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ABSTRACT

This general article presents an interesting part of Blaise Pascal’s biography and his

mathematical quote.

Keywords: Pascal, Biography, Mathematician quote
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Tneyhlufide gﬂmmmaamaamama (Pascal’s Triangle) [8]

1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1
1 9 36 84 126 126 84 36 9 1
1 10 45 120 210 252 210 120 45 10 1

U7 1 gﬂammﬁﬂmmmama (fia https://stackoverflow.com)
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nsAunulaelanns Ase1u (Omar Khayyam @.A. 1048 - 1131) ndnasdnaalnA1ans
N

nUesLe Lile A.a. 1100 N3dnlude sUaumasuveAgel [4] 138 1NUTEULT B9

Y

AU 0IMBNLKI97 5519 Y09 990138 (Zhu Shijie .e. 1249 - 1314) Tu A.a. 1303 [1, 7]
wideveshanandnaldsuiesilifssgluiuuuuividsely Feonadumszdonealy
nmstdaueveslrana Milikanuvesvlasumseeniuuazgninlumewnsluiniig was

fiddryfensdunuandisng 9 NLUUIUT Tt sussenadldaudfivantiu [6]
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Unana (Blaise Pascal a.f. 1623 — 1662) LﬁmﬁLﬁaamwauﬂmwaqmzmm%}qma
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Fanaduasesne [4]

SUN 3 nquiuniiania (fis https://cjquines.com/files/pascals.pdf)
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(ﬁin https://www.britannica.com/science/Pascals-triangle)
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Sandanmdnuwalflaanuldwianududnadaansvesiiania fifoaruiu
WnUsv 7 eides dafuldannasnuideus oe Lettres Provinciales Et Pensées [2]
whnegdongdoudiiios 39 U aneldsraniedisounonasidounosiininauunfnaly
WAKAUILAEANN 9 lunainateaivivesuiania Navvieuliisiiudsnnudsuauias
nsuedlanlugiugveslaaifumiansdanuuarauadedudiouy mudsiaugly

nshdseuasanaiiu fadaudiin
Contradiction is not a sign of falsity, nor the lack of contradiction a sign of truth. [3]

AnuliAdas 10179939 ... Aelanda
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LONA1581984

[1] waiia 815, (2554). The Genius of China Suruidn 100 Geusnvedlan (WiFa
fauaudd, guua). nsunnuviuas: uivd. Fuaduiinid 2549).
Temple, R. (2011). The Genius of China: 3,000 Years of Science, Discovery, and
Invention (Translated by Pongsan Mekhunsombat). Bangkok: Matichonbook.
(Original edition was printed in 2006).

[2] Bell, E. T. (2014). Men of Mathematics. Simon and Schuster.

[3] Blaise Pascal Quotes. (n.d.). Quotes.net. Retrieved July 31, 2020, from
https://www.quotes.net/quote/43686.

[4] Crilly, T. (2007). 50 Maths Ideas You Really Need to Know. UK: Hachette.

[5] Dunham, W. (1947). The Mathematical Universe: An Alphabetical Journey Through
The Great Proofs, Problems, and Personalities. New York: John Wiley & Sons, Inc.

[6] Eves, H. (1958). An Introduction to The History of Mathematics. New York: Rinehart

and company, Inc.



AAY AUARRFERS Lwad Unania : suanumasuvesUiania

[7] Hosch, W. L. (2009). Pascal’s Triangle. Retrieved April 25, 2021, from
https://www.britannica.com/science/Pascals-triangle.
[8] Pickover, C. A. (2013). The Math Book: 250 Milestones in the History of Mathematics.

New York: Barnes & Noble, Inc.



DOI: 10.14456/mj-math.2021.7 Msasedineans USun 66 weuil 704 NOWNIRY — A9AIAN 2564

2M5815AUAANERNS Mathematical Journal 66(704) weunias - Faneu 2564
lng avpuatiamansuisUsenalng lunssususyuaug

http://www.mathassociation.net Email: MathThaiOrg@gmail.com

nsUszgndliealilasnguussam Pem s¥eadnaneindaniiveile
Application of Wallpaper Group P6m to Creation of

Handwoven Mudmee Silk Patterns

dAgy FaUTIVIAY way audn Ussagymius
AITIAIRANERS AMEINEANENS NNINENSEIIBAQUITUE USTUE 31000

3
Zanunivinelulagandnenssy anewalulagenainnssy W Ine desvigussug y3sud 31000

Samkhan Hobanthad"" and Sombat Prajonsant?
'Department of Mathematics, Faculty of Science, Buriram Rajabhat University, Buriram, 31000
2Department of Architectural Technology, Faculty of Industrial Technology,

Buriram Rajabhat University, Buriram, 31000
Email: 1samkan.hb@bru.ac.th Zsombat.pj@bru.ac.th

FuiFuuneny : 2 Sunew 2562 TuiuAlouneny : 17 wwieu 2563 Jufineusuuneniy : 23 nsngiau 2563

UNANED
g v PR ~ ~ vy )
UnANULauanIsaseanatedndaninedleliianuanunsusenn Pém Tagwmun
vwealweingy wlaneildwmuunandruniesangaasunldneddavilluiunimia
USSUY Usewdlng F9l935n15180n0a18wUULINEINInUs 2 a1g Lawn a1elauuseiu way

9

angvedulng wan1s@nwinudi NMeaesdatgarunsanauigaredand ndanuauuing

YUNAN

eXe
=)}

3
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Usenn Pem tolagldmadanisAunilnuuniainsudunisiinatanstanilkuvasviou
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AdAsy: dealliesngy avnane dandl Hme

ABSTRACT

This article presents the creation of wallpaper which are classified as Mudmee
group P6m. Motifs used for pattern development are the original patterns used in
Mudmee weaving in Buriram Province, Thailand. Two patterns, Khom Prateep and Khor
Bin Thai, are specifically chosen. Results of the study reveal that both primary patterns
can be developed into Mudmee fabric pattern having the symmetry of group Pém,
using point group P6m in combination with tie-dyeing (IKAT) technique and “Mee
Luad” technique.

Keywords: Wallpaper group, Patterns, Mudmee, Woven textile

1. Introduction

Patterns are an art form which has been practiced by many people groups for
millennium. Patterns are found everywhere in nature, artwork and handicrafts,
architecture, and mathematics. Some mathematicians are interested in patterns
employing repetitions and have tried classifying patterns using geometric principles of
rotation, reflection, translation, and glide-reflection which is consistent with group
theory concepts.

Fedorov [3] and Polya [10] proved that there are only 17 equivalence classes of
wallpaper groups. Mathematicians have been interested in and study knowledge
related to ancient patterns of handwoven textiles, which also includes architecture,
to determine similarities within the 17 groups of wallpaper patterns [1 4 6 7 9 12].
Different wallpaper groups are found in the patterns of textiles and architectures

studied; patterns with three and six fold rotations occur with a lesser frequency.
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Wallpaper pattern P6m is a symmetrical six-fold rotation on hexagonal lattice and
rarely found in ancient architecture or woven textiles. This includes a pattern known
as Mudmee, which employs resistant dyeing on yarn prior to the dyeing and weaving
process for fabrics. The symmetrical types often found in Mudmee textiles are Cm,
Cmm and Pm. Moreover, Thai Mudmee fabric is a handicraft that uses a very
complicated technique in creating patterns on the selected cloth. Thus, there is a
question whether it is possible to create Mudmee fabric with wallpaper group Pém.

