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ABSTRACT

In the present study we deal with certain integral properties pertaining to a general class
of polynomials, Aleph function, H-function, and the generalized M-Series. The main out-
comes presented here are nature wise basic and unified and are possibly useful in many fields
particularly statistical mechanics, probability theory, electrical networks, etc. The integrals
involved here include several types of Feynman integrals, the precise division of Gaussian
models in statistical mechanics, and many other special case functions. These results provide
numerous corresponding remarkable results, such as simpler special functions and polyno-
mials, which are special cases of expressions.

Keywords: Aleph-function; General class of polynomials; Generalized M-series; H-
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1. Introduction mechanics, these integrals give more fruit-
The integrals of Feynman path type ful results.

are implemented for domains of quantum The generalized M-series [B] is de-

cosmology where traditional methods may fined as

fail to connect [[I, §]. These types of in- B

tegrals are a re-establishment of quantum — pM4(2) = (U1, ..., up,V1,...,Vg;2)

mechanics and are more basic than the tra- % () - .. (up)§ 7%

[

ditional manner in operator form. Simple .
e I'aé +

and multiple variables of Feynman path in- ¢=0 (L) (vq)§ (@& +p)

tegrals are helpful for the study and expan- (1.1)

sion of hyper geometric series. In statistical
Here @, € C, Re(a) > 0 and (u;),
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(i=12...,p) and (v})g (i=12,...,9)
are Pochammer symbols. As usual, if the
numerator parameter u; of the series (1) is
a negative integer or zero, it will terminate
to a polynomial in terms of z. The series is
defined when none of the denominator pa-
rameters v; forall j = 1,2,...,q is a zero
or negative integer. The series is conver-
gent for all z if ¢ > p; it is convergent for
lz] < 6 = a®if p = g + 1 and divergent,
if g + 1 < ¢ in (.1). Depending upon the
conditions of the parameters, the series can
be a convergent one when p = ¢ + 1 and
lz| = .

Inayat-Hussain [4] proposed the H-
function and presented it in the subsequent
manner:

_o.s
HT,U (x)

__0.S (Ck,yk;ck)l S'<Ck’7k)
= HT,U by

S+1.T
’(dksak?Dk)

(dk’5k> O+1L,U

= 54 /W(s)x ds, (1.2)

—joo

where
v (s)
R
[T I'(dx = 6ks)
k=1

v D
[T {T(1 —di +6xs)}*
k=0+1

S
[T {T(1 = cx + ygs)}<*
k=1

= (1.3)
[T Tk —vyis)
k=S+1

More details of the H-function and its con-
vergence conditions are specified in the pa-
pers [4—6].

The Aleph (N) function was intro-
duced by Siidland et al. [7] as the Mellin-
Barnes type integral [[7-9]:

N[z] = 8MN

Pi,Qi,7i; 4

39

SRR
X -

1 p—
- % ‘/Qf{\z‘/{’é\l/‘,ri;ﬂ (S) 7% ds.
L

[Tj (kf’ﬁj )] N+1,P;
[7i(ch@i)]prin 0,

(1.4)
Here z # 0,i = V-1 and

M,N
QP ,Qi,Ti3 A

A (5)

M
H r (cj+ajs)
j=1

A Qi
;Ti [1 T (l-cji—ajis)

i=1  j=m+1

(1-k-5,5)

Mnr
1

~.

(1.5)

N

| i T (k_,i+,8ﬁs)

j=n+
The path of integration L = L;y «, (y € R)
increases from y — ico to y + ico, in such
a way that poles of I' (1—kj—ﬁjs) for all

Jj=12,...,N do not match with the poles
of I' (cj+a;s) forall j = 1,2,...,M. The
condition

OSKNLSP, 1<M<Q; 17,>0

for i = 1,4 is satisfactory for the pa-
rameters P;,Q; as non-negative integers.
All the parameters kj,c;,kj;,ci; € C and

BjpapBjpaji > 0. In (.3) the empty prod-
uct is taken as unity while the conditions be-
low are defined for the integral ([1.4):

i N

e >0, larg(z)| < 5 %0 ¢ =1,4;
(1.6)

e, R{L}+1 < 0,

(1.7)

.

