42 with u, as shown in Figure 2.8.
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Note that when Process 9 ends, we obtain a closed knight’ s tour on the 12 x 4t

chessboard, where t > 2.

1 505 |54 7 |58|19|6dfj 1 ]|s|A]|a L|s|A]lall]|s|A]|a
4 |53 2 |63|30|61]|8 |57T|B|b|2]|t Blb|l2|t|B|b|2|¢t
a9 |6d | 51| 6 [55| 20|59 |1&8) z | B8 | h | H z|8|h|H|z|8|h|H
52| 3 |a8| 2962|3156 9 | c|Clul|3 c|Clu|3|c]Clul|3
8 x 4t 27 |aa | 2538 |21 |34 |17 |32| 7 |y |G| e o Tly|Gle|T |y |G| c¢e
20|47 | 28|41 | 14|39 | 10|35 D|d|d]|v Dld|da|v|D|d|d]|vwv
43 | 26 | 45022137 | 12| 33|16 x| 6| f|F x |6 | f|F|x|6]|f]|F
a6 | 23 e | E|lw]|5 e|E|w|5]|e|E|w]|S5
a |t g 1 s | A a L|ls|Alal|ll]|ls]|A]|a
4 x a4t Al 2 G Blbl2z]t Blb|l2|t|B|b|2|¢t
s|b|8|JC|y|d|&|E]Jwv]|a]|d]|D v |d|d|D|v]|a]|d|D
1|B|lz|c|T7T|D|x|e]lc|CT|ul|3 c|C|lu|3]c]Clu]|3

Figure 2.8 A closed knight’s tour on the 12 x 4t chessboard

Process 10: Construct a closed knight’s tour on the 4s x 4t chessboard, when s > 2.
If s = 2, then the 8 x 4t chessboard is obtained from process 4. If s = 3, then the 12 x
4t chessboard is obtained from process 9. If s > 4, then put the 12 x 4t chessboard on
the top of s—3 consecutive copies of the 4 x 4t chessboards. We do two steps to
obtain a closed knight’s tour on the 4s x 4t chessboard.
10.1 Connect four cycles of each of s—-3 consecutive copies of the 4 x 4t chessboards

by

- for the i copy, deleting edges 1 - 8 of C;, s-z of C,, B-C of G, b-c of G,

- for the (i + 1™ copy, deleting edges 2 - 3 of C;, t-u of G, A-H of G, a-h of
Cyq, and

- joining 1 of the i copy with 2 of the (i + 1) copy, 8 of the i'" copy with 3 of

)th

the (i + 1)™ copy, s of the i copy with t of the (i + 1) copy, z of the i copy withu of

the (i + 1)™ copy, B of the i copy with A of the (i + 1) copy, C of the i copy with H

60



NFEsAERFIERS USUT 65 Laudl 701 wewAIAL — 39Au 2563

)th

of the (i + 1) copy, b of the i copy with a of the (i + 1) copy, c of the i copy with

h of the (i + 1) copy, as shown in Figure 2.9.

1 |50 5 |54 7 |58|19|60]1|s|A]|a Lls|A|lal|l]|s|A]la

4 |53]| 2 |63|30|61| 8 |57T|B|b|2]|t Blb|2|t|B|b|2]|t

a9 |64 | 51| 6 | 55| 20|59 |18 =z |8 | h|H z|8|h|H]z]|8]|h|H

52| 3 |da8|29|62 31|56 % | c|C|lu|3 c|Cluf3jc|Cflu|s3

2r|aa| 25| 38|21 3|17 |32\ T |y |G| ¢« o Tly|G|lel|T |y |G| ¢

2147 |28 |41 |14 |39|10|35|D|d|d]|w Dld|d|wv|D|d]|ad]|w

12x 4t |a3|26|a5|22 |37 [12|33|[16| x| 6| F|F x| 6| f|Fx|6|f]|F
a6 | 23 |4z |13 (a0 15|36 11| e | E|[w]|5 e | E|lw|5]e | E|w]|5
alt|H|3]le|lv]|F|5]1]|s]|A]|a 1| s|Alall|s]|A]|a
Al2|lh|u|G|d]|f|w|[B|b|2]|Tt Blb|2|t|B|b|2]|t
s|bl8|C|y|d]|6|E|wv|d]|d]|D v|d|d|D]wv|d4]|d]|D
1|Blz|c|T7T|D|x|e]lc|C|ul3 c|lClu|3flc|Clul|3
alt|H|3]e|v]|F]|5 1L|s|A]|a 1L|s|Alal|ll|s|A]|a

