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Abstract.Let G be a simple graph. The line graph
of G, denoted by L(G), is the graph obtained by taking
the edges of G as vertices and joining two of these
vertices whenever the corresponding edges in G have
a vertex in common. A graph is called pancyclic if it
contains cycles of length three up to its Hamiltonian
cycle and it is called panconnected if, between any pair of
distinct vertices u and v, it contains paths of length d(u, v)
up to its Hamiltonian path. In this paper, we consider a
tree and a unicyclic graph, and give necessary and suffi-
cient conditions for their line graphs to be pancyclic and

panconnected, respectively.

Keywords: pancyclic; panconnected, Hamiltonian cy-
cle, line graph.

1 Introduction

All graphs considered in this paper are simple.
That is, they have neither loops nor multiple
edges. Let G be a graph. The line graph of
G, denoted by L(G), is the graph obtained by
taking the edges of GG as vertices and joining
two of these vertices whenever the correspond-

ing edges of G have a vertex in common. A
dominating circuit of GG is a circuit of G with
the property that every edge of GG either belongs
to the circuit or is adjacent to an edge of the
circuit. Harary and Nash-Williams (Harary and
Nash-Williams, 1971) gave a classic result that
for a graph G without isolated vertices, L(G) is
Hamiltonian if and only if G is the graph K ,,,
for some n > 3, or G contains a dominating cir-
cuit. A graph is pancyclic if it contains a cycle
of each length. Thus, a pancyclic graph is nec-
essary Hamiltonian. A graph is panconnected if,
between any pair of distinct vertics, it contains
a path of each length at least distance between
the two vertices. Note that (i) a complete graph
K, is pancyclic and also panconnected, and (i)
acycle C),,n > 4isnot pancyclic and is not pan-
connected. In Figure , (71 is panconnedted and
(G is pancyclic.

In this paper, we consider a connected
graph with no cycles, called a tree, and a con-
nected graph with only one cycle, called a
unicyclic graph. The discussion of a pancon-
nected property of a unicyclic graph was shown
in (Chia et al., 2017).
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Figure 1: GG, is panconnedted and G2 is pancyclic.

If a tree contains one edge, then its line
graph is a complete graph K;. In the case that
a tree contains two edges, the tree is a path P;
and its line graph is a path P. In both cases,
their line graph has no cycle. Then, we consider
a tree with at least three edges. For a unicylic
graph GG, assume that the only one cycle of G
also contains at least three edges. We investigate
trees and unicycle graphs and find the necessary
and sufficient conditions for their line graphs to
be pancyclic and panconnected, in sections 2 and
B, respectively.

2 Pancyclicity

Recall that an edge xy is a cut-edge of a
graph G if the number of components of G' — zy
is more than the number of components of G,
and a vertex v is a cut-vertex of a graph G if the
number of components of G — v is more than the
number of components of .

Since all edges of a tree is a cut-edge, we
focus the cut-edge xy such that both « and y have
degree at least two, called such edge an internal
cut-edge. We can see that if e is an internal cut-
edge in G, then e is a cut-vertex in L(G). Before
obtaining the necessary condition for L(G) to be
pancyclic, we shall recall a well-know fact that
if a graph has a Hamiltonian cycle, then the
deletion of any s vertices from it will result in a
graph at most s components.

Lemma 1. Let G be a connected graph. If L(G)
is pancyclic, then G has no internal cut-edges.

Proof. Assume that L(G) is pancyclic and
suppose that GG has an internal cut-edge, say e =
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uv. Then, e is a cut-vertex of L(G). Let S =
{e}. Then L(G) — S contains at least two com-
ponents. Therefore, L(G) contains no Hamilto-
nian cycle which is a contradiction. Hence, GG
has no internal cut-edges. [

The next theorem obtains a sufficient and
necessary condition for a tree such that its line
graph is pancyclic.

