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ABSTRACT

The simplex method is the favored method that can solve a linear programming model.
One of the important steps of the simplex method to speed up the algorithm is an effective
pivot rule to exchange entering and leaving variables. The double-pivot rule that exchanges
two entering and two leaving variables in each iteration is one of the interesting pivots. Two
pivot variables can be obtained by solving a special two-dimensional linear programming
problem. If an effective algorithm to solve a two-dimensional linear programming problem
is established, it can speed up the simplex method. Therefore, in this paper, a new algorithm
that is an interior search technique, called the circuit direction search algorithm, for solving
a two-dimensional linear programming problem is proposed. It uses an appropriate circuit as
a direction for updating a solution. Then, an associated dual variable is computed to check
the optimality for terminating the algorithm. From the computational results, we found that
the proposed algorithm could reduce the average number of iterations and the running time
compared with the interior point method, the slope algorithm, and the simplex method.

Keywords: Circuit direction; Double pivot rule; Linear programming problem; Pivot rule;
Search direction; Simplex method

1. Introduction ear inequality or equality constraints. In

Linear programming is an optimiza- real-world problems, it is widely used to
tion technique to investigate the best so- solve many industrial problems required to
lution in which a linear objective function achieve the best outcome, such as a pro-
is minimized or maximized subject to lin- duction planning problem [[I-3], a travel-
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ing salesman problem [4, 5], an assignment
problem [B, 7], or a transportation problem
[8, 9]. The graphical method can easily
solve a linear programming problem in two
or three-dimensional problems with small
constraints. However, if the problem has
many constraints, it is not practical.

The first practical method used to
solve a linear programming problem was
presented in 1947 by Dantzig [[10], namely
the simplex method. The simplex method
is an iterative method that exchanges only
one variable to update a solution. It starts
at a feasible solution and moves to a feasi-
ble adjacent solution by moving on the edge
of the feasible region until the optimal solu-
tion 1s reached. However, in 1972, Klee and
Minty [[11]] presented the Klee-Minty cube
that showed the simplex method’s worst-
case computational time.

Later, in 1976, Shamos and Hoey
[12] proposed a new algorithm used to
solve a two-dimensional linear program-
ming problem. This algorithm forms the in-
tersection of geometric objects in the plane.
Then, it starts by considering n line seg-
ments in the plane and finding all inter-
secting pairs. After that, they use the
O(n log n) algorithm to determine any two
intersection points and determine whether
two simple plane polygons intersect. They
proved that a linear programming problem
with two variables and n constraints could
be solved in O (n log n) time while the sim-
plex method requires O (n?) time.

In 1983, Megiddo [[13] introduced
the linear-time algorithm to solve a linear
program in R?. This method searches for
the smallest circle enclosing n given points
in the plane. Moreover, it disproves a con-
jecture by Shamos and Hoey that their algo-
rithm requires O (n log n) time. In addition,
a 2-dimensional linear program that has a
closely related problem called a separability
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problem in R? is constructed and solved in
O(n) time. This algorithm corrects the er-
ror in Shamos and Hoey’s paper that it can
solve in the O(n log n) time.

In 1984, Dyer [14] also proposed
the algorithm which requires O(n) time to
solve a 2-dimensional linear programming
problem. The concept of this algorithm is
the utilization of convexity, a well-known
idea for creating the linear time algorithm.
This algorithm starts at any feasible point,
and the objective function coefficient val-
ues, ¢1 and c9, are considered. If ¢ = ¢co =
0, then this feasible point is optimal. Oth-
erwise, the problem is transformed to pro-
vide a gradient direction of the objective
function. After that, the optimal solution is
gained by performing the pairing algorithm.
All processes of Dyer’s algorithm require
O(n) time for each process.

Recently, Vitor and Easton [[15] pro-
posed a new method to solve a two-
dimensional linear programming problem
called the slope algorithm. This algorithm
can start when the problem satisfies the fol-
lowing conditions: the coefficient values of
the objective function are positive, and all
right-hand side values are nonnegative. Not
only can it solve the two-dimensional prob-
lem, but also it can be applied to identify
two variables into the basis called the dou-
ble pivot simplex method. This pivot re-
quires the optimal basis from the slope al-
gorithm to indicate leaving variables. Then,
it repeats steps until the optimal solution to
the original problem is obtained. The com-
putational result showed that this algorithm
could reduce the iterations of the simplex
method. However, since the slope algo-
rithm may start from an exterior point be-
fore it moves to the feasible region, it may
take more time to identify two leaving vari-
ables in each iteration.

