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ABSTRACT
This general article shows that it is encountered by dyslexia students with an
understanding of mathematics. Recommendations for the teaching of mathematical
support to dyslexia students.

Keywords: Dyslexia, Mathematics, Education



fadnuiunsSeundinenans

1. UNi

TunaneUinuuniinisuaduedaunsnateaunatailulssloafinyiin “Aulngaiu

v
v A

wilsdeluiiu 8 vssiasel” Manaudwluglinsudsnunidladuaud1snn anudndede
funndesiiisdlaaunaredudyafienlidend vieuszaauseduiuauiiisaveainlng
Tugatagdu windadinariduauassntedudnuiiasasnuingrdmsunisfnulng

weitul w.A.2558 driineuadfuvannd [1] lasiusiudeyanisenunisdeveasnvulneiieg
Tugaeny 15 89 24 U wudn nandldlunseundsdeveninlnedeiuaz 94 uidl lny
A 1 Ya a [d 1% | & v a &
WonagnuussnmanuIivins Aadusesay 21.5 vesUssinvnsenunaug wasdadivinlng
! v A 1 = v & = A ) 1o [ =2
gunilidelioanisiesas 20.6 vesenvulnevisnuen Fdedudgynilugdmsunisfinu
votlvenwusefnauislagiungdslulasunisuily Jadefidmadonissuvesiniivaleniu
) o 1% = - ] a W v o Y e A
MaiuATauATY aninuinaeu lsauseu vieas wiasUuaskiladndademaiuluises
= = ng = LY < 12 A ¥ =3 1
neuen deazlinsunluliavuiedamnduanluiindurseneeuiisaues Aliaunse
Wausuniseuladnsa Wenesdnyunisdmivianuisausdelineieusniiede Al
1 = Y oA a o = a a a 1 i A A
ausagunisdslimiiouauuninaly Wesinlinsiaundlusiunisils 91u nIaLleu
] v & A = % = A v 2 o o ) | ! a4 A Y a
daalmannguiliduTouaunisfinwilleWisuiuwan oty wu 81unseleudl i
Jeymisunisaznan 81ugauAI9NET ANNTIFUloeddudou dlynisun1sdeans
gruesndedlidn daueindiuintunismeumaunsatelauazln demalnlaiiunue
Tusites v3elinuinanasniial [12] aNuuenNgRNITUAINEIRD N7198UNNITBNNIUNIT
' 8 a_ & o . 8 & o va ‘:4 vaal
97 w39 AaLanide (Dyslexia) Mnandn1ieil naaseunt aulnddin v3eas AI53IBNTS
Sutladunnnquillignis eanlamisig o MezifaTuseduin 1wy §Andnuesiase
Liflausimiiounudu lueenlulsuseu wive Juas naensugndsrudnduinduyanai
aruaiunse winaswdunnmartenaduyanadifglunistundouimuilssinaly
awAnld nlasunsuangns
A 1 1 £ a 13 a A & 1 1% ! = & = 1
Infinanueay fAadndeiollunnzunnsasiiuniserudadunisdunguvesniae
UNNS0IM19N15458u3 (Learning Disorder) MuuUsmuanwazveansidady laglduannisms

Usganingl wasuananfaidnidends danuindsnasineieglunquilivuiu fe

ANMEUNNTDINIUNITITEY 130 AansT W e (Dysgraphia) WazN1IZUNNIOINIALAFIANT



MIANSAMAAENS USU1 66 LauT 703 UNTIAN — LweY 2564

£%

w38 Aaunanide (Dyscalculia) Tuunaiuil Wawaulalulssinudaandedunsiseu

[
a a b U U a

palamIans DawdinneliuiaunandeszgadigiuanuiasmatgauinnUduauii 713

Y

Y a

aosnguiliunnzfeaiuvielsl wiwiesawd fadndefunnzunmsosnuniseuiidma
sonseuluividing 4 wasdiulddaludvnieatosniu wieddlsfmudiFoudiinned
fandldsunansgnunmasulildiunmatsuinademan fisuiu WesndiBsunguillsl
anunsaglandfismunlily widuilildnmneninuiiesldaunsaudlanddaymidusiiu
FBasmandamansle mauddesdinuasstiemdesunseiuland Feisiuiauaagided
unnsosmsadamanilasnss wiiagliddguidunseuudnduiarldansadila
ndnnisnadamansiduiugiuls wu bidladesuou msduiunsduiiugiumns
AdaAIERs vInAud1lan1Tl@euwageun I nonade 9 Ae lddiauidnnis

@ =¢ °

a X v P Y D o =
AMAA1AR T4 [4] MemniddeuiiutennudifyvesdiTounilynminisseuslu
' = = a % o g A i v o
AMgAN 9 JdlwnAnagliunanuatuililudenarslunisdieneauuinisnsasuliiu
Asiaou lngaznaniuseuninnefadndeiunsseuadamanslumdenis o Maula
a Yo a @& o o ¥ A a @ a o = a s v v A
Suanidnaneiadnide luiiden 2 nngdadndeiunisSeuadaans luiiden 3

v v a a & a w ¥ v v a
LUINNNTERU TuTe? 4 nazfadndenauile Tuiden 5

o

2. $inanzhadnde
a <3 I « I I ” 1 & a a Y] VAl o 1
Aadnide “lallelsa” uiiluanuiaundnisiugnssuvulastulaudn 1 vl p34 -
p36 lastuluugd 6 Aunia p21 - p22 lasluleuan 15 dunids g21 uarlasiuleudn 18
AsUs ql1 TaeiduiiiAeatesAe DCDC2 (Doublecortin Domain Containing Protein 2)
way KIAA0319 [11] dswalvanes@ingdrousnaansindudne (Parietal Lobe) §99inina

WENLEIADS LavaupInauniemes (Occipital Lobe) evinutiniiieidesiunisusaiiiu

o a a

IATIFTNUIRD wazAIUANNEINUTINYEATUNTEY YiuRnUnd [2] ligidinazfadin
IS IS a a v 1 = v | ~ 44 o ! « 9 ! !
W Taruiaunddiunisile ldanunsauenuesideald wu Welvyad13n “inu” 81w

no-19-u9 (1N1) INFALEEY No panuLalldldes 99 Wy Aaumlvatuisasusenidsaiy

yaa a &

29-19-19 (13%) 19 WRAMSURNT N MzRaandeaz liaunsofmndssnseluadunanifiiagng

Y

d' 1 ¥ = a a v @ =3 LYY} 1 a
naalula vseauiiaunfdiuausIlun suauiugUA LA ISNYT WU Mndin11e



fadnuiunsSeundinenans

'
) 1

U9 10x5 NUsznauldmefianes @ ®3an1w tun1s1e Wedinisnevadlavdesmnils au
vallaganusavenlaviuilineniudsfivesiiu asstuiugndnnzfadn@eiiliaunsoney
Taviuil Wesanifinanuduaulunisuesdn visauiuain “dog” Wy “god” wse “1 2 3”
I « » = < 3 v o ' \ 1Y ~ |

Wu “3 2 17 wisau1snuiudun sy aauluun hazkuuauinmnnuanyusinga1iul
YA UILAINA AL ANUUNNTBIAIUNITB1UAFDLUAE [8] danalrienutininaunily %3s

a1uliioan ulamnuisesmazasusasionulule

Dyslexic Reader

Parietal Lobe

Occipital Lobe

TN
2)

[ A——
Chromosome

SUN 2.1 nnuansusnuvesaNasiaung (3, 5, 13]

a < S o = a 4
3. ANLASLENLYYINUNITLITUAUAAEANT

a 1

YNNI IVAUINNIILAALEA T T UNIIZUNNIDIAIUNITINUY NAEAUTNAANIN

mnyaradana sl Anwlussuunsfine ssdeandyivaiueinduinlulviniieites

a <

v v & I va a Yy va aa N o a a a
AUATUATYUNTUU LLALLNNATILAT NLﬁﬂumﬂﬂqr‘]%@ﬁlﬁﬂL%BUQQSN{]@W{LUﬂ’ﬁLT@JUQ%W

kY

'
v a A

AfAAIANS UYL IWS1zuanANAaAIansazidudvNensanIsvinau kel §9ili5eq

L4 a

yanwainsadlamans Wy n1suIn (+) Aunisam (x) dedawalvdiseunianieia

e

< a a 1 ) 14 a & & 1 v [ a 1
wnideiitymaenisvianudilalunwadeaansiiueg1emnn wagae anwuzAnamn
Tuvat1esuaziuindunsiiuanududousanisinAnuinlavesemludnsesu Fald
wlaniigiseuiifinngfadnideasliamnsaianudilademadaemansle

NNTANIUITBUOS Perkin Wag Croft [10] NlaAnwdaminisssuadinadnses

aNd

aa a <3 I o LY a LY a = 1 Id 1 A 1 [
b ‘EJ‘LWllIﬂTJSG]ﬁLaﬂL‘(J‘EJﬁ’]‘Wi‘Uﬂ'ﬁL38u1u58ﬂUﬂi§yliyﬂGﬁ Toguuadu 2 ngdl A ﬂEjllLLiﬂL‘lJu

e ey

Seundnngiadnds S 6 au TiSsuwuuisen wagnguiaesusenaumediseud



MIANSAMAAENS USU1 66 LauT 703 UNTIAN — LweY 2564

a <

LiflngRadnide 31uu 12 au S susAURSsunin1zRaldnds 39uu 12 AU Lo

Y
(%

wanmgsuduiidavamsdeusluseivadamans nSounamaus1aseninagiseu

nquiinnedvlifinmgaadndenidymnissouadamansanaiuegials annauive
WU iSsunquasdndevsiidyminisiseuadaemansed 4 au Ao 1) auilen 2) du