4 x a4t Al2|lh|u|lG|d]f|w|B|b|2]|t Blb|2|t|B|b|2]|t
!1h copy | s -] y|d|6|E]Jwv|d]|d]|D v|d|d|D]wv|d4]|d]|D
1|8B|z T|D|x|efjc|Clul|3 c|lClu|3flc|Clul|3

t 3 v|F |5 1 s|A|a 1|s|Alall]|s]|A]a

4 x 4t Al 2 ul|G|a|f|w|B|b|2]|t Blb|2|t|B|b|2]|t
(f+1)th copy |s|b|8|Cc|y|d|e|E|v|a|d|D v|d|d|D]wv|d4]|d]|D
1| Blz|c|T7T|D|x|ejc|CTlul|3 c|lClu|3flc|Clul|3

Figure 2.9 A closed knight’s tour on the 4s x 4t chessboard, when s, t > 2

10.2 Connect the closed knight’s tour on the 12 x 4t chessboard with four cycles
of the first copy of the 4 x 4t chessboard. Since the first eight columns of the 4 x 4t
chessboard is obtained from the 4 x 8 chessboard, we can use the algorithm in step

10.1 to obtain a closed knight’s tour on the combined chessboards.

2.2 The Construction of a Closed (1, 2, 2)-Knight’s Tour of the 3r x 4s x 4t
Chessboard, wherer>1ands, t > 2
First, we use Algorithm 2.1 to construct a closed (1, 2, 2)-knight’s tour on the

3 x 4s x 4t chessboard by using a closed knight’ s tour in Section 2.1. In Figure 2. 10,
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the closed knight’s tours C from Section 2.1 are shown in the first and the third levels
of the 3 x 8 x 8 chessboard. Thus, we may say that small cubes of the 3 x 8 x 8
chessboard are named by numbers of the closed knight’ s tour. In the second level,
the number with a circle, (X) , is the position (obtained by Algorithm 2.1(ii))) that the
knight can move to cube x in the first level or cube x in the third level by an (1, 2, 2)-
knight’s move. Also, by Algorithm 2.1 (iii), for each number x in the first level we obtain
a path P, : x—@—x—(x+ 1), where the first x and (x+1) in P, are in the first level and x
after@in P, is in the third level. Connect each path P,, we obtain a Hamiltonian cycle

or a closed (1, 2, 2)-knight’s tour C*. In Figure 2.10, a closed (1, 2, 2)-knight’s tour C* is

1-D1- 2@ -2-3Q3) -3- ... -64-64)-64-1.

Next, we extend the 3 x ds x 4t chessboard, where s, t > 2, to the 3r x ds x 4t
chessboard, where r > 1 and s, t > 2, we use r copies of the closed (1, 2, 2)-knight’ s
tour C of the 3 x 4s x 4t chessboard by putting each copy from the top to the bottom.
We do the following.

- Delete edge (2, 3,3)-(3, 1, 1) of the " copy and edge (1, 4, 1)-(2, 2, 3) of the
(i+1)" copy foralli=1, 2,3, .., r-1.

- Join (2, 3, 3) of the /" copy with (1, 4, 1) of the (i + 1) copy and (3, 1, 1) of the
i copy with (2, 2, 3) of the (i+1)" copy foralli=1,2,3, .., r - 1.

In Figure 2.10, edges (1)1 of the first copy and 52- @ of the second copy are
deleted and then join (D with 52 and 1 with @

Then, we obtain a closed (1, 2, 2)-knight’ s tour on the 3r x ds x 4t chessboard

where r > 1 and s, t > 2 in the following theorem.

Theorem 2.1 Supposer > 1 ands, t> 2. Then, the 3r x 4s x 4t chessboard admits

a closed (1, 2, 2)-knight’s tour.
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3. Conclusion

This paper shows a closed (1, 2, 2)-knight’ s tour on the 3r x 4s x 4t chessboard,
wherer =1 and s, t = 2. This research extends the result of Bai et. al. [1] fromr =1
tor > 1. However, this is a special case of the k x m x n chessboard where k, m and
n are positive integers. The remaining cases are open problems. Moreover, we
shall mention that the condition k < m < nis quoted for the existence of a closed
(1, 2, 2)-knight’s tour on the k x m x n chessboard in Theorem 1.3, while our result in
Theorem 2.1 does not give the relation between r, s and t. There are no problems

because of our construction.