One purpose of this article seeks to determine how to create the Mudmee pattern
with wallpaper group P6m using primary patterns derived from the original ones to
preserve the uniqueness of local art. The patterns would be created on the basis of
wallpaper groups. Results of the study would assist understanding related to the
possibility of wallpaper group P6m being woven into Mudmee fabric; and if so, how
to create those patterns. The resulting patterns will contribute to a diversity of patterns

in the market and may also affect the diversity of Mudmee products.

2. Wallpaper Groups

A group (G,*) is a nonempty set G together with a binary operation
*:GxG —> G that satisfies three properties: associative, identity, and inverse
properties. If B is a nonempty subset of G and (B,*) is a group; then, B is called a
subgroup of G . In particular, let X be the set of all bijections of the plane R? onto
itself. If o is the composition; then, (X,o) is a group [8]. We now define and

investigate the class of functions that we will use to model symmetries.

Definition 2.1 [2] An isometry f :R*> —IR? is a distance-preserving function from the
plane to itself. This means that || f(a)— f(b)” = ||a—b|| for all a, beR?. The set of all

isometries is denoted by Isom(R?).

It was shown in [2] that if a function f:R* —R? is an isometry; then, f is a

bijection from the plane onto itself. Thus, Isom(R?) is a subgroup of X . Moreover,
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there are only three basic types of isometries: translations (7 ), rotations (r) and
reflections (m). A glide-reflections (@) is an isometry that consists of a reflection over

a line and then translation along that line.

Definition 2.2 [8] Let P be any nonempty subset of points in the plane.
Define a subset Sym(P) of Isom(R?) by Sym(P) :{a e Isom (R?) ‘ a(P) = P}.
Thatis a(p)eP forall peP.

Example 2.1 Let P :{m(cos%ﬂ,sin %ﬂj

n 6{1,2,...,6} and m 6{0,0.2,0.4,...,1}}.
Define the function r:R* —RR? by

T . T
COSE —smg X
r(x,y) = (yj for all (x,y) e R

. T T
sin—  CoS—
3

Let (X, Y,), (X,,Y,) € R®. Consider,

IO, v1) - r(xz,yz)”—H( cos— (yz—yl)sin%,(xl—xz)sin%+(yl—y2)cos%ju
i i v V2l ein2 ® 2 T
\/xi X,) cos 3+sm 3) (.= Y,) (sm 5 T cos 3j
=y = ) (yl y2)2
_H 2')’2)”

Hence, r e Isom(R?).

Moreover, r(X,y) e P for all (x,y)e P. Therefore, r e Sym(P).
The finding demonstrated in [2] that Sym(P) is a subgroup of Isom(IR%)
Definition 2.3 Let O, be the set of all matrices of the form
cos® -siné cosd sing
R,=| . or M,=| .
sing  cosd 5 \sing@ —cos@
where R, is the function of rotation € counter-clockwise around the origin and

10
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M, is the function of reflection on a straight line through the origin such that the line
2
0 .
is at E—degree angle on x-axis.
Noting that the function r in Example 2.1 is R_ €O, in Definition 2.3.
3

Proposition 2.1 [2] Let A€O,, z,beR? and let the function 7 : Isom(R?) — O, be
given by 7(f)=Aif f(z)=Az+b.Then, 7 isa surjective mapping from Isom(R?)

onto O, and 7 is a homomorphism.

The finding demonstrated in [2] that if H is a subgroup of Isom(R?),
let T, =T H where T is the set of all translations in Isom(R?). The function
7 : 1som(R?) — O, restricts to a function with the smaller domain H . The kernel of

this restricted function is the subgroup T, . Thus, from the First Isomorphism Theorem,

7 (H)z %H and z(H) is called the point group of H.

Definition 2.4 [2] A subgroup H of Isom(IR?) is a wallpaper group if the translation
subgroup T,, of H is generated by translations by two linear vectors: T, =<Z'a,‘l'b>
where a and b are linearly independent vectors in the plane and the point group
z(H) is finite.

Example 2.2 Consider the set P in Example 2.1.

Let P’ ={(X+2h+k, y+\/§k)‘ (X,y)eP and h,k e Z} as shown in Figure 2.1 (a).

Then P’ is a wallpaper group where

z z z z
3 3 3 3 6 3 2 3 6

ﬂ(Pl):{RO,R,TIRQ;TIRIT’RM’RFVT’MO'M ,M ,M ’M277’M5ﬂ}

as shown in Figure 2.1 (b) and T, = <z'(210),r(1ﬁ)>.

11
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14 AT

(a) Some points in P’ (b) All elements in 7z(P")
Figure 2.1 Example of wallpaper group

Theorem 2.1 ([3] and [10]) There are seventeen equivalence classes of wallpaper
groups.

In this paper, we use their IUCr (International Union of Crystallography) symbols

and classify wallpaper groups as shown in Table 2.1.

Table 2.1 Seventeen wallpaper groups and their symmetries (adopted from [1])

IUCr Lattice Highest Order of | Reflection | Non-Trivial Glide
Notation Rotation Reflection

P1 parallelogram 1 no no

P2 parallelogram 2 no no

Pm rectangular 1 yes no

Pg rectangular 1 no yes
Cm rhombic 1 yes yes
Pmm rectangular 2 yes no
Pmg rectangular 2 yes yes
Pgg rectangular 2 no yes
Cmm rhombic 2 yes yes

P4 square 4 no no

12
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IUCr Lattice Highest Order of | Reflection | Non-Trivial Glide
Notation Rotation Reflection
Pdm square a4 yes yes
Pdg square 4 yes yes
P3 hexagonal 3 no no
P3m1 hexagonal 3 yes yes
P31m hexagonal 3 yes yes
P6 hexagonal 6 no no
P6m hexagonal 6 yes yes

3. Development of Original Patterns into Wallpaper Group P6m

Creation of the wallpaper group Pém patterns can be done using Doris
Schattschneider’s method [13] that consists of two steps. The first step generates
a primitive cell as shown in Figure 3.1 (a). Then, the primitive cell generated in the

first step is glided along vector direction on the hexagonal lattice as shown in Figure

3.1 (b).
(a) Generation of primitive cell (b) Primitive cell’s glide on
hexagonal lattice
— Reflection axis < Center of 2-fold rotation
A Center of 3-fold rotation O Center of 6-fold rotation

— Direction vector of primary pattern’s glide

Figure 3.1 Method for creating patterns of wallpaper group P6m

13
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The original motifs used to form wallpaper patterns include “Khom Prateep” and
“Khor Bin Thai”, which are local Mudmee patterns woven in Buriram Province. The

chosen patterns and drafted motifs are shown in Figure 3.2.

s —d—

(a) Copying of motif from a part of (b) Copying of motif from a part

“Khom Prateep” pattern of “Khor Bin Thai” pattern
Figure 3.2 A step of copying motifs from a part of “Khom Prateep” and
“Khor Bin Thai” patterns

The motif obtained from a part of “Khom Prateep” pattern is used to produce
a primitive cell in accordance with the method for creating wallpaper group P6m as

shown in Figure 3.3.

Figure 3.3 Process of creating a primitive cell of wallpaper group P6m from

the motif obtained from “Khom Prateep” pattern

After obtaining the primitive cell, glide it along the hexagonal lattice as shown in
Figure 3.4 (a) and continue to glide the primitive cell along the hexagonal lattice until

the pattern of wallpaper group P6m is created as shown in Figure 3.4 (b).

14
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(a) Gliding the primitive cell along

the hexagonal lattice

Figure 3.4 Process of gliding the primitive cell along the hexagonal lattice until

a pattern of wallpaper group Pém is obtained

Repeat the same process for the pattern created from a part of “Khor Bin Thai”

pattern, starting with creation of the primitive cell as shown in Figure 3.5.