Y 9

(%
v U

NNANENOA 3) AIUTURDULAZNIZUIUNIT Az 4) Aun1sUsziliumg %ﬂﬂcymmdwﬁd’mimg
sglinulunguiiSeunliinnziadnds WesaniymnsBouadamansuiaziuves
nauiiiinsRadniBeidudnamanmssuinsaemifaund Wy niaiunimdouaduly
11 nMsiufisnymiedeninuiuas nsvgalwiaaindsiienu fnnmduindenisueiiu
NAANUEIVDINTEAY

v

wazdunveslymnseuadnmansunarauressiseuninnefadnideidudsil

1 -dy 1 Y a = ¥ LY 1 A
1. #1ULUBm WU’J’]NL?EIUJJ{]ZUUVF’]WJEJﬂu 3 @34 AB

=3

1.1 AFN NS sUNTin1zRalande TnAaAMUEUAUR 1N UD UNULAL

Y 9

[
a

aviumndfivanududeuresidnitu fezlunisaiianugendenisiseudiundiseu

AlnzRadan@eils Wesnnavesazluauisanenlainduladumdninisadinaians

[y o

wazduladum AN 1M LTInUTE I TY ANFWRUIIATIT Wi audulaEla Tyl

a ‘:{' 1 'y} @ 1 % 1 ) I q" Y} = a v & a 1
USUNAR1TUAMUNLN8AA19lUAIE 181 131 Product @99 lUnuneds AUAT ASoNanNan Wi
NNANAFEATNUEAINITAM ¥3DA1IN Acute TaRLUMINETY ANUTULTS MTBFUNTY 138

g1via winnadlamaninauranefaunivundosndn 90 8IM1 UIPLNWMANULEY NTOA

[y

71 Vulgar Fvalunungdls ve1uane wavepdneansvunstaasiu tazdsmutymduan

YY)

o A v o o < } 1 o | . . = a
v1amUnseuAeLludainuInga 1w A131 Differentiate F9lANURNIELAEIAUAU

' ¥
=

Distinguish am3M8feN1TWUILEN MToAMULANGATY Uallaiseuadinmansluseauigy
Differentiate naunuI8fIAUTUIDLAUTAY TuvinuoaAgIAuiUA111 Complex 8

' ¥
a

PmNBLREIU Complicated fivsnefaniududou vioesenn wieiFoulusyduiigsiu
9xMuin Complex Mnedssruaudedou uenanidmudymiludiuiiiniseenides
willouuwarfaznadfiadiefu wu f137 Integer Fanunefesiuiusia AU Integral a3
mnedsmsmiuildns wiemdwimeadamandluntwlneiiensilfinauduauls

WU A1 ARSI AU FINSIIN Y39 WIASAH NU LUNSND



fadnuiunsSeundinenans

2 L4

1.2 dyanwal JwinweiugiulunsSeuadamansfigseuniss eldduinans

>

Tun1580a15uara0ANUNNIENIALAAIEAT AN AU TANTIAY Welun19nsItu ATy

ANeINaIuINdmnsudiseuniingiadndelunisdeusdydnvainisadaans 8

Y

wiuowiIMsSeuadinaansliaunsandnifedanaiils egradesiSeuynaudeiin

Y

'
a

o v 4 o % | = $ = v : A =
doydnuwalnIguileuunueig x Wy 2x5 ¥38UNATITgULIUAIY - (WU 2-5 WelTudl
nslddydnvalinndu dmaiigiseunianedadn@aiannudilain Weu 2x5 unu
e 2.5 uawinaswds 2.5 Wuvadey dunineanuidseuidymaunisuesdydnval
d‘ « =] < A a [ 1 « [
naaradeuniy 2.5 10u 2.5 wiesiiaAuduausenituaIemuigudn (+) du
\wTeINEAM (x) Beineiuiiganuideainty uindulianumingneatinmansuaneig
i Ban1sseuadinmansiuseiungauaaddladiiedydnuainisuin au Au Lagnis
Wiy wienafifieenovenids Wy x7 Wiensld X way x” visasioragnldiuiFes

o & ] & Y | Yy a a Y a9
nsmeyius uiuasagnldluguvesiiuls dwalvigissuaaiaauduaulunsdinlaly

[

duanwalanale wagiuglunintu AensladydnwalnelMuLAANRLNEAINAY 1tu N5k

i way j iauansiunisreulInaes waluueaseld i way | uwiudiuIuldsgeu il

a o o (% L4

Asoudndudeamuiudydnvaliuvanlnininiu ewindydnvalnisadamansung
[ [ 6
d

AElANNNSO LT AMANSLUU WU TS D9U9NITRARIAILAUILINADS DIV ULNUAY

o

(Y L4

1 =) a 19 1 :.’I 3 ¥ Y A Y
LINEMNBILLUIUDU (3, 2) NIDLVYULNUAIYLINLFAD TLLUIFN [2} oy niensladudnal

o

= [ [ v 1 dy df

bNBUNBUNUTNISWUEEY ﬂwmﬁluwmﬂwmagﬂuw U ==, —,
dx  dx

v v 1 I v ¢ LAY a -y ' < v 6 ¢ v

YNAU {5]']\‘1LUUﬂ’]ﬁ‘W]EJTéWUﬁSUEN‘WQﬂSUUWJLL‘UiL@EJ’J'VNﬁ‘L! LLG]‘W]ﬂLUUﬂW?MW@HWUﬁﬂJ@Q‘WQﬂ%U

y, £ v3e f, deydnwal

v v

vanefwlsaslddydnual 0, 5 wie d NAnauTTIuISsuiemuiudydnualag

o

[ [

9 U9A5IAzAaANdUaUlUAIINOY uazaLDIDT llEILNTILENAMULANAINUDIFYaNY

o

2a

' ) Y oa O o v a ) ° & v v ° v v a A a
wiazdald BnvedadiaunTgyiuaiueindiuintunisidenldlignies dmsugiseund
a < = % =3 1 & 1 a" 2 (=1 a
AMzRadngenal Nhdidunisdnetaenaziintaanunanglalaeldidauuiesune

1.3 519 Wudniinwenianldlunisdoanswas 8aAunuIgN19ALAAIENS el

dwsuiSeuniinnzansfadnde deundyiuanueinaiuintunisueinsin J9o199iu



MIANSAMAAENS USU1 66 LauT 703 UNTIAN — LweY 2564

a a = 3 & S [ v ' 1 1
E‘UN@QWﬂLﬂ@J ‘Vﬁ’e)L‘Viu‘ﬂﬁ%i@ﬂi’]Wﬁ@ﬁUu@’mﬂﬂ vsasaulunindeuauldanunsasiuan

Y o | & v Aa a & a & o A
GUE)\‘mTW\n)ﬂ W'J@EJ'Nﬂ']ﬁJ'ENLﬁuﬂiqwmaﬂaLﬁﬂuwuﬂqﬁzﬂqjgﬂaLaﬂL"UEJL‘Uu@QEU'V] 3.1

Y Y
f (x)=sinx

7 \ /
s e

4

Non Dyslexia Dyslexia

% 1

UM 3.1 fg1enTinusaiureinulnALayAunin1nzAaLande

EaN

sal v @

2. gumsagnen nssgunsasulusginadamaningungdnaeulugiuuunis

9

v ¢ X A A 1 - | v
URRTIINI] Twaaﬂ VUNTEANTU W'ﬁaLGUEJUN']UIUﬂ"\]ﬂLWai %QL@@@@Q&@U LWINEAUNY LLfifLGUVL@LTJ

1 a = a [

wtunenssiudiy ndvdmadeneSouniinizfadindy Wesanldaunsafladaeulv

(%
£ =

Wlanazanduiinlundoufuld funluniriufediSouuisauaninangningiziinadny
duauvasiidnusiuaunis veanydesuniinisueniiu ld§iwesdiulnuet azdudym
TngjdmsugBeuniinnzfadnids Ae msantuiindsiiGouliiuuasgnsios Sadumiiives
faoulunsnuauvieuuziuinisligifouaunsadoudidonifsanudila suidiou

naenIuansnantuiindsiiseuligndala

¥ g.'l/ [~4 A ) [ Y Ao a < a 1 o

3. MUTUABULAENTEUIUMT AnTuFeendmTugissuninnsfadandesenisvin

v = U fayya a o a = v v fZ a 1 | Y

A lafenainsile Buseuluseiunaaduanududeuvedlandfiiiuunnay wu Tuseiu

J5UANY L51FIUITONINALRALINNNITHNANNITALIRILU NI D@09 U EA watiiaseu Ty

]
v A

SEAUNAITY L5719 9NTLUUANNSNLAIWUSUINAIE@DIRR FeReuldunsndgtiglunisriua

Y

1 '
aad a ! U A

ey 1a1eALDIIAUTUAUITY wifdnareaunliveunsmnaeassme3siiguiu ieswwin

(% '
=

Juisnfinszuiunistudeudniadaaeildlunisdwiuiiuin wivdiseunliinnzha

'
a

2 o @y vy & A o v va Sa a @ =
dndeunauilianansamaanasld JabiiluiudanlasndwiugiSeuniinnefadndy
gnmaaaslild nsgdnnilaladendrdyndinasonisiSouadinaansuoagisound

