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ABSTRACT
In this paper, we introduced the concept of strong 𝑏-TVS cone metric space. Further-

more, we proved that any strong 𝑏-TVS cone metric space has a completion. Our results
gave an analogue answer to Kirk-Shahzad’s question in the case of strong 𝑏-TVS cone met-
ric spaces.

Keywords: Fixed point; Completion; Neighborhood property; Strong 𝑏-TVS cone metric
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1. Introduction
Recently, the generalization ofmetric

space attracted several authors (see. [1–8]
and references therein). For example, in
2007, Huang and Zhang [9] introduced the
concept of cone metric space as a general-
ization of metric space and proved some re-
sults of contraction mapping in this space.

In 2010, Wei-Shih Du [10] showed
using the scalarization method that the Ba-
nach Contraction Principle and some other
fixed point results both in the settings of

classical metric space and in TVS-cone
metric space are equivalent. In 2014, W.
Kirk and N. Shahzad [11] surveyed the con-
cept of strong 𝑏-metric space and its related
problems:

Definition 1.1 ([11]). Let 𝑋 be a nonempty
set and 𝐾 ≥ 1. A mapping 𝑑 : 𝑋 × 𝑋 →
[0, +∞) is called a strong 𝑏-metric on 𝑋 if

(𝑚1) 𝑑 (𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦;

(𝑚2) 𝑑 (𝑥, 𝑦) = 𝑑 (𝑦, 𝑥) for all 𝑥, 𝑦 ∈ 𝑋;
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(𝑚3) 𝑑 (𝑥, 𝑦) ⩽ 𝑑 (𝑥, 𝑧) + 𝐾𝑑 (𝑧, 𝑦) for all
𝑥, 𝑦, 𝑧 ∈ 𝑋.

Then (𝑋, 𝑑, 𝐾) is called a strong 𝑏-metric
space.

The authors further asked the follow-
ing question:

Question 1.2 ([11]). Is every strong b-
metric space dense in a complete strong b-
metric space?

TheKirk-Shahzad’s question was an-
swered by An and Dung [12] in 2016 for
strong 𝑏−metric spaces, where the authors
proved the following:

Theorem 1.3 ([12]). Let (𝑋, 𝑑, 𝐾) be a
strong 𝑏-metric spaces. Then

(i) (𝑋, 𝑑, 𝐾) has a completion
(𝑋∗, 𝑑∗, 𝐾).

(ii) The completion of (𝑋, 𝑑, 𝐾) is unique
in the sense that if (𝑋∗

1 , 𝑑
∗
1, 𝐾1) and

(𝑋∗
2 , 𝑑

∗
2, 𝐾2) are two completions of

(𝑋, 𝑑, 𝐾) then there is a bijective
isometry 𝜙 : 𝑋∗

1 → 𝑋∗
2 which re-

stricts to the identity on 𝑋 .

Theorem 1.3 is a completion theorem
type for a strong 𝑏-metric space. It’s shown
that every strong 𝑏-metric space has a com-
pletion and that the completion is unique.

In the same vein, we introduce the
concept of strong 𝑏-TVS cone metric space
which is a generalization of the notion of
strong 𝑏-metric space. Furthermore, we
provide an analogue answer to W. Kirk and
N. Shahzad’s question in the case of strong
𝑏-TVS cone metric space. Namely, we
shall prove a completion theorem for strong
𝑏-TVS cone metric spaces. In fact, we in-
troduced the concept of strong 𝑏-TVS cone
metric space and presented some proper-
ties of the cone in topological vector space

and properties of strong 𝑏-TVS cone met-
ric spaces in Section 2. In Section 3, we
proved a completion theorem for strong 𝑏-
TVS cone metric spaces, this generalized
and improved Theorem 1.3.

2. Strong 𝑏-TVS ConeMetric Spaces
Let 𝐸 always be a real Hausdorff lo-

cally convex topological vector spaces with
its zero vector 𝜃 and𝐶 be a subset of 𝐸 . We
say that 𝐶 is a cone in 𝐸 if

(i) 𝐶 is closed, nonempty and 𝐶 ≠ {𝜃};

(ii) 𝑎𝑥 + 𝑏𝑦 ∈ 𝐶, for all 𝑥, 𝑦 ∈ 𝐶 and
non-negative real numbers 𝑎, 𝑏;

(iii) 𝐶 ∩ (−𝐶) = {𝜃}.

For a given cone 𝐶 in 𝐸 , we can de-
fine a partial order ⪯ with respect to 𝐶 by
𝑥 ⪯ 𝑦 if and only if 𝑦 − 𝑥 ∈ 𝐶, while 𝑥 ≪ 𝑦
will stand for 𝑦 − 𝑥 ∈ 𝑖𝑛𝑡𝐶, where 𝑖𝑛𝑡𝐶 de-
notes the interior of 𝐶. We write 𝑥 ≺ 𝑦 if
and only if 𝑥 ⪯ 𝑦 and 𝑥 ≠ 𝑦.

In this paper, we always suppose 𝐸 is
a real Hausdorff locally convex topological
vector space,𝐶 is a cone in 𝐸 with 𝑖𝑛𝑡𝐶 ≠ ∅
and ⪯ is partial ordering with respect to 𝐶.

Definition 2.1. Let 𝐶 be a cone in 𝐸 . We
say that 𝐶 is has neighborhood property if
for any neighborhood 𝑈 of 𝜃 in 𝐸, there is
neighborhood 𝑉 of 𝜃 in 𝐸 such that

(𝑉 + 𝐶) ∩ (𝑉 − 𝐶) ⊂ 𝑈.

Remark 2.2. If 𝐶 has a closed convex
bounded base then 𝐶 has neighborhood
property (see. Proposition 1.8 in [13]).

Example 2.3. Let 𝐸 = R and 𝐶 = R+.
Then, it is easy to see that 𝐶 has the neigh-
borhood property.

Proposition 2.4. Assume that 𝐶 has the
neighborhood property. Then for any
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neighborhood 𝑈 of 𝜃 in 𝐸, there is 𝑒 ∈
𝐸, 𝜃 ≪ 𝑒 such that

𝐶 ∩ (𝑒 − 𝐶) ⊂ 𝑈.

Proof. Assume that 𝐶 has the neighbor-
hood property. Let𝑈 be an arbitrary neigh-
borhood of 𝜃 in 𝐸, there is neighborhood 𝑉
of 𝜃 in 𝐸 such that

(𝑉 + 𝐶) ∩ (𝑉 − 𝐶) ⊂ 𝑈.

Since 𝑖𝑛𝑡𝐶 ≠ ∅, we can choose 𝑎 ∈
𝐸, 𝜃 ≪ 𝑎. From lim𝑛→∞

1
𝑛𝑎 = 𝜃, there is

𝑛0 such that

1

𝑛
𝑎 ∈ 𝑉 for all 𝑛 ≥ 𝑛0.

