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ABSTRACT 

Events in a survival data are independent. However, some health outcomes of a person 

may occur several times, such as infections and asthma attacks, etc., during the study follow 

up period. Such events are known as recurrent events. Recurrent event data analysis is most 

commonly used in biomedical research.  This paper examines the performance of variance 

corrected models with frailty models through simulation with varying degree of correlation, 

treatment effect and sample sizes. Results were evaluated by comparing the risk ratio esti-

mates, average standard errors (SE), Mean square error (MSE), AIC and log-likelihood val-

ues. The Prentice William and Peterson-Counting Process model had better fit among vari-

ance corrected models. The Andersen Gill model had very high AIC values and log-likelihood 

values in the simulation data and in the real time datasets. The frailty model had very high 

coverage probability which exceeded 95% nominal level in all the circumstances. The Rela-

tive Sampling Bias (RSB) and mean square error with beta -1 were not very different for all 

the models, in all scenarios. The PWP-CP model seemed to have lower AIC, less bias, mini-

mum MSE and optimal coverage probability than all other models for different degree of cor-

relations, varying sample sizes and treatment effects from the simulated data. 

Keywords: Counting process; Cox Proportional hazard model; Frailty; Recurrent events; Rel-

ative sampling bias; Variance corrected model 
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1. Introduction
The Cox Proportional hazard model 

is commonly used to analyze time-to-event 

data in biomedical sciences, where events 

are assumed to be independent [1]. Howev-

er, some health outcomes of a person may 

occur several times during the course of fol-

low up. For example, a person experiences 

repeated occurrences of the same type of 

event such as asthma attacks, recurrence of 

bladder cancer tumours and recurrent oppor-

tunistic infections in HIV patients. Such 

outcomes are often called ‘recurrent’ events 

or ‘repeated’ events [2-4]. Researchers use 

the standard Cox model for recurrent events 

data which actually deals with time to single 

event, without realizing that the observa-

tions are not independent. The recurrent 

events within an individual and their corre-

sponding time are expected to be correlated. 

Ignoring this correlation is expected to bias 

the regression coefficient and its standard 

error. This correlation should be considered 

as a rule rather than an exception which 

must be taken into account for analysis in 

order to obtain the correct inference [5, 6]. 

This led to the development of a number of 

models for analyzing correlated survival 

data. These models are often an extension of 

the standard Cox model used for analyzing 

independent survival data. Such models are 

classified as marginal models/variance cor-

rected models and random effects models. 

Marginal models focus on estimating the 

effect of the covariates on the marginal ex-

pectation of the response by either specify-

ing a correlation structure (Generalized Es-

timating Equations) or by adjusting the es-

timated variance of the regression coeffi-

cients. Random effects models attempt to 

model the dependent structure by including 

a random effect besides accounting for un-

observed heterogeneity. This heterogeneity 

could arise from unobserved covariates.  

Random effect models are subject-specific 

models or cluster-specific models [7]. Sur-

vival models with random effects are called 

frailty models [8]. There are a few other 

methods to handle recurrent event data 

based on independent increment such as 

Andersen Gill Model(AG), Wei, Lin and 

Weissfeld (WLW); Prentice, Williams and 

Peterson, Counting Process(PWP-CP) and 

gap time (PWP-GT); and Lee, Wei and Am-

ato (LWA) [3, 8-13]. 

The Cox extension methods for the 

analysis of recurrent events are commonly 

evaluated using simulated data. Kelly and 

Lim [14] explained the application and the 

comparison of various recurrent event time 

models. Villegas et al., [15] simulated recur-

rent time data with varying degree of corre-

lation, censoring and number of recurrences. 

Researchers in the applied field (epidemiol-

ogy or clinical epidemiology) explore a ro-

bust method from the variance corrected 

models and frailty model. 

However, there are no studies that 

compare frailty models to the recurrent 

event models. Also, there is still a dearth of 

evidence to select the best method/model for 

analyzing recurrent event data using simu-

lated and real time data. Hence the objective 

of this paper was to apply and appreciate the 

differences between the recurrent event 

models, including frailty models, through 

simulation with varying degree of correla-

tion, treatment effect and sample sizes. Two 

real time datasets were also used to demon-

strate the same objective comprehensively. 

2. Methods
2.1 Cox proportional hazard model

The standard Cox proportional hazard 

model for the survival data specifies the 

hazard function for the individual i is mod-

eled as 

0( ) ( )exp( ),i it t X  = (2.1) 

where t  represents time, iX is the vector of

covariates of the ith individual,   is the 

vector of regression coefficients and ( )0 t

denotes the baseline hazard function ob-

tained for an individual with 0X = . ( )i t

is the hazard of individual i to experience an 
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event at time t. We could obtain an estima-

tor ̂  for   based on the assumption that 

the events in each subject were independent 

[1]. Let Tij  be the time when the jth failure 

occurs for the ith subject. iC  is the censoring 

time for individual i. The minimum of ( Tij  , 

iC ) i.e., 
ijZ  equals Tij  if the event was ob-

served (coded 1) and iC  if it is censored 

(coded 0).  
 

2.2 Extended Cox models 

The extended Cox models were used 

to model recurrent time-to-event outcomes 

within a subject more comprehensively than 

the Cox model. The extended Cox models 

are: 1) Andersen-Gill counting process 

(AG-CP), 2) Prentice-Williams-Peterson 

counting process (PWP-CP), 3) PWP - Gap 

time (PWP-GT) model; and 4) random ef-

fect/frailty model. The variance corrected 

models take into account the recurrent struc-

ture of the data and the random effect model 

uses a frailty term to account for the unob-

served heterogeneity besides taking into 

account the recurrent structure of the data. 

These four models were applied to a 

simulated data and two real time datasets. 

The model results were evaluated by com-

paring the risk ratio estimates, average 

standard errors (SE), Mean square error 

(MSE), AIC and log likelihood values.  
 

2.2.1 Andersen Gill model 

The counting process model of An-

dersen Gill (AG) is a generalized Cox Mod-

el. The AG model assumes that recurrent 

events are independent. Hence, the baseline 

hazards for all events are common. The as-

sumption of mutual independence of the 

events within a subject is equivalent to the 

assumption of independent increments in 

the counting process within each subject. 

The counting process style of data input is 

seen in AG models where each subject is 

represented as a series of observation with 

recurrence time which is given as ( 0 1,t t ], 

( 1 2,t t ] ( mt , last follow-up time].Each recur-

rent event (j) for an individual i is assumed 

to follow a proportional hazard model where 

the hazard function is given as  
 

0( ) ( )exp( ( ))i it t X t  =        (2.2) 
 

where 0 ( )t  represents the common base-

line hazard function (that is 0 0 =  for all j). 

Under this model, the risk of recurrent event 

for a subject follows the usual Cox propor-

tional hazards assumption, assuming each 

event as independent. Every subject risk 

interval contributes to the risk set for every 

event, irrespective of the number of events 

for each individual. The AG model provides 

more powerful inference for a covariate ef-

fect than the standard Cox model for the 

time to first event, but requires stronger as-

sumptions than the other models, such as 

common baseline hazards. A robust sand-

wich method is used in the estimation of 

standard errors [2, 16]. 
 

2.2.2 Prentice, William and Peterson 

models (PWP) 

Another model for analyzing recur-

rent events is the Prentice, William and Pe-

terson model. The PWP model analyses re-

current events by stratification, based on the 

prior number of the events during the fol-

low-up period (10). There are two types of 

PWP models, they are: 1. PWP counting 

process model (PWP-CP) and 2. PWP gap 

time model (PWP-GT). The total time and 

the gap time models look similar in certain 

aspects, yet there are important conceptual 

differences. In the PWP-CP model, the time 

scale is measured from the beginning of the 

study to a specified event. It assumes that a 

subject is not at risk for the kth event until 

he/she has experienced event j-1. The PWP-

CP model is similar to the AG-CP model 

but stratified by events. The baseline haz-

ards vary from event to event, the hazard 

function for the jth event for ith subject with 

the standard proportional hazards form is 

written as 
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0( ) ( )exp( ( )),ij j j it t X t  =        (2.3) 

 

1,..., , 1,..., , .i ii n j k k k= =   The PWP-GT 

model describes an intensity process from 

the occurrence of an immediately preceding 

event, with the gap time defined as (
1jt t −− ); 

therefore, each survival process defines a 

different rank order for a specific risk set on 

the occurrence of a recurrent event. Both 

PWP approaches are conditional models as 

an individual is not considered in the risk set 

for the jth event until experiencing the 

( 1j − )th event 
 

    0 1( ) ( )exp( ( )),ij j j j it t t X t  −
= −      (2.4) 

 

1,..., , 1,..., , ,i ii n j k k k= =  where tj-1 is the 

time of the ( 1j − )th event(with 0 0t = ), and 

0 ( )j t  represents the event-specific baseline 

hazard for the jth event over time. Equations 

(2.2), (2.3) and (2.4) assume that the repeat-

ed events are related. Therefore, these esti-

mates are presented by using the sandwich 

type estimators and hence they are known as 

variance corrected models [17]. 
          

2.2.3 Random effect/frailty model 

The frailty model is an extension of 

the Cox PH model, in which the hazard 

function depends on an unmeasured random 

variable [2, 8, 18]. In a frailty model, indi-

viduals in the same group share the same 

frailty value which generates dependence 

between those individuals who share those 

frailties. The term ‘frailty’ means that each 

subject has his/her own disposition to fail-

ure, in addition to any effects that will be 

quantified using regression.  Hazard func-

tion ( )ij t  for the recurrent time of the jth 

event in the ith subject 

( 1,..., ; 1,2,...,j i i n= = ) conditional on the 

frailty iZ  follows the standard proportional 

hazards form and is given by: 
 

0( ) ( )exp( ( )), 0,ij i it z t X t t  =     (2.5) 
 

where, (t) is the common baseline hazard 

function, iX  is a vector of observable co-

variates and   is a vector of unknown re-

gression coefficients. Frailty iZ  is the unob-

served (random) common risk factor shared 

by all subjects i and is assumed to be inde-

pendent and identically distributed with unit 

mean and unknown variance θ. Each subject 

could have different values of random ef-

fects. Variability in the iZ  reflect the heter-

ogeneity of risk across the subjects. If the 

value of the frailty iZ  is zero, then events 

from the same subject are independent.  The 

variance of the random effect lies between 0 

to infinity. Mostly the frailty variable is as-

sumed to follow gamma distribution [18-

22]. The density function of gamma frailty 

distribution results in the following form, 
 

( )1/ 1

1/

exp( / )
, 0

( ) (1 / )

0,

z z
if z

f z

otherwise







  

− −


= 



 

 

with  the gamma function. Note that there 

is heterogeneity if 0.   So, large values of 

  reflect a greater degree of heterogeneity 

among groups or clusters and a stronger as-

sociation within groups or clusters. The 

semi parametric gamma frailty model can 

also be fitted by the penalized partial log 

likelihood approach [5, 23-25]. The gamma 

frailty model is equivalent to a penalized 

Cox model with penalty func-

tion  −= )]exp([)/1()( iZiZz  . The Z's are 

distributed as the log of i.i.d gamma random 

variables and the tuning parameter θ as their 

variance. For the gamma frailty distribution, 

the correlation of subjects within groups 

(Kendall's tau) is ( )2 + . 
 

2.3 Simulation 

The survival time was generated 

based on the Cox Proportional Hazard mod-

el that was proposed by Bender et al. [26]. 

