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ABSTRACT

Subspace-based direction-finding methods assume that all source’s manifold vectors
are linearly independent. However, when this condition is not satisfied, the estimation
methods will subsequently fail to identify the directions of the sources. This undesirable effect
is referred to as a manifold ambiguity. In this paper, the presence of manifold ambiguity
associated to a higher-order statistics-based array processing is investigated. By analyzing the
geometrical shape of the corresponding array manifold, a class of ambiguous sets based on a
uniform partition of the effective manifold curve can be found. A general procedure is
provided in order to model and categorize these ambiguities into the form of ambiguous

generator sets.
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1. Introduction

The use of antenna array with smart
signal processing algorithms to process and
extract parameters of interest from the data
has found a wide range of applications in
recent years. Driven by the exploit of spatial
domain, where multiple antennas work
cooperatively as a single unit, this has
emerged as a key technology for
advancements in radars, sonars, wireless
communications, as well as in speech and
image enhancements [1-3].

Conventionally, array processing
framework assumed signals are Gaussian,

and processed using the second-order
statistics. However, this assumption is not
satisfied in some applications including
digital communications where signals are
non-Gaussian. To overcome with this
limitation, research in [4-6] has shown that
the array should process with the
information embedded in a higher-orders of
statistics (HOS). In [6], the Authors
explored several advantages from using the
fourth-order of statistics and proposed two
algorithms for estimating the source’ s
directions-of-arrival ~ (DOAS). This
framework was then generalized in [7] with
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2q—order of statistics, where q>1.

Interestingly, we can draw the relationships
between the conventional second-order and
the 2qg-—order array processing via the

virtual array concept [8,9]. This allows
physical interpretation of the HOS-based
processing, and indicates how it can
significantly improve the array estimation
performance [10].

Despite the ability to process with
non-Gaussian signals, one issue that has not
been addressed and needs to be carefully
investigated is the presence of manifold

ambiguities associated to HOS-based
direction-finding systems. Manifold
ambiguity  represents an  undesirable

scenario when subspace-based direction-
finding techniques, such as MUItiple Signal
Classification(MUSIC) [11], and Estimation
of Signal Parameters via Rotational
Invariance Techniques(ESPRIT) [12], fail to
uniquely identify the sources directions due
to the linear dependence amongst array
manifold vectors. This results in spurious
peaks that do not represent the directions of
the true sources. A number of factors
contribute to the presence of manifold
ambiguity. This include an array
configuration, array size, the number of
antennas, as well as inter-spacings between
antennas [13-15].

There are infinitely many manifold
ambiguities in practice. The result comes
directly from the arc length rotational
theorem [13]. Suppose an array suffers from
an ambiguous situation when signals are
simultaneously transmitted from a certain
set of directions, measured in arc length,
then any increment of this ambiguous set by
As, also give another ambiguous scenario.
Since As can be arbitrary, this implies that
once the ambiguity occurs, this can
potentially create many more ambiguities by
the same underlying cause.

Fig. 1 illustrates an example of the
manifold ambiguity. On the solid red graph,
the MUSIC algorithm indicates 3 peaks at
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the directions 8.81,85.46,146.10". While

the peaks at 8.81, and 146.10° correctly
identify the source’s directions, another

peak from 85.46 is spurious and does not
represent the true source. Its presence is
mainly due to the linear dependence
amongst the array manifold vectors from
these three directions. Meanwhile, the
spectrum in dashed blue represents another
ambiguous scenario caused by the same
factor, with As=1.5.

Different approaches have been
proposed to minimize or suppress the
presence of manifold ambiguities. The key
is to breakdown the linear dependence
amongst manifold vectors. For instance, in
[16,17], the Authors analyzed the conditions
on array configurations such that manifold
ambiguities of a certain rank can be
avoided. In [18-21], different methods are
proposed to identify a correct set of DOASs,
either by using the estimated signal power
as an indicator [18,19], or substrate
placement [20,21].

It should be noted that all above-
mentioned work are focused entirely on the
ambiguities with respect to the second-order
statistics. Ambiguities associated to HOS-
based direction-finding has not been
investigated  anywhere  before, and
essentially be our objective herein.