Set 𝑒 = 1
𝑛0
𝑎. Hence 𝑒 ∈ 𝐸, 𝜃 ≪ 𝑒 and

𝐶 ∩ (𝑒 − 𝐶) ⊂ (𝑉 + 𝐶) ∩ (𝑉 − 𝐶) ⊂ 𝑈.

□

Lemma 2.5. Suppose that 𝐶 has the neigh-
borhood property in a real Hausdorff lo-
cally convex topological vector space 𝐸 .
Let {𝑢𝑛}, {𝑣𝑛}, {𝑤𝑛} be sequences in 𝐸
such that 𝑤𝑛 ⪯ 𝑢𝑛 ⪯ 𝑣𝑛 for all 𝑛 ≥ 1
and lim𝑛→∞ 𝑣𝑛 = lim𝑛→∞ 𝑤𝑛 = 𝜃. Then
lim𝑛→∞ 𝑢𝑛 = 𝜃.

Proof. Let 𝑈 be an arbitrary neighborhood
of 𝜃 in 𝐸. Since 𝐶 has the neighborhood
property, there is neighborhood 𝑉 of 𝜃 in 𝐸
such that

(𝑉 + 𝐶) ∩ (𝑉 − 𝐶) ⊂ 𝑈.

Since lim𝑛→∞ 𝑣𝑛 = lim𝑛→∞ 𝑤𝑛 = 𝜃,
there exists 𝑛0 such that 𝑣𝑛, 𝑤𝑛 ∈ 𝑉 for all
𝑛 ≥ 𝑛0.

On the other hand, since 𝑤𝑛 ⪯ 𝑢𝑛 ⪯
𝑣𝑛 for all 𝑛 ≥ 1, we have 𝑢𝑛 ∈ (𝑤𝑛 + 𝐶) ∩
(𝑣𝑛 −𝐶) for all 𝑛 ≥ 1. Thus 𝑢𝑛 ∈ (𝑉 +𝐶) ∩
(𝑉 − 𝐶) for all 𝑛 ≥ 𝑛0. Therefore, 𝑢𝑛 ∈ 𝑈
for all 𝑛 ≥ 𝑛0. Hence lim𝑛→∞ 𝑢𝑛 = 𝜃. □

Example 2.6. Let 𝐸 = 𝐶1
[0,1] with the norm

∥ 𝑓 ∥ = ∥ 𝑓 ∥∞ + ∥ 𝑓 ′∥∞,

and consider the cone

𝐶 = { 𝑓 ∈ 𝐸 : 𝑓 (𝑡) ≥ 0 for all 𝑡 ∈ [0, 1]}.

Then, 𝐶 has no neighborhood prop-
erty. Indeed, consider 𝑓𝑛 (𝑡) = 𝑡𝑛

𝑛 and
𝑔𝑛 (𝑡) = 1

𝑛 for all 𝑡 ∈ [0, 1]. Then 𝜃 ⪯ 𝑓𝑛 ⪯
𝑔𝑛 for all 𝑛 and lim𝑛→∞ 𝑔𝑛 = 𝜃.

On the other hand, we have

∥ 𝑓𝑛∥ = max
𝑡 ∈[0,1]

𝑡𝑛

𝑛
+ max

𝑡 ∈[0,1]
𝑡𝑛−1 = 1 + 1

𝑛
> 1,

for all 𝑛 ≥ 1.Hence 𝑓𝑛 does not converge to
𝜃. By Lemma 2.5, 𝐶 has no neighborhood
property.

Definition 2.7. (See [9]) Let𝐶 be a cone in
normed space 𝐸 . We say that 𝐶 is normal
if there is a number 𝑀 > 0 such that for all
𝑥, 𝑦 ∈ 𝐸,

𝜃 ⪯ 𝑥 ⪯ 𝑦 implies ∥𝑥∥ ≤ 𝑀 ∥𝑦∥.

Proposition 2.8. Let𝐶 be a normal cone in
normed space 𝐸 . Then 𝐶 has the neighbor-
hood property.

Proof. Assume that𝐶 has no neighborhood
property. Then there exists 𝜖 > 0 such that
for any 𝑛 ≥ 1, we have

[𝐵(𝜃, 1
𝑛
) + 𝐶] ∩ [𝐵(𝜃, 1

𝑛
) − 𝐶] ⊄ 𝐵(𝜃, 𝜖),

where 𝐵(𝜃, 𝛿) = {𝑥 ∈ 𝐸 : ∥𝑥∥ < 𝛿}. Thus,
for any 𝑛 ≥ 1, there exists 𝑢𝑛 ∈ 𝐶, 𝑣𝑛 ∈
𝐵(𝜃, 1𝑛 ) such that 𝑢𝑛 ⪯ 𝑣𝑛 and 𝑢𝑛 ∉ 𝐵(𝜃, 𝜖).
Since𝐶 is normal cone and lim𝑛→∞ 𝑣𝑛 = 𝜃,
then lim𝑛→∞ 𝑢𝑛 = 𝜃. Hence 𝜃 ∉ 𝐵(𝜃, 𝜖).
This is a contradiction. □

Definition 2.9. Let 𝑋 be a nonempty set
and 𝐾 ≥ 1. The mapping 𝑑 : 𝑋 × 𝑋 → 𝐸
is called a strong 𝑏-cone metric on 𝑋 if
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(𝑑1) 𝜃 ⪯ 𝑑 (𝑥, 𝑦) for all 𝑥, 𝑦 ∈ 𝑋 and
𝑑 (𝑥, 𝑦) = 𝜃 if and only if 𝑥 = 𝑦;

(𝑑2) 𝑑 (𝑥, 𝑦) = 𝑑 (𝑦, 𝑥) for all 𝑥, 𝑦 ∈ 𝑋;

(𝑑3) 𝑑 (𝑥, 𝑦) ⪯ 𝑑 (𝑥, 𝑧) + 𝐾𝑑 (𝑧, 𝑦) for all
𝑥, 𝑦, 𝑧 ∈ 𝑋.

Then (𝑋, 𝐸, 𝐶, 𝐾, 𝑑) is called a strong 𝑏-
TVS cone metric space.

Definition 2.10. Let (𝑋, 𝐸, 𝐶, 𝐾, 𝑑) be a
strong 𝑏-TVS cone metric space. Let {𝑥𝑛}
be a sequence in 𝑋 . We say that

(i) 𝑥 is the limit of {𝑥𝑛} if for every 𝑒 ∈
𝐸 with 𝜃 ≪ 𝑒 there is 𝑛0 such that
𝑑 (𝑥𝑛, 𝑥) ≪ 𝑒 for all 𝑛 ≥ 𝑛0. We de-
note this by 𝑥𝑛 → 𝑥 or lim𝑛→∞ 𝑥𝑛.