However, there is no straight forward meth-

od to generate time-to-event till date. In the 
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Cox PH model, the effects of the covariate 

have to be translated into survival time from 

the hazard rate. It is simpler to convert or 

translate the regression coefficient for haz-

ard to survival time only if the baseline haz-

ard function has a constant hazard, which 

means that the survival times follow an ex-

ponential distribution and thereby this is one 

of the reasons that most simulations are 

based on exponential distribution. 
 

2.3.1 Simulation of survival time 

From equation (2.1), the survival 

function of the Cox PH model is given as 
 

   0( ) exp{ ( )exp( )}.t X t X  = −       (2.6) 
 

Based on the cumulative hazard function 

and the distribution function of the Cox PH 

model, equation (2.6) can be rewritten as 
 

   0( ) 1 exp{ ( )exp( )}.F t X t X = − −    

(2.7) 
 

Let us consider Y  to be a random variable 

with distribution function F , then 

( )U F Y=  follows a uniform distribution 

with the interval [0,1] which can be written 

as  0,1 .U U  If  0,1U U  then 

( )  1 0,1U U−  also follows uniform dis-

tribution. Then the equation is expressed as 
 

     '

01/ { log( ) / exp( )}},T U X  = − −   (2.8) 
 

where U  is a random variable with 

 0,1U U . This can be transformed into 

survival time following a specific Cox mod-

el [4], which can be rewritten in the form of 

exponential distribution as follows: 
 

log( ) / exp( ).T U X = −  
 

The corresponding hazard function of the 

Cox model is given by 
 

( | ) exp( ).H t X X =          (2.9) 
 

Thus, the Cox PH model [2.1] with constant 

baseline hazard results in an exponentially 

distributed survival time with scale parame-

ters ( ) exp( )x X  = , which are depend-

ent on the regression coefficient. The expo-

nential distribution has a similar correlation 

structure, with correlation   between adja-

cent recurrence times [15, 27].  
 

2

2 2

(log 2)
,

(log 2) (1 log 2)
W




=

+ −
       (2.10) 

2

0

2 (1 )
.

1

p
P

  



− + + −
=

−
  (2.11) 

 

Based on equations 2.10 and 2.11 using R 

software (Version 3.1.2) [28], recurrent sur-

vival time was generated based on rho, 

which was multiplied with time, until it 

reached a maximum follow-up time of 24 

months. A covariate ‘treatment’ was gener-

ated using random Bernoulli with treatment 

arm to be 60% and the control arm to be 

40%. Each and every individual had a start 

and a stop time based on the above condi-

tion using exponential distribution. If the 

individual did not get any event within 24 

months and/or if the follow-up time exceed-

ed 24 months, such individuals were con-

sidered as censored. Also, occurrences of 

censoring were fixed to be 0%, 10%,15% 

and 20%, respectively. Data was generated 

with the above specified criteria and repeat-

ed for 1000 times with varied sample size, 

correlation, betas and censoring. 
 

2.4 Model robustness, accuracy, estima-

tion and evaluation 

2.4.1 Robustness 

The robustness of the generated re-

current event data was measured using true 

coverage of 95 and the relative sampling 

bias of the β estimator for the generated da-

ta. The relative sampling bias is defined as 
 

1

ˆ1
Re .

m
i

i

lative Sampling Bias
m

 

=

−
=   

 

2.4.2 Accuracy  
The most common criterion in eval-

uating the performance of a statistical model 

is based on its accuracy with respect to the 
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fitted data. Thus, the model accuracy is as-

sessed by the closeness of the estimates to 

the exact (or observed) value. The most 

widely used measure of accuracy is the 

mean-squared error (MSE). Smaller values 

indicate a more accurate and reliable model. 
 

2

1

1 ˆ( ) ,
m

i

i

MSE
m

 
=

= −  

 

where m is the number of simulation 

( 1,000m = ), ˆ
i  is the estimator from the 

simulated data and    is the given estimate. 
 

2.4.3 Estimation and evaluation  
The Information Criterion (IC) is 

used for comparison between models. The 

model with the lower IC indicates better fit 

of the model. The Akaike Information Crite-

rion (AIC) was calculated for each simulat-

ed data. The AIC is one of the most com-

monly used fit statistics. 
 

  ( )AIC 2Log 2 ,L k= − +  
 

where k is the number of predictors, includ-

ing the intercept in the model and L is the 

maximized value of the likelihood function 

for the estimated model. 
 

3.Results 
3.1 Simulation  

We generated a series of simulations 

using exponential distribution with different 

sample sizes, correlation and hazard levels. 

The different sample sizes considered were 

( )100,200,300,400,500n = . The correla-

tion within subjects and treatment effects 

considered were ( )0.1,0.4,0.6,0.8,1 =  and 

0.2,0.4,0.6,0.8,1 =  and -1, respectively. 

Survival time was truncated at 24 months in 

all the series of simulated data. 

Table 1 shows the results of esti-

mates, robustness of the standard error and 

accuracy of the models for the simulated 

recurrent event data. The naive standard 

error was always slightly higher than the 

robust standard error in all the models with 

increasing correlations and sample sizes. 

The standard errors (naive and robust) were 

large when the sample size was small 

( 100n = ). The variance of the frailty in-

creased with increasing correlations irre-

spective of the sample size. The   coeffi-

cient from the frailty model was nearly 

close to the true value when the sample size 

was small and when correlation was high. 

When the sample size was large, the beta 

value and the true value were similar for 

varying correlations. A similar kind of trend 

was also seen with all the remaining β as 

well. The simulation results are presented in 

the appendix.  

The model fit was assessed for the 

simulated data using the Akaike Information 

Criterion (AIC). The AIC seems to be con-

sistently increasing with increase in sample 

size and decreasing with increasing correla-

tion levels within each of the sample sizes. 

Of the four models, the PWP-CP model had 

lower AIC and log likelihood values. The 

AG model had very high AIC and log-

likelihood values in all the circumstances. 

The PWP-GT model had lower AIC values 

than the frailty model for all sample size and 

varying correlations. The frailty model had 

coverage probability greater than the nomi-

nal level of 95% than all other models in 

many situations (Fig. 1). 
 

 
 

Fig. 1. Coverage Probability for beta -1 with 

varying rho’s and varying sample size. 

The Relative Sampling Bias (RSB) 

and mean square error (Fig. 2) with fixed 
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treatment effect of -1 were not very differ-

ent for all the models, in all situations. 
 

3.2 Bladder cancer data 

The bladder cancer data are listed in 

[11], and used as a primary example for 

these methods. There were 85 cancer pa-

tients with recurrent bladder cancer tumours 

followed up for 64 months after tran-

surethral excision [2]. 
 

 
Fig. 2.  Explains the Relative Sampling Bias 

(RSB) for the recurrent event models.  With var-

ying sample size and varying correlation. 
 

 Of them, 47 and 38 were assigned to 

placebo and intervention groups, respective-

ly. The risk factors considered in the model 

were the “treatment”,” number of tumours” 

and “size of the tumours”. The main pur-

pose of considering this example was to 

compare the recurrent event models rather 

than providing the estimates of recurrent 

bladder cancer data. Table 2 presents the 

treatment effect (  ) model standard error, 

robust standard error, AIC, -2 log likelihood 

and frailty variance for the AG, PWP-CP, 

PWP-GT and frailty models.  

The   value in frailty model was 

slightly higher (-0.460) than the AG model 

(-0.412) but the treatment effects of the re-

maining models were smaller than the frail-

ty and AG models. This suggests that the 

risk of recurrent bladder cancer was event 

dependent(correlated).  The model fitness 

characteristics such as AIC and -2 log-

likelihood were lower in PWP-CP (AIC = 

637.96-2 log-likelihood = -315.99) model as 

compared to other models.  The additional 

information provided by the frailty model 

was variance of the random effect (θ= 

0.567, p=0.036). This significant heteroge-

neity suggested that some patients were 

prone to disease recurrence more quickly 

than other patients. 
 

3.3 Cystic fibrosis data 

 This example data is from the study 

that assessed the effects of rhDNase -

pulmozyme (DNase I), acloned and highly 

purified recombinant DNase I designed to 

mimic that produced by the human body, 

deoxyribonuclease-on the incidence of pul-

monary exacerbations [29]. The double 

blind, placebo-controlled study was con-

ducted in 1992. There were 956 patients 

with cystic fibrosis and all exacerbations 

were collected for 196 days. Of them 43% 

of the placebo and 33 % of the rhDNase 

patients experienced an exacerbation during 

the follow up period.  Table 2 presents the 

treatment effect  , model standard error, 

robust standard error, AIC, -2 loglikelihood 

and frailty variance for the AG, PWP-TT, 

PWP-GT and frailty models for cystic fibro-

sis data. The robust standard errors obtained 

using PWP-CP and frailty models were 

lowest and exactly the same. It was highest 

in the AG model followed by the PWP-GT 

model. The treatment effect was statistically 

significant in all models except the PWP-

GT model. The variance of the frailty was 

found to be very high (  = 1.19) and statis-

tically significant (p = 0.001). A frailty vari-

ance of more than 1 indicates that the heter-

ogeneity is high. The correlation between 

recurrent events from the same patient was 

estimated as 0.3748.  =  The AIC and -2 

log-likelihood were also lower in the PWP-

CP model compared to other models.  
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Table 1. Simulation results for   β= −1, varying sample size and varying correlation. 
n β ρ Model  β SE RSE AIC -2LL FV CP RSB RMSE 

100 

-1 

0.2 

AG 

PWP-CP  

PWP-GT 

Frailty 

-1.0007 

-1.0093 

-1.0093 

-1.0007 

0.1776 

0.1919 

0.1915 

0.1806 

0.1754 

0.1893 

0.1886 

0.1777 

1269.76 

952.61 

994.23 

1263.29 

-633.88 

-475.30 

-496.11 

-630.65 

- 

- 

- 

0.026 

94.0 

93.5 

94.2 

94.6 

0.00001559 

0.00000979 

0.00000955 

0.00001559 

0.00005210 

0.00005632 

0.00005558 

0.00005210 

 0.45 AG 

PWP-CP  

PWP-GT 

Frailty 

-1.0137 

-1.0205 

-1.0206 

-1.0138 

0.2679 

0.2772 

0.2771 

0.2721 

0.2642 

0.2723 

0.2725 

0.2680 

570.13 

476.96 

482.31 

564.22 

-284.06 

-237.48 

-240.15 

-281.11 

- 

- 

- 

0.058 

93.9 

94.1 

94.2 

95.5 

0.00002323 

0.00001903 

0.00001913 

0.00002323 

0.00007929 

0.00008265 

0.00008255 

0.00007929 

0.6 AG 

PWP-CP  

PWP-GT 

Frailty 

-1.0243 

-1.0291 

-1.0277 

-1.0243 

0.3125 

0.3205 

0.3206 

0.3180 

0.3090 

0.3154 

0.3157 

0.3127 

426.67 

367.56 

370.11 

420.33 

-212.33 

-182.78 

-184.05 

-209.16 

- 

- 

- 

0.089 

95.4 

95.7 

95.3 

95.9 

0.00002494 

0.00002235 

0.00002385 

0.00002494 

0.00001449 

0.00001487 

0.00001485 

0.00001449 

0.8 AG 

PWP-CP  

PWP-GT 

Frailty 

-1.0174 

-1.0237 

-1.0227 

-1.0174 

0.3610 

0.3789 

0.3679 

0.3675 

0.3567 

0.3626 

0.3627 

0.3612 

323.91 

286.53 

287.49 

317.69 

-160.96 

-142.26 

-142.74 

-157.84 

- 

- 

- 

0.120 

95.7 

95.8 

95.8 

96.3 

0.00004611 

0.00004195 

0.00004293 

0.00004611 

0.00001869 

0.00001925 

0.00001919 

0.00001869 

 