The organization for the remaining of
the paper is as follows. In the next Section,
a signal modelling based on 2q-—order is

presented, together with the virtual array
concept. In Section 3, the geometrical
properties of HOS-based array manifold are
assessed using differential geometry
framework. A general guideline to
determine an ambiguous generator set
(AGS) is subsequently provided. Computer
simulation is presented in Section 4,
followed by a conclusion in section 5.
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Fig. 1. An example of manifold ambiguities with
respect to the array listed in Eq. (4.1).

2. Problem Formulation

2.1 Signal Modelling

Consider a linear array of N
antennas located at the position r, measured

in half wavelength, operated in the presence
of M narrow-band point sources impinging
from the array far-field with azimuth

directions 4,ie{l,...,M}. The baseband

received signal vector x(t) e C"* from each

antenna represents a superposition of M
incoming waveforms, expressed as

x(t) = [xl(t),x2 (1) Xy (t)]T ,
~3a(@)m (1) +n()

2.1)
where m(t) is the i"message signal,
n(t)is zero-mean white Gaussian noise
with the variance o and the vector a(6,)

denotes an array manifold vector for the
i" incoming source, expressed as

a(6)=exp(-jzr,cosd,) (2.2)

Conventional array processing techniques
exploit the information contained in the

second-order covariance matrix R, eC"*",
where
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with c, . denotes the message signal power,

( )H is the Hadamard operation (conjugate-
transpose) and Iy is an (N xN) identity
matrix.

2.2 Higher-Order of Statistics and

the Virtual Antenna Array
To process non-Gaussian signals,
HOS-based array processing exploits the
information contained in a covariance
matrix of a higher-order. Denoting the order
by using 2q, where g >1, the array extracts

the information from the (Nq x Nq)circular

covariance matrix C,, , of

Con (I) = icz“vma [‘1‘(9. )®| ®§(€i )*®(q—l)J 00

) eaia) ]

where the vector g(e.)®' denotes the

Kronecker products over | terms of a(4,),
e,

a(f

1

)" =2(6)®a(6)®..0a(6)) .

[ terms

(2.5)

The integer 0<I<q relates to the
arrangement of C,,(l). The study in [8]
showed that the processing power is
maximized when | ={%—l

By comparing C, ,in Eq.(2.4) to
R, in Eg. (2.3), we can draw some

relationships between the second order and
a HOS referred to as the virtual array
concept [8]. Specifically, the terms

a(6)”" ®a(6)™" in Eq. (2.4) can be
compared to the vector a(6,) in Eq. (2.3),

2q,x
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and viewed as being an effective second-
order manifold vector a, (&), where

a,(8)=2a(g )®' ®a(f )*®(qfl)

(2.6)

Follow through the derivation in [8], the
effective manifold vector a,(6) can be
expressed as

a,(6)=exp{-jzr; cos6},  (27)

where r . represents the position of the
virtual array, in the form

re=(r)" o]

The operators @ and © denote the
Kronecker  addition and  subtraction
accordingly.

)®(q"). 2.8)

In another word, the HOS-based array
processing with the matrix C,,, can be

viewed as being equivalent to the
conventional array processing with the
antenna array virtually located at r_ ..

To illustrate this concept, let us
consider an example of a linear array of 3

antennas, located at r, =[-1, 0,1]T measured

in half wavelength. If the array is processed
using the fourth-order of statistics (q=2)

with I:(%W:L this is equivalent to the

second-order array processing with the
virtual array located at

Mo =0 00 =[-2-1012] .

This virtual array consists of 5 antennas and
the aperture of 4.

Suppose, now, the array is processed
using the 6" —order statistics (q=3) and

:[%_‘:2. The virtual array is in the

form,

33

T

n.=(r1)" or =(her)or
=[-3,-2,-1,0,1,2,3] ,

where it consists of 7 virtual antennas and
the aperture of 6 half wavelength. Similarly,

the 8" — order array processing with q =4

o ot

conventional second-order array processing

with
rme=(c) o(r)”
= (nen)o(rer)
=[-4,-3-2,-1,0,1,2,3,4] .

