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ABSTRACT
We use the concept of synthetic geometry to show that the conic section
(intersection between a cone and a plane), not containing the vertex of a cone, must
be either a circle; or an ellipse; or a parabola; or a hyperbola.

Keywords: Conic section, Circle, Ellipse, Parabola, Hyperbola, Synthetic geometry



1MBFesndnmansIzAulseY | N1ARANTIBAE? 1

1. UNi

[ Y =

“pradnnsae” Wukidenddulvindamansseauilsoudnwneulats [1 - 3] @
Unngluumdeusos “uedeiinsei” nenidudomvesunssudnadnaginu
aun1sidulAs 4 Uszian laun 29nau 295 wasaluan wag lawesiual nieunisuuadlay
auddowiu aunsduldsdandrilusuuuuansgiuesisiie (Ireenvieqamuinaiiagii

£%
v A

i (0,0) wazunundneglunuiueu) Wudsil

1.aunnsaenay : x% + y? = r?

2. @UN5293 : (2)2 + (%)2 =1

3. q4unsWIsIluan - y2 = ax

4. aunnshawmasiuan (g)z - (Z)Z =1

y y y y
) D x :
23nail 9% wisluan loweiluan
2 2 2 L ? 2 X2y’
coper @R e Q)

1Y

JUN 1.1 dhvaigvaddulAsiadnusuuuuaums

A15ANEIFINENAELUINALLTUNITAEN N LT UTVIAMAILATIZRATUTDUNLS U NA1IAD
anfeRnAlunNIsaSUedUlALaNT wanind1un Wiaule WIavae uasine1999AuTeiIYe

al' = I~ 1 =
MIYULTUBENNUIN AB
1.79P9ANTI¢ (5088R5eINNTIENUTEUIY) WiaTaanily “aulauvari” 95msaly ?

2 saulpaviaridy “nmennsie” 95amsely ?



MNIASAMAAENT USU1 66 Laufl 705 AU — SuAl 2564

fiail spunuiviliiAnsesdadndagiinrsanfiesssunud lWniugasenvesnsaewinty
(n3difisvurunnugasenvaInTy seadniiiind uasiiies 3 UuuU Ao 9a Ldunss uaz
Bunss 2 usiniu Feisanuguuuuilafnisnwudlussdudsea@nwneudu)
dwsuAnuYenuY LiwzwmﬁLﬁamﬁﬂiﬂﬂgimmuﬁauﬁﬂLﬂumwa'ﬁmaﬁﬁmﬂﬁﬁa
I Fuldsiaduarnindansieidud udeanu (Ui 1.2) Tasasfaruuandisiumiy
AuduiusYesNTEII ALY TIBAURIT RN TIY (g 0 Tugul 1.2) uaamszing

WNUYBINTIWAUTEUIUAANTIY (43 ¢ Tugui 1.2)

0/ <,
Y gy
A =m/2 '

[ A

/

-

21Nau 293 W luan lawesluan

JUN 1.2 madansiensdlszuuliiiugngenvensiy

|wZIal 3

widramusgnaunisesuietisiuazeiinnudulula widiwlngdaludnisuanelsinu

L%

Inggaugarinduasauunseuy

38nnsneufnud iUt sansteanunsansevinldnainraneds Asudsiiduiitouie
nsuandlasldisuadednseidueiosie egelsinusdisnizfiawnseldneusauls
wuty wieeazliidui$dnlurendreunndn dude nsuandlagldisvndndunsizs
(Synthetic Geometry — 1svadaildlduwiRnvesszuuiiin) Wuededle 33n150ld5uns
Uauelay 1eiida Juos aeumolad (Germinal Pierre Dandelin) Tu f.d. 1822 [4 - 6]

LUIAANANUBIIDNISH AB N1FASIINSTINAULUUTUNTITLAL FUNANUTEUIUAR LA ILEAIIN



1MBFesndnmansIzAulseY | N1ARANTIBAE? 1

LY 1

edudaszrimsinausInaniuszuinasdugalniavesniadansig mewninsanaud
A579917I5NTAINENANTENT NaNAdABLaY (Dandelin Spheres) [4, 6]

TuunanuiazlaiauamnauresrIude 1. Ing3suainaanouad

2. padansEiudulAmed
WomNaEaIN Aasavelinuali :
- ¢ WJunsrenandadl v idugasen wazddat1u8uainyy 6 AuLAUY0InTIY
W 0<6<Z
I = [ QA' a o (Y
- P Jussuudaliiugngen V 9ansie € laefiunurednsiedesinygy ¢ fu
TUW W 0< p <7

[

UnHeuveNnau 193 Wsluan wag tawnesluan Lﬂu%ﬂﬁ

untleny 2.1 [1]
. & = PR T A ~ & a
1.29naY (circle) Ap LWAYBIYAUUTTUNUTIMNIINYRTInTIegunganiadusseyaai
2.993 (ellipse) AD WAVIYAUUITUIUTINAUINVRITLEENIAINYA WA Hsiazn blUE

'
a

oTinsegiuiidesqaduain
3.m1311Ua" (parabola) Ao LWATBIIAVUTTUIUTIM19AINYATIAT 0L TUTYANTanay
dunsafinssegiunduniladussegmnavint