Moreover, in some cases, the slope
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algorithm exchanges only one variable into
the basis, similar to the simplex method.
So, it is useless in this case. Later, in
2021, Jamrunroj and Boonperm [[1€] pub-
lished a new technique to improve the slope
algorithm in the case of only one vari-
able indicated as a leaving variable. This
technique considers only the coefficients of
constraints to identify the optimal solution
to the special two-dimensional linear pro-
gramming problem. Nevertheless, for the
case of double pivots, the slope algorithm
is also performed to identify the leaving
variables to the general linear programming
problem.

Since the slope algorithm starts by
considering the slope of constraints, if the
problem has many redundant constraints, it
may start from an infeasible point, and it
will take more iterations to move to the op-
timal solution. Therefore, if we have an al-
gorithm that starts from a feasible point and
moves to another feasible point, then it may
reduce the iterations required to reach the
optimal solution. This technique is called
the interior search technique.

The interior search technique was
first presented by Karmarkar [[17] in 1984,
called Karmarkar’s algorithm or the in-
terior point algorithm. The fundamental
characteristic of the interior point algorithm
is a search direction. Karmarkar’s algo-
rithm uses the steepest descent search with
scaling and projection for each iteration to
update a solution. This algorithm is quite
fast in approaching the neighborhood of the
optimal solution but slows while approach-
ing the optimal solution. Karmarkar’s al-
gorithm has gained interest in theoretical
analysis, practical implementations, and its
many variants. One of these variants is the
projective method proposed by Karmarkar
[IL7] and studied by many researchers such
as Yamashita [|18], Anstrecher [[19,20], and
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Ye [21,22]. A search direction is not only
performed in the primal problem but also
applied to the dual problem. The search di-
rection for the dual problem was first pre-
sented by Yamashita [[1§] in 1986. Fur-
thermore, many researchers proposed the
search directions in various forms, as sum-
marized by Hertog and Roos [23].

Recently, Rujira et al. [24] pro-
posed a new interior search algorithm to
solve a linear programming problem. This
algorithm starts by relaxing all non-acute
constraints to find an initial feasible point.
Then, it jumps to the improved objective
feasible point along with the improving di-
rection, a composition of the objective vec-
tor, and its constraint. After that, the rest of
the non-acute constraints are restored, and
the dual simplex method is performed to
find the optimal solution.

The investigation of a search direc-
tion to improve a solution is important.
One of the interesting directions that re-
searchers have been interested in is a cir-
cuit. It was first proposed by Rockafellar
[25], in 1969, as the form of the elemen-
tary vectors of a subspace. Furthermore,
the circuits have improved the augmenta-
tion schemes for solving linear and integer-
linear programming problems.

In 2015, Loera et al. [26] proposed
the steepest-descent augmentation scheme
for solving a linear programming problem
in the standard form that uses the steepest-
descent circuit as a direction at each step.
The steepest-descent circuit is defined as a
strictly feasible circuit g at a feasible solu-

tion that minimizes IICgT_Iﬁ over all such cir-
cuits where c¢ is an objective function vec-
tor. A limitation of the steepest-descent cir-
cuit is that it is obtained by solving the char-
acteristic linear programming problem: it
spends more time at each iteration.
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However, in a two-dimensional prob-
lem, Borgwardt et al. [27] showed that the
circuits could be obtained easily by identi-
fying the edge directions of all constraints.
So, the step to searching for the circuit in a
two-dimensional linear programming prob-
lem is relatively easy. Therefore, the op-
timal solution may be rapidly obtained if a
potential circuit is used as a search direction
in a two-dimensional problem.

Due to the limitations mentioned
above, in this paper, we propose a new inte-
rior search approach to solve a special two-
dimensional linear programming problem
by applying a circuit as a direction. This al-
gorithm is called the circuit direction search
algorithm. 1t starts from the origin point,
and the steepest-descent circuit is used to
improve the solution, which is obtained eas-
ily without solving the characteristic linear
programming problem. To show the effi-
ciency of the algorithm, the randomly gen-
erated linear programming problems were
tested, and the average number of iterations
and the running time were compared with
the interior point method, the slope algo-
rithm, and the simplex method.

This paper is organized as follows.
In Section [, the definition of a circuit is
described, followed by the proposed algo-
rithm in Section . Then, the computational
results are presented in Section . Finally,
the results and findings are described and
concluded.

2. Preliminaries

Since this paper presents a new inte-
rior search technique that uses a circuit as
a direction, the definition of a circuit is de-
scribed first.