 

 

200 

-1  

0.2 

AG 

PWP-CP 

PWP-GT 

Frailty 

-0.9991 

-1.0023 

-1.0023 

-0.9991 

0.1249 

0.1343 

0.1339 

0.1262 

0.1242 

0.1332 

0.1327 

0.1250 

2931.63 

2288.73 

2372.34 

2329.69 

-1464.82 

-1143.36 

-1185.17 

-1460.84 

- 

- 

- 

0.015 

93.2 

93.5 

93.6 

93.7 

0.00000960 

0.00000749 

0.00000745 

0.00000960 

0.00003818 

0.00004044 

0.00004033 

0.00003818 

 

0.45 

AG 

PWP-CP 

PWP-GT 

Frailty 

-1.0061 

-1.0109 

-1.0107 

-1.0060 

0.1874 

0.1935 

0.1935 

0.1893 

0.1858 

0.1914 

0.1915 

0.1875 

1314.59 

1125.58 

1136.22 

1306.92 

-656.29 

-561.79 

-567.11 

-652.46 

- 

- 

- 

0.036 

94.7 

94.9 

94.4 

95.0 

0.00001138 

0.00000751 

0.00000775 

0.00001138 

0.00005374 

0.00005483 

0.00005483 

0.00005374 

 

0.6 

AG 

PWP-CP 

PWP-GT 

Frailty 

-1.0119 

-1.0144 

-1.0135 

-1.0119 

0.2174 

0.2225 

0.2226 

0.2199 

0.2161 

0.2203 

0.2206 

0.2174 

985.87 

865.52 

870.65 

976.96 

-491.94 

-431.76 

-434.32 

-487.48 

- 

- 

- 

0.057 

96.0 

95.4 

95.6 

96.1 

0.00001034 

0.00000857 

0.00000949 

0.00001034 

0.00009068 

0.00006201 

0.00006224 

0.00006090 

 

0.8 

AG 

PWP-CP 

PWP-GT 

Frailty 

-1.0065 

-1.0088 

-1.0086 

-1.0066 

0.2509 

0.2554 

0.2554 

0.2542 

0.2497 

0.2537 

0.2538 

0.2509 

745.44 

669.27 

671.40 

736.04 

-371.72 

-333.64 

-334.70 

-367.02 

- 

- 

- 

0.083 

95.8 

96.0 

95.5 

96.1 

0.00002538 

0.00002380 

0.00002422 

0.00002538 

0.00007574 

0.00007652 

0.00007661 

0.00007573 

 

 

 

-1 

0.2 

AG 

PWP-CP 

PWP-GT 

-0.9985 

-1.0012 

-1.0013 

0.1018 

0.1092 

0.1090 

0.1014 

0.1086 

0.1082 

4732.84 

3766.62 

3892.97 

-2366.42 

-1882.31 

-1945.48 

- 

- 

- 

94.7 

94.9 

94.7 

0.00000688 

0.00000506 

0.00000494 

0.00003032 

0.00003273 

0.00003253 
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300 

Frailty -0.9985 0.1026 0.1018 4725.41 -2361.71 0.012 95.0 0.00000688 0.00003032 

0.45 AG 

PWP-CP 

PWP-GT 

Frailty 

-1.0065 

-1.0113 

-1.0109 

-1.0065 

0.1527 

0.1576 

0.1575 

0.1538 

0.1516 

0.1565 

0.1565 

0.1527 

2121.72 

1838.11 

1853.85 

2113.41 

-1059.86 

-918.05 

-925.92 

-1055.71 

- 

- 

- 

0.025 

95.1 

95.5 

95.1 

95.4 

0.000005467 

0.000001184 

0.000001507 

0.000005467 

0.00004431 

0.00004547 

0.00000333 

0.00004431 

0.6 AG 

PWP-CP 

PWP-GT 

Frailty 

-1.0088 

-1.0122 

-1.0119 

-1.0088 

0.1767 

0.1809 

0.1809 

0.1782 

0.1757 

0.1797 

0.1798 

0.1768 

1594.41 

1414.01 

1421.28 

1584.89 

-796.20 

-706.00 

-709.64 

-791.44 

- 

- 

- 

0.039 

95.4 

95.4 

95.4 

95.7 

0.000006273 

0.000003429 

0.000003753 

0.000006273 

0.00000411 

0.00000424 

0.00000425 

0.00000411 

0.8 AG 

PWP-CP 

PWP-GT 

Frailty 

-1.0087 

-1.0123 

-1.0115 

-1.0087 

0.2039 

0.2076 

0.2076. 

0.2059 

0.2029 

0.2064 

0.2065 

0.2040 

1202.69 

1088.76 

1091.91 

1192.19 

-600.35 

-543.38 

-544.96 

-595.09 

- 

- 

- 

0.058 

95.9 

96.0 

96.0 

96.0 

0.000001164 

0.000008664 

0.000009351 

0.000001164 

0.000005527 

0.000005654 

0.000005649 

0.000005527 

 

 

 

 

 

 

400 

-1  

0.2 

AG 

PWP-CP 

PWP-GT 

Frailty 

-1.0002 

-1.0026 

-1.0024 

-1.0002 

0.0882 

0.0945 

0.0943 

0.0887 

0.0879 

0.0942 

0.0939 

0.0882 

6631.10 

5338.37 

5506.94 

6621.66 

-3314.55 

-2668.18 

-2752.47 

-3309.82 

- 

- 

- 

0.009 

95.4 

94.4 

94.4 

95.5 

0.00000391 

0.00000221 

0.00000237 

0.00000391 

0.00002629 

0.00002826 

0.00002826 

0.00002629 

 

0.45 

AG 

PWP-CP 

PWP-GT 

Frailty 

-0.9998 

-1.0024 

-1.0022 

-0.9998 

0.1319 

0.1361 

0.1360 

0.1326 

0.1314 

0.1354 

0.1354 

0.1319 

2974.74 

2594.66 

2616.05 

2966.40 

-1486.37 

-1296.33 

-1307.02 

-1482.20 

- 

- 

- 

0.019 

95.8 

95.8 

95.9 

96.5 

0.00000875 

0.00000661 

0.00000687 

0.00000875 

0.00003813 

0.00003937 

0.00003942 

0.00003813 

 

0.6 

AG 

PWP-CP 

PWP-GT 

Frailty 

-1.0052 

-1.0069 

-1.0069 

-1.0052 

0.1525 

0.1561 

0.1561 

0.1537 

0.1520 

0.1554 

0.1554 

0.1525 

2237.23 

1994.63 

2004.612

225.37 

-1117.62 

-996.32 

-1001.31 

-1111.68 

- 

- 

- 

0.036 

95.0 

95.0 

95.5 

95.1 

0.00000641 

0.00000513 

0.00000509 

0.00000641 

0.00004433 

0.00004501 

0.00004493 

0.00004433 

 

0.8 

AG 

PWP-CP 

PWP-GT 

Frailty 

-1.0058 

-1.0089 

-1.0085 

-1.0058 

0.1760 

0.1791 

0.1791 

0.1774 

0.1752 

0.1783 

0.1784 

0.1760 

1686.29 

1533.56 

1537.96 

1674.19 

-842.15 

-765.78 

-767.98 

-836.09 

- 

- 

- 

0.049 

95.9 

96.3 

95.9 

96.1 

0.00000959 

0.00000708 

0.00000751 

0.00000959 

0.00005164 

0.00005237 

0.00005236 

0.00005164 

  

 

  500 

-1 

0.2 

AG 

PWP-CP 

PWP-GT 

Frailty 

-1.0006 

-1.0027 

-1.0025 

-1.0006 

0.0788 

0.0845 

0.0842 

0.0793 

0.0786 

0.0842 

0.0840 

0.0788 

8604.20 

6982.98 

7195.66 

8592.65 

-4301.10 

-3491.49 

-3596.83 

-4295.32 

- 

- 

- 

0.087 

94.2 

94.2 

94.2 

94.4 

0.00000286 

0.00000127 

0.00000143 

0.00000286 

0.00002376 

0.00002546 

0.00002540 

0.00002376 

0.45 AG 

PWP-CP 

-1.0016 

-1.0031 

0.1179 

0.1217 

0.1176 

0.1212 

3855.41 

3379.38 

-1926.70 

-1688.69 

- 

- 

94.6 

94.7 

0.00000563 

0.00000434 

0.000001918 

0.000001972 
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PWP-GT 

Frailty 

-1.0028 

-1.0016 

0.1260 

0.1185 

0.1213 

0.1180 

3405.91 

3846.39 

-1701.95 

-1922.19 

- 

0.016 

94.7 

95.0 

0.00000461 

0.00000632 

0.000001968 

0.000001918 

0.6 AG 

PWP-CP 

PWP-GT 

Frailty 

-1.0019 

-1.0029 

-1.0029 

-1.0019 

0.1361 

0.1393 

0.1393 

0.1369 

0.1358 

0.1388 

0.1388 

0.1361 

2903.86 

2599.94 

2612.39 

2892.36 

-1450.93 

-1298.97 

-1305.19 

-1445.18 

- 

- 

- 

0.027 

95.7 

95.8 

95.7 

95.6 

0.00000741 

0.00000669 

0.00000678 

0.00000741 

0.000002504 

0.000002582 

0.000002588 

0.000002504 

0.8 AG 

PWP-CP 

PWP-GT 

Frailty 

-1.0047 

-1.0066 

-1.0066 

-1.0047 

0.1570 

0.1598 

0.1598 

0.1580 

0.1565 

0.1591 

0.1592 

0.1571 

2188.52 

1996.75 

2002.50 

2176.49 

-1093.26 

-997.38 

-1000.25 

-1087.25 

- 

- 

- 

0.039 

95.4 

95.3 

95.0 

95.4 

0.00000726 

0.00000569 

0.00000571 

0.00000725 

0.000003258 

0.000003343 

0.000003341 

0.000003257 
Note: SE: Standard error, RSE: Robust Standard error, FV: Frailty Variance, CP: Coverage Probability, RSE: Relative Sampling Bias, RMSE: Root Mean square error 
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4. Discussion 
Recurrent event data has two main is-

sues which need to be accounted for, viz., 

(i) dependence between repeated events 

within a subject and (ii) heterogeneity 

across the subjects. With this in mind, recur-

rent event models were examined using 

simulation without fixing the number of 

events and also using real time data. 

 

Table 2. Treatment effect, Standard error (SE), robust standard error (RSE), AIC, loglikeli-

hood (LL) and frailty variance using bladder cancer data and Cystic fibrosis data. 

Model 
Estimate 

(β)ab 

Standard  

Error 

Robust Std 

 Error 
AIC 

Log 

likelihood 

P 

value 

 

θ 

Bladder Cancer data 

AG  
-0.412 0.199 0.249 919.9 -456.9 0.097 - 

PWP-CP -0.333 0.216 0.205 637.9 -315.9 0.103 - 

PWP-Gap -0.279 0.207 0.216 723.9 -358.9 0.195 - 

Frailty -0.460 0.276 0.209 841.2 -417.6 0.095 0.567 

Cystic fibrosis datab 

AG  -0.295 0.106 0.131 4527.5 -2261.8 0.024 - 

PWP-CP -0.216 0.107 0.108 3909.3 -1952.6 0.046 - 

PWP-Gap -0.215 0.107 0.112 3982.7 -1989.4 0.055 - 

Frailty -0.333 0.141 0.108 4010.4 -2003.2 0.018  1.199 

a treatment effect is adjusted for number of tumours and size of the tumours. 

b treatment effect is adjusted for FEV. 

