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Abstract

This paper is to present a three-step color phh#téng approach for automatic
determination of the directional field of stresbased on the results of a digitally photoelastic
experiment. A plane polariscope with a white ligbtirce is used for recording the necessarily
photoelastic fringe patterns. Relevant theoriethefirradiance equations based on the use of
the plane polariscope are derived. The obtainegped range of the isoclinic parameter is
unwrapped to get the physical range by the unwrgpprocess. The obtained results in the
physical range are compared to those obtained fharfour-step phase shifting technique.
The unwrapped results show that the method proposein provides reasonable accuracy.

Keywords: color phase shifting, directional field, digitahqtoelasticity, phase unwrapping,
three-point bending beam

1. Introduction directly applied to prototypes or metals by
using the law of similarity, provided that,
Photoelasticity is an optical-experi- the geometry of the prototypes and the
mental interference technique used for transparent models are similar and the
analyzing the stress induced in transparentapplied loads are also the same for both [1].
models (birefringent models) due to applied Photoelasticity provides two inter-
loads. The principle of photoelasticity is ference fringe patterns, i.e., an isoclinic
based on the phenomenon of double fringe pattern and an isochromatic fringe
refraction. This phenomenon can be clearly pattern. These fringe patterns are used to
observed by looking through the optical extract two field parameters: an isoclinic
element called a polariscope. The results parameter and an isochromatic parameter
interpreted from photoelasticity can be J. They relate to the principal-stress direc-
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tions and the principal-stress differences developed technique should contain the

(61 — 02), respectively. following aspects [1].
In case ofp, several researchers [2- 1. Accounting for the background
7] proposed techniques to determine it. irradiance.
However, they often encounter two impor- 2. Suitability to determine botkp
tant problems: an effect ofon ¢ [1] and a ando
wrapped range of¢. The first problem 3. Ease for PU of fractional fringe
occurs because the two fringe patterns are order or retardation
completely mixed known as photoelastic 4. Capability to generate continu-
fringe pattern. ous map ofkp representing only
The second problem exists because one of the principal stress direc-
a physical range o, i.e., (—n /2, +r/2] tions (o1 or 0»)
where (a,b] meansa < ¢ <b, is always 5. Accuracy of the evaluated
larger than that obtained from calculation. parameters
This is because there always is a reduction 6. The total number of fringe
factor that reduces the physical range to images needed
smaller ones.

Based on the fourth, fifth, and sixth
aspects, the present authors have proposed a
three-step phase shifting technique to

To solve the second problem, phase
unwrapping (PU) is needed. PU is the
process of recovering the physipal range Ofunwrap the isoclinic parameter [10].
¢ from its wrapped ones. Knowingin its o \vever, only the circular disk under the
physical range simply enables the stresSygrically diametral compression was
components oxr, oyy, and ., 10 be  considered. It is well known that this model

determined. _ S contains no isotropic points in the fringe
The main limitation of those fg|qg.

techniques [2-7] is that they cannot be

applied to a problem having discontinuities Light source
in the fringe field of the isoclinics. These ‘%"?\%
discontinuities are the results of singularities Photoelastic \

model
Analyzer
y \\
B
P

Fig. 1 Generic orientation of the plane
polariscopea, B, and¢ are the angles of
the polarizing axis of the polarizer, the
polarizing axis of the analyzer, and the
direction with respect to the reference axis
(x-axis), respectively. F and S respectively
denote the fast and slow polarizing axes of
the model.

[8]. Although some techniques [2,3] can, in
principle, deal with the discontinuities, the
range of¢ obtained are of eithdf, +z /2]
or(—z /4, +xz /4] with modulo+z /2 which
still is of the wrapped range.

Recently, the present authors have
proposed a method to automatically solve
those two important problems [9]. In that
work, the four-step phase shifting technique
was used to determing and the developed
PU algorithm can cope with the problem of
the discontinuities. The obtained resultgof
are reliable and of the physical range
(—z/2,+=/2]; however, the technique
needs four photoelastic fringe patterns.

To effectively determine the photo-
elastic parameters¢( and J), a newly

Polarizer Tyy

Xy

_X Q’ T_’ Oxx
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This paper, then, presents
technique to determing using the three-
step phase-shifting technique. The problem
of a simply supported rectangular beam

a

carrying a concentrated load at the center,

which contains the isotropic points in the
fringe field, is used for the evaluation.