The 1% copy The 2™ copy
1|50 s |sa| 7 |se|19]fe0 t |50 s |sa| 7 [se]|19fe0
4 |s3| 2 |6s|30|61|8 |57 a|ss| 2 |63|30|61]8 |57
ag 6a|s1| 6 |55|20]59|18 a9 [6a|s1| 6 |s5f20|59|18

The 1* level 52| 3 |as |29 6231569 52| 3 a8 |29 |62|31 56| 9 The 1% level
27| aa| 25|38 |21 | 3a |17 32 27 | aa | 25|38 21| 3a |17 32
29| a7 |28 | a1 |14 |39 [10] 35 29| a7 |28 | a1 [ 14|39 [10] 35
a3 |26 | a5 [ 22| 37| 12|32 | 16 a3 (26 | a5 22 | 37|12 33| 16
a6 | 23| az [ 13| a0 | 15| 36 | 11 a6 (23| az [ 13| a0 | 15|38 | 11
6|(®)|@)|69|6[13| 6| @ ©|®|@)|6|6|19|6)|@
@|@)|6|®)|69||62|GD @|@[0)|3)|6|®|e2)|6
©|@|®|@|1B|E@|D|E 02]10)(9|C]@loS)

e O@OBEBEE (@RS ..
clelielR)el ]Gl @|@|©)|9|(|19| | @
@|0)|E9|@||0|@)|® @|0|©|@)|®)|OQ|@|©
(@9|(9|@)|@)|D)|G2|@D|G @)|63)|@)]@)|1D|E2)|@)| 6o
®@|@||@|0|E|©|E @|©|@|@|0|®|0|®
1 50| s [saf 7 |s8]19|60 150 s |sa| 7 [se|19fe0
a 53| 2 |63|30|61]8 |57 a 53| 2 |63|30|61|8 |57
a9 6a |51 |6 | 5520|5918 a9 [6a| 51| 6 |55[20|59 (18

The 39 level 52|35 |a8|20|62|31|56| 0 52| 3 |asf2s|62|3156]09 The 39 level
27| aa | 25| 38 | 21| 3a [ 17 32 27 | aa | 25|38 [ 21| 3a [ 17 ] 52
2q | a7 |28 | a1 | 10|39 [10] 35 2a | a7 |28 | a1 | 10|39 [10] 38
a3 |26 | as [ 22| 37 | 12| 33 | 16 a3 {26 | as |22 | 37 (12| 33|16
as | 23| a2 | 13| a0 15| 36 | 11 a6 (23| a2 |13 a0 | 15|36 | 11

Figure 2.10 A closed (1, 2, 2)-knight’s tour on the 6 x 8 x 8 chessboard
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UNANED
¥ A./.2014 Chen lgassguanumdsuaderaniaieldlun1smansvenauiniia

Y

d -k a QHIJ =2 LY v 6 ! o fa a A LY o
IHE‘U ZI TuunANUIeti AN YIANUFUNUSTE NI IUINELRB SArTnNan s UT 1 U
i=1

= 9 a 7 P ° a
vugUaumdsunateUraniaves Chen Balunintuislamignsvesdnuiuuuglaumaey
AANEUNIENARINETD

[

AdnARy: JUaImRBIARIEUIEN1A FTNANeTRIYilaTiaed

v

ABSTRACT

In 2014, Chen constructed a Pascal-like triangle for finding the formula of power

n
sums of the form Zik . In this paper, we investigate a relationship between the Stirling
i=1

65



uuvuzUaumisundieiiania

numbers of the second kind and the numbers on the Chen’s Pascal-like triangle.
Moreover, we find the formula of the numbers on such the Pascal-like triangle.

Keywords: Pascal-like triangle, Stirling number of the second kind

1. uni
sUanuwmdsuAa1gUana (Pascal-like triangle) gnasaduunlaetnadinaanivanevit
FegUaudsuameUianamatuisliuuuasanvaensleuiuand iy ({e1uanse

adegaleann (1], (2], [4] uag [5))
Tyl e.e. 2014 Chen [2] laAnwignsvaanauiniadlugd i Iaguldasiagy
i=1

ANULAsUAA18UNIEN1ATE1U1501UN T8 TUNTAUINIHAUINANE LA 18T

1 15 65 90 31 1

JUT 1.1 sUanumdeuaanguraniaves Chen (WEAd 6 UAILIN)

HeuaInsagisn1saegamasuaaieuianiaves Chen oty [2) uenanilgideudsle
TnngwafdAylilmnsdiesssmneaunimualuglaiumisundguianiananat

90N wUIININNUanesaviianas (Stirling number of the second kind) fagu#l 1.2
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1 31 90 65 15 1

