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ABSTRACT

In the present manuscript, we enlarge the class of F-contraction in the framework of
C*-algebra valued metric space. We present some results on fixed points with the help of
C-class function for different types of F-contractive condition. The result is an extension
and generalization of several metric space results available. Moreover, some examples are

presented here to illustrate the usability of obtained results.
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1. Introduction and Preliminaries
The study of fixed point theory for
self mappings has been a fascinating area of
research for the last few decades. The for-
mal theoretical approach to the fixed point
originated from Picard’s work. However, it
was Stefen Banach [[I]] who underlined the
idea into an abstract framework and pro-
vided a constructive tool to establish the
fixed points of mapping in the metric space.
In 2014, Ma et al. [2] extended the Banach
contraction principle to C*-algebra valued
metric spaces by replacing the set of real
numbers with the set of all positive mem-
bers of unital C*-algebra. H. Massit and M.
Rosaafi [B] inspired by the work of H. Piri
et al. [4], introduced the concept of (¢, F)-

contraction in C*-algebra valued metric
space and proved some fixed point results.
Later on, M. Rossafi et al. [[] generalized
(¢, M F)-contraction and established some
fixed point results on C*-algebra valued
metric space. Many researchers have ob-
tained various results in this theory of fixed
points and common fixed points (for refer-
ences, see [6-]17] and references therein).
Inspired by the work of Rossafi et al.
[5], in this manuscript, we enlarge the class
of F-contraction in the framework of C*-
algebra valued metric space. We present
some results on fixed points with the help
of C-class functions for different types of
F-contractive conditions. The result is an
extension and generalization of several met-
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ric space results available. Moreover, some
examples are presented here to illustrate the
usability of obtained results.

We gave some notation and defini-
tion mentioned in [2], which will be re-
quired in sequel to prove the results.

Definition 1.1 ([2]). Suppose X is a non-
empty set. A functiond : X X X — A
satisfies :

(i) d(o,p) = 04 and d(o, p) = 0, if
and only if o = p;

(ii) d(o,p) =d(p,0);
(iii) d(o,p) < d(o,p) +d(u,p);

for all o,p,u € X. Then, d is called a
C*-algebra valued metric and (X, A, d) is
called a C*-algebra valued metric space.

Definition 1.2 ([2]). A sequence {0} in
(X, A, d) is said to be

1. (a) convergent with respect to A, if
for given € > 0, there exists
a positive integer k such that
lld(om,0)|| < €, foralln > k;

(b) Cauchy sequence with respect
to A if for any ¢ > 0,
there exists k € N such that
ld(om,om)|| < €, for all

n,m> k.

2. (X,A,d) is called a complete C*-
algebra valued metric space if every
Cauchy sequence with respect to A
is convergent.

Definition 1.3 ([[L0]). Let ¥4 be the set of
positive functions, ¥4 : At — A” satisfy-
ing the following conditions :

(i) Ya(a) is continuous and nondecreas-
ing;

30

(ii) Ya(a) =04 ifand only ifa = 4.

Definition 1.4 ([[10]). (C- Class Function)
A continuous function F* : A* X A* — A*
is called a C-class function if for any P, Q €
A*, the following conditions hold :

(i) F*(P,Q) = P;

(ii) F*(P,Q) = P implies that either P =
QA or Q = GA.

An extra condition could be imposed on F*
if required such that F*(04,04) = 04.

2. Main Result

In this section, we give some fixed
point results using the different types of F-
contractive conditions with C-class func-
tion. We also discuss some examples to il-
lustrate the obtained results.

Theorem 2.1. Let (X, A, d) be a complete
C*-algebra valued metric space. Define T
be self mapping on X and there exists F
o AY — A satisfying the following condi-
tions:

(i) F is continuous and nondecreasing
on At;

(if) For each sequence {a,} C A*

lim a, = 04 if and only if
2.1)

lim F(ay,) = 04;
n—oo

(i) forevery {,n € X witht > 0,

T+ F(d(T¢.Tn)))
< F*(F(tﬁ(d(é,n))),

F(g(d(¢, 77)))); (22)

where F* is C-class function and , ¢ € V.
Then, T has unique fixed point.
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Proof. First, let us observe that T has at
most one fixed point. Indeed if

0,0 X;TOH =0 # 0 =T.
From Eq. (2.7), we have

T o+

F(y(d(T$H,TE2)))
< F (F<w<d<41,42>>>,

F(¢(d(§17§2))))
< F(y(d({1,82))),

implies that 7 < F(y(d({1,42)) —
F(W(d(T&,,TE2))) = 04, which is a con-
tradiction.