Theorem 1. Let G be a tree with q(> 3) edges.
Then, L(G) is pancyclic if and only if G is a star
Ky,

Proof. Let G be a tree with ¢(> 3) edges such
that L(G) is pancyclic. By Lemma [ll, G has no
internal cut-edge. Then, G’ must be a star K ,.
Next, assume that GG is a star K , for some
integer ¢(> 3). Then, L(G) is the complete
graph K. Since ¢ > 3, L(G) contains cycles of
length ¢ for all ¢ € {3,4,...,¢}. Thatis, L(G)
is pancyclic. [

The sun flower graph, denoted by
SF(m;ny,ng,...,ny), is a unicyclic graph
obtained from a cycle vivy---v,,v; and m
sets of independent vertices, Aj, As, ..., Ay,
which each set contains nq, ns, . .., n,, vertices,
respectively, by joining each vertex of A; to v;
fori € {1,2,...,m}. Here, let e; = v;v;41
fori € {1,2,...,m — 1}, e, = v,v; and
edges joining v; to each vertices of A; are
er,e?,...eft for i € {1,2,...,m}. Then,
SF(m;ni,ng,...,n,) is a unicyclic graph
with no internal cut-edge. In Figure ], G; is
SF(4;1,2,2,3).
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Figure 2: G3is SF(4;1,2,2,3).

Lemma 2. The line graph of SF(3;n1,ng,n3)
is pancyclic.

Proof. Let G denote the graph SF'(3; ny, na, n3).
Since |V(L(G))| = |E(G)| ny + ng +
ng + 3, we shall find cycles of length ¢ in
L(G) where ¢ € {3,4,...,n1 4+ ny + n3z + 3}.
Since the subgraph of L(G) induced by the set
{e1,e3,el,e2,... €'} is the complete graph
K, 12, there is a cycle of length ¢ in L(G) for
all ¢ € {3,4,...,n1 + 2}. The cycle of length
ny + 3 is of the form ejeqezele? - - - efle.

Next, we shall construct the cycle of length
Cin L(G) where £ € {ny +4,n1 +5,...,n1 +
ne+3}. Fori € {1,2,...,ny}, let P, be the path
ese3---ey in L(G). Then, the cycle of length
ny + 3+ iin L(G) fori € {1,2,...,ny} is
of the form e; Pjesezele? - - - efte;. Hence, the
cycles of length ¢ in L(G) where ¢ € {n; +
4,n1 +5,...,n1 + ny + 3} are obtained.

Finally, we shall construct the cycle of
length ¢ in L(G) forall £ € {n;+no+4, ni+no+
5,...,n1 4+ ny + ng + 3} by extending the cycle
e1 Py, esezeie? - - - eftey of length ny + ny + 3in
L(G). Fori € {1,2,...,n3}, let Q; be the path
esed---ey in L(G). Then, the cycle of length
ni+no+3+iin L(G) fori € {1,2,...,n3} isof
the form e, P,,e0Q;eseie? - - - €te;. Hence, the
cycles of length ¢ where ¢ € {n; +ny+4,n; +
ny +5,...,n1 + ng + ng + 3} are obtained.

This completes the proof.

]

The next lemma is an important property of
L(G) where G is SF(m;ny,ng, ..., My).

Lemma 3. Let m > 3, G be the graph SF(m;
Ny, N, ..., Ny) and n = max{ny,na, ..., Ny}
If m —n > 3, then L(G) contains no cycle of
length n + 3.

Proof. Without loss of generality, let n = n;.
Assume that m — n > 3. If L(G) contains a
cycle C' of length n + 3, then there exists
n + 3 vertices ai, G, . . ., @,y 3 of L(G) with the
property that a; is adjacent to a, 3 and a9, a;
is adjacent to vertices a;_; and a;., for ¢ €
{2,3,...,n + 2} and a,3 is adjacent to a, o
and a;. Thus, Cisthe cycle aqas - - - a,,13a1. We
consider in two cases.