JUN 1.2 sUanuwvdendmsuiuiuanesauiiniiaes (Wand 6 Lausn)

[
Y1 =

ﬁQﬁQmummflimﬂmmia%'mgﬂammﬁauﬁw%’uﬁmauama%ﬁwﬁmﬁamié’mﬂ [3, w1

112]
iuuwmw%%’ﬂﬁlﬁwzﬁﬂmmwﬁuﬁuéiw’iﬂﬁwmuamas‘ﬁwﬁmﬁaaqﬁ’uﬁwmuuugﬂ

anndsundeunanIaved Chen w%’amﬁ’quqmﬁuaaaﬁmuuugﬂa’mmgamﬁwmama

AINAD

2. anuiiiasiunazdyanual
o 14 [ o 13 = Y o a 1%
Amuald n way k Wudwiuduuin § 1<k <n waglvidruuuusvaumitounane
Urania il k Besadil n Weuunueie a,, InenisasieduuuuglanvisuaaieUa
natugud 1.1 agled
a,, =1, a,, = (D" dwmiunn q n (2.1)
waz

a,, =(n+k-Da,,, ,+a,,, &MU I<k<n (2.2)

Tuunenuide [2] flulauansdn Yi"=> a, . n(n+1);T-]-(nj+ n;— J+1)
i-1 =L  a
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untenu 2.1 Twainesavrinviaey (Stirling number of the second kind) A F1UIUNE
wUsAU (partition) Muanensfusvunveusaianidn n 61 neuvadu k dmw Weuuwnu

medydnwal S(nk) We n way k Wudwauduuin @9 1<k <n

HeuaNnsaAnY IR 1auaraN TR 9 vesduiuawmesawianass lnain [3] wag
[6]

NQufun 2.1 [3, Theorem 37]
1. S(n,n)=S(n,1) =1 dmiu n>1

2.8(n2)=2"*-1 d1msu n>2

3. S(n,n—1) =@ Fmsu n>2

NQWUN 2.2 [3, Theorem 38] S(n,k) =kS(n-1,k)+S(n-Lk-1) dwmiu 1<k <n

&)
k!

= ¥ k A k . o U
nquUN 2.3 [6, %1 118] S(nk) = > (| |j" d@msu 1<k <n
=0 J

a a ' 6 o (% o fa a A s
anstunguiiun 2.3 Senignsesslaesdmiuinnuaneiawiaias (Euler’s formula for

Stirling numbers of the second kind)

o/

v a < 1
VBENA ANV B UN 2.3 13198 UUN

S(n,k) = (_kll)k Zk:(—l)j[ljjj” dmsu 1<k <n (2.3)
I

3. IwIUVUFUEMRENATI8UIEN1aYY Chen

1 ' o

TwideilisazAnwinnuduiussenindnuiuamesassilafiasafiuduiuvugy

v
Y o

AUmAgLAII8UIAN1AY0Y Chen WIDUTIIMNEATVRITINIVLUTUAMABNARI8UNENA
AINET

uneg 3.1 S(n,2) = (-D"a, ., & m5U n>2

n,n-1
unigall aziigalaenisldnseudeiendinmans (Mathematical induction)
dunaladn S(2,2) =1= (-1)*Q) = (-1, = (-1)?a,, ,

W r>2 uagauudlv S(r,2) =(-1)'a,, , *)
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19192UEA9IT S(r+1,2) = (-1)™*a

r+1r

levguiun 2.2 aun1s (%) wazngquun 2.1 98 1 197
S(r+12) = 25(r,2)+S(r,1) = 2(-)'a,,, +1
MnEums (2.2) uag (2.0 I (-D)™a,,, = (D)™ ((-r-1+r-Da, , +a, )
= (D™ ((-2a,, , +(-D™)
=2(-D'a, ,,+1

r,r-1

U S(r+1,2) = (-1)"a

r+1,r

WIgRstil S(n,2) = (-)"a, ., @%SU n>2 O

n,n-1

NQEUN 3.2 S(nk) = (-1)"*a dmiu 1<k<n 0 n>1

n,n—k+1
univgaud i n>1 a1 k=1 agldn

S(n) =1=(-D* " = ()" (D" =(-)"a,, = (-D"a,, 1.
wazon k=n uddvzld S(nn)=1= Q@) =(-)>"a,, = (-)""a,, ..,