(1.8)

by
larg(2)] < 5

0,
Yo > 5

where
Q¢

W—JZ:A +ZB—T5( Z Aje+ )

j=N+1 j=M+1
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M N
& o= )b q

j=1 j=1
Q(’ P€
Z bjg— Z ajg
j=M+1 j=N+1

1

*+5 (Pe—Qp) (1.9)

for £ = 1,A. An elaborate description of N-
function is given in the papers by Saxena et
al. [[10,111]].

The series representation of Aleph
(NX)-function is as below:
M,N
Pi,Qi,7i54
[z (kjsB )y noe (T3 (KB i) s,

(Cf’af)LM"“’ [TI' (Cf’af)]M+1,Qi
>

(=1)"¢"(my,)7 0w
P a; w!

N[z] =

Mz

b

0

S
li

(1.10)
where

¢’(nt,w)

N

] r (Cj+aj77t,w)

J

Qi
T l_[ F(l_cji_ajﬂh,w)
M+1

L

=z M~

Jj=
T (1)
hr

j=N+1

J

(1.11)
(kji+ﬁji7h,w)

and n;,,, = c’;tw, P; > Q;, |z| < 1. Srivas-
tava [|12, Eq. (1)] proposed a polynomial
given by ([L.12) known as the general class
of polynomials

& -m

1

SU[x] = § TURAV,RxR, (1.12)
R=0 :

forall U = 0,1,2,3,..., where the coeffi-
cients Ay g(V, R > 0) are arbitrarily taken
as constants, real or complex. In recent
years several special functions and their

40

integral properties have been studied and
their applications demonstrated in scientific
problems [[13-15]. In view of great signif-
icance and utilizations of special functions
in scientific and engineering processes, we
study some new integral properties of prod-
ucts of special functions. Several inter-
esting and useful particular cases are also
pointed out.

2. Main Results
Theorem 2.1. If

d
Re(1+0'+Ra1 +a/26—k +§C¥3_a’477t,w) > 0,
k

d
Re(1+p+Rp; +/32£ +&B3 = Banew) > 0,

1
gog,tp[ >0, larg(ay)| < N7r,

N > 0, where k = .,Q,J =
1,2,....M, 0 >0, p > O, ozl-,,Bj > 0 for
alli,j =1,2,3,4, a1 >0, las] <1, p < gq.
Then the following integral relation holds

< =
larg(as)| < 5

1-

) (=) (o
N \1-ay) \G-aa-y)

EQ’S 1—(,1 @2 1_y :82

Ty |92 1—ayy 1-ay

6;‘,,43 l—a \"3(1-y\Ps

pMa |43 1-ay 1-ay

M,N l—a \"(1-y o
4 y

Pi,Qi7i; 4 1-ay 1-ay

v l—a \“‘({1-y B
5% |a
v 11—ayy 1—-ay

dady
V/u] o oo
—0 £=0w=0 =1
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(e - (up)e 1 (=1)¥
(V)¢ ... (vg)e T(aé + B) aw!

__0.,S+2

¢’ ()2 e arRaz®ay M H

. [a2
(1-p—By R—B3 E+B4n; Bai 1)
(1—=o—p—(a1+B1)R — (a3+B3)¢

(Ck7 Yis Ck)l,S’ (Ck7 Vk)sﬂ,]. (2 1)
+Haa+B N, ywr@2+Po; 1)

T+2,U+1

(1—(7'—(11R—(13§+Q477,,W,(12;1)

d . ,(dy.01; Dy
( k’él‘)l,Q (dp, Sy I”)Q+1,U

Proof. To validate the result, we write the
series elaboration for the generalized M-
series, the Aleph function with the general
class of polynomials given by ([I.1]), (I.10),
(1.12)), respectively. Then, after changing
the arrangement of integration and summa-
tions that are acceptable due to the absolute
convergence involved in the procedure, in-
tegrating with respect to both the variables
x and y between 0 and 1 and using a well-
known result [[16, p.145], we obtained the
desired outcome (2.1) following some sim-
plification. O

