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Abstract. Standard epidemic compartmental models 
often overlook the evolving nature of inter-personal 
contact by assuming static interactions. To address this, 
we propose a deterministic SIR model driven by a spline 
tie-decay network, in which nodes represent individuals 
whose interactions (edge weights) gradually increase 
upon the arrivals of contact events under a cubic spline 
polynomial, followed by an exponential decay. This 
mechanism allows a flexible and realistic delay in how 
tie strength develops and fades over time. Here, the 
infection rate is dynamically computed as the sum of 
edge weights over the number of individuals squared, 
reflecting the state of the system without aggregating 
events into large time windows. In particular, this work 
highlights the importance of fine-grained temporal 
modeling in understanding and predicting disease spread 
dynamics. 
 
Keywords: Temporal networks, Spline tie-decay networks, 
SIR dynamics 
 
1. Introduction 
 
In traditional epidemiological compartmental 
models, it is often the case to assume that 
contacts between individuals are either static or 
evolve in coarse ways over time (Barabási 
2016). In reality, however, human interactions 
are time-dependent, which significantly affects 
the outcomes of disease spread. Over the past 
decades, temporal networks have become a 
popular tool for modeling such dynamics in a 
more realistic manner (Barrat et al. 2008; 
Masuda and Lambiotte 2020). Among these, 
tie-decay temporal network offers a means to 
model human contacts over time; tie-decay 
network models contact events as instantaneous 
increments of edge weights, followed by 
exponential decay in the absence of further 
contact (Ahmad et al. 2021). In this fashion, 
one captures the idea that the ties between pairs 
of individuals fade over time. 
 

However, exponential decay alone does not 
realistically capture how contacts among pairs 
of individuals evolve, particularly, when the 
effects from delayed responses play a 
substantial role. For instance, certain social ties 
might not increase instantly after a contact, but 
rather gradually build up through time. This 
kind of behaviors is also found in 
epidemiological dynamics (Liu et al. 2020; Ma 
et al. 2004). To model such behaviors, we use 
an extension of the exponential tie-decay 
model, known as spline tie-decay model, which 
introduces a delayed response using clamped 
cubic spline kernels (Thongprayoon and 
Masuda 2025). This generalization enables 
more control over how edge weights form and 
fade, inducing richer contact dynamics. 
 
To this end, we propose a deterministic SIR 
epidemic model in which the infection rate 
dynamically depends on the evolving spline-tie 
decay edge weights. That is, instead of having 
a fixed infection parameter, our model adapts 
its infectious potential according to the real-
time state of the contact network without 
resorting to coarse-grained temporal aggregation 
(Holme 2015). 
 
2. Exponential tie-decay and spline tie-
decay networks 
 
In this section, we provide the background of 
the tie-decay temporal network model (Ahmad 
et al. 2021) as well as its extension, the spline 
tie-decay network model (Thongprayoon and 
Masuda 2025). 
 
Considering a network of 𝑁 nodes,  the 
exponential tie-decay network (or the tie-decay 
network) is a temporal network, in which the 
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edge weight exponentially decays over time 
(with a rate 𝛼	 > 	0) in the absence of event 
a r r i v a l s ;  o t h e r w i s e ,  t h e  e d g e  w e i g h t 
instantaneously increases by 1 (Ahmad et al. 
2021). Here, we assume that the input data set 
is a sequence of time-stamped contact events 
among edges. Given a pair of nodes 𝑖, 𝑗 in the 
network, we denote by 𝑡̃! the time that 𝑙 th 
event occurs on the edge {𝑖, 𝑗}. Let 𝑏0"# be the 
edge weight between the nodes 𝑖 and 𝑗 at time 
𝑡, we then express 𝑏0"# 	as follows: 
 