4. lawasluan (hyperbola) fio WATDIYAUUTTUIUTINAAIYDITEEENIAINTAWET

1 o A = T A < ! Y
LLG]@%‘R}WIU‘EN"\!GWW]NEJEAﬂUWﬁ@QQﬂLUUﬂ’]ﬂQG}’J

NaaWsaNYeIUNANNL A MiadanTIglunsaliisyuiudnlisuangenveinsiey axne

ihuaulnalaulasmdeninunidernd ey 9IunuauissewINe ¢ AU 6 nanne

nQufuN 2.2
1.4 ¢ = Zud € n P azduwnanay
2.1 0 < ¢ <Zui € n P wdus
3.61 ¢ = 6 ua € n P awdunisiluan

4.6 ¢ < 6 uada € n P ez dulawmesluan



MNIASAMAAENT USU1 66 Laufl 705 AU — SuAl 2564

Tun1suansimaufunteiuduese asuyIn1siigauaunsal wazaduaIdunITwans

FERINNTA @ = 0 WagnItl ¢ < 0 LoANEZAINTUNITIIAUGLY

a L4 = ™
univgad nsdl ¢ = 7
AUURATIN ¢ = g

Avualign M 10ugala 9 vusesdn € N P uasyn F WJURARATEITEUIU P WazhNIUTDY

n338 AegUR 2.1

SZUTIU P
\\
CnP,
\ 5
/ \\\ ):D&
/ / \\ ()
v 1% N\
/ Lldumse L LAUYaInsE C \\

7

JUM 2.1 90 M Uagan F Inn13a31adnesiy

Aualign N Wugele 9 vusesdn ¢ n P wwdeniugn M (3U7l 2.2)

) U
/1ol 6
wul N
/f M cCnpP \\\
‘/' \\\
dumsa L wNUYBINTIE C
/ AN
/ / AN

JUN 2.2 90 N uaganudniussening AMVF uag ANVF



1MBFesndnmansIzAulseY | N1ARANTIBAE? 1

Lﬁaqmﬂszmu P 9210 UWNUVBINTIY L MVF = 0 = ~NVF way |VF| = [VF| vinlu
AMVF = ANVF \aganuduius yu-a1u-gu asdy [MF| = [NF| 33a3Uinsesdn Cn P

Jugunaudsiiyn F ilugagudnans O

unigaldmsunsainmaearerdonisasiansenansutlunsiswas dudanussuudn

£%
Y

FelirugeeenvainTie (Hufe nsinaunsunauad) Jsdpveansanausuulusnaridudiail

LY

nsanauuuvlunsie ¢ Sy v idugngeauavduiaiuszuiu P ille 0 < ¢ <= fie
NINAUTIFUNANFURTIVURINTITEUA V wazduiaduszuiy P mslegvaansinauil

Lﬂumaimamqmﬂmmaummmﬂﬁﬂ’ﬁmmadﬂiw C S9ULNUVBINTGIY LLazmiﬁagjmaq

(%
[

wnaududadunsafinimuali 3 1w lnodunsavantdouiuduesdaliifiu 1 ¢ vl

AANINANVDINNANAING 1IL DY UULHULUIAT I UTENIEUR TN vualiusiaze (NS

9 Y

Wunsansanuldfialavuiuiu snaududaiastnausuuluiagienauiuuuenvesgy

anumdsudadigneenilugadnszninadunsiwsiazeg Magui 2.3(1))

U

Ly

Ly

(1) nsdilsifiidunsealavuuiv (2) nsdlilidunsgnilavuuiu

JUN 2.3 1Wnaudulaldunse Ly 1@unss L, wazidunss Ly Anmvualv

[

A5as19MsINaNLUUlUNsIy € warduRENUTEUIU P @1unsanseyintanadl
Avualign U 10uqadnseninessuny P Auunueednsis ¢ waggn W idugaigesiain

Y9N V UUTTUIU P (HuABLdUnTs VW 69a1nfiuseulu P) @31990 Q wagqn R Al

(fansanguil 2.4 Usznev)



MNIASAMAAENT USU1 66 Laufl 705 AU — SuAl 2564

- SNO <P <m/2VE0 <6

90 Q wazyn R \Jugadinseninadunse UW uaznsie C

-3l =0
30 Q Wugadnseninudunss UW uagnsde € uazqn R Jugnasfiouveyn Q

WeuAuwnuueinsiy ¢ B9agledngn R aguuiiiavensie ¢

unuYeInsie C WNUYBINTIW C wnuYeINsIE C

vy
218 Q \
w? R
qw ,,b/'\/

N e < ¢p <m/2 Nl ¢ =6 n3tl p < O

a

SUN 2.4 90 U 90 W 90 Q uazan R 9INN15asedneny

#571939nay 0, wavanay 0, Melunsiy ¢ wasduiaidunse VO, VR way QR (nsal
¢ = 6 awunuil QR e QU wavazUsingifiennay 0, whiu g3ufl 2.5 Useneu) agléin
2NANTIABIB ULTFUNUHIL AVUW a$1an5dnay 0 uasnsinan 0, Ssihenau 0; uay
WNaU 0, Lf]m\‘iﬂaﬂml,jﬁuadmﬂﬂam (Great Circle of Sphere - nandadusesfnszning
VITINANLAYITUTUTINTUTAAUENAI9RIITINGL) TiaaeanudIfy (n3dl ¢ = 6 agUsIng
Femsenan 0, whi) aldmssnauisaesduia VG uae VR uenainfidlosan Vg wa
VR guussunuing AVUW Ssisanniussunu P deunsanauisaesduiiatussuny P