Figure 3.5 Process of creating a primitive cell of wallpaper group P6m

from the motif obtained from “Khor Bin Thai” pattern

Keep gliding the primitive cell along the hexagonal lattice as shown in Figure 3.6 (a)

to obtain a pattern of wallpaper group P6m as shown in Figure 3.6 (b).

15
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(a) Gliding the primitive cell along

the hexagonal lattice
Figure 3.6 Gliding the primitive cell along the hexagonal lattice until

a pattern of wallpaper group Pém is obtained

4. Applying Wallpaper Group P6m to Weaving Processes

Hobanthad, Prajonsant and Vongpramate [5] found that the skills for creating
Mudmee patterns is developed from tie-dyeing process to make differences on the
weft. By representing the colored positions with numeric codes on the matrix, the
Mudmee formation process is presented; then, the formation of the pattern is
explained by using the matrix transformation which consists of two steps. The two
steps are use of matrix transformation for reflection of motif generated by the
tie-dyeing technique and the matrix transformation for reflection of the motif
generated by the “Mee Luad” technique. In this paper, the Mudmee formation process
will be represented again by elements of Isom(R?). Let P be a nonempty subset of
points in the plane. If P is a motif, then tie-dyeing translation technique, tie-dyeing
reflection technique and Mee-Luad technique are 7,, M_ and M_, respectively

2

(see Figure 4.1).

16
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technique

Figure 4.1 Mudmee formation process

When weavers have been given tables determining the positions for dyeing that
have been thoroughly analyzed relative to the pattern formation process and how to
dye the selected yarn to create the desired symmetrical patterns, it will give the
weavers significant guidelines in the dyeing process. After reviewing Pém patterns from
the two motifs, patterns will be entered into the table created by the GeoGebra
program by specifying the positions of colors in Mudmee patterns tied with wefts. This
is accomplished in accordance with coloring positions in the program and taking into
account the order of double dyeing. Let P be a nonempty subset of points in the
plane such that P is the motif in right triangle shape (Figure 4.2) from a part of
hexagonal lattice. This starts from creation of the set P’ using point group P6m as

follows:

17
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6
=UP where
i=1
2
COS—
R =1(a, b)‘
SII’]—
3
T
COSE
P, = (a,b)‘
.
Sin—
3
2
COS—
P3: (a,b) 3
. 27
SIn—
3
CoSrxw
=<(a,b )
{( ) (smzr
A
COS?
P.=<(ab
> (a,b) . Arx
SiIn—
3
S5n
COS—
and PR, =1(a, b)‘
sm—
3

as shown in Figure 4.2.
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(a) Creation of P’ from motif obtained (b) Creation of P’ from motif obtained
from “Khom Prateep” pattern from “Khor Bin Thai” pattern

Figure 4.2 Creation of P’ from motif using point group P6m

If z, and 7, are translation vectors where a and b are linearly independent
vectors in the plane, then translation of all elements in P’ by <z‘a,rb> on hexagonal

lattice is shown in Figure 4.3.
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Figure 4.3 Translation P’ by (ra,rb> on hexagonal lattice

If P" is the result of translation P’ by (z‘a,rb> on hexagonal lattice, then P" is

a wallpaper group P6m pattern as shown in Figure 4.4 (a) and the rectangle is cropped
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from a part of P” such that rectangle is on a reflection line of wallpaper group P6m

pattern (Figure 4.4 (b)) for tie-dyeing process as shown in Figure 4.4 (c).

\'sv‘/ \4~¢\/ \l~'\'
\\l\/ ,¢ ~\~\\"’ ;a ~\~¢"’ ro
- ot x 't o

(a) Wallpaper group P6m of P” (c) tie-dyeing process
Figure 4.4 Wallpaper group P6m pattern to tie-dyeing process

From recording the pattern developed from a part of “Khom Prateep” pattern in
the table with the pattern laid down in a manner that corresponds to the width of
the cloth, which is about 100 centimeters, to the process of simulation of the
Mudmee pattern with the pattern of the reflection technique and the Mee Luad
technique, a simulated Pém pattern using the GeoGebra program is obtained as shown
in Figure 4.5 (a). When weavers from Ban Non Samran in Muang District of Buriram
Province perform the tie-dyeing and weaving process, the pattern matching the

simulated image is obtained as shown in Figure 4.5 (b).

20
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(a) Simulation of Mudmee pattern formed (b) Result of actual weaving using the
by Mee Luad technique and tie-dyeing design technique to obtain the
technique of pattern reflection pattern of wallpaper group P6m

Figure 4.5 A comparison of simulated pattern and the actual pattern of

handwoven Mudmee developed from a part of “Khom Prateep” pattern

Likewise, the pattern developed from a part of “Khor Bin Thai” pattern is recorded
in the table created by the GeoGebra program before undergoing the process of
simulation of Mudmee pattern using the pattern reflection technique and the Mee
Luad technique to obtain a simulated pattern of wallpaper group P6m as shown in
Figure 4.6 (a). When the actual tie-dyeing and weaving process is performed by weavers
from Ban Nong Tad Noy in Muang District from Buriram Province, the pattern that

matches the simulated image is obtained as shown in Figure 4.6 (b).
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(a) Simulation of Mudmee pattern formed  (b) Result of actual weaving using the

by Mee Luad technique and tie-dyeing design technique to obtain the
technique of pattern reflection pattern of wallpaper group Pé6m
Figure 4.6 A comparison of simulated pattern and the actual pattern of handwoven
Mudmee developed from a part of “Khor Bin Thai” pattern
Consider, the results of actual weaving have maximum order of six rotations and

have an axis reflection as shown in Figure 4.7.
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Figure 4.7 Result of actual weaving obtain the pattern of wallpaper group P6m

From Table 2.1 and Figure 3.1, the result of actually weaving obtains the P6m
pattern. Besides, pattern simulation yields the same result with a research study that
develops a program to simulate Mudmee pattern using Mee Luad technique [14].
However, it cannot be said that the two patterns created by actually weaving are truly
symmetrical Pém patterns, because the resulting patterns do not actually resemble
the models in every side and corner due to the number of yarns used as wefts are
not in proportion to the warps [11] and that tie-dyeing technique requires a high level
of expertise to determine the distance of each position of yarn tying. Therefore, it is
difficult to actually obtain symmetrical P6m pattern. However, symmetry of the
developed patterns is very close with that of wallpaper group Pém and absolutely
different from that of the original patterns. Thus, new patterns are created as per the

desired outcome as shown in Figure 4.8.

Figure 4.8 Handwoven fabrics developed from original patterns to

obtain wallpaper group Pém

22
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5. Conclusion

This article presented the procedures for creating handwoven Mudmee P6m
wallpaper pattern from original fabric patterns. Results of the study revealed that parts
of the original patterns can be used to create the patterns of wallpaper group Pém.
When the simulated patterns are used in the weaving process, it was found that the
Mee Luad technique and the tie-dyeing technique of pattern reflection must be used.
Regarding the process for generating the primitive cell, the positions of the pattern in
the table must be determined for the purpose of tying and dyeing before weaving by
the weavers. The weaving results matched the simulated patterns in GeoGebra
program. However, the patterns obtained from the actual weaving process are not
consistent in every side and corner due to disproportion between the numbers of
wefts and warps and the weavers’ technique to determine the positions to tie the
yarns. However, the patterns obtained from this research are considered original,
because there have been no similar patterns of this symmetrical group which have
been identified to date. Thus, this is a way to improve the diversity of patterns and

may further lead to a diversity of products.
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ABSTRACT

Mathematical problem posing is another important ability that should be
promoted to learners at all levels of education. Especially preservice teachers, if they
have this ability, they can pose problems that will support mathematical learning for
students in the future. From studying and collecting research on mathematical
problem posing ability of preservice teachers can be divided into 5 categories which
are (1) the ability to pose problems according to the techniques or strategies for
problem posing (2) the ability to pose problems in accordance with the nature of the
conditions or situations given (3) the ability to pose problems using the strategy to
solve the given problems (4) the ability to pose problems integrated and connected
to real contexts and (5) the ability to pose mathematical problems suitable for
students. The author presents details and examples of the ability to pose
mathematical problems in each category and hopes that this article can be a guideline
to further develop the ability to pose mathematical problems for preservice teachers.