Case (1) : n + 3 vertices of C' must come
from vertices in {ey, ey, . .., €, } of L(G). Since
m > n+ 3 and the subgraph of L(G) induced by
{e1,€s,..., e} isacycle C,,, C is not a cycle.

Case (ii) : n + 3 vertices of C' must come
from vertices e}, e?,... el e;_1,e; and other
n — n; + 1 vertices of L(G) for some ¢ €
{1,2,...,m}. The vertices e}, e?,... el e; 1,
e; induce the complete graph K, ;2 in L(G) and
L(G) contains the cycle C' : eje?---ele;_1¢6;
e;. In order to complete the (n + 3)-cycle C,
n — n; + 1 vertices wy, wa, ..., Wy_p,41 Of
L(G) added to C' must come from the vertices

: _ ol 2 ni1 _q1

in A= {e; e ..., }or B = {ejy,
i)

€1, 61 t. Thus, we replace the edge

ei—1e; of C' by e; jwiwy - - Wy _p,416;.

If wy,wa, ..., Wy—pn,+1 € A, then wy,_p, 11
is not adjacent to e; in L(G), which is a contra-
diction.
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If wy, ws, ..., Wy_n,+1 € B, then w; is not
adjacentto e;_; in L(G) which is a contradiction.

If some vertices of n — n; + 1 are in A
and the remaining vertices are in B, then with-
out loss of generality, there is an integer ¢ such
that 1 <t < n —n;, wy,ws,...,w; € Aand
Wit1, Wit2, - -, Wp—n,+1 € B. Then, w; is not
adjacent to w1 in L(G), which is a contradic-
tion.

Therefore, there is no cycle of length n + 3
in L(G). O

From Lemma [ and [§, we can have suffi-
cient and necessary conditions for L(G) to be
pancyclic where G is a unicyclic graph.

Theorem 2. Let G be a unicyclic graph. Then,
L(G) is pancyclic if and only if

(i) G is SF(3;n1,n9,n3), or

(i) if m > 3, then G is SF(m;ny,na, ...,
Ny ) Such thatm—n < 3where n = max{ny, n,
cey N )

Proof. For the necessity part, let G be a uni-
cycle graph such that L(G) is pancyclic. By
Lemma , G has no internal cut-edges. Then,
G is SF(m;ny,ne,...,n,) for some integers
m(> 3), ni,ng,...,Ny. Let n = max{ny, no,
ooyt Ifm > 3 and m — n > 3, then,
by Lemma B, L(G) contains no cycle of length
n + 3, which is a contradiction. Therefore,
m—n < 3.

For the sufficient part, we can see by
Lemma P that if G is SF(3;n1,n2,n3), then
L(G) is pancyclic. If m > 3, then we consider
in three cases that (1)) m —n = 3; (i) m —n = 2;
or (iii)) m — n < 1. Without loss of generality,
assume that n = n;.

Case(i):m—n=3. Then,m=n+3 =
ny + 3. We shall find a cycle of length ¢ for
all ¢ € {3,4,...,2ny + ny + ... + n,, + 3}
Since the subgraph of L(G) induced by the set
{e1,em,e1,€2,...,ef'} is the complete graph
K., +2, there is a cycle of length ¢ for all ¢ €
{3,4,...,n1+2}. The cycle of length n; + 3 is
of the form e eqzes - - - €,,—16me1.

Fori € {1,2,...,m}, let P/ be the path
ele2ed .. el forj e {1,2,...,n;}.

Next, we shall construct cycles in L(G) of
length ¢ where ¢ € {n, +4,n,+5,...,2n,+3}
by using the cycle ejeses - - - €, 16,61 of length
m = ny + 3. Then, for j € {1,2,...,n;}, the
cycle of length ¢ where ¢ = n; + 3 + j is of the
form ejeqes - - - em_lemPfel.

