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ABSTRACT

In this paper, we characterize ordered semigroups containing covered bi-ideals and
study some results based on covered bi-ideals. Moreover, in a regular ordered semigroup,
we show that, under some conditions, a proper bi-ideal of an ordered semigroup is also a

covered bi-ideal.
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1. Introduction and Preliminaries
Ideal theory is the main research
in many algebraic structures, for example,
rings, semirings, semigroups and ordered
semigroups. Given a semigroup S, a proper
ideal A of S is called a covered ideal of
S if it satisfies A C S(S — A)S where
S — A denote the set of all elements x in
S such that x ¢ A. This notion was in-
troduced and studied by Fabrici in [l 2].
An ordered semigroup is one of generaliza-
tions of semigroups. Later, Changphas and
Summaprab discussed the structure of or-
dered semigroups containing covered ide-
als in [B] and the structure of ordered semi-
groups containing covered one-sided ideals

in [4]. A bi-ideal of semigroups is one of
generalizations of ideals. These are moti-
vated to research in this paper. In this pa-
per, we introduce the concepts of covered
bi-ideals of ordered semigroups. We in-
vestigate some results based on covered bi-
ideals of ordered semigroups. Moreover, in
a regular ordered semigroup, we show that
a proper bi-ideal of an ordered semigroup,
under some conditions, is also a covered bi-
ideal.

Now, we include here some basic
definitions of ordered semigroups that are
necessary for the subsequent results and for
more details on ordered semigroups we re-

fer to [2,5-9].
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By an ordered semigroup we mean a
partially ordered set (S, <) and at the same
time a semigroup (S,-) such that for all
a,b,x €S,

a < b implies xa < xb and ax < bx.

It is denoted by (S, -, <). Every semigroup
(S,-) can be considered an ordered semi-
group (S, -, <) where <:= idg = {(x,x) |
x € S}. Throughout this paper, we will
denote the ordered semigroup (S, -, <) by S
unless otherwise stated.

Let A, B be non-empty subsets of an
ordered semigroup S. The set product AB
is defined as follows:

AB={ab|a€ A,b e B}
and we define (A] by:
(A]={xeS|x<aforsomeae A}.

In particular, if A = {a}, we write aB for
{a}B, similarly for B = {b}, and we write
(a] for ({a}]. It was observed in [9] that
the following conditions hold:

(1) A C (A];

2)AcB= (A] C (B];

(3) (A1(B] < (AB;

(4) (A]U (Bl = (AU BJ;

(5) (A1l = (A].

Then A is called a subsemigroup of
S if AA € A. The concept of bi-ideals in
an ordered semigroup has been introduced
in [[7] as follows: a subsemigroup B of an
ordered semigroup S is called a bi-ideal of
S if it satisfies the following conditions:

(1) BSB C B;

(2) B = (B], that is, for any x € B
andy € S, y < ximplies y € B.
A bi-ideal B of S is called a properif B C S.
The symbol C stands for proper subset of
sets. A proper bi-ideal B of S is said to be
maximal if for any bi-ideal A of S such that
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BCACS, thenB=AorA=S_.Itis well-
known that the intersection of all bi-ideals
of §, if it is non-empty, is also a bi-ideal of
S. The bi-ideal of S generated by a non-
empty set A of S is of the form

(A)g = (AU AA U ASA].

In particular, we write ({a})p as (a)p, and
(a)p = (a U aa U aSa] which is called the
principal bi-ideal [§] of S generated by a.
Finally, in [[7, 8], an ordered semi-
group S is regular if a € (aSa] for every
a € §,ie,ifforanya € S, a < axa for
some x € S. An element a of an ordered
semigroup S is called an idempotent [|L0] if
a < a?. An ordered semigroup S is called
bi-simple [f]] if S has no proper bi-ideal.

2. Main Results

In this section, the structure of or-
dered semigroups containing covered bi-
ideals will be discussed.

Definition 2.1. Let S be an ordered semi-
group. A proper bi-ideal B of S is called a
covered bi-ideal (C B-ideal) of S if

BC ((S-B)S(S-B)].

Example 2.2. Let S = {a,b,c,d, e} and
the multiplication and the partial order on S
are defined by

QAU

QQ Q Q Q|
TR
QAU Q Q|0
o QU O QX
QTN Q QR

<={(a,a),(a,b),(a,c),(a,d), (a,e),
(b,b), (c,c),(d,d), (e, e)}.

we have that S is an or-
We obtain that the

In [8],
dered semigroup.
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proper bi-ideals of S are {a},{a,b},
{a,c},{a,d},{a,e},{a,b,d},

{a, b, e}, {a,c,d}and {a,c, e}. Moreover,
we can deduce that the CB-ideals of S are
{a},{a,b},{a,c},{a,d} and {a, e}.

First, we characterize when a proper
bi-ideal of an ordered semigroup is not a
CB-ideal.