Keywords: Problem posing ability, Mathematical problem posing, Preservice teacher
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Abstract

An edge-odd graceful labeling of a graph G with q edges is a bijection f from the
set of edges of the graph to the set {1, 3, 5, ..., 20 —1} such that each vertex is assigned
the sum of labels of all edges incident to it modulo 2q and the resulting vertex labels
must be distinct. A graph G is called an edge-odd graceful graph if it admits an edge-odd
graceful labeling f . In this paper, we show that the new graphs obtained by deleting a
pendant vertex of the comb graph are edge-odd graceful graphs.
Keywords: Edge-odd graceful graph, Vertex deletion, Comb graph

1. uni
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nsaulyl (tree) Aonsidaulosunazlydaslunsad ns1W3d (path graph) AonsIw
Wanlgaiyneanurazyalunsidaniegaunfiane 2 nsWidviyneendiuiu n 9a
N oy oA ° o ~ v v v ¢ a ¢
il ouduiu n—1 1w Weuunusedydnewal P, nsmuuuuiysal (complete
graph) fensmifigasenaasgata o Assiulunsiiugeeenyszdniu Weuwnunsinwuy
Usysalfidaneen n aasedyanual K, n31mlauyd (comb graph) Aensiniasielae

[ (% L3

NsweNdazyneenveIngvil P, medusumuwaud Weuwnunsmlandmedyanyel

P oK, ssdunswilauy P, oK, @unsduld

107 IRV VARVARIRY

n

a o ° v  w aa <
WJugaeeafiSesanuiurenswid P, uwaz u,U,,Us,...,U, 10U
NLOATUTDUTUINLDN Vy, Vs, Vs, .., V, AINEIAU NTANY P, O K| Uainasiagud 1.1

L1 U3 U3 Va Vp-1 Vn

U, Uz Uz Uy Upn—1 Uy

a

U7 1.1 asllesd P, OK,

dmiugngen u lunsim G N3 G—u nunediansivl G Nlauqngen U Lazauy

WU INaTensENUiuIngen U
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dwfunsidenles G ATdwdensiuin g W¥u nsidu (abeling vuns G Ao
nstwuadeliaaeen iaduiden vieaaeesuaziduionvonsn 6 meldideuled
AU Rosa [8] IAuldusuuIAnnISAIAUNSINE 8N N1SAAU —3 (8 — labeling) Moxn
Golomb [5] laisenn1smiuaenanain maffiuinseua (graceful labeling) Ineiiugneenly
A5l G desrunwduiiwanarsiuniely {0,1 2, ..., g} wazdfududonlunsi G

gredruufuuiniiuansneiuly {1 2, 3, ..., g} Fansirududeuunasidu AorduyTal
vosnariaveInIsiifugasenduiunsentaevesduifentu fdnidevarevinulddnw
nmsAnunseyavesns i G iy Cattell [3] ﬁﬂﬂ’m’liﬁ’lﬁlmﬂi‘?ﬁdaUUﬂiWW%ﬂﬂgﬁﬂ%ﬂ%ﬁ WA
ymsinduinsealuguiuuiludmiuns i P, Kaneria uay Az [6] léAnwinisiaiy
inseauunswlmiflsiainnsdudiunsuunsas (cycle graph) uaznmsdndiunisuunsvaes
d1u3ysal (complete bipartite graph) Boxwala Uae Vashishta [2] @nwin1sifduinsawauun
sllvailgnslnlasrsanmsaniiunisuunsiviie Koh wagauy [7] Anwinisiiduinsewa
vunswilyaifldanmaideunsmuuuuiysal nswing uwaznswha Aams uazae [1] l9@nw
miﬁwﬁ’umiszjﬂdaiuu%wmiﬁ'}%wam%maqm’]w%ﬁ wazlu A.A. 2009 Solairaju wag Chithra
[12] lddnauenwifanisidunsmkuulnaiiseonin nsmiduiend-sennsaila (edge-odd

graceful labeling) Fal

unlignn 1.1 Amualingnl G Sduden q>0 W odlfedduidududendaduileidu
wilseaniionds f1E(G) >{L 3,5 ..., 29 -1} wazilanduriiuyauen
f:V(G)—{0,1 2, ..., 20 -1} T mualay

fr(v)= > f(uv)(mod2q)

uveE(G)

dmsugaven U NnATUTEIRdUgAEen v tunsidl G uasnadnsvedn1sniulnganded
wansinaiu udsen f 3nsiidulend-seanseylavensvl G uaziSenns G wiey

é’wmsﬁﬁmamé—aammswﬁla f dﬁﬂiﬁWLamﬁ-aamﬂww“a (edge-odd graceful graph)

Solairaju wag Chithra [12] lauansinnsvauldigenuuu (hoffman tree) n5ansulauy

P, O K, nswiluams (bistar) B, n51w N—Tluam$ (n-bistar) (K, :2) fimsiiuiend-

n,n

o (%

gaAnITYa HINITemmguinivivagvinuladnwinisiiulend-sennsenavensv 1wy
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Singhun [10] lauansinsinasae W

n+l

o n 1Wudwaug Innsiifuiend-seninseya
Tirasuwanwasee [14] lakaniadnnsmageuiduiinisniiiuiend-sennsena Seoud wag
Salim [9] Ifuansinnsivisde W, iile n=1 2, 3 (mod 4) #n1sifiutend-oonnIea
Daoud [4] lauane31ns1nsuady (fiendship graph) ns19eds (helm graph) ns1miiu
(web graph) n31wsiutdaunly (double fan) dn1sinAulend-eannseya Solairaju Lavane
[11] lfuansinnsn P, +P, 1fle m=2,3,4,5,6 finsirfuiend-seninsuya Tamilarasan
wazAng [13] louanadinsandiuaiiag (dutch windmil) DI uag DJ wagnsivliwefd
aswannes (crcular ladder) CL, dnsinfulend-oannseya
dmsulunuidedazadranslvddrensdiiunsmmguinnndensavgagen
ukaudoen $1uru 1 9 vunssllend P, oK, Sansmlmisznaudie 1) miaugagen
wukaud u vunsland POK, asldnsllng G=P, 0K, -y, 2) N15auyngen
wuuaud o, vunslend P oK, agldnsilud G=P oK, -u, ndsainiumn
nsfuiend-soainseyaluguuuuiiluveansinlva wienfigatinmsiiduilendu

o % 6 1
mamm‘uLam—aammwjmmﬂiwwmm

2. NM3MuleAl-vaANITYa

MmNy IBiLiummamguinsvkiteairsnsln lnensaugngeninuuaudosn
1 1 30 vunsleud P, OK, wagmmsinduend-seanseiadmiunsinlval vinli
lovguaunlni 2 ngqugun