For the cycle in L(G) of length ¢ where ¢ €
{2n1+4,2n,+5,...,2n1 +ny}, we modify the
cycle ejeses - - - e, 16, Pt er of length 2n; + 3
by adding path P/. Then, for j € {1,2,...,n,},
the cycle of length ¢ where ¢ = 2n, + 3+ j is of
the form €1P2j€263 ccemo1em Pltey.

By the recursive process, the cycle of length
2n1+mne+ ...+ np+jforj e {1,2,... n}
is of the form

e1Py?eaPyPes - e 1 Plegeriy - e Pler.

Case(ii)): m—n=2. Thenm =n+2 =
ny + 2. We shall find a cycle of length ¢ for
all ¢ € {3,4,...,2n1 + ny + ... + ny, + 2},
Since the subgraph of L(() induced by the set
{e1,em,el,€2, ..., et} is the complete graph
K, 12, there is a cycle of length ¢ for all ¢ €
{3,4,. ..ny +2}

Fori € {1,2,...,m}, let P/ be the path
ele?ed .. el forj e {1,2,...,n;}.

Next, we shall construct cycles in L(G) of
length ¢ where ¢ € {n;+3,n1+4,...,2n;+2}
by using the cycle ejeses - - - e,,_1eme1 Of length
m = ny + 2. Then, for j € {1,2,...,n;}, the
cycle of length ¢ where £ = n; + 2 + j is of the
form ejeses - - €16, Pley.

For the cycle in L(G) of length ¢ where
¢ € {2n1 + 3,2n1 + 4,...,2n1 + ny + 2},
we modify the cycle ejeges - - - e, 16, P eq of
length 2n; + 2 by adding path Pij . Then,
for j € {1,2,...,ny}, the cycle of length
¢ where ¢ = 2ny + 2 + j is of the form
engegeg o em_1emPltey.

By the recursive process, the construction
of the cycle of length 2ny +ny + ... +ng + 5
for j € {1,2,...,n;} is in the form

e1Py?eaPybes - - ep_1 Plegerqy - - - em Pen.
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Case (iii)) : m —n < 1. In this case,
first, we construct the cycle of length ¢ where
e {mm+1,m+2,....m+n; +ny+
-+ + n,}.  Next, the constructions of the
cycle of length ¢ where ¢ € {3,4,5,...,n+ 2}
are obtained. Finally, we show that n 4+ 2 >
m—1. Thus, GG contains cycles of length £ where
e {3,4,5,....m+n;+ns+...+nn,}

Since vyvs - - - v,v1 18 a cycle in G, ver-
tices ey, €s,...6, in L(G) induce the cycle
erezes -+ - em_16,eq of length m in L(G). Then,
L(QG) contains a cycle of length m.

Fori € {1,2,...,m}, let P/ be the path
ele2ed--.el forj € {1,2,...,n;}.

For the cycle in L(G) of length ¢
where ¢ € {m + 1L,m + 2,...,m + n},
we modify the cycle ejeses---e,_1e,e1 of
length m by adding path Pij . Then, for j €
{1,2,...,n1}, the cycle of length ¢ where
¢ = m+ 7 is in the form ejeqes - - -em_lemPljel.
For j € {1,2,...,ny}, the cycle of length
¢ where { = m + n; + j is of the form
€1P2j€2€3 o em_1emPltey.

By the recursive process, the construction
of the cycle of length m + ny + no + ... +
ng + g for j € {1,2,...,n;} is in the form
e1Py?es PePeg - - - ek_lp,fekekﬂ e Pltey.

Thus, the cycles of length m,m + 1,m +
2,....,m+ny+ng +---+ n,, are obtained.

Since the subgraph of L(G) induced by
the set {e1, em,e1,€2,...,el'} is the complete
graph K, 2, there is a cycle of length ¢ for all
e {3,4,...n+2}.

We shall show that n + 2 > m — 1. Sup-
pose to the contrary that n + 2 < m — 1. Then,
m — n > 1, which is a contradiction. Thus
n+2>m-—1.