2, is equivalent to the

It is clearly seen that by using a HOS, the
array is effectively enlarged, both in terms
of the size and the number of virtual
antennas, as summarized in Table 1. That
explains why the array can process with
more sources, and the performance is
improved when using a HOS.

Table 1. Virtual antenna array with respect
to 2q —orders of statistics

Order Configuration Aperture N,
2 [-10.] 2 3
4 [-2,-1,0,1,2] 4 5
6 [-3,-2,-1,0,1,2,3] 6 7
8 [-4,-3,-2,-1,0,1,2,3,4] 8 9

3. Manifold Ambiguities in HOS-

based Array Systems

By definition, manifold ambiguity
represents the array inability to identify a
correct set of DOAs due to linear
dependence amongst signal manifold
vectors [14]. Several factors contribute to
this undesirable situation including the array
size, number of antennas, as well as array
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configuration especially in terms of the
antenna’s inter-spacing.

3.1 Ambiguous
(AGS)

The studies in [13,14] investigated
the causes of manifold ambiguity by
analyzing array manifold from the
differential geometry perspective. Defined
as a locus of all manifold vectors over the
field of view, the manifold can be visualized
as being a geometrical object embedded in a
high-dimensional complex space. For
instance, the locus of all manifold vectors

a(,), for 6 €[0°,180) represents a curve

Generator Set

embedded in an N —dimensional complex
space, i.e.

A={a(0)ec"*,vo:0[0,180')}.
(3.1)

Differential geometry is a tool used to
assess the shape of this array manifold. For
instance, the curve can be characterized in
the form of arc length s,

s(9)=j: do (3.2)

da
do

The detailed analysis in [14] showed that
the presence of manifold ambiguity is
fundamentally related to the geometrical
properties of the manifold. That is, suppose

we take the total length |, of the manifold
curve, where |, =2z|r [, and uniformly
partition the curve into equal segments of

)
Sur, =[S0180- 8]
Jode 2 -0l T @3
’Arlj ’Arlj ’ ' Aru y
where Ar; £[r —r| denotes the inter-

spacing between the i™ and j™ antennas,
and c>N. If the matrix A(§Mij) that
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corresponds to the manifold matrix of this
set of arc length,

(5.)~[8(5)(5). a(5)]. @

is rank-deficient, then any subset of Sup

with N elements represents an ambiguous
set of directions.

In addition, the arc length rational
theorem from [14] showed that for any

increment  of s by As, g,

245

| )l '
s,, +AS= AS,L+AS,...,&+AS (3.5
=AT Arlj Ar”

where ———T"+As<| , the matrix

Aru

(C_l)lm

A(S,, +48) is  also  rank-deficient.
Consequently, with AsS being arbitrary,
there are infinitely many ambiguous sets of
directions. For this reason, it is better to
categorize these ambiguous sets of
directions in the form of Ambiguous

Generator Set (AGS) [14].

3.2 HOS-based Manifold Ambiguity

Our discussion so far has focused
mainly on manifold ambiguity with respect
to the conventional second-order direction-
finding techniques. To proceed to the
analysis of HOS-based manifold ambiguity,
we need to characterize the geometrical
properties of the HOS-based array manifold,
which is defined as

A, ={a.(0)eC"",v0:0[0,180 )}, (3.6)
where N, represents the total number of

virtual antennas. The detailed analysis of
these array manifold for different orders of
statistics can be found in [10]. Essentially,
with a HOS, the manifold curve is longer in
length with

Im,e = 27[”[x,e"' (37)
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Meanwhile, regardless of the order,
the principle curvature «;,(s)of the curve
remains constant at any point. That implies
the curves have the hyperhelical shape. This
is an important finding because the
proposed procedure to identify HOS-based
ambiguity requires the corresponding
manifold curve with a hyperhelical shape.

From this finding, together with the
virtual antenna concept, a class of
2q—order manifold ambiguity may be
found. A general procedure to determine the
presence of ambiguity generator set in a
HOS is provided as follows.