 

The simulation results show that all the 

models have different degree of robustness 

with variations in sample size and correla-

tion. With increasing correlation, all the 

models overestimated the value for lower 

sample sizes but the value of β was equiva-

lent to -1 with the increasing sample size. 

The AG and frailty models provided exact β 

values (as fixed) and different robust stand-

ard errors and PWP models overestimated β 

values with low correlation levels. However, 

Kelly and Lim reported that AG and PWP 

models overestimated β values with low cor-

relation levels. The AIC values were very 

high for low correlation while AIC values 

were low for increasing correlation in all of 

the samples.  The AG model had highest 

AIC values than other models in all situa-

tions.  Although AG model is recommended 

by Therneau et al. because of its simplicity, 

robustness and efficiency, Kelly and Lim 

(2000) stated that robust variance alone was 

not adequate to account for within subject 

correlations [13]. With respect to AIC and 

log-likelihood values, PWP-CP followed by 

PWP-GT model performed better than other 

models in both simulated and real time data. 

As stated in the literature [2, 14], the PWP-

CP model is more appropriate when the de-

pendence from the past recurrent events is 

strong and consistent whereas the PWP-GT 

is more appropriate when one wants to pre-

serve the order of the events in the creation 

of the risk set and account for event depend-

ence [30-32]. 

The variance corrected models such 

as AG and PWP models have been com-

pared by various authors (e.g., Lin,1994; 

Gao and Zhou, 1997; Therneau and Hamil-

ton, 1997: Villegas et al, 2013, Jahn EA et 

al, 2015) [15, 29, 31, 33-34] using real time 

data and simulated data, and found that these 

models give different findings for the same 

data set like the present study.  This was not 

indeed unexpected because all these models 

have different underlying assumptions. 
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The random effect/frailty model had 

smaller AIC and log-likelihood values than 

the AG model. A study by Ullah et al (2012) 

showed that there was no statistical differ-

ence between AG and frailty models in 

terms of model selection and goodness of fit 

or accuracy both for simulated data and Aus-

tralian National Rugby League recurrent in-

jury data [35]. Kelly and Lim (2000) also 

recommended the use of a frailty model 

which incorporates random effect to account 

for heterogeneity as well as event depend-

ence. The coverage probability for the frailty 

model was very much higher than 95% in all 

the circumstances. To our knowledge, this 

was one of the few studies in health data 

which used simulated recurrent event data to 

explore frailty models.  

Variance corrected models and ran-

dom effects/frailty model comparison should 

also consider risk interval, risk set, baseline 

hazard and within person correlation to de-

cide on an appropriate model. 

 

4.1 Limitation of the study 

        This study dealt with simulation data 

with sample sizes of 100, 200, 300, etc., 

However in real life situations survival anal-

ysis often deals with small sample sizes such 

as 25, 50 and 75. Our study conclusions may 

not be valid with a small sample size. Also, 

the maximum censoring rate in this study 

simulation was 20%. The recommended cen-

soring rate in survival analysis is maximum 

50%. Unfortunately, our study did not deal 

with maximum recommended simulation. 

However, that decision should be made on 

the basis of our research question and inter-

est in choosing the model and purely on 

simulation finding.  

  

5. Conclusion 
The PWP-CP model had lower AIC, 

less bias, minimum MSE and optimal cover-

age probability than all other models speci-

fied for different degree of correlation and 

varying sample sizes or treatment effects 

from the simulated data; hence we strongly 

recommend the PWP-CP model. 
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Appendix 

 
   Table 1.  Simulation result for Beta 0.2, varying sample size and varying correlation without censoring. 

n β p Model Est SE RSE AIC -2LL FV CP RSB RMSE 

100 

0.2   0.2 AG 

PWP-CP 

PWP-GT 

Frailty 

0.2045 

0.2059 

0.2053 

0.2045 

0.1315 

0.1350 

0.1347 

0.1339 

0.1300 

0.1319 

0.1319 

0.1315 

2372.21 

1700.96 

1825.09 

2365.14 

-1185.11 

-849.48 

-911.55 

-1181.57 

- 

- 

- 

0.015 

93.7 

94.2 

94.0 

94.9 

0.00001472 

0.00001660 

0.00001589 

0.00001472 

0.00002847 

0.00003021 

0.00002982 

0.00002847 

 

0.45 

AG 

PWP-CP 

PWP-GT 

Frailty 

0.1992 

0.1981 

0.1981 

0.1992 

0.1973 

0.2001 

0.2000 

0.2008 

0.1939 

0.1962 

0.1960 

0.1973 

1067.03 

857.08 

874.12 

1060.20 

-532.51 

-427.54 

-436.06 

-529.10 

- 

- 

- 

0.035 

93.8 

93.4 

93.4 

95.1 

0.00002045 

0.00001996 

0.00001980 

0.00002045 

0.00006478 

0.00006668 

0.00006597 

0.00006478 

 

0.6 

AG 

PWP-CP 

PWP-GT 

Frailty 

0.2051 

0.2058 

0.2058 

0.2051 

0.2277 

0.2305 

0.2304 

0.2318 

0.2244 

0.2267 

0.2265 

0.2277 

803.93 

667.50 

675.89 

797.14 

-400.96 

-332.75 

-336.95 

-397.57 

- 

- 

- 

0.047 

94.9 

95.3 

94.8 

95.8 

0.00003327 

0.00003415 

0.00003435 

0.00003327 

0.00009176 

0.00009193 

0.00009290 

0.00009176 

 

0.8 

AG 

PWP-CP 

PWP-GT 

Frailty 

0.2060 

0.2062 

0.2065 

0.2060 

0.2635 

0.2662 

0.2662 

0.2684 

0.2599 

0.2627 

0.2626 

0.2635 

606.27 

518.72 

522.36 

599.55 

-302.13 

-258.36 

-260.18 

-298.77 

- 

- 

- 

0.064 

95.4 

95.0 

95.0 

96.8 

0.00004283 

0.00004421 

0.00004466 

0.00004283 

0.00012160 

0.00012566 

0.00012584 

0.00012160 

 200 0.2  

0.2 

AG 

PWP-CP 

PWP-GT 

Frailty 

0.2013 

0.2012 

0.2012 

0.2013 

0.0926 

0.0941 

0.0940 

0.0937 

0.0919 

0.0929 

0.0928 

0.0926 

5447.78 

4096.01 

4344.07 

5438.56 

-2722.89 

-2047.00 

-2171.03 

-2718.28 

- 

- 

- 

0.097 

94.6 

95.5 

95.1 

95.8 

0.00000671 

0.00000672 

0.00000665 

0.00000671 

0.00001299 

0.00001339 

0.00001319 

0.00001299 

 

0.45 

AG 

PWP-CP 

PWP-GT 

Frailty 

0.1974 

0.1978 

0.1975 

0.1974 

0.1386 

0.1399 

0.1398 

0.1401 

0.1372 

0.1383 

0.1382 

0.1386 

2443.54 

2022.38 

2056.39 

2435.35 

-1220.77 

-1010.19 

-1027.19 

-1216.67 

- 

- 

- 

0.0198 

93.4 

93.8 

93.4 

93.9 

0.00000947 

0.00000100 

0.00000987 

0.00000947 

0.00000338 

0.00000345 

0.00000348 

0.00003389 

 

0.6 

AG 

PWP-CP 

PWP-GT 

Frailty 

0.2002 

0.2021 

0.2018 

0.2002 

0.1597 

0.1609 

0.1609 

0.1613 

0.1580 

0.1594 

0.1592 

0.1596 

1844.61 

1570.93 

1587.35 

1836.71 

-921.30 

-784.47 

-792.67 

-917.35 

- 

- 

- 

0.026 

94.9 

94.3 

94.6 

95.1 

0.00001447 

0.00001662 

0.00001639 

0.00001447 

0.00004087 

0.00004205 

0.00004225 

0.00004088 
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0.8 

   AG 

PWP-CP 

PWP-GT 

     Frailty 

0.2095 

0.2109 

0.2114 

0.2095 

0.1846 

0.1858 

0.1858 

0.1868 

0.1831 

0.1841 

0.1840 

0.1846 

1391.71 

1215.15 

1222.53 

1382.67 

-694.85 

-606.57 

-610.26 

-690.34 

- 

- 

- 

0.040 

95.7 

95.5 

95.7 

95.7 

0.00002784 

0.00002938 

0.00002999 

0.00002784 

0.00005485 

0.00005585 

0.00005631 

0.00005485 

 

 

 

 

 

300 

0.2  

0.2 

AG 

PWP-CP 

PWP-GT 

Frailty 

0.2035 

0.2032 

0.2034 

0.2035 

0.0755 

0.0765 

0.0764 

0.0762 

0.0751 

0.0758 

0.0757 

0.0755 

8807.69 

6767.0 

7142.3 

8796.80 

-4402.85 

-3382.5 

-3570.15 

-4397.40 

- 

- 

- 

0.007 

95.4 

95.1 

95.3 

95.6 

0.00000732 

0.00000713 

0.00000732 

0.00000732 

0.00008084 

0.00000829 

0.00000832 

0.00000808 

 

0.45 

AG 

PWP-CP 

PWP-GT 

Frailty 

0.1980 

0.1984 

0.1983 

0.1980 

0.1129 

0.1137 

0.1137 

0.1138 

0.1123 

0.1129 

0.1129 

0.1129 

3941.18 

3307.74 

3358.59 

3932.43 

-1969.59 

-1652.87 

-1678.29 

-1965.22 

- 

- 

- 

0.014 

94.3 

94.5 

94.4 

94.6 

0.00000587 

0.00000626 

0.00000624 

0.00000587 

0.00002056 

0.00002070 

0.00002077 

0.00002056 

 

0.6 

AG 

PWP-CP 

PWP-GT 

Frailty 

0.2020 

0.2031 

0.2030 

0.2020 

0.1302 

0.1310 

0.1310 

0.1312 

0.1293 

0.1302 

0.1301 

0.1302 

2968.95 

2558.96 

2583.23 

2960.78 

-1483.47 

-1278.48 

-1290.62 

-1479.39 

- 

- 

- 

0.018 

94.3 

94.5 

94.1 

94.6 

0.00001198 

0.00001323 

0.00001314 

0.00001198 

0.00002710 

0.00002768 

0.00002782 

0.00002710 

 

0.8 

AG 

PWP-CP 

PWP-GT 

Frailty 

0.2078 

0.2086 

0.2091 

0.2078 

0.1502 

0.1509 

0.1510 

0.1515 

0.1492 

0.1499 

0.1499 

0.1502 

2246.19 

1981.18 

1991.80 

2236.44 

-1122.09 

-989.59 

-994.90 

-1117.22 

- 

- 

- 

0.028 

95.7 

95.9 

95.1 

95.8 

0.00002021 

0.00002110 

0.00002175 

0.00002021 

0.00003511 

0.00003571 

0.00003609 

0.00003511 

 

 

 

 

 

