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ABSTRACT

In this article, a new expansion technique is executed for travelling wave solutions of
Generalized Zakharov System (GZS) as a model of wave-wave interaction in plasma. New
Solitary and periodic wave solutions with arbitrary parameters are obtained and expressed in
terms of the hyperbolic, trigonometric, and rational functions. Some of the acquisition
solutions are graphically sketched.
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1. Introduction

Nonlinearity is a mesmerizing
component of nature, Almost, in all the
scientific and engineering fields nonlinear
wave phenomena appears in one or other
ways. There are of more practical use of it if
one can find the travelling wave solutions
for nonlinear evolution equations (NLEEs).
The wave-wave interactions can also be
explained by these solutions. The model of
wave-wave interaction in plasma may be
written as [1-3]

iE, +E,, —2p|E]' E+20E =0,

v, —U,, +|E|i( =0,

(1.1)

where, E(x,t) and v(x,?) are the envelope

of the high-frequency electric field and
plasma density measured from its
equilibrium value respectively. Eq. (1.1)
reduced to the classical Zakharov equations
[4, 5] of plasma physics whenever f=0. In

the past three decades, several methods
explored which includes-the homogeneous
balance method [6], Tanh-coth scheme [5,
7], sine-cosine method [8] and so on [9-21].
Here in this article the study involving to the
New Expansion Scheme for solving the
generalized Zakharov system (GZS) is
presented. Solitary wave propagation is also
discussed to explain the wave interactions
phenomenon arising in NLEEs.
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2. Explanation of Scheme
Let us consider nonlinear partial
differential equation (PDE) as

DV, v, v,V ,V,,V,5...) = 0.

xx? T’ Tt

@2.1)

This equation involving @ is a polynomial
of unknown function v(x,f)with its

derivatives and nonlinear terms.
Step 1: We introduce a variablenp =xt V¢,

v(x,2) = v(1),

where travelling wave speed is V" . So, Eq.
(2.1) will be

Y,v',v"v",...)=0,

2.2)

2.3)

where W is a polynomial of unknown
function, its derivatives with respect to 77

and nonlinear terms.
Step 2: let the solution of Eq. (2.3) may be
written as :

v =2 e (d+M) +3 B(d+M)”,
2.4)
where and

a(i=0,1,2,...,N), d
p.(i=L2,..,N) are constant may be
determined and M (77) is as

M(n)=(G'G), (2.5)

where G =G(n7)

nonlinear equation:

solution of auxiliary

AGG"-BGG'-EG*-C(G')’ =0, (2.6)

where 4, B, C and E are parameters will be
determined.

The General solution of Eq. (2.6) put
in Eq. (2.4) with the value of N find by
homogeneous balance between nonlinear
term and highest order derivative term in
Eq. (2.3), so we get solutions of Eq. (2.3)
and we may derive the value of M (7)for

Eq. (2.5):

49

Family 1: When B#0, o = A—C and
Q=B’+4E(4A-C)>0,

C, sinh (@nj +C, cosh [\/577}
24 24

C, cosh (\/EUJ +C, sinh [\/577}
24 24
2.7)

Family 2: When B#0, A—C = and
B> +4E(4-C)=Q<0,

B JQ
M= e 20

(o Ja

M(n):B+@—C151n( Y 77]+Czcosh[2A j
2o 20 CICOS{\/EU}‘CZSiHh[\/fU}
2.8)

Family 3: B#0, A—C =® and
B*+4E(A-C)=Q=0,

B
Mapy=2_C& 2.9)
20 C +Cn
Family 4: B=0, A—C =® and
A=wE >0,
JA G sinh(ﬁn) +C, cosh(ﬂ n)
M(p)="= jg JAK :
C, cosh(——n) + C, sinh(—n)
A A
(2.10)

Family 5: When B=0, A—C = ® and
A=wE <O,

JoA G sin(\/;_A m+C, cos(\/AK 1)

M ()=
G cos(\/;_A n+C, sin(\/;_A n)
(2.11)

