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Abstrac: Fractals are complex geometric structures
defined by self-similarity, infinite detail, and non-integer
dimensions. This article introduces the basic properties
and formal definition of fractals. The methods for
generating fractals through recursive algorithms and
iterative functions are discussed with examples such as
the Mandelbrot set, Sierpinski triangle, and Koch
snowflake.
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1. Introduction

Fractals are a captivating intersection of art
and mathematics, revealing complexity in
simplicity. These intricate patterns are self-similar,
meaning they exhibit the same structure at
various scales. We encounter fractals in nature,
from the branching of trees to the formation of
snowflakes, and their mathematical beauty
offers profound insights into the world around
us.

This article will explore the fundamental concepts
of fractals, including their definitions and key
features. We will determine how fractals are
generated through iterative processes, with
specific examples such as the famous Mandelbrot
Set and the Koch Snowflake. Additionally, the
practical applications of fractals in technology
and nature will be mentioned.

2. The Mathematics Behind Fractals

To truly appreciate the beauty of fractals, it is
essential to grasp their mathematical foundations.
Fractals are not merely intricate designs; they
represent a fascinating intersection of geometry
and dynamic systems. In 1975, Bendit B. Mandelbrot,
a French-American mathematician, introduced
the term “fractal” to describe a new class of
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geometric shapes that exhibited complex
structures and self-similarity at various scales.
The word “fractals” is derived from the Latin
term “fractus”, meaning “broken” or “fractured”
(Mandelbrot 1982).

At their core, fractals are more than just visually
stunning patterns; they possess unique properties
that define their mathematical essence and
distinguish them from traditional geometric
shapes. The key properties of fractals are as
follows:

2.1 Self-similarity

One of the most remarkable features of fractals
is self-similarity. This property means that a
fractal exhibits similar patterns regardless of
the scale at which we observe it. This property
is often mathematically expressed through
recursive algorithms, enabling the generation
of complex shapes from simple iterative processes.
This phenomenon can be categorized into three
types: exact self-similarity, approximate self-
similarity, and statistical self-similarity. Each
type emphasizes different aspects of how fractals
maintain their patterns across scales (Peitgen
et al. 1992).

2.2 Infinite Complexity from Simplicity

Fractals also demonstrate infinite complexity,
which refers to the ability to reveal new details
upon closer inspection. This characteristic means
that no matter how much we zoom in on a fractal,
we will always uncover more intricate structures.
This infinite complexity challenges our understanding
of traditional geometric figures, which typically
have fixed measurements (Mandelbrot 1982).
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2.3 Non-integer Dimensions

The concept of dimension plays a crucial role
in understanding fractals. Traditional Euclidean
geometry defines dimensions as whole numbers.
However, fractals challenge this notion by
exhibiting non-integer dimensions, often referred
to as fractal dimensions. It quantifies how
completely a fractal appears to fill space as we
zoom in. For example, the Koch snowflake has
a fractal dimension of approximately 1.2619,
illustrating how it occupies more space than a
line but less than a full plane (Mandelbrot 1982).

3. How Fractals are Created

Fractals are generated through iterative processes,
meaning we repeatedly apply a simple rule to
a shape, equation, or set of points. This repetition
builds complexity from simplicity. The process
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often starts with an initial object—Iike a line
segment, triangle, or even a blank canvas—and
then transforms it step by step. The common
methods often used to generate fractals are as
follows:

3.1 Iterated Function Systems (IF'S)

Generating fractals typically involves algorithms
that repeat a simple process. We might use a
method like the Iterated Function System (IFS),
which applies a series of transformations to a
geometric shape. The classic example is the
Sierpinski triangle (Figure 1), created by recursively
removing triangles from a larger triangle. Each
iteration produces a more complex figure, and
this process can continue infinitely, illustrating

the concept of limits in mathematics (Barnsley
1993).

Figure 1. The Sierpinski Triangle (Devaney 1995)

3.2 Recursive Algorithms

Another approach to generating generated
fractals is through recursive algorithms. These
algorithms involve dividing a shape into smaller
parts and altering some sections. The Koch
snowflake is a classic example of a geometric
fractal (Figure 2). It is created through an iterative
process that begins with a simple equilateral
triangle and divides each side into three equal
parts. We then replace the middle segment of
each side with two new line segments that
form an equilateral triangle pointing upward
and apply the same rule to every side of the
new shape. In theory, this process continues
indefinitely. With each step, the fractal becomes
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more detailed, approaching a limit in shape
while its perimeter grows without bounds.