(ii) {𝑥𝑛} is Cauchy sequence if for every
𝑒 ∈ 𝐸 with 𝜃 ≪ 𝑒 there is 𝑛0 such
that 𝑑 (𝑥𝑛, 𝑥𝑚) ≪ 𝑒 for all 𝑛, 𝑚 ≥ 𝑛0.

Now, we prove some results in strong
𝑏-TVS cone metric spaces for orders gener-
ated by the cone in a real Hausdorff locally
convex topological vector spaces.

Lemma 2.11. Let (𝑋, 𝐸, 𝐶, 𝐾, 𝑑) be a
strong 𝑏-TVS cone metric space and {𝑥𝑛}
be a sequence in 𝑋 . Then we have:

(i) If {𝑥𝑛} converges to 𝑥 ∈ 𝑋 then {𝑥𝑛}
is a Cauchy sequence.

(ii) If {𝑥𝑛} converges to 𝑥 ∈ 𝑋 and {𝑥𝑛}
converges to 𝑦 ∈ 𝑋 , then 𝑥 = 𝑦.

Proof. (i) Suppose that lim𝑛→∞ 𝑥𝑛 = 𝑥 ∈
𝑋 . For any 𝑒 ∈ 𝐸, 𝜃 ≪ 𝑒, there is 𝑛0 such
that

𝑑 (𝑥𝑛, 𝑥) ≪
𝑒

2
and 𝑑 (𝑥𝑚, 𝑥) ≪

𝑒

2𝐾

for all 𝑛, 𝑚 ≥ 𝑛0. This implies

𝑑 (𝑥𝑛, 𝑥𝑚) ⪯ 𝑑 (𝑥𝑛, 𝑥) + 𝐾𝑑 (𝑥𝑚, 𝑥) ≪ 𝑒,

for all 𝑛, 𝑚 ≥ 𝑛0. Hence {𝑥𝑛} is a Cauchy
sequence.
(ii) Let 𝑒 ∈ 𝐸, 0 ≪ 𝜃. Since lim𝑛→∞ 𝑥𝑛 =
𝑥, lim𝑛→∞ 𝑥𝑛 = 𝑦, for any 𝑘 ≥ 1, there ex-
ists 𝑛0 such that

𝑑 (𝑥𝑛, 𝑥) ≪
𝑒

2𝑘
and 𝑑 (𝑥𝑛, 𝑦) ≪

𝑒

2𝑘𝐾
,

for all 𝑛 ≥ 𝑛0. This implies

𝑑 (𝑥, 𝑦) ⪯ 𝑑 (𝑥𝑛, 𝑥) + 𝐾𝑑 (𝑥𝑛, 𝑦) ≪
𝑒

𝑘
,

for all 𝑛 ≥ 𝑛0. Hence
𝑒

𝑘
− 𝑑 (𝑥, 𝑦) ∈ 𝐶 for all 𝑘 ≥ 1.

Then, by the closedness of𝐶, −𝑑 (𝑥, 𝑦) ∈ 𝐶.
Therefore, 𝑥 = 𝑦. □

Lemma 2.12. Let (𝑋, 𝐸, 𝐶, 𝐾, 𝑑) be a
strong 𝑏-TVS cone metric space, 𝐶 has the
neighborhood property and {𝑥𝑛}, {𝑦𝑛} be
two sequences in 𝑋 . Then

(i) lim𝑛→∞ 𝑥𝑛 = 𝑥 ∈ 𝑋 if and only if
lim𝑛→∞ 𝑑 (𝑥𝑛, 𝑥) = 𝜃.

(ii) {𝑥𝑛} is a Cauchy sequence if and only
if lim𝑛,𝑚→∞ 𝑑 (𝑥𝑛, 𝑥𝑚) = 𝜃.

(iii) If lim𝑛→∞ 𝑥𝑛 = 𝑥 ∈ 𝑋 and
lim𝑛→∞ 𝑦𝑛 = 𝑦 ∈ 𝑋 , then
lim𝑛→∞ 𝑑 (𝑥𝑛, 𝑦𝑛) = 𝑑 (𝑥, 𝑦).

Proof. (i) Suppose that lim𝑛→∞ 𝑥𝑛 = 𝑥 ∈
𝑋 . Let𝑈 be an arbitrary neighborhood of 𝜃
in 𝐸 . Since 𝐶 has the neighborhood prop-
erty, then by Proposition 2.4, there exists
𝑒 ∈ 𝐸, 𝜃 ≪ 𝑒 such that

𝐶 ∩ (𝑒 − 𝐶) ⊂ 𝑈.

By lim𝑛→∞ 𝑥𝑛 = 𝑥 ∈ 𝑋 , there is 𝑛0
such that

𝑑 (𝑥𝑛, 𝑥) ≪ 𝑒 for all 𝑛 ≥ 𝑛0.
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This implies

𝑑 (𝑥𝑛, 𝑥) ∈ 𝑒 − 𝑖𝑛𝑡𝐶 ⊂ 𝑒 − 𝐶 for all 𝑛 ≥ 𝑛0.

Hence

𝑑 (𝑥𝑛, 𝑥) ∈ 𝐶 ∩ (𝑒 − 𝐶) for all 𝑛 ≥ 𝑛0.

Thus, 𝑑 (𝑥𝑛, 𝑥) ∈ 𝑈 for all 𝑛 ≥ 𝑛0. This
means lim𝑛→∞ 𝑑 (𝑥𝑛, 𝑥) = 𝜃.

Conversely, suppose that
lim𝑛→∞ 𝑑 (𝑥𝑛, 𝑥) = 𝜃. For 𝑒 ∈ 𝐸, 𝜃 ≪ 𝑒,
then there is a neighborhood 𝑈 of 𝜃 in 𝐸
such that

𝑒 −𝑈 ⊂ 𝑖𝑛𝑡𝐶.

Since lim𝑛→∞ 𝑑 (𝑥𝑛, 𝑥) = 𝜃, then
there is 𝑛0 such that

𝑑 (𝑥𝑛, 𝑥) ∈ 𝑈 for all 𝑛 ≥ 𝑛0.

This implies

𝑒 − 𝑑 (𝑥𝑛, 𝑥) ∈ 𝑖𝑛𝑡𝐶 for all 𝑛 ≥ 𝑛0.

Thismeans that 𝑑 (𝑥𝑛, 𝑥) ≪ 𝑒 for all 𝑛 ≥ 𝑛0.
Hence lim𝑛→∞ 𝑥𝑛 = 𝑥.
(ii) Suppose {𝑥𝑛} is a Cauchy sequence. Let
𝑈 be an arbitrary neighborhood of 𝜃 in 𝐸 .
Because 𝐶 has neighborhood property and
by Proposition 2.4, there is 𝑒 ∈ 𝐸, 𝜃 ≺ 𝑒
such that

𝐶 ∩ (𝑒 − 𝐶) ⊂ 𝑈.