3. Application of Scheme to Model of
Wave-Wave Interactions in Plasma
Let for Eq. (1.1)

E(t,x)=u(n)e”, v(t,x)=y(n),
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0=hkx+qt, 77=(x—2kt)p

We get
u(k> +q) - p*u" +2Bu’ —2uy =0, (3.1)
(4k> -Dy" +u" =0. (3.2)

Twice time integral of Eq. (3.2) with first
integration constant zero, we get

2
c—u
=—. 3.3
V=57 (33)
Its use in eq. (3.1), we get
au—p°u" +2bu’ =0, (3.4
where

2¢ 1
=l k> +q— , b=|pB+ ,
¢ ( 1 4k2—1j (ﬂ 4k2—J

the value of N by homogeneous balance

between nonlinear term %’ and highest order
derivative term u''in Eq. (3.4) such that
3BN=N+2ie., N=1. So, we get from Eq.
(2.4):
um=a,+a,(d+M)+B(d+M)"
(3.5)

It put with Egs. (2.5) and (2.6) into Eq.
(3.4), we yields a set of simultaneous
algebraic equations, if we equate each

Solution for set 1 with Family-1

If C,=0 but C, 20,

Aa—4bhd _ p?
24b

If C,=0 but C, #0,

u, (1) =

Aa—4bhd  p*

u =
YTy

Solution for set 1 with Family-2

If C =0 but C, =0,

A(al2 w+ Bd - E)(

P (@w+Bd- E)(

coefficient of resultant polynomial to zero.
Solve these algebraic equations and got
three set of solutions:

Set 1:
o, =Aa=4bhd oo g—a,
24b
pz
=—2 (di*w+Bd-E), 3.6
B bA( ) (3.6)

2
where A-C=w, h= _i_b other para-

meters are unrestricted.

Set 2:
1 hB+2hdw
oy=———,
2b A
2ho
B =00, =——,d=d. (3.7)
A
p2
where A-C=w, h=—-— other
2b
parameters are unrestricted.
Set 3:
2 B
ao =i’ al =p_a)’ d:——’
2b bA 20
2
4Ew+ B’ 3.8
=3 b ( ) (3.8)
where A—C =@®, other parameters are
unrestricted.

d+2£+—c th(—77)

rrj

d + —+—tanh(—
5 (S

B«/_J_J
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2 /— -1
’ 2A4b bA 20 2w
If C,=0 but C, #0,
Aa—4 B -0
u, (n )_a—bhd p (d w+Bd—-E)x|d+—+ tan(£77)
¢ 2Ab bA 2w
Solution for set 1 with Family-3
— 2 -1
u, (17) =Aa—4bhd—p—(d2a)+3d—E) i+ B2 G |
’ 2A4b bA 20 C,+Cy
Solution For set 1 with Family-4
If C,=0 but C, =0,
Aa—4bhd  p* . , A A
=—————(d"w+ Bd — E)x(d + —coth(— .
w, (17) YT bA( @ )% ( P ( y m)

If C,=0but C, %20
Aa—4bhd pz(d2 JA A

= + Bd — E)x(d + —tanh(—1n))~
u, (1) = T )x( " S m).
Solution For set 1 with Family-5
IfC,#0,C, =0,
Aa—4bhd  p° N-A v-A L
Mlg(ﬂ):T—a(dza)+Bd—E)X(d+ COt( 7])) ],
Aa —4bhd V-=A VA
u, (17 )—— p Z_(d*w+ Bd - E)x(d ———tan(——n)) .
2Ab bA w A

Similarly, Solution For set 2 with Family-1

JO

1 1
IfC,=0but C, 0, = —+—hJQ coth(——n).
1 2 ”zl(ﬂ) b 4 (2A n)

1 1 VQ
If C,=0but C, #0, = —+—hJQ tanh(——n)).
2 ut & u, (1) 2b+A an (2A m)

Solution For set 2 with Family-2

1 1 J-Q
IfC, =0 but C, #0, =—+— hvQ coth(——n)).
(=0 but G #0, u, () =+ fco(zA 7))

1 1 a9
If C,=0 but C, 0, =—+—hJQt .
2 ut & u, (1) b an( Y n)

51
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Solution For set 2 with Family-3

1 2ho C
u, (n)=—-—— 2 .
> A \C+Cn

Solution For set 2 with Famlly-4

IfC,=0but C,#0, u, ()=

—b %(B 2\/Xcoth(—n)]

h
If C,=0 but C, %0, -
u W2(77) 2b y,

[B WA tanh(—A n)].