2. Determination of Isoclinic Parame-
ter ¢

2.1 Dark-field Irradiance Equation

Consider the generic plane polari-
scope with a white light source (Figure 1)
[9]. When the specimen is properly placed

Table 1 Plane polariscope arrangement and
irradiance equations for three steps of the
intermediate phase-shifted angle

m o Irradiance equation
1 -0 11,/{ = Ieff,)v - %Imod,/l Sil’l(l’] - 0)
2 0 L=l — 2 Tnods sin(y)

3 +0 13,/1 = Ieff.l - %Imod,/l Sil’l(l’] + 0)

The relation between the fractional
retardation and the fractional fringe order
can be expressed as:

3, = 2zN, )3

in the system and, then, loaded, the general

equation of the irradiancé with generic
orientations of the transmission axes of the

polarizer and analyzer in a crossed fashion

(@ = B+ n/2) coming out of the analyzer
is given by [1]:

Im,/l = Imod,i Sin22(¢ - ﬁm) + Ib (1)

where

1 [*
Imod,l — U/
J A

In Equation (1) and (2)m is the
step number of the angular positions of the
crossed polarizer and analyzerd(=

R,G, B)is the primary wavelengths of the

white light source, A4 is the difference
between the upper limit wavelength, and
the lower limit wavelengthi,, of the light
spectrum/med,; is the modulated irradiance,
I, ; is the irradiance coming out of the
polarizer,N; is the fractional fringe order
for a given wavelength of the light source
used,¢ is the isoclinic parameter or the
angle ofa, with respect to the reference axis,
Bu is the phase shift angle at the steplis
the total background irradiance for the entire
spectrum.

I, sin?(zN;) d A (2)
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For simplicity, Equation (1) may be
rewritten as:

Im,/l = Ieff,i - % mod, A Sin(’? + wm) (4)
where

Let) = 3Imoas + Iy (5a)
n=1iz —4p (5b)
Wy = 4/:’7m I5C

Equations (5a) and (5c) are re-
spectively termed as the effective back-
ground irradiance and the virtual or
intermediate phase-shifted angle. Furthe-
rmore, the angle (the angle between the
polarizing axis of the analyzer and the
reference axis) can be only in the range of
[0, +7/2].

2.2 Computation of Isoclinic Parameter

Applying three steps of the interme-
diate phase-shifted angle so that:

Wy, =0m—-2)|m=1,2,3} (6)
and, then, substituting,, into Equation (4),
yield three irradiance equations for three
steps. Table 1 lists these irradiance equa-
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tions. Combining these three equations by the isochromatic-isoclinic interaction. This
setting 8 = +4z /6 [10], the expression interaction causes errors in the isoclinic
used for determination @f can be obtained map. However, in practical, the errors also
as: occur when the values af,, are close to

r 1 L+ =205 Zero.
¢Wr = § — Z arctan ﬁ
3 -6 (7)  Table 2 Conditions used for transforming
7 L rctan (Isin) the range of0, +7 /4] to[0, /2]
8 4 Cos .
where Condition dwe €10, +7/2]
Ios <0 =Eq. (M +=x/4
1,; — im,R + Im,G + lm,B (8&) o ¢Wr d ( ) /
Isin >0 andlcos =0 ¢Wr = +7T/2
Isinzls"|_ls_21S 8b
: ’ ? ( ) Lin <0 and[cos =0 ¢wr = +7T/4
Los = V3 ([} = I}) (8c)
else Eq. (7
and q ( )

Table 3 Conditions used for transforming

S fArers —_ g2 4 Lgs S __ NIs)2
Lo = AU = B2 50+ B =22 range of0. +z /4] to (—x /4, + /4]

(9a)

Condition Pwr €(—7 /4, 7 /4]
I < 0 ¢WI‘ = Eq (7) — 77:/4

The subscript ‘wr’ in Equation (7) Lin > 0 andle, =0 by = 470 /4
denotes that the computed valueg are of ‘ ‘
the wrapped range ar@,, €[0, +7z /4] due Lin <0andles =0 ¢y =0
to the use of the ordinary inverse tangent else Eq. (7)
function.