2.1 Definition of Circuit
Consider the polyhedron P:

P={x € R"|Ax = b,Bx < d},
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where A € R™AX" B e R™8*" and

rank A) = n. Recall from [27,28], the def-

B
inition of the set of circuits C(A,B) of P is
as follows.

Definition 2.1. The set of circuits C(A,B)
of apolyhedron P = {x € R"|Ax = b, Bx <
d} consists of all g € ker(A) \ {0} nor-
malized to coprime integer components for
which Bg is support-minimal over {Bx|x €

ker(A) \ {0}}.

Graver [29] stated that the set of cir-
cuits consists of all potential edge direc-
tions of P as the right-hand side vectors
b and d vary. Then, any normalization
which results in a unique positive and neg-
ative representative for each of these one-
dimensional directions can be used when
working with circuits. So, any positive
scalar multiple of a circuit g € C(A,B),
where C(A,B) consists of all potential edge
direction of P, is called a circuit direction
of P by geometrical reasons. Fig. [l illus-
trates the circuits of each constraint in two
dimensions.

Moreover, circuits are used to de-
velop augmentation schemes for solving
linear programming problems in which
successive, improving, maximal steps are
taken along circuit directions until an op-
timal solution is reached or the problem is
unbounded. Then, De Loera et al. [26] pre-
sented an augmentation scheme for solving
the standard linear programming problem
by using a steepest-descent circuit as a di-
rection to update a solution at each itera-
tion. The authors define a steepest-descent
circuit as a strictly feasible circuit that im-
proves a search direction at a feasible solu-
tion. Thus, a strictly feasible circuit is first
defined as follows.
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A circuit

easible region

An edge direction

Fig. 1. The circuits of each constraint.

Definition 2.2. Consider the standard lin-
ear programming problem:

SLP = min{c’ x|Ax = b, x > 0},

with a feasible solution xg. A direction d is
said to be strictly feasible at xg if Xg + ad €
SLP for some a > 0.

Next, the definition of a steepest-
descent circuit of the standard linear pro-
gramming problem is recalled as the follow-
ing definition.

Definition 2.3 ([26]). Consider the stan-
dard linear programming problem:

SLP = min{c’ x|Ax = b, x > 0},

with a feasible solution xy3. A steepest-
descent circuit is a strictly feasible circuit
g € C(A) at xg that minimizes ”ch—“gl over all
such circuits.

However, the steepest-descent circuit
for SLP is difficult to obtain. In each iter-
ation, it is gained by solving the following
linear programming problem over a polyhe-
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dral set P = {x € R"|Ax = b, Bx < d}:

min ¢!'x
s.t. Ax=0,
Bx=y*-y",

y; =0, Vi: (Bxq); = d;,
mp mp
XY+ Xy =1,

i=1 i=1

vty = 0.

2.1)

In 2016, Borgwardt et al. [27] men-
tioned that the set of circuits consists ex-
actly of all edge directions of the polyhe-
dron {x|Ax = b,x > 0} for vary b. So, for
a general two-dimensional linear program-
ming problem, the set of circuits can be ob-
tained easily.

2.2 A Steepest-Ascent Circuit in 2D
Consider the following general two-
dimensional linear programming problem:

max
s.t.

Z=C1X1 + Coxo
aiixi +ajexs < by,

as1x1 + aznxs < bo,
2.2)

am1X1 + am2X2
X1,

<bm>
xo 20

’

where a1 and ajo are not all simultane-
ously equal to zero forall j =1,2,...,m.
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Since we focus on a maximization
problem, a potential circuit should be the
steepest-ascent circuit. In this subsection,
we describe the acquisition of the set of the
potential circuits.

Let G be the set of vectors consisting
of

5; = [_aiZ

] and —¢6; fori=1,...,m.
ail

Therefore, G is the set of all circuits of prob-
lem (R.2). Since the potential circuit g € G
that can improve the objective value must

satisfy ch > (0, ifforeachi =1,2,...,m,
we define

_ )6
g _s5,,

then the set of all potential circuits is given
by

CT(S[ >0

2.3
CTdi <0, ( )

G*={gli=1,2.3,....m}. (24

Without solving the specific problem (2.1)),
the steepest-ascent circuit of problem (2.2)
can be easy computed by

T
c g

llellllg;
The steepest-ascent circuit as Eq.

(.3) will be used to update a solution in the
proposed algorithm.

g = argmax{ lg; € G+}. (2.5)

3. The Circuit Direction Search Al-
gorithm (CDSA)

Consider the following special non-
degenerate two-dimensional linear pro-
gramming problem:

max 2z =cC1Xx1+C2x2
s.t. aiixiy +aioxs < by,
as1x1 + azexs < bo,
3.1)
Am1X1 + amaX2 < by,
X1, x9 = 0,
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where c1,c2 > Oand b; > O forall j €
{1,2,...,m}.