a & o A 1% ° = & W ] d' v va Aa a
NNMITAALANLVYAD ﬁjigmmummmiz%au Falu ﬂﬁmgi']ﬂJV]WUﬂJ']ﬂﬂU@JLiﬂu‘i/lllﬂ']'ﬁ%ﬂﬁ



fadnuiunsSeundinenans

&  a UIRCIREY & A a I X < ! vy a aa

LanLae LLmlmiﬁdﬂU‘nﬂﬂu ALUULLDATZUIUNTTUAIUY UG DUNINVYY ﬂ%aﬂmashiial,wuwu
a & a o vy ' a o o P %

m’;zﬂal,am%Liauilmﬂmﬁﬂuﬂﬂmmlﬂ a\‘iLﬂ@lﬂﬂ']ﬁ]‘ﬂ']ﬂﬂ'ﬁ‘VﬂNaLﬂaEﬂJ@ﬂig‘U‘UﬁNﬂqiﬂ'JS

'
Y

FuvEndidiavusasiiundshiu TasfiuguvesdSoud dnnehadndes dndvaulu
Besdnydnualegudn Sifeanmuiunszurumsuissuvannndadu lngnsdudunisny
wonifivansdumeunasasdsdldlifuigmiorafatulutuneunagnssuiunsldinues
wadws HosngiFeuiiinnefadndetasidoindomwesmniuiiinmg ndnie ms
Sudayarindaues iteldlunsudilymianugeenniaulnivily asdunisitliannse
Widamnaneduneuldiu enasrananmshiaansadedisuiuneuesaanunsainisud

landdamle dwmaliAndgymnsiutunsunseonavinurstunsuliiuies

4. gnunmsdszliung Weeglussuunsfnwiasdeddlatunisinseduauaiunse

= Y v o a & a oa ' Yool Y

NNNTETEU Lagdnanvasveisunianziaidndedinnanuadliaunsaldisnmsia
a v v a o 1% a v a av oy & =

Wwendugiseudn@mlule inmsinisianazUssdiunaiilivainvaiegluuy azduaisiten

sUkuumMTinkagUsvliunalimungauiuusunveusazay Wy Msaeuwuulsity dntdey

goulnilar mvhlassungy viseaeulagldrouiiames

4. UWUINNNTEDU
wnassduawnsivieassuninulumedsounsniivas Wiinnefadndy agnutym
Iainvateuand1eiueanly JaeunednoudunangAnssureisouvusNaay wWoan
Jynsne 9 Nasiedu Wesnnlulagiudslinuinddenseismssner aneiadnded
1% & = a @ Ja =t o v wva P
meale aztuneazdeanaznannateluiiduiivmdsumdunsaeudmiudiSound
AMERAaN Tty
4.1 Femsdansiseunisaeu
4.1.1 Mm3seunisaeuluieasewinly Jedivafiseuniinnzuazlifinnziadndey
= v o = ! 4 L4 (% 19 ¥ a Aa ra
Seusuiuduiulszann 30 9 40 Ausievies dasuaisiugligiseuniinnizuazlid
a ] N o oa I - v A ! = = Y a & a o A LY
AmMgRadn@etassuaiy e ilieuyigiieu Wengissunsaateraianiuatniisiaiu

= Yaa v a o Ao o oA ¢ &
‘Wi@@’]"ﬂflﬂﬁﬂqiaﬂLﬁUQW@Q%ﬁ@u%m%Wﬂqaﬂﬁ@u@% LW@‘U?%IEJGUUW@ﬂ']iVl‘U'VDULu@Vi"I



MIANSAMAAENS USU1 66 LauT 703 UNTIAN — LweY 2564

4.1.2 NMSSYULUUAIADA?

a I a [

° o o 1 v Aa v = a
mm‘uaﬂmumiaau%\‘lqﬂLiEJuVI:i,memaﬁjLiEJuVl UiANMEAaan@gUssu 1:5

aaldanunsadaniseunisasulidudneninls Wesndaeuldausaaenaaniossune

a 13 IS

demuuvazBealiundFeuiiinnedadndonnauld Hailadenisuensis q wu 1aan
domilwey naontuliymuesdiFouiiiameiaindoutazaudaruunndstu Jelsiudan
finnstanisiFeunisaeulugluvud daoustaqualdliviads uimndaounendFoui
amzdadnifeduiunmsaouanizngy wwvilvinisGeutudiadusn faudiiasiane
Fefuuingfnssundedamusausazausiisiu SntsagidouilifinneAadndoaos
Usenu fatiu Perkin wag Croft [10] FslflausuumnenisdanisSeunsasudmiugSoudid

amERadngy TunugauiunsSeusuudareds Weuitaywmilvidseulinsga

LUINNNISADULUUF IR DA [6]

(%
a

Aa a & A A« v ° ) vas
1. 3 Elumllﬂr]"]g@aLaﬂL%EIV]N{]@VWWWUﬂUWQJqugﬁJBﬂu Iﬂsﬁﬁlﬁﬂqi

ey

1.1 W QYUBKUNIN WNBNUNIUTUNDY

o

1.2 Weuwnudanuan iWeagUanszddgyveailon
=

Y v a o

pafy WeliNSeuaINTnIng

Y

1.3 faou Adsiduen vseaoudn o lul

TupauvsainaRaaula

2. gaou msusunienstiuvsenuludwiunmngay ledsiieezawiuly

4.2 Houargunsninisaeu

4.2.1 M3darinenasusznounisaeu esnngleuniinnziadnde iy

Aun1sanduiindaiiseuliviu dslunsunisaeugaeunisuanienaisusenaunisasu Lag

v
v A

=
919U UUANY
1. T@nwsweaus Sans Serif vu1A 16 — 20
2. YSumdnesmenwidumnss wazionusus edudnualnisadnemansii
a I v a
WU UURILBES
3. @ nsuiureInIzaYlianiu LiloanlasIsoasn

4. AUSTYLAIITENINUTIIA LNz aulillnansorsauiull



fadnuiunsSeundinenans

a [3 1% Y 1

4.2.2 {i3gunin1efaanideasiiyneiun1suemiia Wy nsuediiavluus
azaurUIvenuning fisuunauiuduninnsesnuiuunszay daiue1aldnszaiy
ANTNUNUNTEAYSTINAT vTalladldnlunsnuundlildauaelauniuaznanilidesnis

1 A @ i
¥418aAN15A88YDININANDLTAULA [10]

4.2.3 §mSuFeNT5aou AITITYAIAULAZTUABUNITALTUNT NiouNITEuFluus

avdunaulvitniau ineunlymanudiszesdu dagui 4.1
27+42 =7
* Place the numbers you are going to add
such that the digits in the same place values
are placed in the same column (i.e. ones

under ones, tens under tens, etc).

Tens Ones

2 7 <«———Stepl:
+ 4 2 Add the ones.
7+2=9
9
Tens Ones
2 7
Step 2:
l 2 Add the tens.
6 9 2+4=6

'
1 A

JUT 4.1 dregedanisaeu e nsuandwuauluvandu (7]

Ql' [ Y 1 A r-:l' o [ v a = I ' =
n3UN 4.1 1 usegsdenisaon 1509 n1suInduuanlunandu Fwasiudaaui In1s
o :.’/ 14 5 e | :.J/ r.:l' 1 (% 6’5 A:’i’ o aa (% 1
seyddutuneu neuvisssudlunnavduiunnsiueenlu visdaiusatiisnisaenanily

Uszynaldiunisaeuluiodu o o
4.2.4 TueUnaladusng o Nelasnasenud1lanseneans 1 Graphing

Mnemonic Fgasianuidilaieltunisuensnvesileidusing o dsguin 4.2

10



MIANSAMAAENS USU1 66 LauT 703 UNTIAN — LweY 2564

Function Graph Shape Diagram How to Remember
y = kx™® ¥ Volcano Remember MTV:
Examples: / \ power Minus Two is
y=3x"2 1 . Volcano-shaped
5
y=—
%2
y=kx™! 1 Slanted A “X" that is slanted is a
\ x (J negative one
Examples N »
y = Syt 1 >4 >
: +
¥y -
X
y = kx° y Road You already learnt this in
lower sec| Any equation
Examples —— without x, i.e. y = k graphs
y=3 1 "’ e—— are all horizontal graphs!
G et
y = kx* X Slope | 3 You already learnt this in
lower sec!
Examples: y = mx + ¢ graphs are all
y=8x o~ straight line slopes!
y=3x
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ABSTRACT
The aim of this paper is to study the concept of bi-bases of a semihypergroup.
The notions of bi-base of semihypergroups are introduced and described. The results
obtained extend the results on semigroup.
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1. Introduction and Preliminaries

Hyperstructure theory was born in 1934 by a French mathematician, Marty [9]. He
defined hypergroups, began to analyze their properties and applied them to groups
and rational algebraic function. Many mathematicians have studied hypergroups from
a theoretical perspective due to the applicability to many subjects of pure and
applied mathematics. Fabrici [4] introduced the concepts of a two-sided base
semigroup and Fabrici’s results extended to ordered semigroups by Changpas and
Summaprab [2]. In 2017, Changpas and Kummoon studied the notion of bi-base of a
semigroup and bi-base of a I'—semigroup [7 - 8]. The purpose of this paper is to
introduce the concept of bi-base of a semihypergroup and extend the results in [7]
to semihypergroups. Let H be a nonempty set. A mapping o:HxH — P*(H)
where P*(H) denotes the family of all nonempty subsets of H. If A and B are

two nonempty subsets of H, then, we denote

1. AocB= [J acb, xeA={x}oA, Aox=Ao{x} forall xeH,

aeA,beB

2. A" =AocAoc---0 A forall meN,
%/—J

m —1times

3.a"=acaoc---0a forall neN and ae A.

n —Ltimes
A system (H,o) is called a semihypergroup if for all X,y,zeH, (Xoy)oz=Xo(yo2z).
A nonempty subset A of a semihypergroup H is called a subsemihypergroup of H if
AoAc A. A subsemihypergroup A of a semihypergroup H is called a bi-hyperideal
of H if AcHoACA.