1993102904 0, wazlenau 0, e avlunsiouazduia Vg uaz VR laod
VG nVE = (v} a¢l#1 qaaudnansvesisnauisaeeguuduntsaiau ssning Vg uas
VR daanni1uge v wazegnelunsie ¢ faiuan 0, waan 0, DYUUUNUYDINTIEY C VIln
y5INaY 0, UALNSINAY 0, auunsAeldn1suyUTaULNUTRINTIY C 18191 C

au11930181ANITNYUTBULNUVINTIBTUALITUNTINAUNIADS YIIANTFURANUTENINS



1MBFesndnmansIzAulseY | N1ARANTIBAE? 1

1N 01 waEINAY 0, U V@ uag VR inlugleaslimsinay 0; uasnsinay 0, duis

WuRSINNEUNNIUA V wageguuiivensie ¢ uensinauvisdetdunsinauuuuly

A58 C havdUNANUSEUIU P ANUABINTS

wnuYeINs C

wnuYeIns C wnuYeInsw C

melunsie €

Nt g < ¢p <m/2 nstl ¢ =6

Q
v¥ 0, vXaw
R
oW
R.®.Q
0,
U

melunse €

JUTN 2.5 1nau 0; UaNau 0, IINMTAITNAY

mewntnaenuniigaudmiunsaliimae nsafamsnaunuulunsie ¢ wavdudaniuszuny

P 39@131150n58V L@k uNAnfAaTNIRiu

UNNEIU : NSl B < p <=
LT 2
@i 0 < <>
uualiign M 10ugala o vusesdn € n P

A519

- wsinay 0 5Al ry; Fadunsenauuuulunsie ¢ dudadussunu P g Fy wazegaiu

Weaulngen V ilaiiguiusyuy P

- VIsINaY 0, 5T r, Fadumsinaunuulunsie ¢ dudaiuszuu P Ign F, uaregau

nsetufiugneen V Weweuiussuiu P

- UM MV @99858n768URSe L

Funandunse L iudunssvu ¢ vlmdunss L dudansinauisans



MNIASAMAAENT USU1 66 Laufl 705 AU — SuAl 2564

ANMUALA LN Oy = {N;} wag L N0, = {N,} uanandl dansdutdulain € no, way
€ N 0, HWRNANTINAIVUTTUUNRRINAURNUTBINTIBRAZTIRAAUINAIVBINNANUY
wnuveInTIEmdeudu asluszey [N N;| aziluaiasiauelagliduduiumiwesge M

é’]’qgﬂﬁ 2.6

LUV P

wnuYansae C

JUN 2.6 N5aNaY 01 N3NAY 0, kaEtdUNTY L Wiouqanig o MAgadesainmsasietiasi

cno,

Wunsa L

= YR A 1 !
E‘UVI 2.7 AMNLEFAIAUANNUTIENINGAAN ) mulunssnay 0,



1MBFesndnmansIzAulseY | N1ARANTIBAE? 1

fAsumsInay 0, (U 2.7) \Wesan MF, Wuduassuuy P sadussunvdudansanay o,

wae L Jududuiansanas 0, aglei

/[

Z0,F,M === 20,N,\M

N

wonant 1899910 [0F;| =y = [0;N{| waz O;M 1Judu (nsat1uyuann) 31uvss

d1UMA UL NI 0;FM Uag 0N M e udsasilaeedenguduniinilnsadn
|FiM| = |[N;M|
Tuyhusafelnu ANsuImssnay 0, EnuN

~Z0,F,M = g = ~20,N,M uag |0,F,| =1, = |0,N,]

W99910 0,M 1Jud1u (1530704 u210) SIUVIEUNE BUYNAN 0,F,M Uay 0,N,M
JeagUlagenfenguiuniininsalawuiuin [F,M| = [N M|

INVeATUNIERIT Y Fiatiy

|FM| + |FyM| = [N M| + [N;M| = [Ny Ny | Saduanassn O

ungal : sl p < @

ANUAIN P < 0

vuali M 1Jugale 9 vusessn € n P
GHAN

nsenau 0; 3eidl r; Jadumssnaunuulunsie ¢ dudaduszuu P 7190 Fy

nsanay 0, $afl r, Fudunsanauuuulunse ¢ dufaduszunu P 1‘71'@;@ F, Uavagnu
pssiufunsinau 0 Welieuiuaagen v

- Fupss MV SeaziSenindunss L
Funnindunss L idudunssun ¢ vildidunse L dudansinauisans fnuals
Lno; ={N;} uag L N0, ={N,} wenand dunafidudi ¢ n 0, way € N0, \Ju

6

NNAUTIIFIVUTZUIUNARINAUVLNUTDINTIVUALLIAAUDINA1NVDINNANUULAUTDINTIY

9 Y

£%
[y

willouriu fsllusze [N N;| asiduaasiaanslaeliuiudumiivesyn M dagui 2.8

10



MNIASAMAAENT USU1 66 Laufl 705 AU — SuAl 2564

uesa L

/" PP \

JUN 2.8 n3aNax 01 N5INaY 0, kaEldUnTs L Wiougania o MAgadesainnsasneinasiu

cNo, /

Wunsa L 4
6 €00z

N,
F,

cnpP

JUN 2.9 AmannLduiusseninegasng 4 aeglunsanay 0,

fsannsinay 0; (U 2.9) ilesn MF, Wudunsauu P falussunududansnay 0,
way L JJudududansainay 0, ke

s
ZOlFlM = E == ZOlNlM

11



1MBFesndnmansIzAulseY | N1ARANTIBAE? 1

wenand 18990 [07F| =, = [0.N;| war O;M 1dusu (M39U1UYNRIN) TINVDY
mumﬁam{mmﬂ 0,F,M way O,N;M m”ﬂﬁg’}uﬁaasqﬂimmﬁ’wqwﬁuwﬁmiﬂ%’adw
|FM| = [N M|
Tuyhueafeiu ANsuIMssnay 0, ENUN
Z0,F,M = g = 2 0,N,M uag |0,F,| =1, = |0,N,|
\e9an 0, 1Hudu (nsadumuain) $avesamasuyuain 0,FM wag 0,N,M
eagilagenfenguiuniinilnsalauiuin (M| = [N M|