𝑏0"#(𝑡) = ∑ 𝑒$%('$'!()!∈ℕ 𝐻(𝑡 − 𝑡!8)     (1) 

where H represents the Heaviside step function 
(Ahmad et al. 2021). In this work, one may 
regard an event arrivals in the network as a 
sequence of quadruplets {(𝑖, 𝑗, 𝑡̃! , ∆!): 𝑙 ∈ ℕ} 
which, for each 𝑙, (𝑖, 𝑗, 𝑡̃! , ∆!) means an event 
occurs on the nodes 𝑖 and 𝑗 at time 𝑡̃! with the 
duration ∆! (Masuda and Lambiotte 2020). 
Nevertheless, in many scenarios, the duration 
∆! is much smaller than the inter-event time, 
so one may ignore the duration of each event 
(Masuda and Lambiotte 2020). Therefore, the 
event arrivals are now a sequence of triplets 
{(𝑖, 𝑗, 𝑡̃! , ∆!): 𝑙 ∈ ℕ}. Note that we reserve 𝑡̃! to 
denote the 𝑙 th time step where at least one 
event arrives in the entire network, without 
being specific to any edge's events. 
 
To this end, we have given the necessary 
background of the exponential tie-decay 
temporal network, we then will move on to the 
spl ine  t ie-decay temporal  network,  an 
extension of the exponential tie-decay temporal 
network by incorporating a time delay response 
using the clamped cubic spline polynomial 
(Thongprayoon and Masuda 2025). First, we 
begin by introducing 𝜙(t), defined as 
 

𝜙(𝑡) = @
𝑓(𝑡),																	𝑡 ∈ [0, ℎ]
𝑘𝑒$,('$-),								𝑡 ∈ (ℎ,∞)

          (2) 

Here, 𝑓(𝑡) denotes a cubic spline polynomial 
and ℎ, 𝑘	 > 0 are parameters; moreover, 𝑓 
satisfies the following conditions: 𝑓(0) = 0, 
𝑓.(0) = 0,  𝑓(ℎ) = 𝑘,  a n d  𝑓.(ℎ) = −𝑘 
(Thongprayoon and Masuda 2025). Note that ′ 

denotes the derivative with respect to time 𝑡, 
i.e. /

/'
. With these imposed conditions on 𝑓, 

one expresses 𝑓 in terms of the parameters 
𝛼, ℎ, 𝑘 as follows: 
 
𝑓(𝑡) = H− %0

-"
− 10

-#
I 𝑡2 + H20

-"
+ %0

-
I 𝑡1         (3) 

for all t ≥ 0 (Thongprayoon and Masuda 
2025). 
 
Finally, we denote by 𝑏"#(𝑡) the edge weight 
between the nodes 𝑖, 𝑗 in the spline tie-decay 
network. We then mathematically express the 
spline tie-decay edge weight as 
 
 
𝑏"#(𝑡) = ∑ 𝜙(𝑡 − 𝑡̃!).																		!:'4!5'            (4) 

3. Spline tie-decay epidemic spread via 
ordinary differential equations 
 
In this section, we introduce an SIR model with 
a time-dependent infectious rate using the 
spline tie-decay edge weight. 
 
3.1 The proposed SIR model 
 
SIR model is a compartmental model for 
simulating epidemic spread where each node 
(or individual) either belongs to the susceptible 
compartment (𝑆), the infectious compartment 
(𝐼), or the recovered compartment (𝑅) (Newman 
2018).  One uses different ial  equations 
expression of the model as follows. 
 

/6
/'
= −𝛽𝑆𝐼 	

/7
/'
= 𝛽𝑆𝐼 − 𝛾𝐼 	

 		/8
/'
= 𝛾𝐼,                               (5) 

w h e r e  𝑆(𝑡) + 𝐼(𝑡) + 𝑅(𝑡) = 𝑁,  𝛽(> 0) 
denotes the infection rate and 𝛾(> 0) denotes 
the recovery rate. In our work, instead of 
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having a constant infection rate, we allow 𝛽 to 
depend on time as shown in the following: 
 

𝛽(𝑡) =
∑ :('!);('$'!){!:&!'&}

<"
   (6) 

where 𝜂(𝑡!) is the number of events arriving in 
the entire network at time 𝑡!.  Therefore, 
substituting (6) into (5) yields us the proposed 
deterministic SIR model. 
 