400 

0.2  

0.2 

AG 

PWP-CP 

PWP-GT 

Frailty 

0.2031 

0.2033 

0.2031 

0.2030 

0.0653 

0.0661 

0.0660 

0.0658 

0.0650 

0.0656 

0.0655 

0.0653 

12338.58 

9612.14 

10113.17 

12327.07 

-6168.29 

-4805.07 

-5055.58 

-6162.53 

- 

- 

- 

0.006 

95.6 

96.0 

96.0 

96.5 

0.00000624 

0.00000654 

0.00000634 

0.00000624 

0.00000614 

0.00000626 

0.00000626 

0.00000614 

 

   0.45 

AG 

PWP-CP 

PWP-GT 

Frailty 

0.2018 

0.2023 

0.2019 

0.2018 

0.0977 

0.0983 

0.0983 

0.0982 

0.0974 

0.0977 

0.0977 

0.0977 

5521.26 

4673.44 

4742.06 

5513.39 

-2759.63 

-2335.72 

-2370.03 

-2755.69 

- 

- 

- 

0.009 

94.2 

94.2 

94.0 

94.5 

0.00000799 

0.00000846 

0.00000824 

0.00000799 

0.00001529 

0.00001539 

0.00001556 

0.00001529 

 

  0.6 

AG 

PWP-CP 

PWP-GT 

Frailty 

0.2010 

0.2021 

0.2020 

0.2010 

0.1126 

0.1132 

0.1132 

0.1132 

0.1120 

0.1126 

0.1126 

0.1126 

4163.37 

3613.89 

3646.50 

4155.58 

-2080.69 

-1805.95 

-1822.25 

-2076.79 

- 

- 

- 

0.012 

93.9 

94.0 

93.7 

94.5 

0.00000920 

0.00001027 

0.00001020 

0.00000920 

0.00002157 

0.00002162 

0.00002179 

0.00002157 

 

   0.8 

AG 

PWP-CP 

PWP-GT 

Frailty 

0.2072 

0.2074 

0.2076 

0.2071 

0.1298 

0.1303 

0.1303 

0.1307 

0.1293 

0.1297 

0.1296 

0.1298 

3146.79 

2791.34 

2806.16 

3135.65 

-1572.39 

-1394.67 

-1402.08 

-1566.83 

- 

- 

- 

0.031 

94.6 

94.8 

94.5 

94.9 

0.00001663 

0.00001699 

0.00001725 

0.00001663 

0.00002591 

0.00002618 

0.00002643 

0.00002592 
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500 

0.2  

0.2 

AG 

PWP-CP  

PWP-GT 

Frailty 

0.2024 

0.2025 

0.2025 

0.2024 

0.0584 

0.0589 

0.0589 

0.0587 

0.0582 

0.0586 

0.0585 

0.0584 

16004.63 

12590.33 

13217.57 

15993.19 

-8001.32 

-6294.16 

-6607.78 

-7995.59 

- 

- 

- 

0.0046 

95.8 

96.1 

95.9 

95.9 

0.00000514 

0.00000528 

0.00000523 

0.00000514 

0.00000475 

0.00000482 

0.00000483 

0.00000475 

 

0.45 

AG 

PWP-CP 

PWP-GT 

Frailty 

0.2016 

0.2019 

0.2019 

0.2016 

0.0874 

0.0879 

0.0879 

0.0877 

0.0871 

0.0875 

0.0875 

0.0874 

7154.48 

6094.07 

6180.54 

7146.98 

-3576.24 

-3046.04 

-3089.27 

-3572.49 

- 

- 

- 

0.007 

93.6 

93.7 

93.6 

94.2 

0.00000669 

0.00000714 

0.00000718 

0.00000669 

0.00001204 

0.00001234 

0.00001229 

0.00001204 

 

0.6 

AG 

PWP-CP 

PWP-GT 

Frailty 

0.2005 

0.2008 

0.2009 

0.2005 

0.1007 

0.1011 

0.1011 

0.1010 

0.1003 

0.1007 

0.1006 

0.1007 

5395.29 

4707.09 

4748.01 

5387.96 

-2696.65 

-2352.55 

-2373.00 

-2692.98 

- 

- 

- 

0.009 

94.5 

94.5 

94.5 

95.0 

0.00000714 

0.00000749 

0.00000765 

0.00000716 

0.00001700 

0.00001703 

0.00001713 

0.00001700 

 

0.8 

AG 

PWP-CP 

 PWP-GT  

Frailty 

0.2058 

0.2056 

0.2057 

0.2058 

0.1160 

0.1165 

0.1165 

0.1167 

0.1157 

0.1159 

0.1159 

0.1160 

4076.65 

3631.81 

3650.57 

4064.82 

-2037.32 

-1814.91 

-1824.28 

-2031.41 

- 

- 

- 

0.026 

94.1 

94.8 

94.4 

94.5 

0.00001395 

0.00001378 

0.00001387 

0.00001395 

0.00002157 

0.00002179 

0.00002181 

0.00002157 

Note: Est-Estimated beta, SE:Standard error, RSE:Robust Standard error, FV:Frailty Variance, RSE:Relative Sampling Bias,-RMSE:Root Mean square error 
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                      Table 2.  Simulation result for Beta 0.4, varying sample size and varying correlation without censoring. 

n β p Model Est SE RSE AIC -2LL FV CP RSB RMSE 

 

 

 

 

 

 

100 

0.4  

0.2 

AG 

PWP-CP 

 PWP-GT 

Frailty 

0.4072 

0.4097 

0.4085 

0.4072 

0.1276 

0.1327 

0.1323 

0.1296 

0.1258 

0.1291 

0.1290 

0.1276 

2702.51 

1882.34 

2056.23 

2695.59 

-1350.25 

-940.17 

-1027.12 

-1346.80 

- 

- 

- 

0.0131 

93.9 

93.4 

93.4 

94.6 

0.00001702 

0.00002040 

0.00001924 

0.00001702 

0.00003989 

0.00004486 

0.00004464 

0.00003989 

 

0.45 

AG 

PWP-CP 

 PWP-GT 

Frailty 

0.4087 

0.4095 

0.4096 

0.4087 

0.1914 

0.1952 

0.1951 

0.1946 

0.1880 

0.1911 

0.1910 

0.1914 

1214.94 

954.86 

980.99 

1207.93 

-606.47 

-476.3 

-489.49 

-602.97 

- 

- 

- 

0.0309 

94.2 

93.6 

94.3 

95.3 

0.00002979 

0.00003183 

0.00003179 

0.00002979 

0.00009665 

0.00010409 

0.00010347 

0.00009664 

 

0.6 

AG 

PWP-CP 

 PWP-GT 

Frailty 

0.4108 

0.4111 

0.4120 

0.4108 

0.2204 

0.2239 

0.2239 

0.2240 

0.2172 

0.2197 

0.2193 

0.2204 

914.99 

744.95 

757.59 

908.27 

-456.49 

-371.47 

-377.79 

-453.13 

 

- 

- 

0.0395 

94.1 

94.3 

94.7 

95.1 

0.00003689 

0.00003803 

0.00003859 

0.00003689 

0.00012456 

0.00012855 

0.00012717 

0.00012456 

 

0.8 

AG 

PWP-CP 

 PWP-GT 

Frailty 

0.4019 

0.4038 

0.4060 

0.4019 

0.2540 

0.2573 

0.2573 

0.2584 

0.2499 

0.2529 

0.2524 

0.2541 

690.27 

580.83 

586.61 

683.53 

-344.14 

-289.41 

-292.30 

-340.76 

- 

- 

- 

0.0559 

95.5 

95.4 

95.9 

97.2 

0.00003465 

0.00003703 

0.00003963 

0.00003466 

0.00015738 

0.00016100 

0.00016334 

0.00015738 

 

 

 

 

 

 

200 

0.4  

0.2 

AG 

PWP-CP 

 PWP-GT 

Frailty 

0.4039 

0.4053 

0.4049 

0.4039 

0.0896 

0.0924 

0.0922 

0.0905 

0.0889 

0.0911 

0.0908 

0.0896 

6200.31 

4549.62 

4896.16 

6191.52 

-3099.16 

-2273.81 

-2447.08 

-3094.76 

- 

- 

- 

0.0081 

94.5 

93.6 

94.1 

94.9 

0.00000953 

0.00001136 

0.00001093 

0.00000953 

0.00002010 

0.00002215 

0.00002200 

0.00002012 

 

0.45 

AG 

PWP-CP 

 PWP-GT 

Frailty 

0.4039 

0.4052 

0.4055 

0.4039 

0.1341 

0.1362 

0.1362 

0.1356 

0.1329 

0.1348 

0.1346 

0.1342 

2789.82 

2266.61 

2317.85 

2781.08 

-1393.91 

-1132.31 

-1157.92 

-1389.54 

- 

- 

- 

0.0185 

94.8 

94.3 

94.3 

95.1 

0.00001445 

0.00001604 

0.00001631 

0.00001445 

0.00004274 

0.00004505 

0.00004486 

0.00004274 

 

0.6 

AG 

PWP-CP 

 PWP-GT 

Frailty 

0.4034 

0.4037 

0.4045 

0.4034 

0.1547 

0.1547 

0.1565 

0.1562 

0.1532 

0.1549 

0.1548 

0.1547 

2098.23 

1757.98 

1782.47 

2089.99 

-1048.12 

-877.99 

-890.24 

-1043.99 

- 

- 

- 

0.0235 

95.5 

95.8 

95.7 

95.7 

0.00001664 

0.00001720 

0.00001802 

0.00001664 

0.00005618 

0.00005773 

0.00005757 

0.00005618 

 

0.8 

  AG 

PWP-CP 

 PWP-GT 

Frailty 

0.4077 

0.4091 

0.4093 

0.4077 

0.1784 

0.1802 

0.1802 

0.1801 

0.1764 

0.1782 

0.1779 

0.1784 

1583.52 

1363.44 

1375.00 

1575.84 

-790.76 

-680.72 

-686.80 

-786.92 

- 

- 

- 

0.0300 

95.7 

95.8 

95.6 

96.2 

0.00002500 

0.00002649 

0.00002673 

0.00002500 

0.00007743 

0.00007741 

0.00007782 

0.00007743 
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300 

0.4  

0.2 

AG 

PWP-CP  

PWP-GT Frail-

ty 

0.4042 

0.4049 

0.4051 

0.4041 

0.0731 

0.0751 

0.0749 

0.0736 

0.0727 

0.0744 

0.0742 

0.0731 

10019.1 

7531.09 

8053.77 

10009.51 

-5008.95 

-3764.55 

-4025.88 

-5003.75 

- 

- 

- 

0.0063 

94.1 

93.7 

93.8 

94.2 

0.00000827 

0.00000919 

0.00000933 

0.00000827 

0.00001308 

0.00001388 

0.00001382 

0.00001309 

 

0.45 

AG 

PWP-CP  

PWP-GT Frail-

ty 

0.4016 

0.4024 

0.4024 

0.4016 

0.1093 

0.1108 

0.1107 

0.1102 

0.1086 

0.1099 

0.1098 

0.1093 

4498.01 

3711.62 

3788.81 

4487.51 

-2248.00 

-1854.81 

1893.41 

-2242.75 

- 

- 

- 

0.0145 

94.9 

94.7 

94.6 

95.2 

   0.00000870 

0.00000960 

0.00000969 

0.00000870 

0.00002681 

0.00002732 

0.00002752 

0.00002681 

 