NVeATUNIERITAY Fiatiy

IFsM| — [5M|| = |[NoM| — [N, M| = [N;N;] Faidudnmssh O

unngau : sl p =@

ANUAIN P = 0

Aualign M Jugala 9 vusesdia € n P

GHAN
nsena 0 ¥ail r Fudunsenauuuilunse ¢ dufafussuiu P fige F
0 E Huandnsyminaunuuenss ¢ fussuny P fafu L 0EF = ¢ = 0
szunu Q Baduszununiuge v 90 0 wazqn F
0 G U € N P F90efuuszuu Q
Eunse D UusEUNU P dsssanniudunse FG wareg119aIngn G {Wuszes |FG|
90 K vuldunss D 39ia91nmsnneqn M asuudunse D (Jufe MK L D)
Bunss MV vunme ¢ Sadunssildudaiunsainay o flgn N
90 A VEURSI VG Feilsvoy |AV| donndosiuaunis |AV| = [MV|

\Wenwasaan suuald FG n D = {H} uwaz VG n (C N 0) = {B)} ﬁqgﬂﬁ 2.10

12



MNIASAMAAENT USU1 66 Laufl 705 AU — SuAl 2564

1578 C cno V%

U P

BNUYBINTIE C /‘ A

UV Q

'
=

JUN 2.10 N59nax 0 Uawldunss D Wiaugase q Nifgttedninnisasatnesiu

desanszu P dufansanan 0 fign F vaigiidunss MV duifanssnay 0 figa N vl
ZO0FM = g = ~ONM
uaﬂmﬂﬁ d1nm71 |OF| = r = |ON| waz OM WHusu (maéi’hmgumﬂ) i'amaamumﬁau
1170 OFM uaz ONM fstiilpgodemnuiuniinlnadeasuin
|[FM| = [NM|
dunain MV way AV shadudududanssnanuunsie ¢ 99 [MV] = |4V Fathy
|FM| = [NM| = [MV| — [NV| = |AV| - |BV| = |AB|

(fansanguil 2.1 Usznev)

13



1MBFesndnmansIzAulseY | N1ARANTIBAE? 1

378 C €no VM

EURTI D

JUN 2.11 mnuanannuduiusseninegesie 9 anglunsnay 0

41990 S vunTI8 € Fufinannsazviouga A funuvesnsae axlddn S eguu € n Q
i

|SV| = |AV| wag LVSA= ~VAS
uennNMIaege £ muidesesiange uasamigiu ¢ = 0 agléi

ZOEF =¢ =0 =_0VS

ok SV FG wanz FG BYUUTEUIU Q uiy
Al T Wuninaievedgn M udunss S4 aslan

IMK| = |TH| waz FG nSA = {T}

'
=

Gyl LVAS = 2VSA = ~GTA st [GT| = [GA] Ransanguil 2.12 Usznou)

14



MNIASAMAAENT USU1 66 Laufl 705 AU — SuAl 2564

WEunTs D

cnp

A

JUT 2.12 QMULERIANUFNTUSTENINNRARIG 9 UUTBUIUTEIULN 4, 90 V WAz 90 S

—> o

{89910 FG way AV dulansinay 0 1190 F uazyn B mua1au wazlneaudfiveqn H
Wlins1uin |HG| = |FG| = |BG| fletu

|FM| = |AB| = |AG| + |BG| = |TG| + |HG| = [TH| = |[MK]| O

3. &3
INUNAGIUNGEIUN 2.2 119 4 N3l Wi NPRANTIBTUANIINTRERARTENINNTIBRY

= N & a = & aa
33UWUSUQVL§JNqu@mﬂaﬂﬂ@flﬂﬁﬁﬂﬂgLUU WNaN NI W']i']IUa'] NI 18LWEJ‘§I‘U@’1 Iﬂﬂ'ﬁﬁﬂ’]i

a L3

figatiainanilasunisinauelag Wweilda Tues neansuas Feendeiiiswuifnvedsvindn

'
a1

duamenviiy uenani deyaniraulaaeslsznisnlaainnisiigad fe

U
dIQJ v

1. galniaveuduldnisansd uifasaud Ao dudassvitmsanauuulunyeiiduda
AUTTUIY

2. iavInailuumdennyedass uax wagwasiluunideveslameslval fusinglu
devmuuuuideuiniidy 2a witiuda Ao szesviesenitsesduiavemssnay

V9ERIURIYDINTIBIRINMIURIYBINTIY e fegull 3.1

15



1MBFesndnmansIzAulseY | N1ARANTIBAE? 1

LUTTUY

e N D e
WUISEUNU
WUNEURE --- WUNduNdE ---
SELULHARNIAST
wunduRd ---
o - wundund
JEYLNAUINAIN