3.2 Data and simulation method 
 
The data set, referred to as Primary School, is 
a temporal contact network recorded from 
students and teachers in a primary school in 
Lyon, France over two days: 1/10/2009 and 
2/10/2009 (Gemmetto et al. 2014; Stelé et al. 
2011). In other words, it is an empirical data 
set of time-stamped events representing 
contacts between pairs of individuals and is 
provided by SocioPatterns (URL:https://www. 
sociopatterns.org). The data set contains the 
time-stamped contact events from 08:45 to 
17:20 on the first day and from 08:30 to 17:05 
on the second day. On each day, there are three 

breaks granting students to interact with peers 
in other classes. Such breaks are the morning 
break which begins at 10:30 and lasts for 20-
25 minutes, the lunch break between 12:00 and 
14:00, and the afternoon break which begins at 
15:30 and lasts for 20-25 minutes. 
 
Over both days, there are 242 individuals and 
125,773 time-stamped contact events whereas 
there are 236 individuals and 60,623 (time-
stamped) contact events on the first day. In our 
work, we only use the data on the first day. 
This is because the time period between the 
end of the first day and the beginning of the 
second day lets all the infectious nodes recover 
before the second day commences. 
 
Like the previous study (Thongprayoon and 
Masuda 2025),  we set  𝛼 = 10$1 and we 
impose that the area under the curve in (2) is 
1. The latter property enables us to express the 
parameter 𝑘 in terms of α and ℎ as shown in 
the following (Thongprayoon and Masuda 
2025): 
 

𝑘 = =1%
=1%"-">?%->=1

                    (7) 

 
 

Figure 1. Time courses of the edge weight in spline tie-decay network. The vertical stubs under the plot represent 
the time of input events on the edge as follows: 𝑡̃) = 2, 𝑡̃* = 5 and 𝑡̃+ = 10. We set 𝑘 = 1 across all four 

combinations of 𝛼 ∈ {0.25,0.5} and ℎ ∈ {2,5}. 
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To numerica l ly  s imula te  the  epidemic 
dynamics, we apply Euler's method to (5) 
where we substitute the constant infection rate 
𝛽 with the time-dependent infection rate 𝛽(𝑡) 
defined on (6). Similar to the stochastic SIR 
simulations in (Thongprayoon and Masuda 
2025), we advance each step of Euler's method 
with a time step of 2 seconds, which is one 
tenth of the time resolution of Primary School 
data set (20 seconds). At the beginning of each 
simulation, we set the number of infectious 
individuals to 1 and the remaining individuals 
are susceptible. 
 
Moreover, previous studies show that the 
behaviors of the Primary School temporal 
network across two days are similar. Therefore, 
we only show the simulations on Day 1 of the 

n e t w o r k  ( M a s u d a  a n d  H o l m e  2 0 1 9 ; 
Thongprayoon et al. 2023). 
 
4. Numerical simulations 
 
We show in Figure 2 the number of individuals 
in each compartment (see such numbers in 
Figures 2(a) for 𝑆, 2(b) for 𝐼, 2(c) for 𝑅), and 
the ratio @(')

A
 (see Figure 2(d)), all plotted 

against time 𝑡, where different colors represent 
d i f f e r e n t  ℎ v a l u e s .  H e r e ,  w e  v a r y                        
ℎ = 10,  400,  1000,  2000,  a n d  3000. 
Together with 𝛼 = 10$1, (7) implies that.    
𝑘 ≈ 9.52 × 10$2, 2.31 × 10$2, 6.98 ×
10$B, 2.26 × 10$B, a n d  1.10 × 10$B, 
respectively. We set the recovery rate 𝛾 =
5 × 10$B, which is consistent with previous 
work in (Thongprayoon and Masuda 2025). 
 