Since {𝑥𝑛} is a Cauchy sequence,
there is 𝑛0 such that

𝑑 (𝑥𝑛, 𝑥𝑚) ≪ 𝑒 for all 𝑛, 𝑚 ≥ 𝑛0.

This implies

𝑑 (𝑥𝑛, 𝑥𝑚) ∈ 𝑒−𝑖𝑛𝑡𝐶 ⊂ 𝑒−𝐶 for all 𝑛, 𝑚 ≥ 𝑛0.

Hence

𝑑 (𝑥𝑛, 𝑥𝑚) ∈ 𝐶 ∩ (𝑒 − 𝐶) for all 𝑛, 𝑚 ≥ 𝑛0.

Thus, 𝑑 (𝑥𝑛, 𝑥𝑚) ∈ 𝑈 for all 𝑛, 𝑚 ≥ 𝑛0. This
means lim𝑛,𝑚→∞ 𝑑 (𝑥𝑛, 𝑥𝑚) = 𝜃.

Conversely, suppose that
lim𝑛,𝑚→∞ 𝑑 (𝑥𝑛, 𝑥𝑚) = 𝜃. Let 𝑒 ∈ 𝐸
and 𝜃 ≪ 𝑒. Then there is a neighborhood
𝑈 of the 𝜃 in 𝐸 such that

𝑒 −𝑈 ⊂ 𝑖𝑛𝑡𝐶.

Since lim𝑛,𝑚→∞ 𝑑 (𝑥𝑛, 𝑥𝑚) = 𝜃, then
there is 𝑛0 such that

𝑑 (𝑥𝑛, 𝑥𝑚) ∈ 𝑈 for all 𝑛, 𝑚 ≥ 𝑛0.

This implies

𝑒 − 𝑑 (𝑥𝑛, 𝑥𝑚) ∈ 𝑖𝑛𝑡𝐶 for all 𝑛, 𝑚 ≥ 𝑛0.

This means that 𝑑 (𝑥𝑛, 𝑥𝑚) ≪ 𝑒 for all
𝑛, 𝑚 ≥ 𝑛0. Hence {𝑥𝑛} is a Cauchy se-
quence.
(iii) We have

𝑑 (𝑥𝑛, 𝑦𝑛) ⪯ 𝐾𝑑 (𝑥𝑛, 𝑥)+𝑑 (𝑥, 𝑦)+𝐾𝑑 (𝑦𝑛, 𝑦),

and

𝑑 (𝑥, 𝑦) ⪯ 𝐾𝑑 (𝑥𝑛, 𝑥)+𝑑 (𝑥𝑛, 𝑦𝑛)+𝐾𝑑 (𝑦𝑛, 𝑦)

for all 𝑛 ≥ 1. This implies

−𝐾 [𝑑 (𝑥𝑛, 𝑥)+𝑑 (𝑦𝑛, 𝑦)]
⪯ 𝑑 (𝑥, 𝑦) − 𝑑 (𝑥𝑛, 𝑦𝑛)
⪯ 𝐾 [𝑑 (𝑥𝑛, 𝑥) + 𝑑 (𝑦𝑛, 𝑦)],

for all 𝑛 ≥ 1.
Since lim𝑛→∞ [𝑑 (𝑥𝑛, 𝑥) +𝑑 (𝑦𝑛, 𝑦)] =

𝜃 and by Lemma 2.5, we have

lim
𝑛→∞

[𝑑 (𝑥, 𝑦) − 𝑑 (𝑥𝑛, 𝑦𝑛)] = 𝜃.

Hence lim𝑛→∞ 𝑑 (𝑥𝑛, 𝑦𝑛) = 𝑑 (𝑥, 𝑦). □

Remark 2.13. Note that in [9], Lemma 2.12
was proved with a condition that𝐶 is a nor-
mal cone. Whereas in our own case, we
suppose that the cone 𝐶 has neighborhood
property instead. Further, Lemma 2.12 may
fail to hold if 𝐶 has no neighborhood prop-
erty in 𝐸. The following example illustrates
this.
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Example 2.14. Let 𝐸 = 𝐶1
[0,1] with the

norm
∥ 𝑓 ∥ = ∥ 𝑓 ∥∞ + ∥ 𝑓 ′∥∞,

and consider the cone 𝐶 = { 𝑓 ∈ 𝐸 : 𝑓 (𝑡) ≥
0 for all 𝑡 ∈ [0, 1]}. Thenwe have𝐶 not has
neighborhood property (see, Example 2.6).

Let 𝑋 = {0, 1𝑛 : 𝑛 ≥ 1} and 𝑑 : 𝑋 ×
𝑋 → 𝐸 by

𝑑 (𝑥, 𝑦) =

𝜃, if 𝑥 = 𝑦,
| 𝑓𝑛 − 𝑓𝑚 |, if 𝑥 ≠ 𝑦 ∈ { 1𝑛 ,

1
𝑚 },

𝑓𝑛, if 𝑥 ≠ 𝑦 ∈ { 1𝑛 , 0},

where 𝑓𝑛 (𝑡) = 𝑡𝑛

𝑛 for all 𝑡 ∈ [0, 1], 𝑛 ≥ 1
and 𝜃 is zero vector in 𝐸 .

We can check that 𝑑 is a strong 𝑏-
TVS cone metric on 𝑋 with 𝐾 = 1 and
(𝑋, 𝐸, 𝐶, 𝐾 = 1, 𝑑) is a strong 𝑏- TVS cone
metric space. Moreover, we have

𝑑 ( 1
𝑛
, 0) = 𝑓𝑛 ⪯ 𝐼𝐸

𝑛
for all 𝑛 ≥ 1,

where 𝐼𝐸 ∈ 𝐸 by 𝐼𝐸 (𝑡) = 𝑡 for all 𝑡 ∈ [0, 1].
Since lim𝑛→∞

𝐼𝐸
𝑛 = 𝜃, by Proposi-

tion 1.4 in [14], for any 𝑒 ∈ 𝐸, 𝜃 ≪ 𝑒, there
exists 𝑛0 such that

𝐼𝐸
𝑛

≪ 𝑒 for all 𝑛 ≥ 𝑛0.

Thus 𝑑 ( 1𝑛 , 0) ≪ 𝑒 for all 𝑛 ≥ 𝑛0. Hence
lim𝑛→∞

1
𝑛 = 0.