Theorem 2.3. Let S be an ordered semi-
group. If S contains two different proper
bi-ideals By and By such that B1 U By = S,
then B1 and Bs are not C B-ideals of S.

Proof. Assume that S contains two differ-
ent proper bi-ideals B; and By such that
B1 UBy = S. Since B1 U By = S, it im-
plies that S — By € By and S — By C Bj.
Suppose that By is a CB-ideal of S. Then

B1 € ((S-B1)S(S - B1)]
C (B2SBs]
- (BQ] = Bs.

Since B; U By = S, it follows that S = Bs,
which is a contradiction. Similarly, if By is
a CB-ideal of S, then

By € ((S - B2)S(S - B2)]
C (B1SB{]
- (Bl] = Bj.

Thus, S
Hence, the assertion holds.

By, which is a contradiction.
O

Corollary 2.4. If an ordered semigroup S
contains two different maximal proper bi-
ideals such that union of two different max-
imal bi-ideals is a bi-ideal, then maximal bi-
ideals are not C B-ideals.

Proof. Assume that S contains two differ-
ent maximal proper bi-ideals B; and Bo
such that B; U B is a bi-ideal of S. Then
B1 € B1UBs>. Since B is a maximal proper
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bi-ideal of S, we obtain B UB5 = S. Hence,
by Theorem @, neither By nor By is a CB-
ideal of S. m]

Theorem 2.5. Let B; be a CB-ideal of an
ordered semigroup S and By be a bi-ideal of
S. If B1 N Bs is a non-empty, then B1 N Ba
is a CB-ideal of S.

Proof. Let By be a CB-ideal of an ordered
semigroup S and Bs be a bi-ideal of S. Sup-
pose that B; N By # @. Clearly, By N B>
1s a bi-ideal of S. Since By is a C B-ideal of
S, we have B; € ((S — B1)S(S — B1)] and
B1 N By is a proper bi-ideal of S. Hence,

BiNBy C By C((S—B1)S(S-B1)]
C ((S=(B1NB2))S(S - (B1 N B2))].

This implies that B; N By is a C B-ideal of
S. |

The following corollary follows di-
rectly from Theorem P.3.

Corollary 2.6. If By and By are CB-ideals
of an ordered semigroup S such that B1N By
is a non-empty, then By N By is a CB-ideal

of S.

Theorem 2.7. Let S be an ordered semi-
group. If S is not bi-simple such that there
are not any two proper bi-ideals in which
their intersection is empty, then S contains
a CB-ideal.

Proof. Assume that S is not bi-simple such
that there are not any two proper bi-ideals
in which their intersection is empty. Then S
contains a proper bi-ideal B. Now, we show
that ((S—B)S(S—B)] is abi-ideal of S. Let
B1=((S-B)S(S — B)]. Consider

B1By

=((§-B)S(S-B)]((S - B)S(S - B)]

C ((S=B)(S(S-B)((S-B)S)(S-B)]
C ((S-B)SS(S-B)]

C ((S-B)S(S-B)] =B;.
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Thus, B1B1 C B1, and so Bj is a subsemi-
group of S. And, we consider

B1SB;

= ((S-B)S(S-B)]S((S-B)S(S - B)]
C ((S=B)SI(SI(S(S - B)]

C ((S-B)SSI(S(S - B)]

C ((S - B)SS(S - B)]

C ((S-B)S(S-B)] = Bi.

So, we obtain that B1SB; C B;. Since
B1 = ((S - B)S(S — B)], it implies that

(B1] = (((S=B)S(S - B)]]
=(($-B)S(S-B)] = B1.

Hence, B; is a bi-ideal of S. By assumption,
BNB;#@.LetB’=BNBy. Then B’ is a
proper bi-ideal of S. Since B’ C B, we have
S—B C S - B’ Since B’ C By, it implies
that

B’ C By = ((S—B)S(S - B)]
C ((S-B)S(S-B)].

This shows that B’ isa CB-ideal of S. O

The following theorem gives nec-
essary and sufficient conditions for every
proper bi-ideal of a regular ordered semi-
group is a C B-ideal.

Theorem 2.8. Let S be a regular ordered
semigroup. If for any proper bi-ideal B of
S such that for any a € B, (a)g C (b)p for
some b € S — B, then B is a CB-ideal of S.

Proof. Assume that B is a proper bi-ideal of
S such that a € B, (a)p C (b)p for some
b € S — B. Since S is regular, there exists
x € Ssuch that b < bxb. Since b € S — B,
we obtain b < bxb € (S—- B)S(S—-B). It
implies that b € ((S — B)S(S — B)]. By the
proof of Theorem R.7, ((S — B)S(S — B)] is
a bi-ideal of S. So, we have

bb € ((S— B)S(S — B)]((S - B)S(S - B)]
C ((S— B)S(S - B)]
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and

bSh
C((S-B)S(S—B)]S((S—B)S(S - B)]
C ((S-B)S(S - B)].