Proposition 1.1 Let H be a semihypergroup and A, B,C, D be nonempty subsets
of H.

(1) f AcB and Cc D, then AcC cB-D.

(2) Ae(BUC)c AcBUA-C and (BUC)ocAcBoAUCOoA

15
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Proof. (1) Assume that Ac B and C < D. Let xe A-C. Hence, xeaoc for some
ace A and ceC. Since AcB and Cc D, xeaoc for some aeB and ceD.
Hence, X e BoD. Therefore, AcC = BoD.

(2) Let xe Ao(BUC). Hence, xesot for some se A and te BUC. There are

three cases to be considered.

Case 1 teB and t«C.

Hence, Xesot for some se A and teB. Thus, Xe AcBc AcBU A-C,

Case 2 t¢B and teC.

Hence, Xesot for some se A and teC. Thus, Xe AcCc AcBUA-C.

Case3teB and teC.
Hence, XeSot for some se A, teB and teC. Thus, Xxe AcBuUA-C.
This implies that Ao(BUC) < AcBuU AoC. Similarly, (BUC)ocAcBoAUC-A O

From Proposition 1.1, if a€ A and be A, then achc Ao A= A%

Proposition 1.2 Let H be a semihypergroup and B, be a bi-hyperideal of H for
each 1 in an indexed set I. If ﬂBi #(J, then ﬂBi is a bi-hyperideal of H.

iel iel
Proof. Assume that A= ﬂ B, #J. Let ae AcH oA We have aeb ohob, for some

iel
b,b, € A and heH. From bl,bzeAzﬂBi, so b,b, eB, forall iel. Since B, isa
iel

bi-hyperideal for all iel, we have aebohob,cB for all iel. Thus,
ae ﬂ B, = A.Therefore, A= ﬂ B, is a bi-hyperideal of H. O

iel iel
Definition 1.3 Let A be a nonempty subset of a semihypergroup H. Then, the
intersection of all bi-hyperideals of H containing A is the smallest bi-hyperideal of
H generated by A and is denoted by (A),.

Proposition 1.4 Let A be a nonempty subset of a semihypergroup H. Then,
(A), =AUAcAUAH-A

16
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Proof. Let B=AUA- AU A-H o A Consider,
BoB=(AUAcAUAcHoA)o(AUAcAUAcH 0 A)
c AcAUAoH-AcCB.
Hence, B is a subsemihypergroup of H. Consider,
BoHoB=(AUAcAUAocH-A)oHo(AUAcAUAcH 0 A)
CAcHoAUAoHoA* UAocH o AcHo AUA*oH o A
UAoHo A2UA’cHoAoHo AUAcH o Ao H o A
UAocHoAoHoA*UAocHoAocHoAoH 0 A
cAocHoAUAoHoHoAUAocHoHoHoAUAoHoH oA
UAoHoHoHoAUAocHoHoHoHoAUAocHoHoH A
UAocHoHoHoHoAUAocHoHoHoHoH A
c AocHoAcC B.
Therefore, B is a bi-hyperideal of H containing A.
Let C be a bi-hyperideal of H containing A Clearly, AcC. Since C is a
subsemihypergroup of H, AcAcC-C cC. Consider, AcHoAcCoH-CcC.
Thus, B=AUAcAUAcH-AcC. Hence, B is a smallest bi-hyperideal of H
containing A. Therefore, (A), = AUAcAUAcHA. O

Definition 1.5 Let H be a semihypergroup. A subset B of H is called a bi-base of
H if it satisfies the following two conditions:

(1) H=(B), (le, H=BUB-BUB-H-B).

(2) If A is a nonempty subset of B and H =(A),, then, A=B.

Example 1.6 Let H ={a,b,c,d,e}. The hyperoperation is defined by
° a b C d e
{a} {a {abc} {a} {ab.c}
{a} {a {abc} {a} {ab.c}
{a} {a {abc} {a} {ab.c}
{a,b,d} {a,b,d} H {a,b,d} H
{a,b,d} {a,b,d} H {a,b,d} H

D O O T o
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From [6], (H,¢) is a semihypergroup. Consider B, ={e} and B, ={c,d}. Thus, B

and B, are bi-bases of H.

2. Main Results
In this section, we characterize bi-bases of semihypergroups and find a condition

that a bi-base is a subsemihypergroup.

Lemma 2.1 Let B be a bi-base of a semihypergroup H and a,b e B.

If aebobuboHob, then a=h.

Proof. Assume that aebobwuboH ob. Suppose that a#b. Consider A=B\{a}.
Thus, Ac B. Since Ac B, we have (A), < (B),=H. Hence, (A), < H. From
(B),=H,so xeBuBoBUBcH-B for all xeH. Let xeH. There are three

cases to be considered.

Case 1 xeB.
Subcase 1.1 X #a. Thus, xe B\{a}=Ac (A),.
Subcase 1.2 x=a. By assumption,
Xx=aebobuUboHobc Ac AUAcH o Ac (A),.
Case 2 xe BoB. Hence, xeb, ob, for some b,b, € B. There are four subcases to
be considered.
Subcase 2.1 b =a and b, =a. We have
Xeb oh,
=aca
c(bobuboHob)e(bebuboH ob)
=b*Ub’oH obuUboH ob®* UboH ob?oH ob
c A" UAcHo AUAoH o A>UAcH o A?oHo A
CAoH?0c AUASH o AUAoH® 0 AUAH 0 A
cAcHoA
< (A
Subcase 2.2 b #a and b, =a. We have
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XEQOQ

=boa
c(B\{a})o(bebubeoH ob)
=(B\{a})obobu(B\{a})cboH b
cAUA’HoA
CAcHoAUAoH?0 A
cAocHoA

< (A)y-

Subcase 2.3 b =a and b, #a. We have

Xeb ob,

:aoQ

c (bobuboHob)o(B\{a})
=bobo(B\{a})uboHbo(B\{a})
c AP UAoH o A?

c AcHoAUAoH?0 A
cAoHoA

< (A)y-

Subcase 2.4 b #a and b, #a. By assumption, A=B\{a}. We have

Xeb ob,

< (B\{a})-(B\{a})

=AcA

< (A)y-

Case 3 Xe BoH oB. Hence, xeb,ohob, for some b;,b, B and heH. There are

four subcases to be considered.

Subcase 3.1 by=a and b, =a. We have
Xeb,ohob,
=achoa
c(bobuboHob)oHo(boebuboH ob)
=boboHobobuUboboHoboHocbuUboH ocboH obob
UboHoboH oboHob
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cAcAcHoAocAUAcAcHoAcHo AUAoH o AcHoACA
UAcHoAocHoAoH oA
cAcHoA
Q(A)b-
Subcase 3.2 b, #a and b, =a. We have
Xeb,ohob,
:bsohoa
c(B\{a})oHo(bobuboH ob)
=(B\{a})cHobobu(B\{a})cHohoH b
cAcHoAocAUAcHoAoH oA
c AoHoA
< (A)y.
Subcase 3.3 b,=a and b, #a. We have
Xeb;ohob,
=achob,
c (bobuboHob)oH o (B\{a})
=boboHo(B\{a})uboHoboH-(B\{a})
c AcAcHoAUAocHoAoH oA
cAoHoA
< (A)y-
Subcase 3.4 b, #a and b, #a. By assumption, A=B\{a}. We have
Xeb,ohob,
< (B\{a})oH-(B\{a})
=AocHoA
Q(A)b-
This implies that (A), =H. This is a contradiction. Therefore, a=h. a

Lemma 2.2 Let B be a bi-base of a semihypergroup H and a,b,c € B.
If aecobucoHob, then a=b or a=c.
Proof. Assume that aecobucoH ob. Suppose that a=b and a#c.

Consider A=B\{a}, we have AcB. Since a#b and a#c, we have b,ce A
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Since Ac B, we have (A), < (B), =H. Hence, (A), < H. Since (B),=H, we
have xeBuUBoBUWBcHoB forall xeH. Let xe H. There are three cases to be
considered.
Case 1 xeB.
Subcase 1.1 X #a.Thus, X € B\{a}=Ac (A),.
Subcase 1.2 X =a. By assumption,
X=aecCobucoHobc AcAUAcH o Ac (A),.

Case 2 xe BeoB. Hence, xeb, ob, for some b,b, € B. There are four subcases to be

considered.