Theorem 2.2. If
dx
Re(1+p+Rp, +32£ +&B3—Baniw) > 0,

(ck =

Re(1+0+Raq+ao

Re(1+p+RB3,+0, (cky_ D)

jarg(an)] < = @, > 0. larg(an)] < 1\’7r

2
N > 0, where k = 1,2,...,0, j =
L2,....M, 0 >0, p >0 a,B >0 for
alli,j =1,23,4,a1 >0, |ag| <1, p < q.
Then the following integral relation exists

o0 (o]
/ / Y+ v)u® Pt sﬁ [alu‘”vﬁl]
0 0

1
) +Eaz—aun,w) <0,

+&B3—Banrw) <0,

-ﬁng [agu“zvﬁ?] p(ﬁq [agu"*"vﬁ3]

T,

M,N
'NP Q.14 [a4u(¥4v,34] dudyv

[V/UW'] o oo

ZZZZ(”‘“R

0 &=0w=0 t=1

.(ul)g co(up)e 1 (-1”
(VD)e ... (vg)e T(aé + B) aw!

¢ ()2 v arRag®ay 71

/ l//(Z)ZO-+p+(al +B1)R+(a3+B3)E

_Q S+2
_( + ) t,w -1
o ﬁ4 " dZ T+2,U+1
. [azz“2+ﬁ2| (I-o—a1R-aszé+aun, ,,;a2; 1)
(di:0kc) > (disOk; Dic) g,

(1=p—=B1R—B3E+Ban; \wiP2; 1)
[1-o—p—(a@1+B1)R — (a3+B3)¢

(Ckayk; Ck)l’sw (Ckﬁ’k)sﬂj

H@a+B)N;wp5@2+B2; 1) 22)

Proof. To establish the result (2.2), we used
the equations ([L.1)), (1.10) and ([.12)) then
changed the order of integration and sums
that are acceptable due to the absolute con-
vergence involved within the procedure.
Then, doing the integration with respect to
both the variables u and v between the lim-
its 0 and oo and using a well-known result
[L6, p.177], we arrived at the desired out-
comes. ]

Theorem 2.3. If

d
Re(l+0+Ra; +6¥26—k +éaz—aqnw) > 0,
k

d
Re(1+p+RB, +ﬂgi +EB3—Bymliw) > 0,

d
Re(1+0+Raq +a/26—k +éaz—aqn,w) > 0,
k
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T
larg(a] < 5 :

N > 0, where k = 1,2,...,0, j =
L2,....M,0 >0, p >0 a,B >0 for
alli,j=1,23,4,a1 >0, |las|] <1, p <gq.
Then the following integral relation holds

1 1
/ f 6 (r8) (1= )7 (1= sy~
0 0

ﬁf; [a2(1-y)*2(1 = §)P2v2]

P o [as(1=y)™(1 - 6]
Npror o laa(1=y)* (1 = 6P|
s [ar(1—y)™ (1 = 6P1v |
dydo

[V/u'] o oo

2393 PRV

0 &=0w=0 t=1

] (u1)§ e (up)g 1 (—1)W
(V)¢ ... (vg)e T(aé + B) aw!

—_ R —
¢ ()2 Tow arRagE a1

' / ¢(2)(1 — z)7 HPHaBOR @5 o)

(1-2)" (@atBom;, w_ldz 72

T+2,U+1

[a2(1 ~ Z)QQ+’62| (I-oc-a1R-asé+ay,,

(1=p=B1R—B3é+B4n; v3Pa; 1)
[1-o—p—(a1+B1)R — (a3+B3)¢

ClesYk > Ck)l,s’ (ck’yk)SH,T

Hag+Bn, wiaa+Po; 1] (@3)

1
e > 0,]arg(ar)| < SN,

Proof. Using (LI), ([10), (CID) and
(.12), changing the sequence of integra-
tions and sums that are permissible due to
the absolute convergence involved within
the method, and doing the integration with
respect to both the variables y and & be-
tween the limits 0 and oo, and looking at a
known result [[16, p.243], establishes result