Thus,
(b)p =(bUbbUDbSbH]
= (b] U (bb] U (bShH]
C(((S=B)S(S-B)]]
=((S-B)S(S-B)].
Hence,

a€(a)p € (b)p < ((S-B)S(S-B)].

This shows that B € ((S — B)S(S — B)].
Therefore, B is a C B-ideal of S. |

Example 2.9. Let S = {a, b,c,d, f,1} and
the multiplication and the partial order of S
are defined by

a b ¢ d f 1
ala a a a a a
bla b a d a b
cla f ¢ ¢ f ¢
dla b d d b d
fla f a ¢ a f
1la b ¢ d f 1

<={(a,a),(a,b),(a,c),(a.d), (a, f),
(b, b), (c,0),(d.d), (f.f), (LD}

In [[L1], we have that § is an ordered semi-
group. Clearly, x < xxx where x €
{a,b,c,d, 1}, and we have f < fdf = f.
Thus, § is a regular ordered semigroup. We
can obtain that the proper bi-ideals of S are
By = {a}, Bz = {a,b},B3 = {a,c}, By =
{Cl, d}’ Bs = {Cl, f}’ Bg = {Cl, b, d}9 B7 =
{a.b, f},Bs = {a,c,d},By = {a,c, [}
and Big {a,b,c,d, f}. One may eas-
ily verify that for every principal bi-ideal
(x)p € B; for all x € B; and i
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1,2,...,10, and we have 1 € S — B; where
i=1,2,...,10 such that (x)g C (1)g. By

Theorem 2.8, B; is a CB-ideal of § for all
i=1,2,...,10.

Theorem 2.10. Let S be a regular ordered
semigroup. If B is a bi-ideal of S such that

for any element of B is an idempotent, then
any CB-ideal By of B is also a CB-ideal of
S.

Proof. Assume that B is a bi-ideal of S such
that for any element of B is an idempotent.
Now, we will show that B is a regular sub-
semigroup of S. Obviously, B is a subsemi-
group of S. Leta € B C S. By assumption,
we have a < a?. Since S is a regular, then
there exists b € S such that
a < aba < a’ba® = a(aba)a
€ a(BSB)a
C aBa.
Thus, a € (aBa]. This implies that B is a
regular subsemigroup of S. Next, let B be
a CB-ideal of B. We claim that B is a bi-
ideal of S. Obviously, B is a subsemigroup
of S. Let b1,bo € By C Band s € §. By
assumption, we have by b% and by < bg.
AISO, blsbg € Bl.gBl BSB C B. Sup-
pose that b’ = bysby € B1SB1 C B. Since
B is a regular subsemigroup of S, then there
exists b3 € B such that
b" < b'b3b’ = (b1sby)b3(b1sbs)
< (bisb3)b3(bisb3)
€ (B1SB})B(B{SB?)
2 2
C B?SBSB?
2o p2
C B{SB7
=B1B1SB1B;
C B1(BSB)B;
C B1BB; C B;.

<
c

So, we obtain b’ € (By] = Bjp. Thus,
B1SB1 C Bj. Suppose that x € By € B
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and y € S such that y < x. Since B is a
bi-ideal of S, it implies that y € (B] = B.
Since y € B, y < x and B; is a bi-ideal of
B, it follows that y € B;. Hence, B; is a
bi-ideal of S. Since B is a CB-ideal of B,
we have By C ((B — B1)B(B — B1)] and
By cBCS. Thus, # B—B;y CS - By,
and so

By € ((B—B1)B(B - B1)]
< ((§=B1)S(S - B1)].

This shows that By isa CB-ideal of S. O

Finally, we give the example descrip-
tion for any CB-ideal of bi-ideal is also a
C B-ideal of an ordered semigroup.

Example 2.11. Let S = {a,b,c,d, e} and
the multiplication and the partial order on S
are defined by

SRSV TEAN N

Q Q Q@ 2 Q|
ST
Q Qo Q Qo
Q Q Q Q Q| X
AL R Q QI

<= {(a’ Cl), (Cl, b)’ (b’ b)’ (C’ Cl), (C’ b)’
(c,c),(d,a),(d,b),(d,d), (e e)}.

In [§], we have that S is an ordered semi-
group. One can check that S is a regular or-
dered semigroup. We have B = {a, b, ¢, d}
is a proper bi-ideal of S and for every ele-
ment of B is an idempotent. Moreover, we
have B; = {a,c,d} is a proper bi-ideal of
B. One can also check that By is a C B-ideal
of both B and S.

3. Conclusion

From this paper, the results of cov-
ered bi-ideals in ordered semigroups are
proved. In Theorem R.§, we give the con-
dition for a proper bi-ideal of an ordered
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semigroup is a covered bi-ideal. Moreover,
we show the remarkable results of covered
bi-ideals of an ordered semigroup in The-
orems 2.3, 2.3, .7 and R.10. In the future
work, we can extend these results to alge-
braic hyperstructures, for example semihy-
pergroups, ordered semihypergroups, etc.
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