ngufunusnazuansitns il G =P, O K, —u, fassainnisaugneennuuaud U,

vunsmlauy P, oK, \unsiiend-eannseya d1081an519 G =P, O K, —U, WanIns

a
Un 2.1
Vq V2 U3 V4 Us Ve vy Vg Vo
Uy Uz Uy Usg Ug 2% Ug Ug

gﬂﬁ 2109 G=ROK, -y
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nguiiun 2.1 N5 G =P, 0K, —u, {Junsvend-eeninsaia

a 4 14 <y A a °o v v ad
UNWEIU IRV ANY, WWUengenvsesaInunuueans1win P, wag u,,u,,U,,..., U,

n

L'fluﬁ;ﬂaamwuLmuﬁﬁﬁauﬁ’uqmaam VAR VAR VAN VAR L ok i

agleidunugagenvens G=P, 0K, -u, fs |V (G)=2n-1 uazsuududeuves

nsm G Ao q=|E(G)[=2n-2

Amuanisninu f:E(G) —{1, 3,5, ..., 20—1=4n-5} i
f(uv,)=2i-3 dmivi=234,..,n

f(vv,)=4n-2i-3 dwmiui=123 ..,n-1
dolUasuansin f Huilsidunieienis

nsl 1 aunld f(uv)=fuy,) doi=2,34,..,nusz j=2,34,...,n

aglein 2i-3=2j-3 futlu i= j Wufe uy, =u,y,

3t 2 @l f(vv,,)=f(v,v.,) de i=123 .., n-lusg j=123 .., n-1

in=ViVia

9zlid1 4n—2i-3=4n-2j -3 My i= j Uufe vV
nstd 3 aundld f(uy)=f(vv,) Wo i=234 .., nuaz j=1,23 ...,n-1
Alein 2i—-3=4n—-2j—3 felu i+ j=2n

WAlllosa1n i <n wag j<n-1 bAAevedaugs

tufe f(uv) = f(v,vy,,) visemsiiu f vismauu {uy, | i=2,3, 4, ..., n} unnsnaniy

jl
nsffy f saveuy {(vvia| =123, ..., n-1
9 3 nsdl aglddn £ Huileifuniletends
oy G SSnnududen 2n—2 1y wazswufuvinfiddulitududend
2n—2 s waran f Juiteitunilstends dafuaglann f Duileiturhis
nn1sAmUAn1sAInu f aglanisaidu f7:V(G) »{0,1 2, ..., 2q—1=4n-5}
9t
f*(u) = f(uv,)(mod 4n—4)=(2i-3)(mod 4n-4)=2i-3 dmiu i=2,3,4,...,n
f*(v,) = f(vv,)(mod 4n—4) =(4n—2(1)—3)(mod 4n—4) =4n-5
frv) =(fFviv)+ f(vv,)+ f(uy))(mod 4n—4)
=((4n—2(i—1)-3)+(4n—2i-3)+(2i—-3))(mod 4n—4)
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=4n-2i-3 dwmv i=2,3,...,n-1
f7(v,)=(fuVv,)+ f(v,v,))(mod 4n—4)
((2n—-3)+(4n—-2(n-1)-3))(mod 4n—4)
0

thifte
{f7)]i=234,..,n}={2i-3]i=234,.,n}={135,..,2n-3}
{f7(w)]i=123 ..., n-1}={4n-2i-3|i=1,23,...,n-1}
={4n-5,4n-7,4n-9, .., 2n+3, 2n+1, 2n-1}

[

seluazuansiimsii £ Duiledtunilsdontds fadl

nsdl 1 asm@lk fr(u)=f"(u) W0 i=234,..,nuar j=2,34,..,n

9l 2i-3=2j-3 sy i= | Tude U =U,

sl 2 anndld £1(v)=f7(v)) dloi=2,34,...,n-1uaz j=2,3,4,...,n-1
9211 4n—2i—3=4n—-2j -3 s i= j thite v, =V,

nsdl 3 awndlk fr(u)=f"(v,) Wo i=2,34,..,nuaz j=2,34,..,n-1

92l 2i—3=4n—2j-3 dafu i+ j=2n

wikiledn1n i <n war j<n-19lHlén 2n=i+ j<2n-1 liAadedauds

Fodu f(u) = fr(v,) tufemsiiu £+ samauy {u|i=2,34,....n} unndwriy
nsffy £ stanuauy {vi]i=2,34,.,n-1}

N3l 4 el fru)=Ff"(v) de i=22314 ..n

v - U gj - 3 a ¥ % Y o -
aglen 21—3=0 f9tid i :E NRVBVALEINUNITANUR 1=2, 3,4, ..., N

o
Y

adu fru)=fr(v) Tufensiifu f* enuauy {ui |i=2,34,.., n} WANFINAU
nmsinu 1 ouu {v }

N3l 5 Ay f(v)=f*(v,) o i=234,...,n-1

v « v & 3 . a Y o v d .
7\]31@'3'] 4n—-21—-3=0 Asuu 2n—E:| Lﬂ@sUaﬂJWLLENLﬁ@QQ']ﬂ 1=2,3,4,...,n-1

gty fr(v) = f7(v,) TuRensiaiu f* veuauy {vi |i=2,34, .., n—l} LANKY

AunisAinu £ v {v }
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Tuiueaeaiunsd 4 way nsdl 5 awisauanslainnisiidu 7 vy {v,} wanaedu

msiiu £ aneuu {v, [ =23 4, ..., n-1} uagmsiiu 7 vu {u} unndreiu
msiiu f Wemmevu {u, [i=2,3,4,..,n}

wsngaziunsidugasen i luilsidunilsdeniia vivbiladnnsiiugneenunnsng
fiu datunsiidu f dunisinduend-sennsyiavensin G =P, O K, —u, tufe n3 1w
G =P, 0K, —u, {unsiiiuiend-sennseia O
A28819 2.1 N13A1iutend-eannseiavens i G=P, 0K, —u, ngldnisiiiuiend-

DEANTYYA MUNGURUN 2.1 UaAAIFUTN 2.2

3 2121 19 19 17 17 0

|

15
15

Do

31 31 29 29 27 27 25 25 23

1 3 7 9 3

5 11 13

JUN 2.2 n9 G =P, O K, —u, wiaun1siiuiend-eeninseila

nouundaliazuansiins il G =P O K, —U, §9@5199INN150URL0ANULAUA

u, vunsmland P, O K, Junsimiend-eannseya dreg19ns1ndsadaninnisaugneen

wukaud U, vunsileud P OK, wanadaguin 2.3

U4 U, U3 V4 Vs Ve 1% Vg Vo
Uuq Uus Uy Usg Ug (244 Ug Ug

U7 2.3 nsl B, OK, —u,
wudnsmiuend-saansenalunguuni 2.1 lawnsaldiunsml G=P, 0K, —u, a
AatwsfemInNIsitiulend-esannsgad sy G=P 0K, —u, nifadudmauiun
moluil
nguiun 2.2 N5 G =P, O K, —u, Junsuend-sennsyila
unwgad I v,v,,v,,...,v, 1ugngendiSesdiduiuveansia P, uag

Uy, Uy, Uy, U, ., U, 1 U8 0nmuuaudfiuseBaiu v, vy, V,, Vs, ..., V, SIU86U
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sgladnuiugauenveinsml G=P, oK, —u, fie |[V(G)|=2n-1 wazsuududon fe
q=|E(G)|=2n-2
Amuanisinu f:E(G) —{1 3,5, ..., 2g—1=4n-5} $9id
f(vyy,)=1
f(uyv)=2n+1
nstd N uduaug
f(uyv,)=4n-5
f(uv,)=2n+2i-3 dwmsui=4,6,8...,n-2
f(uv)=2n+2i-7 dmwmiui=357,...,n-1
f(vv,,)=2n-2i+1 dmiui=234,...,n-1
n3d n Wuduaud
f(uyv,)=4n-7
f(uv,)=2n+2i-3 dwmsui=4,6,8,...,n-1
f(uv,)=2n+2i-7 dmiui=357,...,n-2
f(vv,,)=2n-2i+1 dmiu i=234,...,n-1