JUN 3.1 AMULARSTEESRAUINAINNTIINGT uag seagradsasinsdilamasiuan

LONE1591994
[1] aadudaasunisasuinetmansuaznalulad nsensidnwisnng. (2561). wilide
FuseTouindu ademans fuslseufngDi 4 @y 2 Ruinda 1), nganmauns:
159U a@nan.
The Institute for The Promotion of Teaching Science and Technology, Ministry of
Education. (2018). Supplementary Mathematics for 10" Grade, No.2 (1% ed.).
Bangkok: OTEP Press.
[2] @ardudsasunsaeuInemansuazinalulad nsgnssd@nensnng. (2554). wilide
SyusigT i uisy palamans 1oy 2 Tulseufnwdi 4 - 6 (Ruriaseil 3).
NMNUMIUAT: L3aun anan.
The Institute for The Promotion of Teaching Science and Technology, Ministry of
Education. (2011). Supplementary Mathematics for 10" - 12" Grade, No.2 (3™
ed.). Bangkok: OTEP Press.
3] qun3d Unatanide. (2561). miFeiSsusieTowiudy adamans u. 4 1y 2

NFONEILAT: uladaguadu.

16



MNIASAMAAENT USU1 66 Laufl 705 AU — SuAl 2564

Palawatchai, S. (2018). Supplementary Mathematics for 10" Grade, No. 2.
Bangkok: Mac Education.

[4] Bertrand, M. (2015). Dandelin Spheres and The Conic Sections. Retrieved 3
September 2020 from http://nonagon.org/ExLibris/dandelin-spheres-conic-sections.

[5] Dandelin, G. P. (1822). Mémoire Sur Quelques Propriétés Remarquables de la
Focale Parabolique (Memoir on Some Remarkable Properties of The Focus of The
Parabola). Nouveaux Mémories de [’ Académie Royale de Bruxelles, 2, p. 171 -
202.

[6] Kendig, K. (2005). Conics. USA: The Mathematical Association of America.

17



DOI: 10.14456/mj-math.2021.12 Msansadarans U3in 66 1aufi 705 fueneu — Sueau 2564

2M5815ANNANENS Mathematical Journal 66 (705) fugney — Sunas 2564

2N lng avpuadaansuitUszmalne lunssususgudug
=Y)) . . . .
\‘,:Ej:;.,;i' http://www.mathassociation.net Email: MathThaiOrg@gmail.com

[ 1 Y v | = dy
E]GI'i']ﬁ'JUUULﬁUGIﬂUﬂ‘U@QEUNLﬁE]‘U‘L!’NﬂaSJ

A Ratio on The Cut Line of Butterfly’s Wings on A Circle

9550 UMY uag 151wy Tunes’

Haednadamans AngIne1rans uninendeysni tays 20131

Annop Kaewkhao®™ and Warachat Khuntong?

1’ZDepartmen‘t of Mathematics, Faculty of Science, Burapha University, Chonburi 20131

Email: 1tor_idin(a;)buu.ac.th 2v\/aracha‘tl2345@gmail.com

TunSuunen : 13 wgeRniew 2563 Juiudluunenny : 26 wwieu 2564 Tuineusuunaiy : 31 NIngIAL 2564

UNARED
o v v 6 LY ! Y v a & = v e
unautiiiauennuduiusvednsduuududalnvessuiildoULINaL FIHATHET
Inaunsathluigaunguundide Tngldiesaudinugiuresiunvesslanuviedlunig

a9

Y

=)

Do

o w a IS dy
1EALY: NN UNHLED

ABSTRACT
In this paper, we propose a relation of a ratio on the cut line of butterfly’ s wings

on a circle using the basic properties of triangular areas to prove it. The result can be

yUNAN

eXe
=)}

3

18



MNIASAMAAENT USU1 66 Laufl 705 AU — SuAl 2564

used to prove the original butterfly theorem.

Keywords: Butterfly theorem
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ABSTRACT
In this article, we establish necessary and sufficient conditions for the ratio of some
consecutive series to be integers. The series that we investigate in the article are as

follows:

1 1

B (M) = bt
(1+k) 2(2+K) n(n+k)

(n,keN),

Cavd(n)=2a+(n—i)d (a,d,neN) and

i=1
D,,(n)=a+ar+---+ar" (aneN, reQ\{0}).

Keywords: Series, Consecutive series

1. Introduction
The ratios of two consecutive powers were studied by many mathematicians [1, 3].
One of the unsolved problems is to find all positive integers k and n>1 such that
4243 4.4
T 4+2 43+ 4+ (n-D"

Baoulina [2] studied a ratio for consecutive alternating power sums. Namely, he gave

the ratio of the power sum is an integer. In 2019, loulia N.

a necessary and sufficient condition for

1k_2k+3k +( 1)n+1 k
1k—2k+3k—--.+(—1) (n-1)"

(nkeN and n>1)

to be an integer. From the mentioned result, it is natural to investigate the ratios for
other series. In this paper, we establish necessary and sufficient conditions for the ratio

of the following consecutive series to be integers:

1 1
"()_1(1+k) 22+K) T nin+k) (nke ),

Cayd(n):Za+(n—i)d (a,d,neN) and

D,,(n)=a+ar+---+ar" (a,neN, reQ\{0}).
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2. Main Results