It is worthy to mention that before
substituting the results obtained from
Equation (8a) into Equation (7), the 9]
irradiance summation should be normalized
by a factor such that the summation does not
exceed the maximum gray level used in the The PU algorithm used for deter-
calculation [7,9]. Furthermore, although mining the unwrapped directional field or
Equation (7) is derived from the three- the isoclinics in the physical rangg; is the
stepped phase shift on the basis of the use oame as that already proposed [9]. For the
Equation (4) with a white light source, sake of clarity, it is briefly described here. It
Equation (7) is still valid and this is due to should be noted that the subscript ‘pr’
the fact that the use of a white light source denotes thatp is in the physical range of
modifies only the isochromatic fringe (—z/2, +z/2].
pattern but not the isoclinic one (see

Equation (1) and the meaning Gfoa.; in The whole unwrapping process can
Equation (2)). be systematically divided into three states:
It is also important to note that (1) preprocessing, (2) main processing, and

Equation (7) is mathematically indetermi- (3) post processing. They are briefly ex-
nate when'; , = 0 and this is well known s plained as follows:

mod —

I = Litr + Letig + Lesin (9b)

3. Unwrapping of Isoclinic Parameter
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Preprocessing largest region detected in step 5 as a filter.
(1) Calculate¢w: using Equation That is, for white pixels in the binary array,
(7). the values of isoclinics can be transferred.

(2) Extend the calculategly to the
ranges of [0, +7/2] and (—=x/4, +r /4]
using simple logic operations shown in Main processing
Tables 2 and 3, respectively. Each of these (7) Scan to find pixels lying on the
two ranges is recorded as an image or map. boundary of the largest region in the binary
(3) Identify the valid regions. To array. These pixels are recorded into an
record the valid regions, create a binary adjoin array (one-dimensional array) in
array and initially populates it with 0 values. ascending order of the absolute difference
These regions can be determined by between the isoclinic values of those pixels
performing a raster scan over the map offound in the array and their mean; that is,

range of(—z /4, +x /4]. When scanning, for the first element of the array keeps the pixel
any pixel whose isoclinic value is in the having the smallest absolute difference and

range of(—z/8, +z/8], that pixel in the the last element records the largest absolute

binary array is set to 1. difference. _
(8) Each time, the element of the

‘P {6 adjoin array is accessed orderly from the
T | - first element and this element is used to be a
20— + ----------- e central pixel of a3 x 3 unwrapping box.
‘o | _ The wrapped pixels locating inside this box
ﬁp/z p/zﬁ are then unwrapped, comparing to the
! central pixel. The way to unwrap is similar
128 ! to that described [9] and it is not described

here. The process continues until all of
wrapped pixels in the region of interest are
completely visited and unwrapped.

Fig. 2 Geometrical shape and the direction
of the applied load (black arrow) and
supports (white arrows) of the three-point
bending beamR =314 N, / = 50 mm and

¢ = 10 mm) [9].

(4) Detect the singularities using
the double function [8]. Then, expand areas
around the singularities and exclude them
from the valid regions in the binary array in
step 3.

(5) Detect the largest region in the
binary array using the connected component
labeling. This algorithm assigns different
integer numbers for different regions of
white pixels. The assigned number having
the largest region is selected. The left pixels
are setto 0. (b)

(6) Create an array of floating point
values for keeping the final results of;.

Transfer the isoclinic of the range of
(—m /4, +n /4] to the created array using the
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(©)
Fig. 3 550 x 200-pixels color photoelastic
fringe images of the three-point bending
beam, experimentally recorded at: (a)
pr=-n/6. (b) p2=0. (C) fr=+a/6.
(Printed in black and white)

Post processing

This final process performs map-
ping ¢, to gray level to ease visualization.
The gray level used is 256 steps where 0
represents pitch black and 255 represents
pure white. The unwrapped valuesdgf in
the range of(—xz/2, +=n/2] are, then,
linearly mapped into the gray level range of d)
[0, 255].

Fig. 4 Numerically generated maps: (a)
wrapped isoclinics in the range of
[0, +7/4]. (b) wrapped isoclinics in the

Figure 1 shows the schematic of the range off0, +7/2]. (c) wrapped isoclinics

plane polariscope used for capturing then the range of (—z/4, +x/4]. (d)

photoelastic fringe images. The polariscope "omalizéd  modulated irradiance in the
mainly consists of a light source, polarizer, '@nge of [0, 1]. The values of each range are

photoelastic model, and analyzer. The separately codified by the gray scale range
photoelastic fringe images were recorded ©f [0 255] where O represents deep black

with a digital camera. The photoelastic @nd 255 represents pure white.
model used here is the three-point bending _ _
beam and it was made of an epoxy resin Figure 3 shows the photoelastic

plate. Figure 2 shows the geometry andfringe images recorded by the plane
loading conditions [9]. polariscope (Figure 1) with different angular

position of anglef. In these images, the
isoclinic fringe and isochromatic fringe are
completely mixed. The use of Equation (7)
is to separate these fringe images with the
condition 1}, # 0. Figure 4 displays the
generated maps of wrapped isoclinics and
modulated irradiance.