2.3). o

Theorem 2.4. If

d
Re(l+a+0+Rai+as 6—k+§a/3—a/477t,w) > 0,
k

Re(1+p+ﬁ+Rﬁ1+ﬂ2 +§,33 —ByNew) > 0,

1
larg(as)l < 5 2 g > 0. Jarg(an)] < SN,

N > 0, where k = 1,2,...,0, j =
L2,...,M, 0 >0,p>0, a,p; >0 for
alli,j =1,23,4, a1 >0, |as] <1, p < gq.
Then the following integral relation exists

11
// 1-x \"(1-y\ 1
1—xy 1-xy) (1-x)
0 0
1= ai 1-— B1
i) (55)
1-xy 1-xy

_Qsl 1-x s(l_yﬂ
-H
l—xy 1—-xy

PP

ja2; 1)
(dis 01) . o (dics 6k5 D) o, o,

ot
—_—
Ll
|

=
\<><

=
-
R
w
—_—
= =
Fl

=
\<'\<
=
=
o
S —
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Aup)e 1 (-1)”
(vg)e T(aé + B) aw!
(1+a),,

n

—_0.,S+2
o [-n, 1+a+B+n; (1+a);a1 | H
o+1LU

(—=B—B1 K1—BoR=B4 E+B5M,.1B35 1)
[~a—B—o—(a1+p)ki—(a2+B2)R — (as+B4)é

(Ck”)/k; Ck)l,S’ (ck”)/k)sﬂj
+H@s+B5)n;, s (@3+B3); 1]

Proof. Using (LI), (L10), (LID) and
(1.12), interchanging the sequence of inte-
gration and sums that are permissible due
to the absolute convergence involved in the
process, and doing integration within the
limits 0 and 1 with respect to the variables x
and y, we obtain the desired outcome. 0O

.(ul)g ..
)g -

—_ R —_
¢ ()2 Tew agRag® ag

T+2,U+1

(1 a—o—ai1ki—a2R- 04f+a577tw“371)
3 \(dx, k), o> (dks6k; D)

2.4)

3. Special Cases

In the particular case for generalized
hypergeometric sereies [3] whena = 1, 8 =
1 we have

()t 25
(D) (g &1

Z

All cases are shown below.
(3A)

=pFy(2).

ai B
Lot l-a 1-y
Sy [al(l—ayy) (1—ay)

43

| (=) ey
M \1-ay) \G=a-y)

[V/W] 0o oo

2 X

0 &=0w=0

Z(V)'R Ay R

(ur)g-.-(up), 1 (=1)"¢"(n,,,)
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R __0,5+2
‘a1 613‘5614_'7”“’ -H

o
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(k¥ Ci), o (Vg 1
Haa+B )Ny @2+PB25 1)

exists under conditions required for (2.1]).
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0 0
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NPMQ, rid [a4u“4vﬁ4] dudv
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(ul)g (up)f 1
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( B w1
o ﬁ4 K dZ T+2,U+1
a32722| (1-o-ai1R—asé+ayn, ,a2; 1)
(dk> k), » (di> Ok; Di)

(1=p—B1R—B3E+Ban; viP2; 1)
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(Ck’ Yk> Ck)l,sw (Ck’ ’yk)SJrLT
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valid beneath the equivalent conditions nec-

B Y-\ 1=y
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justifiable under the same conditions as sur- ,(3E) Subs’ututmgﬁ =Lmn=DhLa=1
rounding (2.3): in (2.1), we acquire the known outcome
(D) ’ recently obtained by Chaurasia and Singh

[L7].
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4. Conclusion

Due to the generality of the Aleph-
function, it can be expressed in terms of var-
ious very useful functions, viz the H func-
tion, / and G function. Also, by suitably
specializing various parameters of the M-
series and general class of polynomials, our
results yield numerous special cases which
may help to solve problems occurring in sci-
ence, engineering, mathematical physics,
etc.
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