[

sellazuanin f (DuileiFunilstonds dei

nsal 1 @Al f(vv,,) = f(v,v,.,) deoi=234,..,n-lusz j=234 .. n-1
agléin 2n—2i+1=2n—-2j+1 fufu i = j dudle vy, =V,V;,

ndl 2 aundld f(uv)=fuyv,) e i udaug d9 3<i<n—luay j 1udoug
§13<j<n-1

aléin 2n+2i-3=2n+2j-3 dwdu i = j tufle uv, =u,V,

3l 3 aundld f(uy)=f(uyv,) dle i WJuduaud 9 3<i<n-1uay j WJuswoud
F13<j<n-1

9ldin 2n+2i—7=2n+2j—7 dau i=j Tude UV, =U,V,

sl 4 auudlvi f(uy)=f(uyv,) e i 1udwoug 35 3<i<n-1uaz j 1dudwoud
§13<j<n-1

91§ 2n+2i—3=2n+2j—7 dau j—i=2
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Weann i Wudwawg wag | 10udnaud Jaduldldlad j-i=2

dufe f(uv)= f(uy,) wiensiidu f amuavu {uy |3<i<n-1} uansieiu
o ¥ . & o ] . @ o a

d@1m3u i wuiwiua ez i LuIuIun

N3l 5 auudll f(vv,,)=f(uyv,) We i=234, ..., n-1uaz j (Judwiud 3
3<j<n-1

Gy 2n—2i+1=2n+2j-7 ¥lAldan j+i=4 umieswin i=2 3 4,..., n—1 uas

j=3,57,...,n=2 ynlilein j+i>4 \Andetauds

'
&

uAe f(vv,)= fuy) wfensady f W InUAUL {vv.,|i=234, ., n-1}
wansng fumsiiu f vavuauy {uy, | ] Judwoud 89 3< j<n-1}
nsdl 6 auualyl f(vv.,)=f(uv,) Mo i=234,.,n-1uaz j 1dusiuiug 3
3<j<n-2

alaan 2n—2i+1=2n+2j-3 et j+i=2 wivileewn =234 ..., n—1 uas
j=4,6,8, ...,n=2 alei j+i>2 indatauds

Wufe f(vy,,)= f(uy,) wienisaany f I UAUL {vv,|i=234, ., n-1}
wansng fumsiidu f euauu {uyv, | j Duduiug F13<j<n-1}

3l 7 auwdly f(vy,) = f(vy,,) o i=234, ..., n-1

2wl 1=2n—2i+1 fafu 0=2n—2i ude 2n=2i

wiilesan i=2, 3, 4, ..., n—1 vliAndedauds

tufe f,)# f(vy,,) Wo i=2 3 4, ..., n—1 viemsifu f vu {vy,} wnndedu
Mty T ranuauy {vv,,|i=234,.,n-1}

Tuihueaeaiunsdl 7 amnsauansledn nsdidu fuu {uv} wandnedunisadu
WanuAUY {vivi+l|i=2, 3,4,.., n—l} msnnu fouu {uv} Wi n Lﬁuﬁi’m'gu@j
wanaefun1siaty f Wanuauy {vvi,[i=234, ..., n-1} uazmsiidu f vu
{uv}dle n Wusuiud unndafunnsiidu | HaaeUY {vv,,]i=234, .., n-1}
n3til 8 Al f(vy,) = f(uv.) e i udaue g1 3<i<n-1

ke 1=2n+2i—3 ¢9tu 2=n+i wtdeaa1n 3<i <n—1 B lmindatnue
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Tufe f(vyv,)= f(uy,) o i Juduaug F9 3<i<n-1wiemsidu f vy {yy}
uanenafunistiu f simuauy {uv || \Wudoug 35 3<i<n-13

luusuieadunsdl 8 awnsauandladn nsidu T uw {uyv} wainddunisindu f
WanuaUL {uv,|i=4,6,8,...,n-2} n1sidu f vu {uv} e n dusunug
LAnANRUANSAITY T stanuau {uivi |i=4,6,8 ..., n—2} way nsninu f ouu
{uv } e n udwod usnsrstunisiiu f AUy {uv,|i=4,6,8..,n-2}

a1n f(vyy,)=1 f(uy)=2n+1 f(uyv,)=4n-5 e N Wudiuaug uas
f(uv,)=4n—7 e n Woidudiud asdfiniinisidu f uANAS U AU LR
RAZTARTAVAY

& o w [ & v =~ =
wszazdun1smau fidunendunilenoniy

'
a o w

flesnnnsw G Sdudeusiuau 2n—2 W wazdunuduuinfimsulitududond
2n—-2 i wazann f Juiledfuniionis sy £ Huiledduind
PnmsAmuanisiiu faglanisiidu £7:V(G) —»{0,1, 2, ..., 2qg-1=4n-5}
el
f*(u) = f(uv,)(mod 4n—4)=2n+1
fr(v) =(f(uv)+ f(vy,))(mod 4n—4)=((2n+1) +1)(mod 4n—4)=2n+2
f7(v,) =(f(vv,)+ f(v,v;))(mod 4n—4) =(1+(2n—-3))(mod 4n—4) =2n-2
dmsu n Gusnud avld
f*(u,) = f(u,v,)(mod 4n—4)=4n—-7
fr(v,)=(f(v,v,)+ f(uyv,))(mod 4n—4)=(3+(4n-7))(mod 4n—-4)=0
dwmsu n Wudwaug gl
f*(u,) = f(u,v,)(mod 4n—4)=4n-5
fr(v,)=(f(v, )+ f(u,v,))(mod 4n—4) =(3+(4n-5))(mod 4n—4) =2
dwmsu 3<i<n-1 agla
o i uduaug
f*(u;) = f(uv,)(mod 4n—4)=2n+2i-3

56



N3EIAEAAERS U3 66 1au9l 704 wawnal — eiau 2564

frv) =(f(viv)+ (v, + F(uy,))(mod 4n—4)
=((2n+2(i-1)+1) +(2n+2i+1) +(2n+2i—3))(mod 4n—-4)
=2n-2i+5
o i Wudnoud
f*(u;) = f(uv;)(mod 4n—4)=2n+2i-7
f7(vi) = (f(viv) + F(vvi,) + f(u,v,))(mod 4n—4)
=((2n-2(i-1)+1)+(2n—-2i+1)+(2n+2i-7))(mod 4n—4)
=2n-2i+1
nnsmivgagen 1 9zl
e n Wuduaud
{f7(u)]i=4,6,8 ..,n-1}={2n+5,2n+9,2n+13,..., 4n-9, 4n—5}
{f*(vi)|i:4,6,8 1} {2n 3,2n—7,2n—11,...,11,7}
{f7(u)]i=857 ..,n-2}={2n-1 2n+3,2n+7,..., 4n-15, 4n—11}
{f7(v)|i=357,..,n-2}={2n-52n-9,2n-13,...,9,5}
o n Budoug
{f7(u)]1=4,6,8 ...,n-2}={2n+52n+9,2n+13, ., 4n-11, 4n—7}
{f7(v)|i=4,6,8,..n-2}={2n-3 2n-7,2n-11, ..,13 9}
{f7(u)]1=857 .,n-1}={2n-12n+3 2n+7, ., 4n-13, 4n-9}
{t7(%)|i=857,..,n-1}={2n-52n-9,2n-13, .., 7,3}