4. Experimental Setup and Results
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5. Discussion

It is seen in Figures 3 and 4d that
the left and right sharp edges of the beam
are subjected to small amounts of stresses;
that is, at these regions, the photoelastic
fringe images appeared as black color
(almost black). These regions refer to the
zeroth fringe orderX = 0).

(©)

Fig. 5 Maps of binary images and the first
region: (a) valid region. (b) largest region.
(c) first region.

(b)

Fig. 6 Map of unwrapped isoclinics in the
Figure 4a was obtained from the use range of(—z/2, +x/2]: (a) map obtained
of Equation (7) with the photoelastic images from the three-step method proposed here
(Figure 3), whereas Figures 4b and 4c wereand (b) map obtained from the four-step
given from Figure 4a with the simple logic method [10]. Black representsz/2 and
operations shown in Tables 2 and 3, white represents-z/2.
respectively. Figure 5 shows the binary

image representing the valid regions, the One can see, in Figure 4d, the dark
largest region and the first region. The valid jine which coincides with the neutral axis of
regions (Figure 5a) were obtained from step o peam as in the case of the four-point

3 and the largest region (Figure 5b) was panding beam. However, the line does not

given from step 5. The first region (Figure enresent the natural axis but it is actually
5c) was generated at step 6. The blackihe isoclinic of any parameter. Therefore,

regio_n_s in FigL_Jre 5a_occurred when the the stress differencés; — o2) is not zero
condition mentioned in step 3 was not along this line

SatiSﬁe?:'. 6 displ h ; This problem contains two isotropic
'gure Isplays the maps of ,inis 111] near each other and they can be

unwrapped isoclinics obtained from the cened as a circle-ike region near the
three-stepped method and the four-steppedﬂﬂddle part of the beam (Figure 4b). The

method [10]. Figure 7 shows the profiles of upper isotropic point is of negative type,

the iso_clini_c values along the_ dashed line whereas the lower one is of positive type
shown in Figure 6a, whereas Figure 8 shows[ll]. however, they are vague. This vague-
the plot of the difference of those profiles. ’ '
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ness makes the stress trajectories moreB shows the difference of the isoclinic
complex around such a region. values obtained between both methods. It is

Figure 5a was given by scanning seen that the absolute difference is about 8
over Figure 4c with the condition mentioned degrees at the 230th pixel number, which is
in step 3. After masking out the positions of near the position of the isotropic points. As
the singularities [8] and applying the a consequence, this largest difference might
connected component labeling algorithm, be the effect of such isotropic points, since
the largest region was selected as shown imat them, the isoclinics are indeterminate.
Figure 5b. Figure 5c was given by trans-
ferring the isoclinic values as mentioned in
step 6 and this is the first region used to start
the phase unwrapping process.

Upon completing the unwrapping A three-stepped method was
process, the map of unwrapped isoclinics Proposed for determining the isoclinic
was given and it is shown in Figure 6a. The Parameter in its  physical range of
map of unwrapped isoclinics obtained by the (=7/2, +=/2]. The method was verified
four-stepped method is displayed in Figure With @ three-point bending beam having

6. Conclusion

5p. isotropic points. Based on the recommended
+90r — aspects previously mentioned, the three-
S ] stepped method provided reasonable

+60

accuracy of isoclinics compared with those
obtained from the four-stepped method.
Since the map of unwrapped
isoclinics now represents only one of the
principal stress directionss{), it can be
(| ] used in the stress separation process for
60 e Three-stepped method . .. .. . .
Four-stepped method | individually determining the principal
-90

L L L L L L L L L 1 L L
0 40 80 120 160 200 240 280 320 360 400 440 480 stresses.
+10——

+45F

Isoclinics, degrees

Pixel
+8

AN |-
NS

One can see that these maps ares -
almost similar. Their difference is at the i
upper layer of the beam. This difference 020 80 120 160 200 240 260 320 360 400 440 480
might be the contribution of the residual Pixel

stress occurred due to the preparation of the_. . . .
model prep Fig. 8 Difference of isoclinic values ob-

The profiles of the isoclinic values tained between the four-stepped method and

along the dashed line drawn over Figure 6a,the three-stepped method.
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