B, (n+1
Theorem 2.1 Let K and n be positive integers. Then % is never an integer
n
k
forall K and n.
Proof For positive integers K and n,

1 1 1

B, (n)= + 4ot
11+k) 2(2+k) n(n+Kk)
1(1 1)1(1 1] 1(1 1)
= -——— |- |+ -] -
kil 1+Kk ki2 2+k kin n+k
_1(_ L S S S )
k 1+k 2 2+k n n+k
Then
1 B 1
B.(n+1) _,, n+l n+k+1
B, (n) o+t 1 11
1+k 2 2+k n n+k
1 B 1
_ n+1 n+k+1
=l+—7 1 1 1 1
1+ =4+ - — — e —
2 n k+1 k+2 n+k

B.(2) 14 k+1

For n=1 and k>2, we have = .
B.( 2(k+2)

B, (2
Since Kk is a positive integer, we can see that 1< ﬁ <2.

B, (D)
Therefore B"—(Z) is not an integer.

k
For n>1 and k=1,
2 <1+ L
n+1 n+2

1 1 1
- <1- )
n+l n+2 n+1
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Since ——L>O, 1<M<2. Thus m

is not an integer.
n+l n+2 B,(n) B, (n)

For n>2 and k > 2, it suffices to show that

1 1 1 1 11 1 1
+ + ot —— <1+ =+ =+ 4+ — |+ .
n+1 [k+1 K+2 k+n} (2 3 nj n+k+1

We have
2n+k+1l<n®+nk+n+k
@2n+k+D)(n+k+D) < (n+D)(n+Kk)(n+k +2)
n+k+n+1<n+k+2
(n+)(n+k) n+k+1
Thus 1+1<1+ 1 )
n+1 n+Kk n+k+1
, 1 1 1 1 1 1 1 1 1
Since + +eoet <—+—=+-++— and + <1+ ,
k+1 k+2 k+n-1 2 3 n n+1 n+k n+k+1
our claim holds.
1 1 1 1 1 1 1 o
Thus 0< - <l+—+-+—- - —— and this implies that
n+l1 n+k+1 2 n k+1 k+2 n+k
1<M< 2. Therefore B(n+) is not an integer. C
B, (n) B, (n)

We next consider arithmetic series.

C.q(n+1)

Theorem 2.2 Let a,d and n be positive integers. Then ——
Ca,d(n)

is an integer if

and only if one of the following holds:
1.n=1and a divides d.
2.n=2 and a=d.

Proof For positive integers a,d and n, we have
C,q(n+)  (a+nd)+(a+(n-1d)+(a+(n-2)d)+---+(a+d)+a

C.q(n) (a+(n-Dd)+(a+(n-2)d)+(a+(n-3)d)+--+(a+d)+a
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1. a+(n)d 14 2a+2nd

2(2a+(n—1)d) 2na+nd(n-1)°

C,4(2 a+d d
For n=1, we have sl ):1+ 2a+2d =1+ A =2+—.
C..( 2a a a
C. .,(2
0(2) is an integer if and only if a divides d .
a,d

Co® _,, 2a+4d , a+2d , d-a

For N=2, we have =1+ = =2+ )
C.«(2 4a+2d 2a+d 2a+d

We first consider the case d >a. Since 2a+d>d—-a>0, 2a+d divides d—a if

and only if a=d.

Now we assume that d <a. If 2a+d divides d—a then d —a=m(2a+d) for some

d(l-m)
m+1

and this implies that d =a. For the converse, it is easy to see that if d =a then

2a+d divides d —a.

integer m<0. Then a= . Since m<0 and a,d >0, 2m+1>0. Thus m=0

C,q(n+1) .
For n>3, 2na+nd(n-1) >2a+2nd. Therefore C—() is never an integer. [
a, d n
We now consider geometric series D, (n).
D, (n+1) .
Theorem 3 Let aeN, reQ\{0} and neN. Then ﬁ is an integer if and
a,r n

only if one of the following holds:
.n=1and r=1.
2.n isoddand r=-1.
3.n=1 and r is an integer.
4.n=2and r=-2.

Proof We first consider the case r =1 or r =-1.

D, ,(n+1
a1(N+1) = (n+1)a :l+i which is an integer if and only if n=1.
D, .(n) na n

If r=1 then
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. D, ,(n+1) : .
If r=-1 and n is odd, then ————— s always an integer since D, ,(n+1)=0.
a, -1

Thus we next consider the nontrivial case as follows.
It is easy to see that if N=1 and I is an integer then
D, (n+1) a+ar a(l+r)

D, . (n) a a

=1+r

is an integer.

D,,(n+1) a+ar+ar? 1+r+r?

If N=2 and r=-2 then =-3 is an integer.

D,.(n)  a+ar 1+r
D, (n+1) . _
Now let aeN, reQ\{0, £1} and ne N. Suppose D—() is an integer.
a,r n

C
Let r :E where ¢ and d are relatively prime. Then

c n
D, (n+1) . (dj 1 c’

D, ,(n) c (Cjn_l dd"™ +cd"2+---+c")

H—t
d

d
Da‘r(n +1)

Since ¢ and d are relatively prime and
D, . (n)

is an integer, d =1 and this

implies that I' is an integer.

D,.(2) a+ar a(l+r)

For n=1, = =1+r is an integer.
Da,r(l) a a
D 3 2 r2 2

For n=2, ar () _atar+ar _, a4, " :r+i is an integer
D, .(2) a-+ar all+r) 1+r r+1

if and only if r=-2.