1. For a given 2q—order, form the
virtual array using Eq.(2.8) Calculate
the number of virtual antennas N,

and the corresponding array aperture.

2. Compute inter-spacings between

antennas Vi, je{l,...,N,},

A

AL

ije

r, —r

ie j.e (38)
3. Form the 2qg-—manifold curve.
Compute the effective manifold curve
length I ,using Eq. (3.7).

4. Form the uniform basic sets(UBS)

S,

Ime (C_-‘]-)ImeT
— =1 .(3.9
o, (3.9)

S =
=Afje

AT,

ije
If the matrix A(S., ) is rank-

deficient, then any N, elements
subset give an ambiguous set.

5. Evaluate the AGS according to the
definition in [14].

4. Simulation Studies

In this Section, a modelling and
identification of HOS-based manifold
ambiguity in the form of AGS shall be
presented.
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Consider a linear array system
consisting of N =3 antennas located at

r, =[-2,02,1.8]", (4.1)

measured in half-wavelength. Assume the
array is operated in the presence of
M narrow-band  point  sources, Wwhere
signals are zero-mean non-Gaussian.

Let’s first analyze the presence of
manifold ambiguity in the conventional
second-order array processing. According to
an array manifold curve A, given by

Az{g(é’)eCNXl,v0:06[0°,18O°)}, (4.2)

with the total length | =27]r,|=16.95,

the uniform basic sets are obtained from
partitioning the manifold curve length | by

the inter spacing between antennas.
In this example, there are three

unique inter-spacing namely, Ar, =2.2,
AR, =38, and  Ar,=16. The
corresponding UBSs are as follows,

s, =[0,7.706,15.412]
S, =[0,4.461,8.923,13.384]",
S,.,, =[0,10.596]"".

While the manifold matrix  A(s,, )
corresponding to the set s,
deficient, and does not satisfy the conditions
of AGS, the UBS s, represents an AGS of
rank-2,and s, gives rise to three AGSs of

rank-2 as shown in Table 2.
Each one of these AGSs may be
viewed as a generator for the infinitely

is not rank-

many ambiguous sets of directions
according to the arc length rotational
theorem. For instance, Fig. 1 shows

ambiguous situation that is caused by the
first AGS, when As =0.1 and As, =15

accordingly.
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Table 2. Ambiguous generator sets
according to the 2" order of statistics
At AGS Rank
1 Ar, [0, 7.706, 15412] 2
2 A, [0, 4461, 8923 2
3 Al [0, 4461, 13384] 2
4 A [0, 8923, 13384] 2

Proceeding to the HOS-based array
processing, the array is virtually increased
both in terms of the sizes, and the number of
virtual antennas, as seen in Table 3. This
significantly improves the overall array
performance.

Table 3. The virtual antenna array for
different orders of statistics

29 Avrray position 1, aperture N,

2 [-2,0.2,1.8] 3.8 3

4 [-3.8,-2.2,-1.6,0,18, 2.2,3.8]T 7.6 7
[-5.8,-4.2,-3.6,-2.0, -1.4,

11.4 12

-0.4,0.2,1.8,2.4,3.4, 4.0, 5.6]T

From the differential geometry, the
manifold curve corresponding to 2q —order

array processing, defined as

A, ={a,(0)ec"" vo:0<[07180')}, (20)

e

is varied according to the order 2q. The

curves are longer in general, while maintain
a hyperhelical shape with a constant

principle curvature «;(s), as shown in
Table 4.

Table 4. Geometrical properties of the
effective manifold curves

Zq Se (9) Im,e K

2 848(l-cosd) 1695 071
4 2076(1-cosf) 4153 050
6  3695(1-cosf) 7390 040

Following the general procedure
listed in Section 3, we can identify a class of
AGS for different orders of statistics as
follows:

The 4" order AGS
From the virtual antennas listed in
Table 3, where

T
[xez[G'E“'”me

=[-3.8,-2.2,-1.6,0,1.6,2.2,38]

that consists of 7 antennas. There are 9
unique inter-spacings as follows,

A, = A, = Al = A, =1.6
Al = AL, = Al = Al = 2.2,
Al = Al = Al = Al =3.8,
Al = Al = 5.4,

Alg = Ay, = 6,

Ar, = 1.6,
Al = Al = 0.6,
Al = 4.4,
Al = 3.2.