0.6 

AG 

PWP-CP 

 PWP-GT 

Frailty 

0.4033 

0.4039 

0.4046 

0.4033 

0.1261 

0.1261 

0.1274 

0.1269 

0.1253 

0.1265 

0.1264 

0.1261 

3383.26 

2872.20 

2908.27 

3375.05 

-1690.63 

-1435.10 

-1453.13 

-1686.52 

- 

- 

- 

0.0153 

95.6 

95.0 

95.2 

95.5 

0.00001286 

0.00001359 

0.00001433 

0.00001286 

0.00003880 

0.00003949 

0.00003958 

0.00003880 

 

0.8 

AG 

PWP-CP 

 PWP-GT 

Frailty 

0.4053 

0.4059 

0.4063 

0.4053 

0.1453 

0.1466 

0.1465 

0.1463 

0.1442 

0.1455 

0.1454 

0.1453 

2553.89 

2223.67 

2240.66 

2545.93 

-1275.95 

-1110.83 

-1119.33 

-1271.96 

- 

- 

- 

0.0201 

95.3 

95.9 

95.3 

95.8 

0.00001727 

0.00001797 

0.00001836 

0.00001727 

0.00005024 

0.00005029 

0.00005063 

0.00005024 

 

 

 

 

 

 

400 

0.4  

0.2 

AG 

PWP-CP 

 PWP-GT 

Frailty 

0.4009 

0.4018 

0.4018 

0.4009 

0.0632 

0.0649 

0.0647 

0.0636 

0.0629 

0.0644 

0.0642 

0.0632 

14045.8 

10719.66 

11416.6 

14035.26 

-7021.89 

-5358.83 

-5707.29 

-7016.63 

- 

- 

- 

0.0047 

93.7 

93.4 

93.5 

93.8 

0.00000440 

0.00000542 

0.00000538 

0.00000440 

0.00001016 

0.00001074 

0.00001075 

0.00001017 

 

0.45 

AG 

PWP-CP 

 PWP-GT 

Frailty 

0.4024 

0.4026 

0.4029 

0.4024 

0.0946 

0.0958 

0.0957 

0.0951 

0.0942 

0.0952 

0.0951 

0.0946 

6300.56 

5248.63 

5352.05 

6290.61 

-3149.28 

-2623.31 

-2675.03 

-3144.30 

- 

- 

- 

0.0102 

95.4 

95.1 

94.8 

95.2 

0.00000825 

0.00000857 

0.00000879 

0.00000825 

0.00002070 

0.00002126 

0.00002124 

0.00002070 

 

0.6 

AG 

PWP-CP 

 PWP-GT 

Frailty 

0.4019 

0.4025 

0.4025 

0.4019 

0.1089 

0.1089 

0.1100 

0.1094 

0.1084 

0.1094 

0.1094 

0.1089 

4746.04 

4060.76 

4109.58 

4738.66 

-2372.02 

-2029.38 

-2053.79 

-2368.33 

- 

- 

- 

0.0103 

96.6 

96.3 

96.5 

96.8 

0.00000895 

0.00000955 

0.00000968 

0.00000895 

0.00002628 

0.00002666 

0.00002695 

0.00002628 

 

0.8 

AG 

PWP-CP 

PWP-GT Frail-

ty 

0.4042 

0.4049 

0.4049 

0.4042 

0.1255 

0.1265 

0.1265 

0.1262 

0.1249 

0.1258 

0.1257 

0.1255 

3583.11 

3139.43 

3162.78 

3574.27 

-1790.55 

-1568.71 

-1580.39 

-1786.14 

- 

- 

- 

0.0166 

95.0 

94.9 

95.0 

95.1 

0.00001362 

0.00001444 

0.00001439 

0.00001362 

0.00003819 

0.00003837 

0.00003851 

0.00003819 

 

 

 

 

0.4  

0.2 

AG 

PWP-CP 

 PWP-GT 

Frailty 

0.4015 

0.4023 

0.4021 

0.4015 

0.0565 

0.0579 

0.0578 

0.0568 

0.0563 

0.0575 

0.0574 

0.0565 

18219.59 

14034.55 

14925.32 

18207.39 

-9108.75 

-7025.77 

-7461.66 

-9102.69 

- 

- 

- 

0.0043 

94.6 

94.3 

93.8 

95.0 

0.00000446 

0.00000538 

0.00000823 

0.00000446 

0.00000768 

0.00000825 

0.00000725 

0.00000768 
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Note: Est-Estimated beta, SE:Standard error, RSE:Robust Standard error, FV:Frailty Variance, RSE:Relative Sampling Bias,-RMSE:Root Mean square error 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

500 

 

0.45 

AG 

PWP-CP 

 PWP-GT 

Frailty 

0.4015 

0.4021 

0.4021 

0.4015 

0.0845 

0.0856 

0.0855 

0.0849 

0.0842 

0.0852 

0.0852 

0.0845 

8166.21 

6850.71 

6980.05 

8156.27 

-4082.11 

-3424.35 

-3489.03 

-4077.14 

- 

- 

- 

0.0081 

95.3 

94.9 

95.3 

95.1 

0.00000639 

0.00000708 

0.00000707 

0.00000639 

0.00001659 

0.00001700 

0.00001691 

0.00001659 

 

0.6 

AG 

PWP-CP 

 PWP-GT 

Frailty 

0.4034 

0.4037 

0.4037 

0.4034 

0.0974 

0.0974 

0.0983 

0.0978 

0.0971 

0.0979 

0.0979 

0.0975 

6149.19 

5291.70 

5353.32 

6141.99 

-3073.59 

-2644.85 

-2675.66 

-3069.99 

- 

- 

- 

0.0080 

94.4 

94.6 

94.8 

94.7 

0.00000978 

0.00001006 

0.00001011 

0.00000978 

0.00002334 

0.00002346 

0.00002352 

0.00002334 

 

0.8 

AG 

PWP-CP 

PWP-GT Frail-

ty 

0.4025 

0.4026 

0.4028 

0.4025 

0.1122 

0.1130 

0.1130 

0.1127 

0.1119 

0.1125 

0.1125 

0.1122 

4642.36 

4086.97 

4116.41 

4633.47 

-2320.18 

-2042.48 

-2057.21 

-2315.73 

- 

- 

- 

0.0131 

94.9 

94.9 

95.0 

95.3 

0.00001022 

0.00001036 

0.00001056 

0.00001022 

0.00003012 

0.00002999 

0.00003001 

0.00003012 
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                        Table 3. Simulation result for Beta 0.8, varying sample size and varying correlation without censoring. 
n β p Model Est SE RSE AIC -2LL FV CP RSB RMSE 

 

 

 

 

 

 

100 

0.8 

 

0.2 

AG 

PWP-CP 

 PWP-GT Frail-

ty 

0.8097 

0.8150 

0.8129 

0.8097 

0.1208 

0.1340 

0.1319 

0.1225 

0.1192 

0.1303 

0.1285 

0.1208 

3585.54 

2307.63 

2657.41 

3578.83 

-1791.77 

-1152.82 

-1327.70 

-1788.42 

- 

- 

- 

0.0094 

94.5 

94.2 

93.7 

95.5 

0.00001721 

0.00002461 

0.00002212 

0.00001721 

0.00007577 

0.00009937 

0.00009475 

0.00007577 

 

0.45 

AG 

PWP-CP 

 PWP-GT Frail-

ty 

0.8047 

0.8072 

0.8066 

0.8047 

0.1811 

0.1892 

0.1891 

0.1835 

0.1783 

0.1852 

0.1847 

0.1811 

1610.16 

1194.63 

1254.47 

1603.37 

-804.08 

-596.31 

-626.23 

-800.68 

- 

- 

- 

0.0220 

93.9 

93.8 

93.5 

95.2 

0.00002313 

0.00002811 

0.00002746 

0.00002313 

0.00020142 

0.00023804 

0.00023659 

0.00020142 

 

0.6 

AG 

PWP-CP  

PWP-GT Frail-

ty 

0.8183 

0.8208 

0.8213 

0.8183 

0.2097 

0.2168 

0.2168 

0.2124 

0.2060 

0.2119 

0.2118 

0.2098 

1217.28 

940.97 

971.64 

1210.82 

-607.64 

-469.49 

-484.82 

-604.41 

- 

- 

- 

0.0281 

95.0 

95.0 

95.0 

96.3 

0.00004029 

0.00004482 

0.00004564 

0.00004029 

0.00024136 

0.00027173 

0.00027588 

0.00024136 

 

0.8 

AG 

PWP-CP 

 PWP-GT Frail-

ty 

0.8162 

0.8162 

0.8167 

0.8162 

0.2418 

0.2479 

0.2479 

0.2454 

0.2381 

0.2427 

0.2421 

0.2418 

913.12 

732.95 

747.83 

905.89 

-455.56 

-365.48 

-372.92 

-451.94 

- 

- 

- 

0.0430 

95.0 

94.3. 

94.9 

95.6 

0.00004648 

0.00004789 

0.00004843 

0.00004648 

0.00034664 

0.00036637 

0.00036728 

0.00034664 

 

 

 

 

 

300 

0.8 

 

0.2 

AG 

PWP-CP  

PWP-GT Frail-

ty 

0.8035 

0.8061 

0.8052 

0.8035 

0.0692 

0.0692 

0.0747 

0.0696 

0.0689 

0.0752 

0.0740 

0.0692 

13355.16 

9456.51 

10517.90 

13346.16 

-6676.58 

-4727.26 

-5257.95 

-6672.08 

- 

- 

- 

0.0039 

95.6 

94.7 

94.7 

96.0 

0.00000617 

0.00000915 

0.00000824 

0.00000617 

0.00002397 

0.00002860 

0.00002765 

0.00002397 

 

0.45 

AG 

PWP-CP 

 PWP-GT Frail-

ty 

0.8020 

0.8034 

0.8029 

0.8020 

0.1036 

0.1077 

0.1076 

0.1043 

0.1030 

0.1068 

0.1065 

0.1036 

5978.90 

4716.13 

4897.22 

5968.62 

-2988.45 

-2357.07 

-2447.61 

-2983.31 

- 

- 

- 

0.0105 

95.6 

95.2 

95.3 

95.6 

0.00000751 

0.00000926 

0.00000883 

0.00000751 

0.00005308 

0.00005766 

0.00005733 

0.00005308 

 

0.6 

AG 

PWP-CP  

PWP-GT Frail-

ty 

0.8029 

0.8042 

0.8044 

0.8029 

0.1194 

0.1194 

0.1229 

0.1201 

0.1185 

0.1217 

0.1216 

0.1194 

4504.29 

3670.47 

3760.83 

4494.73 

-2251.14 

-1834.23 

-1879.41 

-2246.36 

- 

- 

- 

0.0130 

94.9 

95.1 

95.0 

95.7 

0.00001046 

0.00001200 

0.00001217 

0.00001046 

0.00007459 

0.00007770 

0.00007788 

0.00007459 

 

0.8 

AG 

PWP-CP  

PWP-GT Frail-

ty 

0.8070 

0.8065 

0.8068 

0.8070 

0.1378 

0.1378 

0.1408 

0.1386 

0.1370 

0.1395 

0.1394 

0.1377 

3388.03 

2844.09 

2886.99 

3378.74 

-1693.01 

-1421.04 

-1442.50 

-1688.37 

- 

- 

- 

0.0171 

94.8 

94.9 

94.9 

95.3 

0.00001659 

0.00001652 

0.00001681 

0.00001659 

0.00009766 

0.00010111 

0.00010164 

0.00009766 
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500 0.8 

 