On the other hand, we have

∥𝑑 ( 1
𝑛
, 0) − 𝜃∥ = ∥ 𝑓𝑛 − 𝜃∥

= max
𝑡 ∈[0,1]

𝑡𝑛

𝑛
+ max

𝑡 ∈[0,1]
𝑡𝑛−1

= 1 + 1

𝑛
> 1,

for all 𝑛 ≥ 1. Hence 𝑑 ( 1𝑛 , 0) does not con-
verge to 𝜃 in 𝐸 . Thus, Lemma 2.12 does not
holds.

3. Completion of Strong 𝑏-TVSCone
Metric Spaces

Let (𝑋, 𝐸, 𝐶, 𝐾, 𝑑) be a strong 𝑏-
TVS cone metric space. For 𝑥0 ∈ 𝑋 and
𝑒 ∈ 𝐸, 𝜃 ≪ 𝑒, the subset

𝐵(𝑥0, 𝑒) := {𝑥 ∈ 𝑋 : 𝑑 (𝑥0, 𝑥) ≪ 𝑒}

of 𝑋 will be called an open ball centered
at 𝑥0 with radius 𝑒. We say that 𝐴 ⊂ 𝑋
is an open set if for any 𝑥 ∈ 𝐴, there is
𝑒𝑥 ∈ 𝐸, 𝜃 ≪ 𝑒𝑥 such that 𝐵(𝑥, 𝑒𝑥) ⊂ 𝐴.
A set 𝐵 ⊂ 𝑋 is closed if it’s complement
is open. The closure of 𝐴, denoted by 𝐴 is
defined to be the intersection of closed sets
containing 𝐴. 𝐴 is said to be dense in 𝑋 if
𝐴 = 𝑋 .

Remark 3.1. If (𝑋, 𝐸, 𝐶, 𝐾, 𝑑) is a strong
𝑏-TVS conemetric space, then the following
statements are true:

(i) The empty set ∅ and the space 𝑋 are
open and closed;

(ii) The open ball 𝐵(𝑥0, 𝑒) is open and
the closed ball 𝐵(𝑥0, 𝑒) is closed,
where

𝐵(𝑥0, 𝑒) := {𝑥 ∈ 𝑋 : 𝑑 (𝑥0, 𝑥) ⪯ 𝑒},

with 𝑒 ∈ 𝐸, 𝜃 ≪ 𝑒 and 𝑥0 ∈ 𝑋;

(iii) The union of open sets is open, the in-
tersection of an arbitrary number of
closed sets is closed;

(iv) The intersection of an finite number
of open sets is open, the union of an
finite number of closed sets is closed.

Lemma 3.2. A sequence {𝑥𝑛} is convergent
to 𝑥 in (𝑋, 𝐸, 𝐶, 𝐾, 𝑑) if and only if for any
open set𝑊 containing 𝑥 there exists 𝑛0 such
that

𝑥𝑛 ∈ 𝑊 for all 𝑛 ≥ 𝑛0.
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Proof. Suppose that lim𝑛→∞ 𝑥𝑛 = 𝑥. Let
𝑊 be an open set containing 𝑥. Then there
is 𝑒 ∈ 𝐸, 𝜃 ≪ 𝑒 such that 𝐵(𝑥, 𝑒) ⊂ 𝑊 .
Since lim𝑛→∞ 𝑥𝑛 = 𝑥, there exists 𝑛0 such
that 𝑑 (𝑥, 𝑥𝑛) ≪ 𝑒 for all 𝑛 ≥ 𝑛0. Hence
𝑥𝑛 ∈ 𝑊 for all 𝑛 ≥ 𝑛0.

Conversely, let any 𝑒 ∈ 𝐸, 𝜃 ≪
𝑒. Then 𝐵(𝑥, 𝑒) is open set containing 𝑥.
By hypothesis, there is 𝑛0 such that 𝑥𝑛 ∈
𝐵(𝑥, 𝑒) for all 𝑛 ≥ 𝑛0. Hence 𝑑 (𝑥, 𝑥𝑛) ≪ 𝑒
for all 𝑛 ≥ 𝑛0. Thus, lim𝑛→∞ 𝑥𝑛 = 𝑥. □

Lemma 3.3. Let 𝐴 be a subset of strong
𝑏-TVS cone metric space (𝑋, 𝐸, 𝐶, 𝐾, 𝑑).
Then we have 𝑥 ∈ 𝐴 if and only if there
exists an sequence {𝑥𝑛} ⊂ 𝐴 such that
lim𝑛→∞ 𝑥𝑛 = 𝑥.

Proof. Suppose that 𝑥 ∈ 𝐴. Then for each
𝑛 ≥ 1, 𝑒 ∈ 𝐸, 𝜃 ≪ 𝑒, we have

𝐵(𝑥, 𝑒
𝑛
) ∩ 𝐴 ≠ ∅.

We choose 𝑥𝑛 ∈ 𝐵(𝑥, 𝑒𝑛 ) ∩ 𝐴 for all
𝑛 ≥ 1. This implies that {𝑥𝑛} ⊂ 𝐴 and
lim𝑛→∞ 𝑥𝑛 = 𝑥.

Conversely, assume that there ex-
ists a sequence {𝑥𝑛} ⊂ 𝐴 such that
lim𝑛→∞ 𝑥𝑛 = 𝑥. We prove that 𝑥 ∈ 𝐴. If
not, we have 𝑥 ∈ 𝑋\𝐴. If 𝑋\𝐴 is an open
set, then there exists 𝑛0 such that 𝑥𝑛 ∈ 𝑋\𝐴
for all 𝑛 ≥ 𝑛0, which a contradiction with
{𝑥𝑛} ⊂ 𝐴. □

Lemma 3.4. Let 𝐴 be a subset of strong
𝑏-TVS cone metric space (𝑋, 𝐸, 𝐶, 𝐾, 𝑑).
Then 𝐴 is dense in 𝑋 if and only if for each
𝑥 ∈ 𝑋 and 𝑒 ∈ 𝐸, 𝜃 ≪ 𝑒, there exists 𝑎 ∈ 𝐴
such that 𝑑 (𝑥, 𝑎) ≪ 𝑒.

Proof. Suppose 𝐴 is dense in 𝑋 . Let 𝑥 ∈
𝑋 and 𝑒 ∈ 𝐸, 𝜃 ≪ 𝑒. By Lemma 3.3,
there exists a sequence {𝑥𝑛} ⊂ 𝐴 such that
lim𝑛→∞ 𝑥𝑛 = 𝑥. This implies that there is 𝑛0
such that 𝑑 (𝑥, 𝑥𝑛) ≪ 𝑒 for all 𝑛 ≥ 𝑛0. Set
𝑎 = 𝑥𝑛0 . Then we have 𝑑 (𝑥, 𝑎) ≪ 𝑒.