sallazuansinmsmiu f Juilsidunilesenils

3l 1 aunlyd £1(u) = f7(u;) e i Judwig ¥ 3<i<n-luaz j Juduiug
3<j<n-1

aglein 2n+2i-3=2n+2j-3 sy i = j TuAe U =u,

3l 2wl £1(u) = f7(u;) e i Judwmd & 3<i<n-luaz j Juduiud &
3<j<n-1

wledn 2n+2i-7=2n+2j-7 fudu i=j fdufe u =u,

n3fl 3 el f7(v)=f"(v;) We i Wudniug 3¢ 3<i<n-1uay j Wudwiug 4
3<j<n-1
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91§ 2n—2i+5=2n—2j+5 futy i = j Tuie v, =V,

nsdl 4 aundli £ (v)=f7(v,) dlo i Wudwnud §1 3<i<n—1uay j Jusuiud 3
3<j<n-1

921§ 2n—2i+1=2n—2j+1 faiu i= | Tude v, =V,

nsdl 5 aundld 7 (u)=f"(u,) o i 1uduoug 39 3<i<n-1uay j Wudnnud
3<j<n-1

91§ 2n+2i—3=2n+2j—7 Fafu j—i=2

wilesan i udwoug uaz | Hudhwud ilnandedauds

ot fr(u) = f7(u)) Tufemsiiiu £+ Hanuauuy {u, | i Duduaue F93<i<n-1}
wansnafunsii £ sanauy {u; 1] WHuduaud 393< j<n-1}

nsdl 6 aundld f7(u)=f"(v,) o i iuduoug 9 3<i<n-1uay j Wudnoug e
3<j<n-1

91§ 2n+2i—3=2n—-2j+5 fatu i+ j=4

Wikilednn 4<i uay 4< j lnAndedauds

Fat fr(u) = 7(v;) Tufemsiiu f* Wauauy {u, | i Juduaug F33<i<n-1}
wansnafumsii £ anauuy {vl] Lﬁuﬁﬁuauﬁﬁa 3<j<n-1}

nsdl 7 andld o (u)=f"(v,) o i iudunug 9 3<i<n-1uay j Wudnoud e
3<j<n-1

91§ 2n+2i—3=2n—2j+1 fefu i+ j=2

uiliesann i Wudwug ey | Wudud shliAndedauds

oty fr(u) = 7 (v;) tufensiiu f* Wauauy {u; i Wudnnue F33<i<n-1}
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Ad1Aey: N15HANWISLUADIEBY N1TLANWAITIVILUUNAN N1TWANLIITII-AuALad

v

fafiun1svinliuamINILay

ABSTRACT
In this study, we introduce the first order integer-valued autoregressive models for
count data with the two-parameter generalized Poisson-Lindley distribution based on
negative binomial thinning operator. Some important probabilistic and statistical
properties such as generating function, expectation and variance are derived. Finally,
parameter estimations are discussed.
Keywords: Discrete distributions, Mixed Poisson distributions, Poisson-Lindley

distribution, Negative binomial thinning operator
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2. Var(Xy) = 2B%(1+6)+67(1+6)+B6(4+36)

02( B+6)?

[

AAtiY AIAIAYENELAEAIALLUTUTIUYDY & Fagnimiuald Asil

NOBRUN 3.2 ArAIAnEIBLazA1AULUIUTINYE & NTelTluunien 2.2 dmsu fauuy

NLINAR (1) ﬁ]%QﬂﬁEJ’]iJGﬂﬂJﬁﬁﬁUIﬂﬁJ
o 26+6
1E() =01 a)(e(ﬁ+6))
(1-a?)(2B2(1+6)+62 (1+6)+ 56 (4+36) )—ab(1-a) (B+6) (25 +6)
02(B+6)2

2.Var(g) =
Tnedl E(X,) fenusadnsiu
unigay nunlleny 2.2 LA (X} Junseuiunsaeilaefinisuanuas NGPL(G, B)
waznANENTRI a * X,_; waz & WWudaszraiu uazngquiun 1.1 9o 1. agldd
E(Xy) = E(a*Xiq+&)
=aE(X;) + E(&)

= a(%) + E(g)

v g _ _ 2B+6
Ml E(e) = - ) (; o 9))
M915041AUBUTUTINVOY & TWruBARALITUIINANENTRI a * X,_; uae & Wudasesaniu
waznguiun 2.1 98 2. 9laan
VaT(Xt) = Var(a * Xt—l + St)
= Var(a * X;_1) + Var(e)
=a(l—a)E(X,—q) +a?Var(X,_1) + Var(s)

ntuazlain (1 — a®)Var(X,) = a(l — @)E(X,) + Var(e,) A9t

Var(e,) = (1 —a?*)Var(X,) —a(l —a)E(X,)
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3 2B%2(1+0) +6%(1+0) + pO(4 + 30) 2+ 0
- (1_“2)( 92( B + 0)? )_“(1_“)(9(ﬁ+9))
@ -a®)(2B2(1+6) +62(1+6) + fO(4 +360)) —ab(1 — a)(B + 6)(2B + 6)

02(B +0)?
O

NQufun 3.3 ArAanunekuuiteuluvesiinuu NLINAR(L) @3t k + 1 wiiewian fe

2 (2]
EXey i | Xeop =x) = a1 x + (1 —a®*?) (%)

dmiux€{0,1,2,..}
a -4
UNWEAU N EXpqpe | Xem1 = %) = E(@ * Xpyp—1 + Ecaic | Xeog = %)
=E(a * (a* Xepp-2 + €rr-1) + Eeqic | Xemq = %)
wazINUNTenn 2.2 Woawnue (X} dr9uldaunisgavineiunadl
E(Xt+k | Xt—l = x) = E(ak+1 * Xt—l + ak * & + ak_l * €41 + 4 Et+k | Xt—l = X)
k
= E(ak+1 * Xt—l | Xt—l == x) + Z E(a’h * 8t+k—h | Xt—l - x)
h=0
k
= af*tlx + Z aE(erinen)
h=0
_ o k+1

1—«a
=ak+1x+<_
1—«a

>E(5t)

2ﬁ+9>

= akt1x + (1 _ C{k+1) (0('3 " 0)

O

dadang 3.2 A1AAMINEWUUIROULY E(Xpyy | Xe—q = %) Fvgidmnaimnvaneuuulifiteuly

2B+0
9(8+6)

NQufun 3.4 A1ANuwUTUTIURUUTReUlurefIwuY NLINAR(D) avwith k + 1 vd3gia

P Y 1 o &
WD k Lmqauum

&
Ao

k)
Var(Xepp | Xe-1 = %)

= a1 (1 - gk )y + ( ) ( )

1
1_—a2VClT'(Et) + 1— a2 E(St)

dmiux€{0,1,2,..}
unigal
Var(Xesp | Xe—1 = x)
= Var(a * Xeyk-1 + €k | Xp-1 = %)
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= Var(a* (a *Xeyp—2 + &+ k1) + il Xeo1 =)

Var(a®* « X, +ak v e+ a* T r gy + o + grpp | Xoor = %)

K
= Var(a®' « X, | X,o1 = x) + Z Var(ah « eqyp—n | Xe-1 = %)
h=0

k
=gkt (1 —ak*)x + Z Var(a™ * eryr—p)
h=0

Kk
= a**1(1—a*)x + Z (a"(1 = aME(erirn) +a? Var(epir-n))
h=0

k K
=a**(1 - a**V)x + Var(e,) Z a’h + E(ep) Z a (1-ah
h=0 h=0

1— aZ(k+ 1) a(l _ ak)(l _ ak+1 )

ez Var(e) + T

= ak+1(1 — ak+1)x + E(e)