 

Figure 2. SIR dynamics on Day 1 of Primary School data set with the recovery rate 𝛾 = 5 × 10,-. (a) The number 
of individuals in the susceptible compartment. (b) The number of individuals in the infectious compartment. (c) The 
number of individuals in the recovered compartment. (d) The ratio between the (time-dependent) infection rate 𝛽(𝑡) 

and the recovery rate 𝛾. 
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Given the result in Figure 2(a), we observe that 
the number of individuals in the susceptible 
compartment decreases monotonically with 
respect to the parameter ℎ. That is, the smaller 
the ℎ value is,  the faster the decrement 
becomes. The result agrees with Figures 2(b) 
and 2(c) in that the number of infectious 
individuals reaches its peak faster when ℎ is 
sma l l e r  and  the  number  o f  r ecove red 
individuals reaches its plateau faster when ℎ is 
smaller. Considering the early stage of the 
dynamics, we suggest that the aforementioned 
outcome arises because a smaller time delay 
parameter ℎ increases the value of the infection 
rate 𝛽(𝑡) faster than that associated with a 
longer time delay, as evidenced by Figure 2(d). 
Lastly, because recovery rate 𝛾 is a constant, it 
does not affect the monotonicity of the 

individuals in each compartment. We confirm 
this statement with Figure 3, displaying the 
number of individuals in each compartment 
and the ratio @(')

A
, where we set 𝛾 = 10$B. One 

observes that the monotonicity of the dynamics 
in Figures 3(a), 3(b), and 3(c) follows that of 
Figures 2(a), 2(b), and 2(c), respectively. 
Similar to Figure 2(d), considering the early 
stage of the dynamics, the value @(')

A
 in Figure 

3(d) is higher when ℎ is smaller. Overall, the 
simulations in Figures 2 and 3 align with the 
data set’s behavior because, as time progresses, 
more students interact with their peers, leading 
to an increase in the number of the infectious 
compartment. 

 

 

Figure 3. SIR dynamics on Day 1 of Primary School data set with the recovery rate 𝛾 = 10,-. (a) The number of 
individuals in the susceptible compartment. (b) The number of individuals in the infectious compartment. (c) The 

number of individuals in the recovered compartment. (d) The ratio between the (time-dependent) infection rate 𝛽(𝑡) 
and the recovery rate 𝛾. 
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6. Discussion 
 
As we have presented our findings in this 
article; nevertheless, there is a direction for 
future investigations: the effect of the time 
delay in long terms, for instance. One observes 
t h a t  t h e r e  a r e  d u r a t i o n s  ( w h e n  𝑡 i s 
approximately more than 10B) in which the 
fraction @(')

A
 associated with larger ℎ values are 

higher than those associated with smaller ℎ, 
owing it to the aggregation of contact events 
because the larger time delay slows down the 
edge weight from entering the exponential 
decay part.  This property could play an 
important role in the dynamics in other 
epidemic models such as the SIS model, where 
we wish to establish long term equilibriums of 
the individuals in the susceptible and the 
infectious compartments. 
 
All in all, we propose in this article a variation 
of the SIR model in which we consider a time-
dependent infection rate, constructed by 
averaging all the edge weights of the spline tie-
decay network model (Thongprayoon and 
Masuda 2025). We then observe that when one 
varies the time-delay parameter ℎ, there is a 
monotonic tendency with the number of 
individuals in each compartment plotted 
against time. This outcome, especially with the 
number of recovered individuals, is consistent 
with the stochastic SIR dynamics, presented in 
Thongprayoon and Masuda 2025, with one 
different characteristic: the final number of 
recovered individuals. We suspect that this 
difference is naturally caused by the distinction 
of the simulation methods, especially the 
difference between a deterministic-based and a 
stochastic-based methods. 
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