Conversely, let 𝑥 ∈ 𝑋 and 𝜃 ≪ 𝑒.
For each 𝑛 ≥ 1, there exists 𝑎𝑛 ∈ 𝐴 such
that 𝑑 (𝑎𝑛, 𝑥) ≪ 𝑒

𝑛 . This implies {𝑎𝑛} ⊂ 𝐴
such that lim𝑛→∞ 𝑎𝑛 = 𝑥. Hence 𝑥 ∈ 𝐴 and
𝐴 is dense in 𝑋 . □

Definition 3.5. Let (𝑋, 𝐸, 𝐶, 𝐾, 𝑑) be a
strong 𝑏-TVS cone metric space.

(i) If every Cauchy sequence is con-
vergent in 𝑋 , then (𝑋, 𝐸, 𝐶, 𝐾, 𝑑) is
called a complete strong 𝑏-TVS cone
metric space.

(ii) A map 𝑓 : 𝑋 → 𝑌 from
a strong 𝑏-TVS cone metric space
(𝑋, 𝐸, 𝐶, 𝐾, 𝑑) into a strong 𝑏-TVS
cone metric space (𝑌, 𝐸, 𝐶, 𝐾 ′, 𝑑 ′) is
called an isometry if

𝑑 ′( 𝑓 (𝑥), 𝑓 (𝑦)) = 𝑑 (𝑥, 𝑦)

for all 𝑥, 𝑦 ∈ 𝑋.

(iii) A complete strong 𝑏-TVS cone met-
ric space (𝑋∗, 𝐸, 𝐶, 𝐾∗, 𝑑∗) is said to
be a completion of the strong 𝑏-TVS
cone metric space (𝑋, 𝐸, 𝐶, 𝐾, 𝑑) if
there exists an isometry 𝑓 : 𝑋 → 𝑋∗

such that 𝑓 (𝑋) = 𝑋∗.

We can now state and prove the the-
orem that every strong 𝑏-TVS cone metric
space can be completed.

Theorem 3.6. Let (𝑋, 𝐸, 𝐶, 𝐾, 𝑑) be a
strong 𝑏-TVS cone metric space and the
cone 𝐶 has neighborhood property in a
complete real Hausdorff locally convex
topological vector space 𝐸 . Then

(i) (𝑋, 𝐸, 𝐶, 𝐾, 𝑑) has a completion
(𝑋∗, 𝐸, 𝐶, 𝐾, 𝑑∗);

(ii) The completion of (𝑋, 𝐸, 𝐶, 𝐾, 𝑑)
is unique in the sense that
if (𝑋∗

1 , 𝐸, 𝐶, 𝐾1, 𝑑
∗
1) and
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(𝑋∗
2 , 𝐸, 𝐶, 𝐾2, 𝑑

∗
2) are two com-

pletions of (𝑋, 𝐸, 𝐶, 𝐾, 𝑑) then there
is a bijective isometry 𝜙 : 𝑋∗

1 → 𝑋∗
2

which restricts to the identity on 𝑋 .

Proof. (i) Let 𝑆 denote the set of all Cauchy
sequences in (𝑋, 𝐸, 𝐶, 𝐾, 𝑑). Define a rela-
tion ∼ on 𝑆 as follows:

For {𝑥𝑛}, {𝑦𝑛} ∈ 𝑆, we say {𝑥𝑛} ∼
{𝑦𝑛} if lim𝑛→∞ 𝑑 (𝑥𝑛, 𝑦𝑛) = 𝜃.

It is not difficult to see that ∼ is an
equivalence relation on 𝑆. Denote 𝑋∗ =
{𝑥∗ = [{𝑥𝑛}] : {𝑥𝑛} ∈ 𝑆} where 𝑥∗ =
[{𝑥𝑛}] is the equivalence class of {𝑥𝑛} un-
der the relation ∼. Define the function 𝑑∗ :
𝑋∗ × 𝑋∗ → 𝐸 by

𝑑∗(𝑥∗, 𝑦∗) = lim
𝑛→∞

𝑑 (𝑥𝑛, 𝑦𝑛).

We first show that lim𝑛→∞ 𝑑 (𝑥𝑛, 𝑦𝑛) exists.
Indeed, we see that, for all 𝑛, 𝑚

𝑑 (𝑥𝑛, 𝑦𝑛) ⪯ 𝐾𝑑 (𝑥𝑛, 𝑥𝑚) + 𝑑 (𝑥𝑚, 𝑦𝑛)
⪯ 𝐾𝑑 (𝑥𝑛, 𝑥𝑚)
+ 𝑑 (𝑥𝑚, 𝑦𝑚) + 𝐾𝑑 (𝑦𝑚, 𝑦𝑛)

This implies that

𝑑 (𝑥𝑛, 𝑦𝑛) − 𝑑 (𝑥𝑚, 𝑦𝑚)
⪯ 𝐾𝑑 (𝑥𝑛, 𝑥𝑚) + 𝐾𝑑 (𝑦𝑚, 𝑦𝑛)

for all 𝑛, 𝑚. Similarly, we have

𝑑 (𝑥𝑚, 𝑦𝑚) − 𝑑 (𝑥𝑛, 𝑦𝑛)
⪯ 𝐾𝑑 (𝑥𝑛, 𝑥𝑚) + 𝐾𝑑 (𝑦𝑚, 𝑦𝑛)

for all 𝑛, 𝑚. Hence

−𝐾 [𝑑 (𝑥𝑛,𝑥𝑚) + 𝑑 (𝑦𝑚, 𝑦𝑛)]
⪯ 𝑑 (𝑥𝑛, 𝑦𝑛) − 𝑑 (𝑥𝑚, 𝑦𝑚)
⪯ 𝐾 [𝑑 (𝑥𝑛, 𝑥𝑚) + 𝑑 (𝑦𝑚, 𝑦𝑛)]

for all 𝑛, 𝑚. Since

lim
𝑛,𝑚→∞

−𝐾 [𝑑 (𝑥𝑛, 𝑥𝑚) + 𝑑 (𝑦𝑚, 𝑦𝑛)]

= lim
𝑛,𝑚→∞

𝐾 [𝑑 (𝑥𝑛, 𝑥𝑚) + 𝑑 (𝑦𝑚, 𝑦𝑛)]

= 𝜃,

and by Lemma 2.5, we have

lim
𝑛,𝑚→∞

[𝑑 (𝑥𝑛, 𝑦𝑛) − 𝑑 (𝑥𝑚, 𝑦𝑚)] = 𝜃.

Therefore, {𝑑 (𝑥𝑛, 𝑦𝑛)} is a Cauchy se-
quence in 𝐸 . Since 𝐸 is complete, thus
lim𝑛→∞ 𝑑 (𝑥𝑛, 𝑦𝑛) exists.