0.2 

AG 

PWP-CP  

PWP-GT 

 Frailty 

0.8008 

0.8022 

0.8017 

0.8008 

0.0535 

0.0585 

0.0576 

0.0538 

0.0533 

0.0581 

0.0572 

0.0535 

24278.85 

17749.05 

19526.43 

24267.15 

-12138.42 

-8873.52 

-9762.21 

-12132.57 

- 

- 

- 

0.0030 

94.8 

95.0 

94.7 

95.1 

0.00000251 

0.00000412 

0.00000362 

0.00000251 

0.00001440 

0.00001684 

0.00001664 

0.00001440 

 

0.45 

AG 

PWP-CP 

 PWP-GT 

 Frailty 

0.8004 

0.8018 

0.8015 

0.8004 

0.0801 

0.0832 

0.0831 

0.0805 

0.0798 

0.0828 

0.0826 

0.0801 

10873.14 

8759.14 

9062.15 

10860.85 

-5435.57 

-4378.57 

-4530.08 

-5429.42 

- 

- 

- 

0.0073 

94.4 

94.6 

94.5 

95.1 

0.00000399 

0.00000565 

0.00000535 

0.00000399 

0.00003353 

0.00003647 

0.00003640 

0.00003353 

 

0.6 

AG 

PWP-CP  

PWP-GT  

Frailty 

0.8037 

0.8043 

0.8042 

0.8037 

0.0924 

0.0951 

0.0950 

0.0928 

0.0921 

0.0946 

0.0946 

0.0924 

8180.56 

6786.18 

6936.72 

8169.77 

-4089.28 

-3392.09 

-3467.36 

-4083.88 

- 

- 

- 

0.0087 

94.3 

94.2 

94.1 

94.8 

0.00000831 

0.00000905 

0.00000899 

0.00000831 

0.00004356 

0.00004575 

0.00004581 

0.00004356 

 

0.8 

AG 

PWP-CP  

PWP-GT  

Frailty 

0.8063 

0.8059 

0.8058 

0.8063 

0.1065 

0.1088 

0.1088 

0.1068 

0.1062 

0.1082 

0.1082 

0.1065 

6168.15 

5254.49 

5328.45 

6159.79 

-3083.08 

-2626.24 

-2663.23 

-3078.90 

- 

- 

- 

0.0091 

94.1 

94.0 

94.2 

94.4 

0.00001236 

0.00001204 

0.00001187 

0.00001236 

0.00005884 

0.00005969 

0.00005947 

0.00005884 
                     Note: Est-Estimated beta, SE:Standard error, RSE:Robust Standard error, FV:Frailty Variance, RSE:Relative Sampling Bias,-RMSE:Root Mean square error 
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     Table 4.  Simulation result for Beta 1, varying sample size and varying correlation without censoring. 

n β p Model Est SE RSE AIC -2LL FV CP RSB RMSE 

 

 

 

 

 

 

100 

1 

 

0.2 

AG 

PWP-CP 

PWP-GT 

Frailty 

1.0077 

1.0162 

1.0116 

1.0077 

0.1182 

0.1379 

0.1338 

0.1194 

0.1160 

0.1333 

0.1292 

0.1182 

4171.41 

2558.89 

3054.52 

4165.41 

-2084.70 

-1278.44 

-1526.26 

-2081.70 

- 

- 

- 

0.007

1 

95.1 

95.6 

96.0 

95.9 

0.00001732 

0.00002910 

0.00002354 

0.00001732 

0.00010135 

0.00015859 

0.00014138 

0.00010135 

 

0.45 

AG 

PWP-CP 

PWP-GT 

Frailty 

1.0092 

1.0136 

1.0127 

1.0092 

0.1774 

0.1892 

0.1889 

0.1795 

0.1747 

0.1843 

0.1843 

0.1774 

1866.49 

1335.12 

1427.14 

1859.73 

-932.24 

-666.56 

-712.57 

-928.87 

- 

- 

- 

0.0187 

94.9 

94.2 

94.2 

95.8 

0.00002981 

0.00003743 

0.00003647 

0.00002981 

0.00030839 

0.00037554 

0.00037261 

0.00030839 

 

0.6 

AG 

PWP-CP 

PWP-GT 

Frailty 

1.0140 

1.0184 

1.0188 

1.0140 

0.2050 

0.2149 

0.2149 

0.8073 

0.2018 

0.2101 

0.2098 

0.2051 

1409.39 

1055.92 

1103.66 

1403.25 

-703.70 

-526.96 

-550.83 

-700.62 

- 

- 

- 

0.0226 

94.7 

94.2 

93.9 

94.8 

0.00003985 

0.00004681 

0.00004750 

0.00003985 

0.00039425 

0.00044655 

0.00045280 

0.00039425 

 

0.8 

AG 

PWP-CP 

PWP-GT 

Frailty 

1.0224 

1.0248 

1.0254 

1.0224 

0.2372 

0.2455 

0.2455 

0.2399 

0.2335 

0.2403 

0.2401 

0.2372 

1064.41 

830.41 

854.58 

1057.89 

-531.20 

-414.20 

-426.29 

-527.95 

- 

- 

- 

0.0321 

94.8 

94.7 

94.8 

95.7 

0.00005455 

0.00005828 

0.00005886 

0.00005455 

0.00059210 

0.00052200 

0.00052274 

0.00049210 

 

 

 

 

 

 

300 1 

 

0.2 

AG 

PWP-CP 

PWP-GT 

Frailty 

1.0009 

1.0042 

1.0028 

1.0009 

0.0677 

0.0779 

0.0757 

0.0681 

0.0673 

0.0770 

0.0747 

0.0677 

15530.16 

10608.96 

12115.37 

15521.13 

-7764.08 

-5303.48 

-6056.68 

-7759.57 

- 

- 

- 

0.003

4 

96.1 

95.2 

95.3 

96.0 

0.00000616 

0.00001029 

0.00000859 

0.00000616 

0.00003276 

0.00004579 

0.00004160 

0.00003276 

 

0.45 

AG 

PWP-CP 

PWP-GT 

Frailty 

1.0056 

1.0074 

1.0076 

1.0056 

0.1015 

0.1077 

0.1074 

0.1020 

0.1008 

0.1066 

0.1063 

0.1015 

6951.64 

5333.94 

5612.59 

6941.94 

-3474.82 

-2665.97 

-2805.29 

-3469.97 

- 

- 

- 

0.0084 

94.8 

94.7 

94.6 

95.8 

0.00001402 

0.00001657 

0.00001665 

0.00001402 

0.00008293 

0.00009445 

0.00009396 

0.00008293 

 

0.6 

AG 

PWP-CP 

PWP-GT 

Frailty 

1.0016 

1.0037 

1.0033 

1.0016 

0.1168 

0.1220 

0.1219 

0.1175 

0.1161 

0.1210 

0.1208 

0.1168 

5246.78 

4170.94 

4314.51 

5236.89 

-2622.39 

-2084.47 

-2156.25 

-2617.44 

- 

- 

- 

0.0115 

94.4 

94.8 

95.2 

95.3 

0.00001121 

0.00001395 

0.00001348 

0.00001121 

0.00009972 

0.00011095 

0.00011060 

0.00009972 

  

0.8 

AG 

PWP-CP 

PWP-GT 

Frailty 

1.0056 

1.0072 

1.0072 

1.0056 

0.1347 

0.1391 

0.1391 

0.1355 

0.1336 

0.1378 

0.1377 

0.1348 

3955.90 

3247.12 

3318.66 

3946.75 

-1976.90 

-1622.56 

-1658.33 

-1972.38 

- 

- 

- 

0.0142 

94.5 

94.7 

94.7 

95.1 

0.00001820 

0.00002002 

0.00002007 

0.00001820 

0.00014781 

0.00015093 

0.00015163 

0.00014781 
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500 

1 

 

0.2 

AG 

PWP-CP 

PWP-GT 

Frailty 

1.0020 

1.0037 

1.0027 

1.0020 

0.0524 

0.0614 

0.0584 

0.0526 

0.0522 

0.0597 

0.0579 

0.0524 

28226.9 

19986.30 

22508.12 

28215.74 

-14112.45 

-9992.15 

-11253.06 

-14106.87 

- 

- 

- 

0.002 

95.7 

96.1 

95.5 

95.8 

0.00000644 

0.00000848 

0.00007446 

0.00000644 

0.00002014 

0.00002598 

0.00002465 

0.00002014 

 

0.45 

AG 

PWP-CP 

PWP-GT 

Frailty 

1.0034 

1.0042 

1.0044 

1.0034 

0.07844 

0.0832 

0.0829 

0.0788 

0.0781 

0.0827 

0.0824 

0.0784 

12655.87 

9943.24 

10411.26 

12643.64 

-6326.94 

-4970.62 

-5204.63 

-6320.82 

- 

- 

- 

0.0062 

95.5 

95.6 

95.1 

95.4 

0.00000959 

0.00001079 

0.00001094 

0.00000959 

0.00004638 

0.00005313 

0.00005289 

0.00004638 

 

0.6 

AG 

PWP-CP 

PWP-GT 

Frailty 

1.0021 

1.0034 

1.0030 

1.0021 

0.0904 

0.0943 

0.0942 

0.0907 

0.0900 

0.0938 

0.0937 

0.0904 

9542.67 

7741.01 

7980.89 

9531.19 

-4770.34 

-3869.51 

-3989.45 

-4764.59 

- 

- 

- 

0.0078 

95.5 

95.7 

95.4 

95.8 

0.00000931 

0.00001091 

0.00001048 

0.00000931 

0.00006200 

0.00006769 

0.00006728 

0.00006200 

 

0.8 

AG 

PWP-CP 

PWP-GT 

Frailty 

1.0065 

1.0074 

1.0074 

1.0065 

0.1042 

0.1076 

0.1076 

0.1046 

0.1039 

0.1071 

0.1070 

0.1043 

7191.31 

6004.00 

6124.48 

7181.20 

-3594.66 

-3000.99 

-3061.24 

-3589.60 

- 

- 

- 

0.0092 

94.4 

94.7 

94.7 

94.5 

0.00001512 

0.00001620 

0.00001611 

0.00001512 

0.00008474 

0.00008787 

0.00008717 

0.00008474 

Note: Est-Estimated beta, SE:Standard error, RSE:Robust Standard error, FV:Frailty Variance, RSE:Relative Sampling Bias,-RMSE:Root Mean square error 

 

          Table 5.  Simulation result for beta -1, varying sample size and varying correlation with 10% censoring. 