D 4 2 3 3
For n=3, ar () _ararrar +2ar —1 T ==+ ! is an integer
D, .(3) a+ar+ar 1+r+r re+r+1
—1+4-7
,

if and only if r’+r+1==%1. Solving r>+r+1=+1 yields r=+1 or r=

It leads to a contradiction on either case.
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n

For >4, suppose =m for some integer m.

I+r+-+r"t
Thus r"=m(+r+---+r"%). If p is a prime divisor of r, p does not divide

1+r+---+r"" Thus p divides m. Since all prime divisors of I divides m and

ged(r,1+r+---+r"") =1 we have r"=#+m. Thus 1+r+--+r"" =41 and this
implies that r+r>+---+r" =0 or r+r’+--+r"" =2 If r+r>+...4+r"* =0 then
FA+r+r’+-+r"?)=0. Thus r=0 or 1+r+r?+...+r"?=0.The latter case
implies that r divides #1 and this is a contradiction. If r+r?+-..+r"*=-2
then r=+1 or r=+2. Since r+1 and r+r’+--+r"t=-2<0, r=-2. Thus
Fr+r++r"t=r. Sor’+r*+---+r"*=0. Therefore, r =0 or 1+r+---+r"2=0.

Since N4, the latter case implies that I divides 1 which is a contradiction. O
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ABSTRACT

Mathematics is a subject that supports thinking processes of analyses and problem
solving. Mathematics teaching with emphasis on lectures results in students not being
able to look at mathematics in concrete. Therefore, teachers should focus on
students’ practice and problem solving on themselves. STEM education is an active
learning that focuses on practice. The purpose of this study were to 1) compare
students learning achievement in Statistics 1 after going through STEM teaching
method with 70% criterion, 2) study relative gain score of students’ learning

achievement, and 3) study instructional satisfaction of students. The sample of this
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study was 43 grade 7 students of a school in Kalasin province studying in the second
semester of the academic year 2018 drawn by cluster random sampling. Instruments
were lesson plans designed based on the STEM education under the topic of
Statistics 1, achievement test on Statistics 1, and instructional satisfaction test.
The results of the research were shown as follows: 1) student learning achievement
in Statistics 1 after going through STEM teaching method is higher than the criterion of
70% with statistical significance at the level 0.05, 2) 20 students, or 46.51% of all
students, had a relative gain score in medium level and 3) students’ satisfaction
towards STEM education approach was classified on the highest level.

Keywords: STEM education, Learning achievement, Relative gain score
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unanuilafnyiteulvresavlanlundneng 9 03 UIUANUINGIMTIY 7 897 B9
WUIHAUINVBIARUTENINAULARLUVANMINY Yandu wan3ee vaniiu vanvily nanuay
NANAIU MANFUAIU aN3o8a1U NANHUAIY NENUTUAIU TENLAUAIY ... VBT WIUNUAY
1,3,2,-1,-3,-2,1,3,2,—1,-3,-2,.. AUARU JUATUNNNAN AOWITAE 7 8367 Lay
wantAnlaluldlunsmeulavesdrwusuuiniidaalaalunnuaniduduaudeniu 3

3938 7 Q9617
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AdAy: avlaalumdn S1UUANUIN N15UITAIMN

ABSTRACT
We study conditions of digit in the places of positive integers divisible by 7. We
found that the sum of products of digit in the ones place, tens place, hundreds place,
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thousands place, ten thousands place, hundred thousands place, millions place, ten
millions place, hundred millions place, billions place, ten billions place, hundred
billions place, ...and 1,3,2,-1,-3,-2,1,3,2,-1,-3,-2, .., respectively, is divisible by
7. In addition, we study conditions of positive integers with same digits which are
divisible by 7.

Keywords: Digit in the place, Positive integer, Divisibility
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ﬁﬁ%ﬂ'ﬂﬂghﬂﬁﬂﬁmm Konick wag Mercier [2] %9 1001 Problems in Classical Number
Theory Ugyndefl 323 nsasavasunismsasia Tngldnaniaieulafisiunuduaznsde
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dlo N = a,10" + ap_ 110" + -+ a;10 + ag WAl @; € {0,1,...,9} Uar a,, # 0

§10819N15M 180U 135,487 28Wn5eae 7 asaviaell Sanuin
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@ 1 =

7 M5 abcdf a9 N@DLID 7 WS abed — 2f 896N
7 W3 xyzw a9 ARelle 7 M5 xyz — 2w awen
7 M3 stu 8993 Neowla 7 WT st — 2u A

1087 abedf, xyzw wag stu WWUSIUANUINTUEN @UaN Wazauran AuE1RU

F9E19N15ATIVADU 35,487 INMIIAE 7 aPuIa kil 3RTULAe
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wqwﬁw 1.1 01 a; = b; (mod m) Lﬁ@j =1,2,3,..,n liin

a; = Zb (mod m)
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M:

\.
1]

wiulada P(1) 1Wuase
W k € N aunfin P(k) Wuase wagauudin a; = b; (mod m) doj=123 .. kk+1

Tnganufguazlain
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k+1 k+1
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U U
PNUU
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n
§—1

= Y [Das; +3(-1 a1 + 2(=1asj15] + (~D3a, (mod 7)
=0
aylldin 7| N Asiedle

n
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Y [~1Das; + 31 azjur + 2(-Dazji] + (D
j=0