Subcase 2.1 b =a and b, =a. We have
Xeb, oh,
=aca
c(cobucoHoob)o(cobuwcoH ob)
cAoHoA
< (A)y.
Subcase 2.2 b #a and b, =a. We have
Xeb b,
:Qoa
c (B\{a})o(cobucoH ob)
cAcHoA
< (A)y.
Subcase 2.3 b =a and b, #a. We have
Xeb ob,
=aobh,
c(cobuceoHob)o(B\{a})
c AcHoA
< (A)y-
Subcase 2.4 b #a and b, #a. By assumption, A=B\{a}. We have
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Xeb ob,
c(B\{a})-(B\{a})
=AcA
< (A)y-
Case 3 Xxe BoHoB. Hence, xeb,ohob, for some b,,b, e B and he H. There are

four subcases to be considered.

Subcase 3.1 b,=a and b, =a. We have

Xeb,ohob,
=achea
c(cobucoHob)oHo(CobwcoH ob)
c AcHoA
< (A)y.

Subcase 3.2 b, #a and b, =a. We have

Xeb,ohob,
:Qohoa
c(B\{a})cHo(cobucoH ob)
cAoHoA
< (A)y.

Subcase 3.3 b,=a and b, #a. We have

Xeb,ohob,
=achob,
c(CobuceoHob)oH o (B\{a})
cAoHoA
< (A)y-

Subcase 3.4 b, #a and b, #a. By assumption, A=B\{a}. We have

Xeb,ohob,
c(B\{ah)oH-(B\{a})
=AocHoA
< (A)y-

This implies that (A), = H. This is a contradiction. Therefore, a=b or a=c.

22



1M5E5AMRFNERS USUN 66 LauT 703 UNIAN — Lw8u 2564

Definition 2.3 Let H be a semihypergroup. For any a,b € H, define a quasi-order
on H by
a<, b ifand only if (a), < (b),.

From Definition 2.3, a %, b if and only if (a), & (b),. The following example shows

that the relation <, defined above is not a partial order.

Example 2.4 Let H ={a,b,c,d}. The hyperoperation is defined by
o| a b C d

a|{a} {b} {3 {d}

b|{b} {ac} {bc} {d}

c|{c} {pb.c} {ab} {d}

d{d} {d} {d} H

From [5], (H,0) is a semihypergroup. We have that the singleton sets consisting of an

element of H.

Consider (a), =avacauvacHoa=H and (b), =bubobuboHob=H. We
have (a), < (b), and (b), =(a),. Hence, a<, b and b<, a. But a=b. Therefore,

<, is not a partial order on H.

Lemma 2.5 Let B be a bi-base of a semihypergroup H. If a,b e B such that b # a,
then neither a<, b nor b<, a.

Proof. Assume that a,b e B such that a=b.

Case 1 a<,b. Thus, (a), = (b),. Consider ae(a), = (b), ={b} UbeobuUboH ob.

Since a#b, aebobuboHoob. By Lemma 2.1, a=b. This is a contradiction.

Case 2 b <, a. This can be proved similarly. O

Lemma 2.6 Let B be a bi-base of a semihypergroup H. Forall a,b,ce B and he H,
(1) if aebocu(boc)* UbocoH oboc, then a=b or a=c;
(2) if aebohocu(bohoc)* UbohocoH obohoc, then a=b or a=c.
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Proof. (1) Assume that aebocu(boc)’ UbocoHoboc. Suppose that a=b
and a=#c. Consider A=B\{a}, we have AcB. Since a#b and a#c, b,ce A
Since Ac B, we have(A), c (B), =H. Hence, (A), < H. Since (B), =H,
xeBuUBoBUBocH-B forall xeH. Let xe H. There are three cases to be
considered.
Case 1 xeB.
Subcase 1.1 x#a. Thus, Xxe B\{a}=Ac (A),.
Subcase 1.2 x=a. By assumption,
x=aebhocu(boc)*UbecoHoboc
c AcAUAocHOoA
Q(Mv
Case 2 xeBoB. Hence, xeb, ob, for some by,b, € B. There are four subcases to be
considered.

Subcase 2.1 b =a and b, =a. We have
Xeb ob,
=aca
c(bocu(bec)* UbecoHeboc)e(bocu(bec)® UbocoH oboc)
c AocHoA
< (A)y-
Subcase 2.2 b #a and b, =a. We have
Xeb ob,
:bloa
c(B\{a})o(bocu(boc)> UbocoH oboc)
cAoHoA
Q(Mv
Subcase 2.3 b =a and b, #a. We have
XEQO@
:ao@
c(bocu(boc)* UbocoH oboc)o(B\{a})
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c AocHoA
- (A)b'
Subcase 2.4 b #a and b, #a. By assumption, A=B\{a}. We have

XEQOQ
< (B\{a})-(B\{a})
c AcA
c (A)b'

Case 3 xe BoH oB. Hence, xeb,ohob, for some b,,b, B and ke H. There are

four subcases to be considered.

Subcase 3.1 b, =aand b, =a. We have
Xeb,okob,
=aokoa
c(bocu(boc)* UbocoH oboc)oH o
(bocu(boc)* UbocoH oboc)
cAoHoA
< (A)y-
Subcase 3.2 b, #a and b, =a. We have
Xeb,okob,
:b3okoa
< (B\{a})oH (becu(bec)* UbecoH oboc)
cAcHoA
Q(A)b-
Subcase 3.3 b,=a and b, #a. We have
Xeb,okoh,
=aokob,
c(bocu(boc)* UbocoH obec)oH o (B\{a})
cAcHoA
Q(A)b-
Subcase 3.4 b, #a and b, #a. By assumption, A=B\{a}. We have
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Xeb,okob,
c (B\{a})-H-(B\{a})
=AoHo-A
< (A)y-
This implies (A), =H. This is a contradiction. Therefore, a=b or a=c.
(2) Assume that aebohocu(bohoc)®> UbohocoH obohoc. Suppose that a#b
and a=#c. Consider A=B\{a}. We have AcB. Since a#b and a=c, b,ceA
Since Ac B, we have (A),c (B),=H. Hence, (A),c H. Since (B),=H,
XxeBuUBoBUBoH-B for all xeH. Let xeH. There are three cases to be

considered.

Case 1 xeB.
Subcase 1.1 x#a. Thus, xe B\{a}=Ac (A),.

Subcase 1.2 x=a. By assumption,

X=aebohocuU(bohoc)’> UbohocoH obohoc
cAoHoA
< (A)y-

Case 2 xe BoB. Hence, xeb, ob, for some b,b, € B. There are four subcases to be

considered.
Subcase 2.1 b =a and b, =a. We have
Xeb ob,
—aoa
g(bOhOCU(bOhOC)ZUbOhOCOHObOhOC)
O(bOhOCU(DOhOC)ZUbOhOCOH ObOhOC)
c AocHoA
< (A)y.
Subcase 2.2 b #a and b, =a. We have
Xeb ob,
:bloa
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< (B\a})o(bohocu(bohoc)’ UbohocoH obohoc)

cAocHoA
< (A
Subcase 2.3 b =a and b, #a. We have
Xeb oh,
=aobh,
g(bohocu(bohoc)zubohocoHobohoc)o(B\{a})

cAoHoA
< (A)b'
Subcase 2.4 b #a and b, #a. By assumption, A=B\{a}. We have

Xeb ob,
c (B\{a})-(B\{a})
=AcA
< (A)y-

Case 3 xeBoHoB. Hence, xeb,okob, for some by,b, € B and k e H. There are

four subcases to be considered.
Subcase 3.1 b,=a and b, =a. We have
Xeb,okob,
=aokoa
c (bohocu(bohoc)* UbohocoH obohoc)
oHo(bohocu(bohoc)* UbohocoH ocbohoc)
c AocHoA
Q(A)b-
Subcase 3.2 b, #a and b, =a. We have
Xeb,okoh,
:onoa
< (B\{a})oH o(behocu(behec)’ UbohocoH obohoc)
cAoHoA
Q(A)b-
Subcase 3.3 b,=a and b, #a. We have
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Xeb,okob,
:aokom
c(bohocu(behec)* UbohocoH ebohoc)oH o(B\{a})
cAoHoA
Q(A%-

Subcase 3.4 b, #a and b, #a. By assumption, A=B\{a}. We have

Xxeb,okob,
c (B\{a})-H-(B\{a})
=AoHo-A
Q(A%-

This implies (A), = H. This is a contradiction. Therefore, a=b or a=c. a

Lemma 2.7 Let B be a bi-base of a semihypergroup H.
(1) Forany a,b,ceB, if a#b and a=c, then a¥% boc.
(2) Forany a,b,ceB and heH, if a=b and a#=c, then a%, bohoc.
Proof. Let B be a bi-base of a semihypergroup H and a,b,ce B, heH.
(1) Suppose that a<, bec. Thus, (a), < (bec),.
We have ae(a), c(boc), =bocu(boc)* UbeocoH oboc.
By Lemma 2.6 (1), we have a=b or a=c.
(2) Suppose that a<, behoc. Thus, (a), < (boheoc),.
We have ae(a), c(boheoc), =bochocuUubohocobohociubohecoH obohoc.