In order to show that a fixed point,
let o € X. We construct a sequence {{, } in
X as follows {41 = T, foralln € N If
{n = {ny1 for some n € N, then £, is a fixed
point of T. Now, suppose that £, # {nv1
for all n € N. Define d,, = d({n, {ns1)-
Substitute £ = {41 and 7 = &, in (R.2), we
have

F((d({ni1, 8n))) = F((d(TEn, TEn-1)))
=T+ F(lﬂ(d(Tén, Tgn—l)))

< F* (F(lp(d(g“n, {n-1)))s

PO €))% F0Grn 610
Therefore,

Fy(dn) = F(dp1)). (23)

Since, F' is non-decreasing and so the se-
quence {¢(d,)} is monotonically decreas-
ing in A*. Hence, ¢ is non-decreasing in
A™* so the sequence {d, } is monotonically
decreasing in A*. Therefore, there exists
0, <t € At such that

d({n’ §n+1) — 1

as n — oo,

31

From Eq. (2.3), we get lim F(y(d,)) =
n—oo
6,. From Eq. (2.1)), together we have

lim ¥ (d,) =6a implies lim d,, =64.
n—oo n—oo
2.4)
Now, we shall show that {/,,} is a Cauchy
sequence in (X, A, d).

Assume that {£,, } is not a Cauchy se-
quence in (X, A, d). Then, there exist € >
0 and subsequences ({,, ) and ({p,) with
ni > my > k such that

||d(§mk’§”k)|| 2 €. (2.5)

Now, corresponding to m; we can choose
ng such that it is the smallest integer with
ni > my and satisfying Eq. (2.3). Hence,

d (&mys Sl < €.

Using Eqs. (2.9)-(R.6), we get

2.6)

€ < |ld(&mys En)l
< Hd({mk, énk—l)” + ”d(gnk—l’ {nk)”
< €+ ”d(gnk—l, gnk)” (2-7)
From Eq. (2.4), we have
Jim {ld (L1, )1l = O (2.8)

Taking limit as k — oo in Eq. (2.7) and
using Eq. (2.8), we get

klglgo ”d(gmk’ gnk)ll = €. (2-9)
Again,
d(Sns S
< Nd(Gnis Sn=D N + 1A (Si-15 S )
< Nd(Gnis Sne-D Nl + 1d (S -1 S -l

+”d(§mk—1, gmk)” (2'10)

Also,

||d(§nk—1’ gmk—l) ” <
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ld(ni-1 En ) 1+ 11d (s Somp=D I
< ||d(§nk—1’ {nk)” + ||d(§nka Z:mk)”
Hld (G - (2.11)

Taking limitas k — oo in Egs. (2.10)-(2.11))
and using Egs. (2.8)-(2.9), we get

kh—{rio ||d(§nk—1a gmk—l)ll =€

Sincea d(él’%—l& é’mk—l)’ d(énkv {mk) € A+
and

kh—{eo ”d(gnk—la gmk—l) II =
T (G Gl = &

there exist s € A* with ||s|| = € such that
giixgo||d(§nk_1,§mk-1)ll =
klgrolo ||d(§nk, gm;)” =S.

By Eq. (2.2), we have

F(l/’(s)) = kh_r)IC}OF((//(d(gnka gmk)))
= ,}i_r)I;oF(‘/’(d(Tgnk—laTgmk—l)))

< v+ lim F((d(TZne1.Tdm-1)))

< klgrolo F*(F(¢(d(§nk—1’ émk_l))’
F(¢(d(§nk—1, gmk—l))))

<

kh—IEo F(lﬂ(d(fnk—le §Mk_1))
=F(y(s)).

Therefore, F(¥(s)) = 64. Hence, y(s) =
6, implies s = 64, which is a contradiction.
Hence, we get {{,,} is a Cauchy sequence in
a complete C*-algebra valued metric space
(X,A,d). Thus, there exists / € X such
that ¢, — { asn — co.

Consider,

I1F (W (d(d, TONI <

32

T+ lim (|F W (d(&n TE))|

IA

lim
n—oo

F>k (F(lﬁ(d(gn—la gn)))’

F(¢(d(§n—1’ {n)))) H

< T |F((d(Za1,2a)]

= [IFW @)
= [IF @)l
= IF(0a)ll = Oa.

Therefore, we get ||F (¢ (d(£,T?)))|| = 0a
implies Y (d(£,T{)) = 64. Hence, T = £,
i.e. { is a fixed point of 7. This completes
the proof. O

Taking F*(r,t) = rand ¢(¢t) =t =
¢(t), we have the following result.

Corollary 2.2. Let (X, A, d) be a complete
C*-algebra valued metric space. Define T
be self mapping on X and there exists F
o AY — A satisfying the following condi-
tions:

(i) F is continuous and nondecreasing
on At

(if) For each sequence {a,} C A*

lim «, = 84 if and only if

n—oo

lim F(ay,) =04;

(i) forevery {,n € X witht > 0,
T+ F(d(T¢,Tn)) < F(d(.m)).
Then, T has a unique fixed point.