     
n 

β ρ Model 
Estimate 

β 

Standard 

Error 

Robust 

Standard 

Error 

AIC 

-2log 

likelihood 

FV 

CP 
Relative Sam-

pling Bias 

Mean 

Squared 

Error 

100 

-1 

0.2 

AG 

PWP_TT 

PWP_GT 

Frailty 

-1.0031 

-1.0119 

-1.0317 

-1.0031 

0.1874 

0.2010 

0.1997 

0.1905 

0.1851 

0.1982 

0.2008 

0.1875 

1143.91 

872.09 

921.53 

1137.39 

-570.95 

-435.05 

-459.76 

-567.69 

- 

- 

- 

0.030 

93.6 

93.6 

93.2 

94.6 

0.00001537 

0.00000957 

0.00000964 

0.00001537 

0.00005541 

0.00005928 

0.00005949 

0.00005541 

0.45 AG 

PWP_TT 

PWP_GT 

Frailty 

-1.0137 

-1.0206 

-1.0242 

-1.0137 

0.2831 

0.2918 

0.2913 

0.2876 

0.2791 

0.2864 

0.2879 

0.2832 

512.64 

433.90 

442.62 

506.71 

-255.32 

-215.95 

-220.31 

-252.36 

- 

- 

- 

0.066 

94.4 

94.4 

94.5 

95.1 

0.00002691 

0.00002264 

0.00001954 

0.00002691 

0.00008314 

0.00008631 

0.00008644 

0.00008314 

0.6 AG 

PWP_TT 

PWP_GT 

Frailty 

-1.0243 

-1.0291 

-1.0277 

-1.0243 

0.3125 

0.3205 

0.3206 

0.3180 

0.3090 

0.3154 

0.3157 

0.3127 

426.66 

367.56 

370.10 

420.33 

-212.33 

-182.78 

-184.05 

-209.16 

- 

- 

- 

0.089 

95.4 

95.7 

95.3 

95.9 

0.00002494 

0.00002235 

0.00002385 

0.00002494 

0.00009069 

0.00009199 

0.00009220 

0.00009069 

0.8 AG 

PWP_TT 

PWP_GT 

Frailty 

-1.0251 

-1.0305 

-1.0310 

-1.0251 

0.3825 

0.3889 

0.3885 

0.3893 

0.3776 

0.3831 

0.3837 

0.3827 

291.80 

260.28 

262.69 

285.60 

-144.90 

-129.14 

-130.35 

-141.80 

- 

- 

- 

0.134 

95.8 

95.4 

95.4 

96.5 

0.00004984 

0.00004610 

0.00004560 

0.00004984 

0.00011403 

0.00011459 

0.00011471 

0.00011403 



  

25 

200 -1 

0.2 

AG 

PWP_TT 

PWP_GT 

Frailty 

-0.9994 

-1.0028 

-1.0219 

-0.9994 

0.1318 

0.1406 

0.1398 

0.1331 

0.1311 

0.1396 

0.1416 

0.1318 

2638.92 

2088.73 

2189.49 

2630.86 

-1318.46 

-1043.36 

-1093.75 

-1314.43 

- 

- 

- 

0.018 

94.0 

94.1 

93.6 

94.5 

0.00001038 

0.00000819 

0.00000620 

0.00001038 

0.00004022 

0.00004250 

0.00004279 

0.00004022 

0.45 AG 

PWP_TT 

PWP_GT 

Frailty 

-1.0044 

-1.0089 

-1.0132 

-1.0044 

0.1977 

0.2034 

0.2031 

0.1998 

0.1961 

0.2013 

0.2022 

0.1977 

1183.36 

1023.27 

1041.28 

1175.34 

-590.68 

-510.63 

-519.64 

-586.67 

- 

- 

- 

0.042 

94.9 

95.7 

95.2 

95.3 

0.00001464 

0.00001109 

0.00000707 

0.00001464 

0.00005692 

0.00005787 

0.00005839 

0.00005692 

0.6 AG 

PWP_TT 

PWP_GT 

Frailty 

-1.0119 

-1.0144 

-1.0135 

-1.0119 

0.2174 

0.2226 

0.2226 

0.2199 

0.2160 

0.2203 

0.2206 

0.2174 

985.88 

865.52 

870.65 

976.96 

-491.94 

-431.76 

-434.32 

-487.48 

- 

- 

- 

0.057 

96.0 

95.4 

95.6 

96.1 

0.00001034 

0.00000857 

0.00000949 

0.00001034 

0.00009069 

0.00006201 

0.00006224 

0.00006090 

0.8 AG 

PWP_TT 

PWP_GT 

Frailty 

-1.0066 

-1.0084 

-1.0097 

-1.0066 

0.2649 

0.2692 

0.2689 

0.2683 

0.2636 

0.2675 

0.2679 

0.2649 

671.28 

607.09 

612.33 

661.99 

-334.64 

-302.55 

-305.16 

-329.99 

- 

- 

- 

0.093 

95.5 

95.8 

95.6 

95.6 

0.00002948 

0.00002831 

0.00002708 

0.00002948 

0.00008056 

0.00008093 

0.00008090 

0.00008056 

300 -1 

0.2 

AG 

PWP_TT 

PWP_GT 

Frailty 

-0.9993 

-1.0019 

-1.0210 

-0.9993 

0.1074 

0.1144 

0.1138 

0.1082 

0.1070 

0.1137 

0.1155 

0.1074 

4261.85 

3433.40 

3586.58 

4252.67 

-2129.93 

-1715.70 

-1792.29 

-2125.33 

- 

- 

- 

0.013 

94.9 

94.4 

95.2 

95.4 

0.00000668 

0.00000500 

0.00000381 

0.00000668 

0.00003213 

0.00003412 

0.00003433 

0.00003213 

0.45 AG 

PWP_TT 

PWP_GT 

Frailty 

-1.0063 

-1.0108 

-1.0152 

-1.0063 

0.1611 

0.1657 

0.1655 

0.1623 

0.1599 

0.1645 

0.1652 

0.1611 

1910.22 

1669.87 

1696.98 

1901.41 

-954.11 

-833.93 

-847.49 

-949.70 

- 

- 

- 

0.030 

94.8 

95.1 

94.8 

95.2 

0.00000682 

0.00000283 

0.00000139 

0.00000682 

0.00004627 

0.00004693 

0.00004714 

0.00004627 

0.6 AG 

PWP_TT 

PWP_GT 

Frailty 

-1.0087 

-1.0122 

-1.0119 

-1.0087 

0.1767 

0.1809 

0.1809 

0.1782 

0.1757 

0.1797 

0.1798 

0.1767 

1594.41 

1414.01 

1421.28 

1584.88 

-796.20 

-706.00 

-709.64 

-791.44 

- 

- 

- 

0.039 

95.4 

95.4 

95.4 

95.7 

0.00000627 

0.00000343 

0.00000375 

0.00000627 

0.00005019 

0.00005095 

0.00005110 

0.00005019 

0.8 AG 

PWP_TT 

PWP_GT 

Frailty 

-1.0082 

-1.0113 

-1.0124 

-1.0082 

0.2152 

0.2186 

02185 

0.2173 

0.2142 

0.2175 

0.2180 

0.2153 

1082.72 

986.75 

994.64 

1072.05 

-540.36 

-492.37 

-496.32 

-535.03 

- 

- 

- 

0.066 

95.1 

95.5 

95.5 

95.6 

0.00001495 

0.00001236 

0.00001122 

0.00001495 

0.00006306 

0.00006349 

0.00006336 

0.00006306 

400 -1 

0.2 

AG 

PWP_TT 

PWP_GT 

Frailty 

-1.0010 

-1.0035 

-1.0228 

-1.0010 

0.0929 

0.0990 

0.0985 

0.0935 

0.0927 

0.0987 

0.1001 

0.0930 

5969.32 

4863.04 

5068.09 

5959.74 

-2983.66 

-2430.52 

-2533.04 

-2978.87 

- 

- 

- 

0.010 

94.6 

93.8 

93.9 

94.7 

0.00000364 

0.00000182 

0.00000171 

0.00000364 

0.00002787 

0.00002982 

0.00003033 

0.00002787 

0.45 AG 

PWP_TT 

PWP_GT 

-1.0004 

-1.0027 

-1.0070 

0.1392 

0.1431 

0.1429 

0.1386 

0.1422 

0.1430 

2677.67 

2355.61 

2392.49 

-1337.84 

-1176.81 

-1195.25 

- 

- 

- 

95.8 

95.7 

95.8 

0.00000911 

0.00000731 

0.00000305 

0.00004063 

0.00004159 

0.00004170 
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Frailty -1.0004 0.1400 0.1392 2668.31 -1333.15 0.023 96.3 0.00000911 0.00004063 

0.6 AG 

PWP_TT 

PWP_GT 

Frailty 

-1.0052 

-1.0069 

-1.0119 

-1.0052 

0.1525 

0.1561 

0.1809 

0.1537 

0.1520 

0.1554 

0.1798 

0.1525 

2237.23 

1994.63 

1421.28 

2225.37 

-1117.61 

-996.32 

-709.64 

-1111.68 

- 

- 

- 

0.036 

95.0 

95.0 

95.4 

95.1 

0.00000641 

0.00000513 

0.00000375 

0.00000641 

0.00004433 

0.00004501 

0.00005110 

0.00004433 

0.8 AG 

PWP_TT 

PWP_GT 

Frailty 

-1.0058 

-1.0086 

-1.0099 

-1.0058 

0.1856 

0.1885 

0.1884 

0.1871 

0.1848 

0.1877 

0.1881 

0.1856 

1519.03 

1390.26 

1401.01 

1506.84 

-758.51 

-694.13 

-699.50 

-752.42 

- 

- 

- 

0.056 

95.2 

95.0 

95.2 

95.7 

0.00000117 

0.00000959 

0.00000837 

0.00000117 

0.00005477 

0.00005550 

0.00005554 

0.00005477 

500 -1 

0.2 

AG 

PWP_TT 

PWP_GT 

Frailty 

-1.0015 

-1.0038 

-1.0229 

-1.0015 

0.0831 

0.0885 

0.0880 

0.0835 

0.0829 

0.0882 

0.0895 

0.0831 

7745.56 

6360.04 

6617.09 

7735.09 

-3871.78 

-3179.02 

-3307.55 

-3866.55 

- 

- 

- 

0.001 

93.3 

94.1 

93.0 

93.7 

0.00000243 

0.00000269 

0.00000219 

0.00000243 

0.00002513 

0.00002697 

0.00002774 

0.00002513 

0.45 AG 

PWP_TT 

PWP_GT 

Frailty 

-1.0017 

-1.0032 

-1.0076 

-1.0017 

0.1244 

0.1279 

0.1278 

0.1251 

0.1241 

0.1275 

0.1281 

0.1244 

3468.12 

3065.35 

3111.59 

3458.19 

-1733.06 

-1531.67 

-1554.79 

-1728.09 

- 

- 

- 

0.020 

95.3 

95.4 

95.8 

95.4 

0.00000598 

0.00000478 

0.00000428 

0.00000598 

0.00003614 

0.00003664 

0.00003671 

0.00003614 

0.6 AG 

PWP_TT 

PWP_GT 

Frailty 

-1.0019 

-1.0029 

-1.0029 

-1.0019 

0.1361 

01393 

0.1393 

0.1369 

0.1358 

0.1388 

0.1388 

0.1361 

2903.86 

2599.94 

2612.39 

2892.36 

-1450.93 

-1298.97 

-1305.19 

-1445.18 

- 

- 

- 

0.028 

95.7 

95.8 

95.7 

95.6 

0.00000741 

0.00000669 

0.00000678 

0.00000741 

0.00003954 

0.000040067 

0.00004007 

0.00003954 

0.8 AG 

PWP_TT 

PWP_GT 

Frailty 

-1.0047 

-1.0066 

-1.0083 

-1.0047 

0.1656 

0.1682 

0.1681 

0.1667 

0.1649 

0.1674 

0.1677 

0.1656 

1971.65 

1809.95 

1823.66 

1958.9 

-984.83 

-903.97 

-910.83 

-978.45 

- 

- 

- 

0.045 

94.4 

95.2 

95.3 

94.6 

0.00000881 

0.00000736 

0.00000569 

0.00000881 

0.00004797 

0.00004896 

0.00004905 

0.00004797 
       Note: Est-Estimated beta, SE: Standard error, RSE:Robust Standard error, FV: Frailty Variance, RSE: Relative Sampling Bias,, RMSE: Root Mean square error 