With the total length of the 4" order
manifold curve is equal to |, =41.53, 8
different uniform basic sets can be formed,

S, =[0, 25.95],

5., =[0,18.88,37.75]",

5., =[0,10.93, 2186, 32.78]",

S, =[0,7.69,15.38, 23,07, 30.76, 38.45]',

s... =[0,6.92,13.84, 20.76, 27.68, 34.61]',

S... =[0,5.46,10.93, 16.39, 2186,

27.32,32.78,38.25]',
S.,, =[0,9.44,18.88, 28,31, 37.75]
5., =[0,12.98, 25.95, 38.93] .

Further evaluation shows that only four sets
from s,, ,s,, .S and s, create rank-

=An, ' =Ahg T =4ng !

deficient manifold matrix. Consequently,
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the ambiguous generator sets are obtained as
shown in Table 5.

Table 5. Ambiguous generator
according to the 4™ order of statistics

sets

Ar AGS

[0,10.93, 2186, 32.78]
[0,7.69, 15.38, 23.07, 30.76,38.45]
[0,6.92,13.84,20.76,27.68,34.61]

[0,5.46,16.39,27.32,38.25]'

a A W N P

Ay [0,10.93,2186,32.79]'

The 6" order AGS

Following the same procedure, we
can obtain a class of ambiguous generator
set associated with the 6™ order of statistics.
The effective antenna array is listed in Table
3, where it consists of 12 virtual antennas.
There are total of 18 unique inter-spacings.

With the associated manifold curve
length is equal to |, =73.90, 18 uniform

basic sets were formed using Eq. (3.9).
However, only one of these UBSs creates a
rank-deficient  manifold matrix, and
consequently be an AGS, with the rank of
ambiguity equals to 11,

Sun, = [0,6.48,12.96,19.45,25.93,32.41,

38.89,45.37,5186,58.34,64.82,7130]'

From this example, one may note that
different orders of statistics give rises to
different sets of AGS. This implies that an
ambiguous scenario with one order of
statistic is not necessary to be ambiguous
when processing with another order. For
instance, shown in Fig. 2, all of the AGSs
associated to the second-order of statistics in
Table 2 disappear when the array is
processed with either the 4™ or 6" orders.
This certainly provides another effective

approach, in addition to [18-21], in
resolving the presence of manifold
ambiguities.

Another interesting point to observe
is the associated rank of ambiguity
corresponding to each order of statistics. In
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general, when the order 2qis increased, the

rank of ambiguity is also increased. From
this example, all of the second-order AGSs
have rank-2 ambiguities, while the 4™ order
AGSs consist of rank 3, 4, and 5, and the 6™
order AGS has rank-11 accordingly.

While the severity of manifold
ambiguity does not relate to its rank, we can
practically claim that a higher-rank
ambiguity is more difficult to be
encountered. For instance, if the presence of
rank-2 ambiguity is compared to rank-11
ambiguity, the first ambiguous scenario
occurs as soon as three sources from the
specific directions laid out by the AGS are
simultaneously transmitted. On the other
hand, for rank-11 ambiguity to occur, that
requires 12 simultaneously transmitted
sources with very specific set of directions.

MUSIC Spectrum (dB)

60

80
Azimuth (degree)

100 120

Fig. 2. Comparision of MUSIC spectrums when

the array is processed using the 2™
(solid red) and 4™ (dashed blue) orders of
statistics.

5. Conclusions

The presence of manifold ambiguity
associated to a HOS-based direction-finding
systems was investigated in this paper.
From differential geometry perspective, it
was shown that ambiguity is fundamentally
related to an array geometry, especially in
terms of the antenna’s inter-spacings. With
the wvirtual array concept and the
corresponding effective array manifold, a
general procedure was presented to identify
and categorize HOS-based manifold
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ambiguity in the form of ambiguous
generator sets.
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