Next, we show that 𝑑∗ is well de-
fined. Indeed, if {𝑥𝑛} ∼ {𝑧𝑛} and {𝑦𝑛} ∼
{𝑤𝑛} then

lim
𝑛→∞

𝑑 (𝑥𝑛, 𝑧𝑛) = lim
𝑛→∞

𝑑 (𝑦𝑛, 𝑤𝑛) = 𝜃.

From the relation

𝑑 (𝑥𝑛, 𝑦𝑛) ⪯ 𝐾𝑑 (𝑥𝑛, 𝑧𝑛)
+ 𝑑 (𝑧𝑛, 𝑤𝑛) + 𝐾𝑑 (𝑤𝑛, 𝑦𝑛)

and the relation

𝑑 (𝑧𝑛, 𝑤𝑛) ⪯ 𝐾𝑑 (𝑧𝑛, 𝑥𝑛)
+ 𝑑 (𝑥𝑛, 𝑦𝑛) + 𝐾𝑑 (𝑦𝑛, 𝑤𝑛),

it follows that

−𝐾 [𝑑 (𝑥𝑛,𝑧𝑛) + 𝑑 (𝑤𝑛, 𝑦𝑛)]
⪯ 𝑑 (𝑥𝑛, 𝑦𝑛) − 𝑑 (𝑧𝑛, 𝑤𝑛)
⪯ 𝐾 [𝑑 (𝑥𝑛, 𝑧𝑛) + 𝑑 (𝑤𝑛, 𝑦𝑛)] .

By Lemma 2.5, we have

lim
𝑛→∞

𝑑 (𝑥𝑛, 𝑦𝑛) = lim
𝑛→∞

𝑑 (𝑧𝑛, 𝑤𝑛).

Therefore, the function 𝑑∗ is well defined.
We next show that 𝑑∗ is a strong

𝑏-TVS cone metric on 𝑋∗. Since 𝜃 ⪯
𝑑 (𝑥𝑛, 𝑦𝑛) for all 𝑛 and by the closedness of
𝐶, it follows that

𝜃 ⪯ lim
𝑛→∞

𝑑 (𝑥𝑛, 𝑦𝑛) = 𝑑∗(𝑥∗, 𝑦∗).

If 𝑑∗(𝑥∗, 𝑦∗) = 𝜃 then lim𝑛→∞ 𝑑 (𝑥𝑛, 𝑦𝑛) =
𝜃. This is equivalent to {𝑥𝑛} ∼ {𝑦𝑛} and
thus 𝑥∗ = 𝑦∗. Since 𝑑 (𝑥𝑛, 𝑦𝑛) = 𝑑 (𝑦𝑛, 𝑥𝑛)
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for all 𝑛, we have 𝑑∗(𝑥∗, 𝑦∗) = 𝑑∗(𝑦∗, 𝑥∗).
Finally,

𝑑∗(𝑥∗, 𝑦∗) = lim
𝑛→∞

𝑑 (𝑥𝑛, 𝑦𝑛)

⪯ lim
𝑛→∞

𝑑 (𝑥𝑛, 𝑧𝑛)

+ 𝐾 lim
𝑛→∞

𝑑 (𝑧𝑛, 𝑦𝑛)

= 𝑑∗(𝑥∗, 𝑧∗) + 𝐾𝑑∗(𝑧∗, 𝑦∗),

where {𝑥𝑛} ∈ 𝑥∗, {𝑦𝑛} ∈ 𝑦∗ and {𝑧𝑛} ∈ 𝑧∗.
Thus, 𝑑∗ is a strong 𝑏-TVS cone metric on
𝑋∗.

For each 𝑥 ∈ 𝑋, we put 𝑓 (𝑥) =
[{𝑥, 𝑥, ...}] ∈ 𝑋∗. Since 𝑑∗( 𝑓 (𝑥), 𝑓 (𝑦)) =
lim𝑛→∞ 𝑑 (𝑥, 𝑦) = 𝑑 (𝑥, 𝑦) for all 𝑥, 𝑦 ∈
𝑋 then we have 𝑓 is an isometry from
(𝑋, 𝐸, 𝐶, 𝐾, 𝑑) into (𝑋∗, 𝐸, 𝐶, 𝐾, 𝑑∗).

Let 𝑒 be a fixed point of 𝑖𝑛𝑡𝐶. Next,
we will prove that 𝑓 (𝑋) is dense in 𝑋∗.
Indeed, if 𝑥∗ = [{𝑥𝑛}] ∈ 𝑋∗ then
lim𝑛,𝑚→∞ 𝑑 (𝑥𝑛, 𝑥𝑚) = 𝜃. By Lemma 2.12,
for each 𝑖 ≥ 1, there exists 𝑛𝑖0 such that
𝑑 (𝑥𝑛, 𝑥𝑚) ≪ 𝑒

𝑖 for all 𝑛, 𝑚 ≥ 𝑛𝑖0. This im-
plies that

𝜃 ⪯ 𝑑∗( 𝑓 (𝑥𝑛𝑖0), 𝑥
∗) = lim

𝑛→∞
𝑑 (𝑥𝑛𝑖0 , 𝑥𝑛) ⪯

𝑒

𝑖
.

Hence lim𝑖→∞ 𝑑∗( 𝑓 (𝑥𝑛𝑖0), 𝑥
∗) = 𝜃. Thus

lim𝑖→∞ 𝑓 (𝑥𝑛𝑖0) = 𝑥
∗, that is, 𝑓 (𝑋) is dense

in 𝑋∗.
We now prove (𝑋∗, 𝐸, 𝐶, 𝐾, 𝑑∗) is

complete. Let {𝑥𝑛} be a Cauchy sequence
in 𝑋∗, where 𝑥∗𝑛 = [{𝑥𝑛𝑖 }𝑖] with {𝑥𝑛𝑖 }𝑖 ∈ 𝑆.
We have

lim
𝑛,𝑚→∞

𝑑∗(𝑥∗𝑛, 𝑥∗𝑚) = 𝜃.

Since 𝑓 (𝑋) is dense in 𝑋∗, for each 𝑛, there
exists 𝑦𝑛 ∈ 𝑋 such that

𝑑∗( 𝑓 (𝑦𝑛), 𝑥∗𝑛) ≪
𝑒

𝐾𝑛
.

This implies

𝜃 ⪯ 𝑑 (𝑦𝑛, 𝑦𝑚)
= 𝑑∗( 𝑓 (𝑦𝑛), 𝑓 (𝑦𝑚))
⪯ 𝐾𝑑∗( 𝑓 (𝑦𝑛), 𝑥∗𝑛) + 𝑑∗(𝑥∗𝑛, 𝑓 (𝑦𝑚))
⪯ 𝐾𝑑∗( 𝑓 (𝑦𝑛), 𝑥∗𝑛) + 𝑑∗(𝑥∗𝑛, 𝑥∗𝑚)
+ 𝐾𝑑∗(𝑥∗𝑚, 𝑓 (𝑦𝑚))

≪ 𝑒

𝑛
+ 𝑒

𝑚
+ 𝑑∗(𝑥∗𝑛, 𝑥∗𝑚).