Fat S(n.k) = (~1)™*a idlo k=1 %0 k=n

n,n—k+1

siolurvunli 1<k <n dadunalyi n>3

a

wiigalaensldnisauieidendinamansin

S(n,k) = (-1)"*a & 1<k<n 90 n>3

n,n—k+1

NTUINTA N=3 =TUN 61 1<k<n=3 a1 k=2
wldd SGB,2) = 3 = (-1)(-3) = (-D°a;, = (-)*?ay,,,

W r>3 wavauudli S(r.k) = (-1)"*“a d1msu 1<k<r (**)

r,r—k+1

15192UARI1 S(r+1,k) = (-1)™*"a d iU 1<k <r+1

r+1,r—k+2

dmiunsdl k=2 laaunes 3.1 9zl S(r+12) = (-D™a, 0, = (D" a,,, ».,

dmiunsdl k =r Tnevgquiun 2.2 nquiun 2.1 99 1 wazaunis (%) lai
S(r+1r) = rS(r,r)+S(r,r=1) = r@)+(-n""Ya,, 4, = r-a,
Tawaunas (2.2) waz (2.1) 9zlaan
(-1 'a = (-D™a,,, = (D((r-1+2-Da.,,,,+a.,.,,)

r+l,r—r+2

= _(_rar,l+ar,2) =r—a,
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AU S(r+1r) = ()" ™a ,, .,
dwisunsdl 2<k<r dunalain 1<k-1<r-1
Tnengufjun 2.2 wazaunis () e

S(r+1,k) = kS(r.k)+S(r.k—1) = k(-)™*a, ., +(-)™"*a, .,
Tngaunis (2.2) azle

(_1)r+k+1 a

r+1,r—k+2

(_1)Hk+l ((_r —1+r—-k+2 _1)a'r,r—k+l + ar,r7k+2 )
k(_l)r+k a + (_l)r+k+la

T,r—k+1 T,r—k+2

<

WU S(r+1k) = (D)™ a,,, ., a5 2<k<r

[%
[ VK'Y

fatiu S(n,k) = (-)"*a dmiu 1<k <n

n,n—k+1

UNunsn 3.3 a,, = (-D'S(n,n-k+1) dusu 1<k<n nn n>1

unigau i n>1 wag 1<k <n dunpdn 1<n—k+1<n

Immwgw 329zl S(nn-k+1) = (<D™, nya = (D Pa,,
ot a, = (-D's(n,n-k+1)
n n—k+1 k 1 . o
ununsn 3.4 a,, _ D Z( 1)’ _+ j" dwsu 1<k<n vin n>1
(n k+1)' J q

a

uniigan 1 n>1 war 1<k <n lRgunwnsn 3.3 kazaunis (2.3) agkaa

Y

= (-D**'S(n,n—k+1)

e (g k)
s k1>'z()[ j j’

B (_1) n—k+1 n_k+1 .
ki V)]
feghe 3.1 fedeellilavuansnmsmeues 8, Wensldansluununsn 3.4

(e s, (6-3+1
% = 6o 3+1),Z( )( . jl—5

NIUN 1.1 auiiud a, Jandu 65 assiuAiewinilannansluununsn 3.4

n o U
ununsn 3.5 a,, = —(2) dm3u n>2

70



NFEsAERFIERS USUT 65 Laudl 701 wewAIAL — 39Au 2563

unigad I n>2 Tagununsn 3.3 wagngufun 2.1 9o 3 aglid

3, = (D*S(nn-2+1) = -S(n,n-1) = ‘@ O

UNNEN 3.6 a,,, = (-1)"(2"* -1 dmsu n>2
unigad I n>2 Tagununsn 3.3 wasngufun 2.1 9o 2 aglid

A= (D"S(hn-(n-1)+1) = (-1)"S(n,2) = (-1)"(2"* -1 O
daduna Jilsuvetionw C(n) Wunauinvesimuuuuglauaeuadieuianiazes Chen

Tuwasil n dufio c)=>a,, 19y CQ=1 C()=1+(-)=0, C@)=1+(-3)+1=-1,
k=1

IS (%

C(4) =1 C(5)=2 uaz C(6)=-9 anflog9aziiuitgsures C(n) flanwaugaaieny

FuIuLUALANLAL (complementary Bell number) B, lmaflanu B, => (-D)*S(n,k) uay
k=1

fidwiulu -1,0,11,-2,-9,-9,... @msu n>1) feraunsogasuves B, dandnlaly
The On-Line Encyclopedia of Integer Sequences (OEIS A0O00587) [7] mm?h@sj’mﬂl,%u

AA C(n)=(-1)"B, fwugiaulaansainsfnydeauudgiudsnaiile
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