By Lemma 2.6 (2), we have a=b or a=c. O

Theorem 2.8 A nonempty subset B of a semihypergroup H is a bi-base of H if and
only if B satisfies the following conditions:
(1) Forany xeH,
(1.1) there exists b e B such that x<, b, or
(1.2) there exist b,b, € B such that x<, b, ob,, or
(1.3) there exist b,,b, € B and he H such that x <, b,ohob,.

(2) Forany a,b,ceB, if a#b and a=c, then a%, boc.
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(3) Forany a,b,ceB and heH, if a#b and a#c, then a% bohoc.
Proof. Let B be a nonempty subset of a semihypergroup H. Assume that B is a
bi-base of H. Therefore, H =(B),. Suppose that xe H, so xe BuB-BUBo-H ¢B.
There are three cases to be considered.
Case 1 xeB. Thus, x=b for some beB. This implies that (x), < (b),. Hence,
X<, b.
Case 2 xeBoB. Thus, xebeobh, for some Db,b,eB. This implies that
(x), = (b ob,),. Hence, x<, b ob,.
Case 3 xeBoH oB. Thus, xeb,chob, for some by,b, eB and heH.
This implies (X), = (b,ohob,),. Hence, X<, byohob,.

The validity of (2) and (3) follows from Lemma 2.7 (1) and Lemma 2.7 (2), respectively.
Conversely, assume that B satisfies (1), (2) and (3). We show that B is a bi-base of
H. Clearly, (B), < H. Let xe H. From (1.1), it follows that x € (X), < (b), = (B), for
some b e B. From (1.2), it follows that
X € (X),
< (b ob,),
=h ob, Ub ob,ob ob, Ub ob, o Hob, ob,
chbob,UboHob,
c BOBUBOHOBQ(B)b
for some by,b, € B. From (1.3), it follows that
X € (X),
< (b,ohob,),
=b,ohob, Ub,ohob, ob,ohob, Ub,ohob, o Hob,ohob,
chb,eHob,
cBoHoB
<(B),
for some b,,b, € B and he H. It remains to show that B is a minimal subset of H

with the property H =(B),. Assume that H =(A), for some Ac B. There exists
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beB\A Since beBc H =(A),, we have be(A),. Thus, be AUAcAUA-H-A
Since bg A, be Ac AUAoH o A There are two cases to be considered.

Case 1 beAcA Thus, beaca, for some a,a, €A Since bg A, bza and
b=a,. Thus, (b), =(a,°a,),. Hence, b<a ca,. This contradicts (2).

Case 2 be AcHoA Thus, bea;chea, for some a;,a, €A and heH. Since
beA b=a, and b=a, Thus, (b),c(a;ohea,),. Hence, b<a,oheca,. This
contradicts (3).

Therefore, B is a bi-base of H and the proof is completed. O

In Example 1.6, we have that {e} is a bi-base of H. But {e} is not a subsemihyper-

group of H. So, we find a condition that a bi-base is a subsemihypergroup.

Theorem 2.9 Let B be a bi-base of a semihypergroup H.
Then, B is a subsemihypergroup of H if and only if B satisfies the conditions
beboc or ceboc forany b,ceB.
Proof. Assume that B is a subsemihypergroup of H. Let b,ceB.
Suppose that bgboc and cgboc. Let aebec. Thus, a=b and a=c.
Since aeboccbocubocobocoubocoH oboc and by Lemma 2.6 (1), we have
a=b or a=c. This is a contradiction.

Conversely, assume that beboc or ceboc for any b,ceB. Let aeB-B.
Thus, aeboc for some b,ceB. Since aebocuUbocobocuUbocoH oboc and by
Lemma 2.6 (1), a=b or a=c. Hence, ae{b,c}c B. Therefore, B is a subsemi-

hypergroup of H. O
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ABSTRACT
In this research, we obtain a new derivation of the closed-form solution of a Mobius

sequence defined by
_az,+b
cz, +d

n+1

where a,0,C and d are real numbers with ad —bc = 0.

Keywords: Mobius, Sequence

1. Introduction

A Mobius sequence is a sequence defined by using iterated applications of a single
Mobius transformation to an initial point on the real line (or more generally, on the
extended complex plane). It is a common sequence appeared in many literatures yet
a complete set of solutions are still rare to find. Many authors studied Mobius
sequences in terms of their dynamical properties [1, 2, 5]. It is also applied in the study
of continued fractions [3]. The complete set of solutions, in nontrivial cases, can be
found in [4]. Liebeck [4] obtained the solution to the Mobius sequence by assuming
that the sequence must converge to some complex number and constructing an
auxiliary equation from this recurrence relation. He also explained the behavior of the
solution in each case. See Theorem 2R in [4] for more details.

The aim of this paper is to collect, with proof different from [4], the closed-form
solution of Mobius sequences defined on the real line. The novelty of our method is
to define another auxiliary sequence which later becomes a homogeneous linear
recurrence relation of degree 2 and can be easily solved. Our main result is

summarized in Theorem 1 below.

2. Mobius Sequences and Their Closed-Form
A Mobius sequence is a sequence of real numbers {zn}, with initial value z,,

defined for any ne N by the recurrence relation
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_az,+b
cz,+d

(1)

where @,b,C and d are real numbers with ad —bc = 0. The closed-form solution of

n+1

a Mobius sequence is summarized in the following theorem.

Theorem 1 Let {7z} be a Mobius sequence defined recursively by (1).
(1) If c=0 and a=d, then z, :zl+(n—1)§ forall neN.

(2) If c=0 and a#d, then
al"” b (a™-d"*
Z”:(Ej Zl+d”‘1[ a—d J
forall neN.

(3) If ¢ 0 and (a—d)®+4bc >0, then

[ac_dj(ﬂ—d —czl)a“‘1+(ﬂ;d j(czl+d —a)p™t
o= (B—d—cz)a" +(ct,+d—a)f"

forall Ne N, where

_ _ 2 _ 2
=a+d (a—d)” +4bc andﬂ=a+d+‘/(a d) +4bc.

2 2
(@ If c20 and (a—d)®+4bc=0, then
1|(a—d)(2cz,+d-a)n+(a—d)*+4cdz,
"2 (2cz,+d-a)n+2(a-cz,)

(24

forall neN.

(5) If =0 and (a—d)®+4bc <0, then

, (cz,+d)sinng—rsin(n-1)0 d
"¢ (cz,+d)sin(n-2)@-rsin(n-2)6

C

d
forall Ne N, where r =+ad —bc and 6’=COS'1(LJ.
2yJad —bc
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Proof. We consider the following cases:

Case 1 ¢=0. Then, ad =0 and (1) reduces to

a b
Z.,=—17 +—. 2
n+l d I’]+d ( )
From (2), we get
a b
7. =—7 , +—. 3
n d n-1 d ( )

Substituting (3) in (2) and continuing in the same manner, we have

ala b b
Zn+l:_ _Zn—l+_ +—

d\d d d

2
_| 2 znl+§(§+lj
’la b b(a
azn72+a +a a"‘l
* b((a) (a
zn_2+a 4 + q +1

ol ol o

Thus, we have the following results.

(1) If c=0 and a=d, then Zn+1=zl+t;—n. Hence, z, =zl+%(n—1) for all

neN.

a n
a)_ b (dj -
(2) If c=0 and a=d, then ZM:(—) Z,+—| —%——|. Hence,
d dl a

z —(Ejn_lz+ b & -d™ for all
"=l g T | orall neN.
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Case 2 ¢ 0. Define a sequence {x,} by
X, =(cz, +d)Xx,. (4)
Since ¢z, +d =0, x, #0 forall neN. Then, we have
X, d
z =" — 5
"ox, (5)
Substituting (5) in (1), we get
a %y 0 +b
X .o _9_ cX, ¢
Xy C I M_g +d
X, ¢

Xop — Xy _ @X,,, —adx, +bex,
CXn+1
+(ad —bc)x, =0. (6)

an+l
X2 _(a+ d ) Xii1

The auxiliary equation of (6) is
x* —(a+d)x+(ad —bc)=0.

Solving for x, we get
a+d=+.(a-d) +4bc

X =
2

— —d)? Y
a+d—4/(a—d) +4bc anOI'H=a+d4m/(a d) +4bc.

2

Let o =
2

We consider 3 subcases.
Case 2.1 (a—d)*+4bc>0. Since ad-bc#0, we have @, f#0. Also, a#

because (a—d)?+4bc > 0. Thus, the solution of (6) is
X, = ka" +k,3" (7)

where k; and k, are constants.
Putting N=1 2 in (7). we get the system of equations
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(8)

ok, + Kk, =X,
a’k + Bk, = X,.

Using Cramer’s rule, the solutions for (8) are

BX, — X%, X, —OX
k=222 and k,=—2 20
a(f-a) " T B(p-a)

e = ©)

Putting (9) in (5) and simplifying, we get

(a d)(ﬂ d-cz)a" +(ﬂ dj (cz,+d - a)ﬂ“’l
(

Thus,

S\ ¢
" (B-d-cz))a"" +(cz,+d —a) B"

forall neN.
a+d

Case 2.2 (a—d)*+4bc=0. Then a=f= . Thus, the solution of (6) is

= (k,+k,n)a", (10)
where k; and k, are constants.

Putting N=1, 2 in (10), we get the system of equations

ak, + ok, =x,
a’k, +2a°k, = X,.