7

2. @y n = 1 (mod 3) Wufe &l k € N §a n = 3k + 1 lngmguijun 1.1 9glei

=

-1
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0

-
]
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2zl
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k-1
Z[a3j103f + a3j41103% 4+ a3;,,103%2| + a3, 103 + azy, 110342
j=0

=

-1
[(=1)as; + 3(—1) azjiq + 2(—1) azjiz | + (—1)¥az, + 3(=D*azys1 (mod 7)

0

-
Il

¥
U U
ANUU
ApQp_1Qn_y ...A2A10,

n-—1
T_l

. . . n-1 n-1
= N [-Das, + 3101 + 2D azj] + (-5 Gy +3(-1)'3 @, (mod 7)
j=0 |
aylleddn 7| N Asiaidle

n—1

n-—1
3 n—1
7| D [ Dias; + 3D + 2 D] + (-1 F @y +3(-1) 7 ay
j=o

3. auufin n = 2 (mod 3) Wufe & k € N U {0} B3 n = 3k + 2 Inevquiium 1.1 aglén

k
Z [ a3;10% + az;,,10%+ + a3;,,10%%2]

j=0
k
=D [(-1DVas; +3(-1asje +2(-1as;4,] (mod 7)
[ j=0
platiu
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3
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j=o
aylleddn 7| N Asiaidle
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3
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Aatuvgeiun 3.2 10uas O
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yu1g41e) I1uundulasy (Palindrome) MU ITIUIUP LUINT BIUINF UL 18 T UV

widlauiusuublugne wu 11, 121, 2552
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3% 1 aba {Wudwaunndulasy 3 wan

NnMauRun 3.2 90 3. 1 7| aba Adewle 7| (a + 3b + 2a)
fufle 7| 3(a + b)

\iosan ged (7,3) = 1 216

7 |aba fisedle 7] (a+b)

[
Y [

F9ru SUNNAUIATY 3 USNTVUR B9 7 asa Ao
161 252 343 434 525

595 686 777 868 959

f9879 3.2 NINUIUNAULASY 4 NANVNIUA TIWTeY 7 AIF

3591 17 abba Jusruundulasy 4 ndn

616

NAMquun 3.2 40 1. 911 7 | abba Adewle 7| (a + 3b + 2b — a)

ufe 7| 5b
g0 ged (7,5) = 1 9zlén
7 | abba fgewle 7|b

ALY INUIUNIAULATY 4 NANTIINUA FINTAE 7 AIFIAD

1,001 2,002 3,003 4,004 5,005
7,007 8,008 9,009 1,771 2,772
4,774 5,775 6,776 7,777 8,778

707

6,006
3,773
9,779

NN UN 3.2 61 N = aya3a,a;a, HWUTWIWANUIN 5 180 Azl
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ATz 1tavlanlundnuude nandu ans ey anwu v nud U vanuau
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Ununsnealul

unuwnsn 3.1 197 N Wudruuduuin n wdn azleqn

7 M3 N uag K, lalAvivasiiiiu

f19874 3.3 INTVABUIN 12,356,489 518 7 agen visall onliasiidiawniawinle

35911 A2 12,356,489 tusruiudiy 8 wan azlaan

Ks=9+3(8)+24)—6—-3(5)—23)+2+3(1)
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FuULHUUIN 6 naN

3591 W15001 K, 09 499, a12 9¢lain
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31 2k—1

3 6k
Z [(-1)) +3(-1) +2(-D)/]+ (-3 = Z 6(-1)/ +(-D* =0+1 =1
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N 7 + 1 waenguiun 3.2 9o 1. lan 74 N
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7IN fdadle a=7 We6|(n+1)
UNWEAY aUNfd 7 | N wag a = 7
azlen ged(a,7) =1
199970 N = aaa ..a = a x (111 ...1) faths 7| 111 ... 1
laenguiun 4.1 921991 6 | (n + 1)
Tuvnenduiu Tunsdifl a = 7 Wiulddnan 7| N
auinn 6| (n+ 1) o Tk eNTI n+1=6k 3o n=6k—1
wliinn=2 (mod 3)

NANTUN
(6k—1)—2

3
z [(—l)ja +3(-1)/a+ 2(—1)ja] = 6a
j=0

2k—1
-1/ =0
=0

J
39N 7| 0 wagnquun 3.2 o 2. ldin 7| N
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5. @5

W N = apay_1an_s ... aya,a0 WUTWIUHUUIN n + 1 %dN
a1 N Judnwduuin 2 van aglein
7N fAsedie 7] (ag + 3a;)

v

31 N uswduuInuInnIn 2 vdn aziuals 3 nsdined

381 1 81 n = 0 (mod 3) 2%l831 7 | N Freidle

n
§—1

7 Z[(—l)j%j + 3(_1)ja3j+1 + 2(_1)ja3j+2] + (‘Dgan
j=0

3 2 61 n =1 (mod 3) 2léi1 7| N Aseidle
D [ Das; +3(-Dasjr + 2= asj00] + (-1 3 g +3(-D)
j=0

n—-1

7 3 ay

36 3 61 n = 2 (mod 3) Al¢dn 7| N Asaile

n-2

3
Z[(—l)ja3j + 3(—1)ja3j+1 + 2(—1)ja3j+2]
=0

7

wazdnAlszamanduinfedntiu fie a; = a Wi j = 0,1,2, .., n 9glan

7IN fdadle a=7 W 6|(m+1)
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