3. Remarks

In Eq. (2.2), we can extend the fol-
lowing version of well known results of lit-
erature for self mapping in the framework
of C*-algebra valued metric space.
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(1) (Kannan type, see [[18]) for every {,n €
X with 7 > 0,

T+ F(y(d(T¢, Tn)))

- F*(F(w(d(C,Té);d(n,Tn))),

F(¢(d(§,T§)+d(n,Tn))))' G

2

(2) (Chatterjea type, see [[19]) for every
{,ne Xwitht >0,

T+ F(y(d(T¢,Tn))

< (o AT dT))

F(¢(d(§,Tn) +d(n,T§)))).

2

(3) (Reich type, see [20]) forevery £, € X
with T > 0,

T+ F(y(d(T{,Tn)))
- F*(F(w(d(é,n) +d({,3T{) +d(n,Tn)))’

F(¢(d({, 1) +d(§,3Té“) +d(n, Tn)))).

(4) (Hardy-Roger type, see [21]) for every
{,ne Xwitht >0,

T+ F(y(d(T{,Tn)))

< F*(F(y(d(¢,m) +d (. TO) +
d(n.Tn) +d(n,TC) +d({,Tn))/5),
F(p(d(¢.m)+d(L.TO) +

d(n,Tn) +d(n,T) +d(¢,Tn))/5)).

(5) (Weak F-contraction type, see [22]) for
every ,n € X witht > 0,

T+ F(y(d(T{,Tn)))
< F*(F(;//(M({,n))),

Flo(M(&, n)))),
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where

M) = max{d@, . d(£.TO),

A0 Tn). d({,Tn) ;rd(n,Té) }

Example 3.1. Let X = [0,2] and A = C.
Let F : A™ — A defined as F(a) = 25a
and d : X X X — A defined by

lol+lo| if p#o
d(p,o) = .
0 if p=o.
0
Define, Tp = —.
efine, Tp 150
Then,

(i) (X,A,d) be a complete C*-algebra
valued metric space;

(if) F is non-decreasing;

(iif) F is continuous;

(iv) nh_r)rol0 0, =0and ’}1_1)130 F(oy) =0;

(v) for all o,p € X with v = 0.1,

Fi(r,t) = r, (1) = ¢(1) = ot
p+o

we get d(Tp,To) = and

s 150
Y(d(Tp,To)) = ;OT Hence,

T+ F(y(d(Tp,To)))
p+o
30 )
5(p+0)
6
<125(p + o)

=F(y(d(p,0)))
=F*(F(lﬂ(d(p, 0))),

:O.1+F(

= 0.1+

F(¢(d(p, 0))))-

From Theorem (R.1)), we get T has a
unique fixed point. Indeed, 0 is the
fixed point.
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Example 3.2. Let X = [0,2] and A = C.
Let F : A" — A defined as F(a) = 40a
and d : X X X — A defined by

d(p,o) =|p-ol.

F(¢(d(p,Tp) -;d((r, Ta')))).

From Theorem (B.1)), we get T has a
unique fixed point. Indeed, 0 is the

fixed point.
Define, Tp = L
120 Example 3.3. Let X = [0,2] and A = C.
Then Let F : A" — A defined as F(a) = 25a

(i) (X,A,d) be a complete C*-algebra

and d : X x X — A defined by

valued metric space; {| pl+|o| if p£o
d(p,o) = .
(if) F is non-decreasing; 0 if p=o.
(iii) F is continuous; Define, T = {1/10, ifx e [-0, 1] .
(iv) lim o5, =0and lim F(oy) =0; 1/20, otherwise.
n—oo n—oo Then,

(v) for all o,p € X with v = 0.2,
F*(r,t) = 5 and ¥ (t) = ¢(t) = 6t

(i) (X,A,d) be a complete C*-algebra
valued metric space;

_lp -0l
d(Tp.To) = 120 (if) F is non-decreasing;
119
d(p,Tp) = % (iif) F is continuous;
d(o,To) = |111§(()T| (iv) lim o5, =0and lim F(o,) =0;
W(d(Tp. To)) = =71 (v) for all o,p € X with T = 0.1,
2 F*(r,t) = r, ¥(t) = ¢@) =
w(d(p,Tp)+d(0',T0')) 5t, we get d(Tp,To) = 0 and
2 w(d(Tp,To)) = 0. Hence,
_119|p + 0|
40 T+ F(y(d(Tp,To)))
Hence, =0.1+F(0)
=0.1
T+ FWW(d(Tp, To
(W (d(Tp ) < 125(|p| + |o])

:0.2+F(|p—0|)

=F(y(d(p,0)))

20

=02+2(lp-0) =F* (F(w(d(p, o)), F(¢(d(p,0)))|.

- 119]|p + |

- 2
From Theorem (R.1]), we get T has a

= lp(w(d(/o’ Tp)+d(o,To) )) unique fixed point. Indeed, %0 is the

2 2 fixed point.
T T
_ F*(F((ﬁ(d(p, ) J;d(a, a)))’

34
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