O

dadann 3.3 ArmunusUsuluuiReuly Var X,y | Xe—g = %) A IMIAULUTUTIUMUY
T = 2 0)+62 ] ] ) « Y 1w
Lyiflifoulupp 2O AL HFOMTI0 Bk \ndoriug
62( B+6)2 Y

4. N15USZINUATNISILADIVIAILUY NLINAR(1)
msUsznauaduisnsldeadanldandegndlussinadmsiines iunsmdeasy
fRgatumfives Tudnwurreansusvann lagasthmniwesiszanaldlulsluduuy
diewsnsaivwliuvesvgnisaling  Tusuien warluiaded {iduasRinnsannisuszana
Ansfimestesiauuu 2 38 Faduisfiten 1iun Mtz fiwesieiiihiaes
tfovgauuuiiiouly (conditional least square: CLS) uazmsUszanaaimsiineiseisya-

298005 (Yule-Walker: YW)

4.1. msUsznuidssesesiigauuuiiteuly
ﬁaﬂszmmﬁﬁé’qamﬂaaq@LLUUﬁﬁaulsusumvmﬂﬁLmaﬁ a WA u VOIAIMUU NLINAR(1)
Idnamnmsunud k = 0 Tunguiun 3.3 Aaavsnouuuiiteuly Ae
EX¢ 1Xe-1) = aXeq +u(1l —a)
Toedi p = E(X,)
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Aty aunsidaesieegauuuiieuly Ao

. Z(Xt ~E( 1 X, ) = Z(Xt — Xy - a1 - )’

[

WW@UWUSEIE]EJ"UEN Qn Wiguiumsdimes u e a LLﬁ‘“ﬂW%U@i‘VTL‘VﬂﬂUﬂu et

Y
n

0Qn

—n :—EZX—AX_—Al—A 1-a)=0 4.1
o g £, ( t— @Xeq1— A( a))( @) (@.1)
90Qx . . R

S = > 2~ @Koy~ AL @D~ Keer) = O @2)

w=pa=a =

[

91 (@.1) dngUlésil

n n
th—&zxt_l—n(n—l)(l— &) =0
t=

t=2
whaNNSY U laAUTEINMURY A & mmmaiﬂu

~ _ Zt:ZXt_aZt=2Xt—1
S -DA- @

[

210 (4.2) i’]’mﬂlﬁmﬂf

n n
ﬁzxt z -1 -a) - ZXt 1Xt+aZXt 1
t=2
+(1 —a)uZXH =0
t=2
whaun15teeu aglaAussanaves @ Ignsnas Aoluil

(1 —n) Xtz Xeo 1Xt + Xt=2 Xt =2 Xt—1
(n—1) X7 — (Xt Xe—1)?

NNANPIANINBVBY X, UALEnT i T19AU %"Léf’j']

a=

2 Bers + Bcis = s = D=2 Xt — Acps XNt=2 Xe-1
bcLs(Bers + Ocws) €S (m—1DA = @cs)

fsandmssinumdaesiesgauuuiteulremisilnes o2

Mnilsiduidmualilu Alzaid wazang [2] wagnisunuen k = 0 lunguiun 3.4 glé
Var(X; | Xe1) =a (1 —a)Xi_1 + Var(e)

W Var(e,) annmgeun 3.2 adluaunistnedy aglannuulsusiuwuuitouly Aa
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Var(X; | X;—) =a(l —a)X,_; + (1 —a®)o? —a(l — a)u
PANUTEUNUUDY 62 TAgNITUNNNUNANYDY Alzaid kazAne [2] TUSUINNFUNISANAIEDS

Uoegn Al

2 2
Sn= ) |(Xe = EQXe 1 Xe20)” = Var(X | Xe_)|

DI

(X — aXeq —p(1 — a))® — a1l — )X,y — (1 — @®)o? + a(1 — a)u]?

~
U
N

Meoynusesas S, Wsuiunsiwes o2 wasivualmvindugud asla
a5,
do?

0?%=6, u=Mi, a=a
n
2
- Z 2[(X - @X,_y — a1 — @) - a1 - DXy — (1 - @H8% +a(1 - )] (@*—1) =0
t=2
dnguaunistneu aglein

n
D (% —ax._y - p(1— @)° - a1 - D)X, — (1 - @6% +a(l - i =
t=2

1Y

uiaunstnedu azldussanames 62 dgnadsdl
, St |(% - aXes a0 - @) - a0 - DXy + a1 - D)

1-a*)(n-1)

IMNANNANNIEVDY X, Wazans 62 1190 glad

2B2(1+6)+0%(1+6)+po(4+30) _
62(p +6)° B
S| (X - @Xe s - (- @) - @01 - DX + @1 - D

1-a’)(n-1)

~2
OcLs

4.2 NM3UTTUIUAMUULA-FDENNDS
Tudiuflagyinn1sussanuAInsIines a, p way o? YaeRILUU NLINAR(L) #3813

Uszanauriuuga-seanines lneisusuainmsiansanileiduanuwlsusiusiului ()
1 n=k
PO == (Xe = D) (Xerie = )
t=1

lnefl 0 <k <nuay X =~ X1, X, fio Anadevenduiiedn
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INAUNTYA-108NNDT Uazaun13tiy larUseannes @ Tgnsaasialull

vy YA (X = X) X — X)

Ayw = =2 N = ~ —2
2O Y=
W j = E(X,) wag 62 = Var(X,) Jeruamuludnesugesinged 3 e 2 = Ef“rf%x)
arlaAUszanames 4 uaz 62 seduuuga-tednines [udsil
_ 28+6
i =X==——
Hyw 88 + 0)
Y ,  2B*(1+6)+6%(1+6)+po(4+36)
Oyw = S° =

62(f +6)°
5. @3

Tuunanuilfairssuuumannneslusdusunilidandus iy dmudoyamsty
faen1suanuasdige-dudiadassnisfimes et luuugiuresdasndunisinli
VNYIUNAY wagyihnsmienduneniinuesnseuiunswinnssy {e.} Mntlgvinsine
AuanUAT ddynisad duavaliuuraziduvosdanuy laun araianuie
Aeevsnoiuuiidouly AruuysuTiu mauwlsUTuluuiiteuly faddusnandusiug
Tu fenduanuuususiusuludl vaaiuuu NLINAR(L) wavanynglaiansaunnisussuiu
Ansfimeiin 2 35 Fusn Femsusznasmaniiwefitmdmesiosaauuuiiteuly Fuy
1NNIMIFURUURNIBVRINITTNDT a hag u IINNTMBYRUSVeIaUNSA&Idetlaygn
wuiideulufisusumsdives Mndwhmamsuuuuianizees o2 Fadeulafiderliifios

~ ! a ¢ = = a A a . = v v
NoNALUTLUUAINIITITNDT FIRNYIMUIANUFNIINUNANVDY Alzaid Wazanie [2] Fala
JUBUULANIEYRY o2 uilianunsamzuiuuameveaniives f wae 0 19 wagdsiae Ao

! a caa (3 s Qdd’l ¥ 13 !
nsUsEaANNSIEmeitya-tednines Ine3slavldaunisga-seaninesiunisussunue a
lngldrnadevesngudisgidlunisussunarimisidves p wazldrinnuudssiuveangy
mogrslunsuszanadmiiiwes o2 lnvazlathsuuuuiamevesnsilwesnialuldiungy

0819 WaneNaluliuA1Rhe wazauLUsUTINTRImMANalag o luetnansaly
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