Hence, GG contains cycles of length ¢ for all
e {3,4,....m+n;+ng+...+n,}

This completes the proof. [

3 Panconnectedness

We first recall the well-known fact that if v
is a cut-vertex in a connected graph GG and v and

21

w are vertices in distinct components of G — v,
then v lies on every u — w path in G.

Lemma 4. Let G be a graph such that L(G)
is panconnected. Then, G has no internal cut-
edge.

Proof. Let G be a graph. Suppose that G has an
internal cut-edge e which = and y are the end-
vertices. Then, e is a cut-vertex of L(G). Since
deg x > 2 and deg y > 2, let e; and e, be edges
incident with = and y, respectively, where e; # e
and ey # e.

We shall show that there is no Hamiltonian
path from e; to e in L(G). Suppose to the con-
trary that there is a Hamiltonian path P from e,
to e in L(G). Then, P and the edge e;e form
acycle C' in L(G). Thus, the path from e; to s
obtained from C by deleting e;e and ee; hasno e
in it, this contradicts to the property of e. Hence,
L(G) has no Hamiltonian path and this implies
that L(G) is not panconnected. O

Since the star has no intenal cut-edge and
the line graph of the star is a complete graph, the
following result obtains directly from Lemma .

Theorem 3. Let G be a tree. Then, L(G) is pan-
connected if and only if G is a star.

The following lemma is an important prop-
erty of a minimal vertex-cut of a connected
graph.

Lemma 5. Let G be a 2-connected graph with at
least 4 vertices and let U = {x,y} be a vertex-
cut. Then, there is no Hamiltonian path from x
toyinG.

Proof. Suppose to the contrary that there is a
Hamiltonian path P from x to y in G. Let 2’
and ¢/ be vertices that adjacent to z and y in P,
respectively. Then, G — U contains a Hamilto-
nian path P — U from 2/ to ¢/. Thatis, G — U is
a connected graph which is a contradiction. [

Next, we obtain a sufficient and necessary
condition for a unicyclic graph G that L(G) is
panconnected.
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Theorem 4. Let G be a unicyclic graph. Then,
L(G) is panconnected if and only if G is Cs.

Proof. Assume that G is a unicyclic such that G
is not a cycle C5 and L(G) is panconnected. By
Lemma H, G has no internal cut-edges. Then, G
must be SF(m;ny,ne,...,n,) for some non-
negative integers m, 1y, N, . . . , Ny

Case (i) : m > 3. Since L(G) is a 2-
connected graph and U = {ej, e3} is a vertex-
cut of L(G), by Lemma [, there is no Hamil-
tonian path from e; to ez in L(G), which is a
contradiction.

Case (ii)) : m = 3 and n; # 0 for some
i € {1,2,3}. Without of loss of generality, let
ny # 0. Since L(G) is a 2-connected graph and
U = {ey,e3} isavertex-cut of L(G), L(G) — U
contains two components H; and H, such that
V(Hy) = {ef,edel,...,ef'} and V(Hy) =
E(G)— (V(H;)U{e1,es3}). By Lemmaff, there
is no Hamiltonian path from e; to e3 in L(G),
which is a contradiction.

Therefore L(G) must be Cs.

Conversely, if G is C3, then L(G) is Cs.
Thus, for two distinct vertices, there is a path of
length 1 and 2. Therefore, GG is panconnected.

O

4 Conclusions

The cyclomatic number of a graph G,
denoted by ¢(G), is |E(G)|— |V (G)|+1. Then,

¢(G) = 0 if and only if G is a tree and ¢(G) =
1 if and only if G is a unicyclic graph. This
article obtains necessary and sufficient condi-
tions for a line graph of a graph at most one
cycle to be pancyclic and panconnected, respec-
tively. That is, such conditions give for graphs
with cyclomatic number 0 and 1. In the future
research, we shall find necessary and sufficient
conditions for a line graph of a graph with cyclo-
matic number more that one to be pancyclic or
panconnected.
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