Since lim𝑛,𝑚→∞ [ 𝑒𝑛 + 𝑒
𝑚 + 𝑑∗(𝑥∗𝑛, 𝑥∗𝑚)] =

𝜃, then we have lim𝑛,𝑚→∞ 𝑑 (𝑦𝑛, 𝑦𝑚) =
𝜃 and {𝑦𝑛} is a Cauchy sequence in
(𝑋, 𝐸, 𝐶, 𝐾, 𝑑).

Put 𝑦∗ = [{𝑦𝑛}] ∈ 𝑋∗. Then, we
have

𝜃 ⪯ 𝑑∗(𝑥∗𝑛, 𝑦∗) ⪯ 𝐾𝑑∗(𝑥∗𝑛, 𝑓 (𝑦𝑛))
+ 𝑑∗( 𝑓 (𝑦𝑛), 𝑦∗)

≪ 𝑒

𝑛
+ lim

𝑚→∞
𝑑 (𝑦𝑛, 𝑦𝑚).

Now, letting 𝑛 → ∞, we have
lim𝑛→∞ 𝑑∗(𝑥∗𝑛, 𝑦∗) = 𝜃, which further
means that lim𝑛→∞ 𝑥∗𝑛 = 𝑦∗. Therefore,
(𝑋∗, 𝐸, 𝐶, 𝐾, 𝑑∗) is complete.
(ii) We now prove the uniqueness of the
completion. Indeed, let (𝑋∗

1 , 𝐸, 𝐶, 𝐾1, 𝑑
∗
1)

and (𝑋∗
2 , 𝐸, 𝐶, 𝐾2, 𝑑

∗
2) be two completions

of (𝑋, 𝐸, 𝐶, 𝐾, 𝑑). Let 𝑓1 : 𝑋 → 𝑋∗
1

and 𝑓2 : 𝑋 → 𝑋∗
2 be isometries. For

each 𝑥∗1 ∈ 𝑋∗
1 , there exists {𝑥𝑛} ⊂ 𝑋 such

that lim𝑛→∞ 𝑓1(𝑥𝑛) = 𝑥∗1. This implies
that { 𝑓1(𝑥𝑛)} is a Cauchy sequence in 𝑋∗

1 .
Since 𝑓1 is an isometry, {𝑥𝑛} is a Cauchy se-
quence in 𝑋 . Similarly, since 𝑓2 is an isom-
etry, then { 𝑓2(𝑥𝑛)} is a Cauchy sequence in
𝑋∗
2 . Thus, there exists 𝑥∗2 ∈ 𝑋∗

2 such that
lim𝑛→∞ 𝑓2(𝑥𝑛) = 𝑥∗2.

Now, we define 𝜙 : 𝑋∗
1 → 𝑋∗

2
by 𝜙(𝑥∗1) = 𝑥∗2. We first show that 𝜙 is
bijective. Indeed, let 𝑦∗2 ∈ 𝑋∗

2 be arbi-
trary. Then there exists {𝑦𝑛} ⊂ 𝑋 such that
lim𝑛→∞ 𝑓2(𝑦𝑛) = 𝑦∗2. Since 𝑓2 is an isom-
etry, {𝑦𝑛} is a Cauchy sequence in 𝑋 . By
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the isometry of 𝑓1, { 𝑓1(𝑦𝑛)} is a Cauchy
sequence in 𝑋∗

1 . This implies there exists
𝑦∗1 ∈ 𝑋∗

1 such that lim𝑛→∞ 𝑓1(𝑦𝑛) = 𝑦∗1.
Hence 𝜙(𝑦1) = 𝑦2. This proves that 𝜙
is bijective. On the other hand, for ev-
ery 𝑥∗, 𝑦∗ ∈ 𝑋∗

1 with lim𝑛→∞ 𝑓1(𝑥𝑛) = 𝑥∗

and lim𝑛→∞ 𝑓1(𝑦𝑛) = 𝑦∗, it follows from
Lemma 2.12 that
𝑑∗1(𝑥∗, 𝑦∗) = lim

𝑛→∞
𝑑∗1( 𝑓1(𝑥𝑛), 𝑓1(𝑦𝑛))

= lim
𝑛→∞

𝑑 (𝑥𝑛, 𝑦𝑛)

= lim
𝑛→∞

𝑑∗2( 𝑓1(𝑥𝑛), 𝑓1(𝑦𝑛))

= 𝑑∗2(𝜙(𝑥∗), 𝜙(𝑦∗)).
This implies that 𝜙 is a bijective isometry
which restricts to the identity on 𝑋 . □

Remark 3.7. (i) In the proof of Theo-
rem 3.6, we used Lemma 2.5 and
2.12. So, the neighborhood property
of the cone 𝐶 was used.

(ii) When 𝐸 = R and 𝐶 = R+. Then The-
orem 3.6 will reduce to Theorem 2.2
in [12].

The next example shows that our the-
orem can be useful, while other results in
[12] cannot be applied.

Example 3.8. Let 𝑋 = Q, 𝐸 = R2, 𝐶 =
{(𝑡, 0) ∈ 𝐸 : 𝑡 ≥ 0}, 𝐾 ≥ 1 and 𝑑 : 𝑋 ×
𝑋 → 𝐸 by

𝑑 (𝑥, 𝑦) = ( |𝑥 − 𝑦 |, 0) for all 𝑥, 𝑦 ∈ 𝑋.
Since (𝑋, 𝐸, 𝐶, 𝐾, 𝑑) is not strong 𝑏-metric
space in the sense of An and Dung in
[12], we cannot apply Theorem 2.2 of
[12]. However, we can easily check that
(𝑋, 𝐸, 𝐶, 𝐾, 𝑑) is a strong 𝑏-TVS cone met-
ric space.

Since𝐶 has a closed convex bounded
base 𝐵 = {(1, 0)}, then 𝐶 has the neigh-
borhood property. Therefore, the assump-
tions in Theorem 3.6 are satisfied. More-
over, taking 𝑋∗ = R and 𝐸 = R2, we

have (𝑋∗, 𝐸, 𝐶, 𝐾, 𝑑∗) as a completion of
(𝑋, 𝐸, 𝐶, 𝐾, 𝑑), where 𝑑∗(𝑥∗, 𝑦∗) = (|𝑥∗ −
𝑦∗ |, 0) for all 𝑥∗, 𝑦∗ ∈ 𝑋∗.
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