Solution For set 2 with Family-5

If C, =0 but C, #0, u, (n)_—b—%(B 2iJA cot(

An).

An)J.
If C,=0but C, #0, u, (7)= —b—%(B 2i-JA tan( ]

Similarly, we can find the Solution For set 3 with Family-1
If C,=0but C, =0,

7).

2 2
P VQ VQ p ) VQ
=— x coth + 4Ew+ B”)x coth(—n).
ts, (1) 2b 24 EYIYN A )3 coth(==rm)
If C, =0 but C, #0,
a pNQ VQ p’ VO
u =—+L£ """ xtanh 4E®+ B*) x tanh(——n)).
0D =t nd 24 bAJﬁ ( ) SRR
Solution For set 3 with Family-2
If C,=0butC, =0,
2 2
P NQ V- . P 2 V-Q
=— +1 coth - 4Ew+ B”)cot .
us (1) = bd (2A77) le\/ﬁ( ) (2A77)
If C,=0 but C, #0,
2 2
P NGO V-2 2
=—-—i tan + 4FEw+ B”)tanh
u, (1) = 2b 2bd (2A 1) le\/—( ) (
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Solution For set 3 with Family-3

5 -1
T AN i) R S T SOy Pyl L S
’ 2b b4 \C+Cyp ) 2bAw C +Cn

Solution For set 3 with Family-4
If C,=0butC,=#0,

36(77)—5 Z;[ B+ Acoth(£n)j+4—(4Ea)+B )( B+2\/Kcoth(%n)] .

If C,=0 but C, 20,

(B e )+ 2 s - B )
37(77)_% bA[ : ++/A tanh( y n)]+4bA(4Ea)+B )( B +2+/A tanh( y n)] .

Solution For set 3 with Family-5
If C,=0butC, =0,

_a p2 . \/1 pz N ; ﬂ )
, (1) =~ +-— [ —B+2ixA cot( y n)J+4bA(4Ea)+B)[ B+ 2inA cot( y 77)} .

2b 2bA

If C,=0 but C, %0,

P J-A » N N )
39(77)_ [ B+ 2iJA tan( y n)J+4bA(4Ea)+B )( B +2i~/A tan( y n)j .

2b 2bA
4. Results and Discussion approximation with already done results
It is worth announcement that the which are relevant as following:

some of our possessed solutions are in good

. 2c 1

2
u3l(7])=%+£ (B +4E)coth —V(B;M) p(x—2kt) |,

b

then

2

E(x,t)= 2a—b+3i

2
. 1/(BZJr4E)coth wp(x—ﬂd) 'tk
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2
2
1 a+3p

— B? +4E) coth
4k2 T4 —-1)\26 b ( Jeo

p(x—2kt)

v(x,t) =

{ (B*+4E)

(2) WithB=0,d=0A4E>0,C=0,0=4,

2¢ 1 > |E E
a:(k2+q—mj,b:(ﬁ+4k J, 16(77)—— % Atanh[\/;p(x—ﬂct)j.

then

2
a p E E i(kx+qt)
E(n =]+ 2 |Z tanh| |= p(x—2kt ‘
(x, ) {2b+ 4 an[ — P )J}e :
2
c 1 a p° |E E
1) = - tanh| ,[—p(x -2kt .
T {25 VA [\/Ap(x )

(3) WithB=0,d =0 AE<0,C=0,0=4,

2 2 1 2 |- _
a:(k +‘1’_4180—1]’ (ﬂ+ j 2,07 )_2_1;_% _Etan(\ITEp(x_zk[)J’
then

1 Pz = = i(kx+qt)
E(x,t)=——*—,|—tan| ,[—p(x—2kz) | """,
(1) {21) b\lAan(\/Ap(x e
2
c 1 1 p* |-E —E
v(x,t)= - — - |—tan| ,|— -2kt )
0= 4k2—1{2b b\ 4 (\IAP(X )J}