(11)
Using Cramer’s rule, the solutions for (11) are

K, =%(2a—czl—d) and k, =ai(cz +d-a).
Thus,

2
o (24

xn=[i2(2a—czl—d) i(ncz +nd — na)}

=xa" {a cz,+Nncz, +— (d a)}
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=xa"? )(n—l)c21+(OI ;a)n+a}. (12)

Putting (12) in (5) and simplifying, we have
xa" [ncz + n+1)+a}

cxla” 2{( 1)cz, + a)n+a}

ncz, + n+1
a+d )

e N E=X

-a
n 1cz+ )n+a

1 )(2cz,+d —a)n+(a- d) +4cdz,
_2c (202 +d-a)n+2(a-cz)

forall neN.

Case 2.3 (a—d)2 +4bc <0. Then, @, B are nonreal complex numbers. Note that
ad — bc—4(a d) ——[(a d) +4bc] > 0.

We also have

a+d —i\—(a—d)>—4hc a+d+i/-(a—d)? —4bc
= and B = .
2 2
Let @ be the argument of £ and r=|4].

2
Then, r=+ad—bc and S‘“QZ\/_(Z(_S) ;L;bc >0. Thus, 8€(0,7) and hence,
ad —bc

a+d
0=cos'| ————|. Then, a =r(cos@—isin@) and B =r(cosO+isinH).
(zx/ad —bc} ( ) p=r )
Thus, the solution of (6) is
x, =r"(k,cosn@+k,sinng), (13)
where Kk, and Kk, are constants.

Putting N=1, 2 in (13), we get the system of equations
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(rcos@)k, + (rsiné)k, :xl,}
(14)

(r?cos20)k, +(r’sin 20)k, = x,.
Using Cramer’s rule and X, =(cz, +d)x,, the solutions for (14) are

rx, sin26 —x,sin @
k, = S
resing
_rxsin20—-x (cz, +d)sin @

r’sino

=5 :i1n e[rsin 20— (cz,+d)sin @]

and
_ X, €086 —TX, c0s 20
r’sing
x, (cz, +d)cos & —rx, cos 26

kZ

r’sino

X
- rzsing[(czl+d)cose—rc05249].

Substituting k;, k, and (13) in (5), we get

" c|  (cosnd)[rsin20—(cz,+d)sin@]+(sinnd)[(cz, +d)cos & —r cos 26]
ol (cz,+d)[sin(n+1)@cos®—cos(n+1)@sind |
_E_(czl+d)[sinnt9cos¢9—cosn<93in<9]+r[cosnesinze—sinnecosze]
r[ cos(n+1)@sin 20 -sin(n+1)Hcos 26 | } d
c

+
(cz, +d)[sinn@cos & —cosndsin 6]+ r[cosngsin 26 —sin nd cos 26 |
(

or cz,+d)sinnd—rsin(n-1)0 } d
-

c (cz,+d)sin(n-1)@-rsin(n-2)0 c

3. Examples

We illustrate the results in Theorem 1 by the following examples.
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l.Let a=1 b=l c=0, d=1and z =1

Then, (1) becomes z,, =2, +1. By Theorem 1 (1), we get z, =n forall neN.

2.leta=2, b=1 ¢=0, d=1and z, =2.
Then, (1) becomes z,,, =2z, +1. By Theorem 1 (2), we get z, =3-2"" —1 for all

neN.
3.Leta=1 b=4, c=1 d=1and z =1
2:3"+2(-1)"

—— for

z,+4
Then, (1) becomes Z,,, =———. By Theorem 1 (3), we get z, =
) "7, EEET

all neN.

4.let a=3, b=-1 c=1 d=1and z, =2

. By Theorem 1 (4), we get z, = n+3 forall neN.
1 n+1

Z
Then, (1) becomes Z,,; = Z"

n

5.let a=0, b=1 c=-1 d=1and z,=2.

Then, (1) becomes Z,, = . By Theorem 1 (5), we get

-z, +1
sin ( _32)” _sin %
Z, forall neN.
sin (n—2)7z +sin ( _1)”
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a® = b (mod n) lngodeausingiunskendiUsznevveanlelaalain uasvene
HalUgansdnuIngaassves T(n, k) e k {Wudwiuiud k = 4 waz k — 1 iWudwuany

Aef: lansml gaase wpuulalaaladn

ABSTRACT
For an integer n such thatn > 2, this article provides a formula for number of fixed
points of the digraph I'(n,6) which has the vertex set V={0,1,2,..,n—1} and
directed edges (a,b) € E €V x V if and only if a® = b (mod n) by using the knowledge
about the factorization of the cyclotomic polynomial and extend the result to formula
for number of fixed points of digraph I'(n, k) where k is an integer such that k > 4 and
k — 1 is a prime number.

Keywords: Digraph, Fixed point, Cyclotomic polynomial
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§20819 1.1 1 G = (V, E) Wnefl v = {0,1,2, ..., 22 } uaz E = { (0,0), (1, 1), (2, 18), (3,16)
(4,2), (5,8), (6,12), (7,4), (8,13), (9, 3), (10,6), (11,9), (12,9), (13,6), (14,3), (15,13),
(16,4), (17,12), (18,8), (19, 2), (20, 16), (21, 18), (22, 1) }

gﬂ‘ﬁ 1.1 lans9l G Tushegned 1.1

gunmarlu 6 9 (0,0),(1,1) €E et 0 way 1 Juganseves 6 FeluumunInazuny
51’3EJLé’m%aumeﬁﬁmqﬁﬁé’wmsLﬁmmuéﬁ’ﬂgﬂﬁ 1.1us 0 Wugeesaenme uaz 1 Ly
ﬁ;@m%’uamm wazdl (2,18),(18,8), (8,13),(13,6), (6,12),(12,9),(9,3), (3,16), (16, 4),
(4,2) €E e?fﬂul,mumwLmué’amé’mgﬁamLLamﬁﬁma%ULé’uﬁlfﬁammaam 2,18,8,13,6,12,
9,3,16 waz 4 1Wdefudune Benidudeuuansiianaisduduiidevyavenundniiin
AEAUIN 2

Tul f.6.1992 Tnadina1ansd o Szalay [9] laasnalansaw T(n,2) = (V, E) d@w3u
Sunuiun in=2108fl V=1{0,1,2,...,n— 1} uae (a,b) € E fifowle a® = b (mod n)
wanAnYIlASIAs19v8d T'(n, 2) IﬂaLawwasm@ﬂai’mauqﬂm?waq I'(n,2) A911 Skowronex-
Kaziow [7] uaz Ju waz Wu [3] loAnwilassasisuasdnuiugansaadlansvdnyaeifediu
Szalay [9] A® I'(n,3) wag I'(n,5) ImaLU?{auLﬁaulﬁusummiﬁLé’uL%amzqﬁﬂmq (a,b) lu
lansvidu a® = b (mod n) way a® = b (mod n) Auasyu Tud A.A.2011 Somer way

Kizek [8] laveneuuiAnvas Szalay [9] Anwilansan [(n, k) Mdeulunsdiduidoussy
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#en13 (a,b) Tulansliu af = b (mod n) \le k 1Uuduauduil k > 2 uifigaulaies
1 o = 1 gj P < dy a o 4 [ a
YOULINE VDT NIUARSVOLANTIN T(n, k) Wit Wowda 9 U shduni uae Sy [1]

Ielvignsdudnuesdiurugansavedlansin I(n, 4) Tnsendoaufifeafudaunndiemas
#4049 uazdnyanvalvoasdens

duneiiruan udddunisjinnuaulaluilassaiisuazgasvesiiuiuganies
I(n,k) dio k 1usuiuanis 13031l uIUAT v aeADs Feiulunuided Feldaule
Anwn T(n,6) @9 6 1usruiudszneudiluldidwesans LLasmqmﬁLﬁu%’maﬁmu
qmm?qﬁwmmaq I'(n,6) lnworfenufifeadusnugugiu %ammﬁmm'ﬁmmalﬂﬁ
qmmaﬁwmu'gmm?qﬁgﬂmmm [(n, k) Wie k \uduatu 7 k > 4 uay k — 1 15udwnu

bANS

2. gasdmiusuiuganiavedlansi I(n, 6) MAAIINAIMUTUNWUS a = b (mod n)
T nfuduiu i n>2 uwar v ={0,1,2,..,n — 1} feulans I'(n, 6) = (V, E)
108 (a b) € E fdowdle a® = b (mod n)
f29819 2.1
HWn=5
9516 v = {0,1, 2,3, 4} 1199970 06 = 0 (mod 5), 16 = 1 (mod 5), 26 = 4 (mod 5),

3% = 4 (mod 5) Wag 4° = 1 (mod 5) A3tu I'(5,6) %:ﬁLqumwﬁ’a'gUﬁ 2.1

@ 3

[ Y
——
7N
' )

\ /

-}

5UN 2.1 lans I(5,6)
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(i) i n =12

MmekwIRAREITUAY () YILAI (12, 6) TuNunImAsIUN 2.2

O O O
e

T B
gﬂ‘ﬁ 2.2 lans W T'(12,6)

91n#79813 2.1 921udn 0 Wugansuanmaves I(5,6) uiliidugan3wannaves
r(12,6) nquijunssliaziiunisvendoulaidnluazifisanefivzsuusziuindela 0 9z
\Jugesssenmeves I'(n, 6) Sdeulvuazuniigativiloudunsal ['(n, 4) Higailaeshtium

waStyfiue [1] wiliteruanysalileuvetiauauniigaungu]unildnass

naufun 2.1 0 waz 1 1Jugan3ewes I'(n,6) Beluninuu 0 1Wugenseenmaves I'(n, 6)
&1 A o o A = wa I o [V A g Y
Araule n Us1AaInmasaes duAe n JauiAindmsudiuiuane p Mdusiuseneuves n