3.3 The Mandelbrot Set and Complex Dymamics

One of the most famous examples of fractals
is the Mandelbrot set. The Mandelbrot set is
derived from the equation z,.; =2z2 + c,
where z,,1, z, and c are complex numbers.
When we iterate this equation, the resulting
points create a boundary that reveals
fascinating patterns the closer we zoom in,
showcasing self-similarity (Figure 3). This
behavior is not just a quirk of mathematics; it
reveals underlying principles about chaotic
systems and how they behave.
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Figure 2. The Koch Snowflake (Addison 1997)
3.4 Lindenmayer Systems

A Lindenmayer system, or L-system, is a
mathematical framework used to model fractals,
plant growth, and other recursive structures.
Developed by biologist Aristid Lindenmayer
in 1968, the L-system provides a set of rules
for generating complex patterns, from simple
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beginnings using iterative processes. This system
starts with the initial sequence of symbols and
then replaces symbols in the current string
according to the production rules (Ochoa 1998).
L-systems demonstrate how simple, recursive
rules can generate stunningly complex and realistic
structures, from fractals to biological forms
(Figure 4).

Figure 3. The Mandelbrot Set

Figure 4. Fractals generated by using L-system

3.5 Escape-time Algorithms

The escape-time algorithm is a common method
for generating fractals, particularly those based
on complex numbers, like Julia set. A Julia set
is the collection of complex numbers that represent
the boundary of points in the complex plane
that exhibit chaotic behavior under iterative
mappings by a complex function, typically
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f(z) = z% + ¢, where c is a complex constant
(Figure 5). This algorithm determines the color
or value of each point in the fractal by testing
how quickly it “escapes” to infinity under a
mathematical rule (Fisher 1995). This algorithm
starts with an iterative mathematical function,
often involving complex numbers and parameters
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such as escape radius and maximum iterations.
We then test each point on the complex plane
by repeatedly applying the formula and checking
whether its magnitude exceeds the escape radius.
If the point escapes within a certain number of
iterations, assign it a color based on the iteration
count.
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Figure 5. Julia Set with ¢ = 0.285

Additionally, fractals can be generated through
random processes, leading to the field of stochastic
fractals. These fractals are particularly useful
in modeling natural phenomena, such as coastlines
or clouds, which often display irregular, fragmented
patterns. The mathematical principles governing
these structures can be complex, but they
ultimately help us understand systems that are
inherently unpredictable

4. Applications of Fractals

Fractals have diverse practical uses due to their
self-similarity and ability to model complexity.
Fractals can replicate natural patterns like
coastlines, clouds, and tree branches. They help
in ecology and biology to study irregular
structures such as blood vessels. Fractals can
also be used to generate realistic landscapes,
textures, and special effects in movies and video
games. Moreover, fractal-based image compression
can encode self-similar patterns, reducing file
sizes while preserving detail.

In summary, the mathematics behind fractals is
rich and multifaceted, encompassing concepts
of self-similarity, non-integer dimensions, and
iterative processes. Understanding these principles
not only enhances our appreciation of fractals
but also opens doors to their numerous applications
in various fields.

54

References

Addison PS (1997) Fractals and Chaos: An
[lustrated Course. Institute of Physics.
ISBN 0-7503-0400-6

Barnsley MF, Rising H (1993) Fractals
Everywhere. Boston: Academic Press
Professional. ISBN 0-12-079061-0

Devaney RL (1995) Chaos in the Classroom.
Boston University, Boston, MA 02215.
https://math.bu.edu/DYSY S/chaos-
game/chaos-game.html

Fisher Y (1995) Fractal Image Compression:
Theory and Application. Springer

Mandelbrot BB (1982) The Fractal Geometry
of Nature. WH Freeman and Company

Ochoa G (1998) An Introduction to
Lindenmayer Systems. The University
of Sussex. https://www-
archiv.fdm.uni-hamburg.de/b-
online/e28 3/lsys.html

Peitgen HO, Jurgens H, Saupe D (1992) Chaos
and Fractals: New Frontiers of
Science. Springer