(4) With B=0, A=wE=AE>0,C=0,0=A,

2¢ 1
=k’ +q- b= p+ ,
? ( 1 4k2—1j [ﬂ 4k2—1)

_a ZJ_ JA JA
u, (17) = E [2 tanh(— n)+ coth(7 n))
then
E(x,t) = { a 2f{2t nh(ﬂnncoth(f )]} ithrran)
26 bA
) a— 21 {i#) 2ﬂ[2tanh(£n)+coth(£n)}} .
4K —1 4k—1]26  bA A 4
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(5) With B=0, d=0,A=wE=AE<0,C=0,0=A4,

—Z—p@—2h)—cm iiép@—ZM)

2c 1
|\ rg-—— | b= fr——
¢ ( T 4k2—1j’ ([”4/(2—1)’
1 ip’JA J-A
u, (77):——M 2 tan
g 2b  24b
then
. 2
E(x,t) = 1 _ipa 2tan| Y22
26 24b
.2
vty = L R

4k*—1 4k*—1|2b 24b

Besides this enumeration, we may
gain more new solutions (travelling and
solitary wave solutions) like

U, (77)5 U, (77)5 Uy, (77) Uy, (77):
u, (1) —u, (17),u; (17) —u, (17), which not
established in the prevalence literature. But

(a)

2tan

A

p(x—2kt) |—cot %Ap(x—ﬂct) ,

! trran) ,

p(x—2kt) |—cot —“;lA p(x—2kt)

us (), u, (17) and u, (n7) are as same the
solution of [5].

4.1. Graphically sketched of the solution
The u, plotting to explore the

soliton solutions for the model Eq. (1.1).

Fig. 1. (a) The one-solitary wave propagation (b) More parallel solitons plot for Eq. (1.1) with
~15<x<15, =5<1<5, f#0,—g=d=-1/2,A=B=1,C=0, c=0,k=p=1/2.
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Fig. 2. Modular in 3D, 2D plot of Kink wave
Shape of u, (r7) when A=B=1, C=0, ¢c=0,

k=p=1/2, —g=d=-1/2,
—5<1<5,0<x<0.1, B=0.

i \\\\\\\\ \\\ \&\\‘
'W\\W\

0.15,

01

i

///,,,/II///,,

i
I'; ”ll[/,”;;;IIIII/III

il '/llll/a\
l

Fig. 3. Modular plot of Kink wave Shape of
u37(77) when 4=F=1,B=0,C=0,d=0, c=0,

k=p=1/\2, —~g=d=-1/2,
—15<x<15, —5<¢<5, B#0.

\ \
\\\\\\\\\\\\\\\\\ 7
. \\\\\\\\\\\\\
W

Fig. 4. Mesh 3D graph for solitons interaction {|E |2 + V} for f=-1.

5. Conclusion

A new expansion scheme is exhibited
to locate solitary wave solution of the model
of wave-wave interactions in plasma for
generalized Zakharov equations (GZE). The
solitary wave solution Figs. 1, 2, 3 and its
interaction in Fig. 4 of this system are exist.
Therefore, we learn that this method well
emulates development of many exact
travelling wave solutions are gotten which
contain the new soliton-like hyperbolic

function  solutions  u, (77),  u, (77)

trigonometric function solutions u, (7) ,

and rational solutions u, (77)

caused by a

us (17)
us (7).

cancellation of nonlinear and dispersive
effects in wave interactions. The term

{|E|2+V} is plotted for g=-1 for the

Solitons are

results mentioned in results and discussion
section. The given plot is of the last results
where E and v both have iota and tan & cot

terms. In calculating the {|E |2 + V} , the jota

terms are neutralized but the tan and cot
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terms together form the solitons in travelling
wave. The terms under cof function in

Uy, (r7) and under tan function in Uy, )

create the instability. So, it is estimated that
there may be the possibility of modulational
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