Mp*|nuda=1

a <

unngad 189370 n | (0° — 0) wag n| (1° — 1) @ msunnIINdY n Aled1 0 waz 1

U

\Jugnan3suas T(n, 6)

#0113 ETN 0 Jugansaenvaves T(n, 6) Adewdle n Usiaainfidsaes

auufin n llusiaaniidedes aglaan 9 wiwanie p wagd 1wl k A n = p2k

Y1 n 6 31,3 — v n O A 1 {] =
azlaan (;) =n3k3 = 0 (mod n) ALY (;,0) € E Wufa 0 laidugnniaeninavsg
I'(n, 6)

AUNATT n Us1Aannnasdes vnlwlaan S910UaNE Py, Dy Da) oo Py TILANENGAU

o '
v =

NIRUA 7| n = pypyps -+ py AOUNANNATT 0 ldidugansuenna aztiuasl k € V uazdl

o < <6 - & o ¢ v & Ao o Ao g w
QUIURN s N k° = P1P2P3 - PiS bUBIIN k i JuUIULG Y ASUUATHINUIULA ¢ ‘VW]']SLV

kS = p1pap3 - p1(P1P2p3 -+ P1)°t°
aglean k = P1D2D3 Dt = n MAAATeTALE O
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Fadann 2.1 1osan m—1)°—-m-1)=m-1)n°—5n*+10n3 — 10n? + 5n — 2)
WAl n s (n— 1) — (n — 1) assh Arewle n = 2 fuiudmdusouiu n i n > 3
90800 n — 1 itfugandaves I(n,6) Favdeudulansm T(n,4) Tu [1] uiuans1gan
lanswiidnwilu (3] wag [7] 91 n — 1 Jugearieveslansivlae

Aoutunsmgnsdmsudnuaugansianualy T(n,6) 3ndudedinnuiiugiunig

a0 a o a
WQHQQWUQULﬂSUﬂUﬂqﬁﬂJ@ﬂT@ﬂNaLQa?JsUaﬂalm']ﬂ f(x) =0 (mod m)
U

ngufundsenau 2.2 [5] (guiunisznovvesauda) 19 £ () Wunuuludiuds x 73
o a £ o < [ Ly Y o < 3
Fuuseansiiuduiwdy way r Wudwiudu dr9wudy my, my, ms, ..., m, WU
TIUIULANITFUNNS T IR ULALAY LAY m = mymyms - m, Wa2 f(x) = 0 (mod m) I
naLaas Asowle f(x) = 0 (mod my) finaw@aeyn i € {1,2,3,..,r} 83lUnitu 61 v(m)
way v(m,) Wusiuiunaiagvas f(x) = 0 (mod m) wag f(x) = 0 (mod m;) AUFIAY
Wi v(m) = v(my)v(my)v(m) - v(m,)
[ 4 v W [

wonnilgidndudesvinanuidndudydnual nsAuin wazunilenwiineivesiu

1%
v

VOB ITUIULNLLAUG ]

unileny 2.1 14 p Husuuane
() [2] el Z, = {0,1,2, ...,p — 1} Uavdmiu a,b € Z, ey
a@® b= (a+b)(modp) ad¥ a ® b = (ab)(mod p)

FaselUaziTeuwnu a © b §18 a + b ua¥ a ® b #y ab

(i) [2] Avuadydnual Z,[x] Wuevesmvuiuiuaifiduyszansiduandnues z,
wiaun1sALdunis @ uag ©

(i) [41 1% n Wusnnuiiu aandn o € Z, sgBonindu 107 n veemile 61 ™ (mod p) = 1
way avsenindy 57m/§1/§7uﬁ'n 9999179 61 w™ (mod p) = 1 Wax @™ (mod p) # 1
ydwuu m i 1<m<n
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ABSTRACT
In this paper, we prove that the exponential Diophantine equation 7% — 57 = z2
has one solution where x, y and z are non-negative integers. In the proof, we apply
reasonably Catalan’s conjecture and various theorems concerning the congruence to
obtain the solution. The result reveals that the unique solution is (x,y,z) = (0,0, 0).

Keywords: Exponential Diophantine equation, Integer solution, Catalan’s conjecture

1. Introduction

Diophantine equations have been interesting to many mathematicians for a long
time. Over the last decade, a number of the exponential Diophantine equations have
been studied since Catalan presented Catalan’s conjecture [3] and Mihailescu proved
this conjecture [11]. In 2007, Acu studied the equation 2* + 5Y = z2 [1]. He proved
that (3,0,3) and (2,1,3) are the only two solutions (x,y,z) where x, y and z are
non-negative integers. In 2011, Suvarnamani et al. suggested that two equations which
are 4% + 7Y = z2 and 4* + 11¥ = z2? have no integer solutions [21]. In 2012, the
Diophantine equation 4* + p¥ = z% where x, y and z are non-negative integers and p
is any positive prime number was studied by Chotchaisthit. The study revealed that
the equation does not have solutions [5]. Meanwhile, Sroysang [15 - 16] proved two
Diophantine equations including 3* 4+ 5¥ = z2 and 31* + 32¥ = z2, In the same year,
Peker and Cenberci presented that the Diophantine equation 8% + 19 = z2 has no
solution [12]. After that several Diophantine equations have been studied by different
mathematical researchers [4, 7, 13, 14, 17, 18, 19, 20]. In 2017, Jayakumar and
Shankarakalidoss proved that the Diophantine equation 47* + 2¥ = z% has a unique
non-negative solution (x,y,z) = (0,3,3) [6] while Asthana and Singh showed that
(1,0,2), (1,1,4), (3,2,14) and (5,1,16) are solutions (x,y,z) to the Diophantine
equation 3% + 13Y = z2 [2]. After that, Kumar et al. [8] studied two equations including
61% + 67Y = z% and 67* + 73Y = z2. They could show that the two equations have
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no solution. Recently, Laipaporn et al. proved the solution of 3* + p5¥ = z% where p
is a prime number. They found that the equations has infinitely many solutions [9].
While Makate et al. proved that 8% 4+ 61Y = z% and 8* + 67”7 = z2 have same unique
solution (x,y,z) = (1,0, 3) [10].

In this paper, we present a different Diophantine equation 7* — 5Y = z2 and prove

that the equation has only one trivial solution.

2. Preliminaries

Proposition 2.1 [11] (Catalan’s conjecture) (3,2,2,3) is a unique solution (a, b, x,y)
for the Diophantine equation a* — bY = 1 where a, b, x and y are integers such that

min{a, b, x,y} > 1.

Lemma 2.2 The Diophantine equation 7% — z2 = 1 has no solution (x, z) where x and
z are integers and min{x, z} > 1.
Proof. Suppose that x and z are integers where min{x, z} > 1 such that 7*—z°=1.

By Proposition 2.1, it is sufficient to conclude that the equation has no solution. O

3. Main Result

Theorem 3.1 The Diophantine equation 7% — 5Y = z? has a unique solution
(x,v,z) = (0,0,0) where x, y and z are non-negative integers.
Proof. Let x,y and z be non-negative integers such that
7% —5Y = 72, (D
First, we consider two cases including x = 0 and x = 1.
Case 1 If x = 0, then from (1) we have z? + 5 = 1. Obviously, the equation has only
one solution when z and y = 0.
Case 2 If x = 1, then we separate y in two subcases including y =0and y > 1.
Subcase 1 If y = 0, then 7% — z2 = 1. By Lemma 2.2, it is sufficient to consider only

x =1 orz < 1. Hence, we consider x and z which are as follow. For x = 1, we have
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z? = 6. This is impossible. For z = 0, it follows that 7¥ = 1. It has no solution. For
z =1, we have 7* =2. This is impossible.

Subcase 2 If y > 1, then z* is even which implies that z2 = 0 (mod 4). From (1),
it follows that z2 = (—1)* — 1 (mod 4). Then, we have (—1)* — 1 = 0 (mod 4). This
implies that x is positive even, so we let x = 2m where m € Z*. From (1), we have

5Y = 72™M _ 72 |t is written as

5V = (7™ + z)(7™ - 2). (2)
From (2), it yields (3) and (4):

5¢=7M"—2z 3)
and

5 =7m 4z, (4)

where 0 <a<f <yand a+p =y. From (3) and (4), we have
2-7™ = 5%(1+5F9) (5)
We separate a into @ = 0 and a >1.
If @ = 0, then (5) becomes 2+ 7™ = 1+ 5f. Thus, we have 2 = 1 + (=1)# (mod 3).
This implies that B is even. Let B = 2t where t € Z*, we have
2-7M =1+ 25t (6)
From (6), we have 2-(=1)™ =1 4+ 1 ( mod 8). This implies that m is even. Suppose
m = 2l where | € Z*. Then, we have
249 =1+ 25¢, @)
From (7), we have 2 - (—1)! = 1 (mod 5) which is impossible.
If @ > 1, (5) implies that 5|2+ 7™ which contradicts the fact that 2, 5 and 7 are

relatively primes. Hence, the theorem is proved. O
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