Since a new interior search technique
to solve a two-dimensional linear program-
ming problem is proposed, for any feasible
solution Xy, a direction, a step size, and a
criterion to stop the algorithm are required.

In this paper, the steepest-ascent cir-
cuit is used as a direction in which g, of
problem (B.1)) is as follows:

g
llellllg; I

and a step size can be calculated by letting

g, = argmax{ lg; € G+}, (3.2)

_ b — Apxg

: 33
Arg, (3.3)

where A;. is a coefficient vector of con-
straint i for alli € {1,...,m +2} andi # r.
Then,

ap = min{a;|a; > 0,i € {1,...,m+2}\{r}}.
(3.4
So, the updated solution is

Xp+1 = Xp +@p g, (3.5)

Additionally, the important step of
the interior search technique is the stopping
criterion. In the proposed algorithm, we
consider the dual solution to stop the algo-
rithm.

Consider the following dual problem
associated with the problem (B.1)):

min z=biwi+bowg+---+b,,w,,
S.t. apwi +asgiwao+ -+ a4, 1wWm = C1,
ajppowi +agowo + -+ oW, = Co,
Wi, Wa,...,wy = 0.
(3.6)

To check the optimality of xz41, we
will use the complementary slackness and
the KKT conditions to verify it. Theoret-
ically, xz4+1 will be the optimal solution to
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the problem (B.1) when it is an extreme
point that binds at least two constraints; as-
sumed that [/ and p. By complementary
slackness, we can set w; 0 for i
{1,...,m}\{l, p} and compute w;, w,, from
[AT A;]_1 ¢, where A;; and A, are the
gradient vectors of constraints / and p. If
wi,wp 2 0, then w > 0 is the dual feasi-
ble solution. Therefore, X1 is the optimal
solution to the problem (B.1)), and the algo-
rithm is terminated.

Thus, the steps of the circuit direc-
tion algorithm for solving problem (B.1]) are
summarized as Algorithm 1, and it can be
illustrated as the following example B.1:

Example 3.1. Consider the following non-
degenerate special two-dimensional linear
programming problem:

max 6x1 + 4xg

S.t. —X1+x2 < 3,
X1 +5xy < 13,
4x1+Txg < 28,
x1 < 10,
6x; —x9 < 30, 3.7)
2x1 —x9 < 4,
x1—x2 < 1,
4x1—x9 < 8,
3x1 —bxy < 2,
X1,x20 = 0.

Since xg = [8} is a feasible point, we will

choose it as the initial point. From Egs.
(2.3)-(2.4), the set of all potential circuits
G* is in Table [I|:

Table 1.
{1, ...,m}.

All potential circuits g; for i =

i| 12 3 4 5 6 7 8 9

g 1
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Since

T

el
r = argmax{ ————
llellllg;

lg; € G+} =9,

and

p = argmin{a;|a; > 0,i € {1,...,8}} =8,
bi—Ai:xk
Aig,

cuit is gg and ag = %.

So, the solution xg, the index of cir-
cuit direction r, the index of step size p and
the associated dual solution w for each it-
eration are presented as follows (Table []):

where «; , we get the initial cir-

Table 2. Summary of the computation in each
iteration.

No. of binding
k Xk r .
constraints
0
TR e
2.35
1 Tal 9 8 1 -
2.52 1.23
2 2.09 8 2 2 [1.05]

Since w > 0, the optimal solution is
3(5)3]’ with z* = 9.67.
Fig. P shows the graph of this ex-
ample solved by the CSDA. For solving the
above example by the slope algorithm and
the simplex method, they require 3 and 4 it-
erations to update a solution to gain the op-
timal solution while the circuit direction al-
gorithm does it in only two iterations.

obtained, say xo =

4. The Computational Results

In this section, we present the com-
parisons of the average number of iterations
and the running time of the circuit direction
search algorithm (CDSA), the slope algo-
rithm (SA), the simplex method (SM), and
the interior point method (IPM). Then, we
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The movement of the circuit direction search algorithm to solve the example
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The movement of the simplex method to solve the example
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solution 2
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N
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The movement of the slope algorithm to solve the example
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Fig. 2. Graph of the Example B.1].
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Table 3. The algorithm of circuit direction search algorithm.

Algorithm 1: The circuit direction search algorithm for solving the problem (B.1]).

1 begin
2 Set k =0 and «), = 0;
3 xx = (0,0);
4: Find the set of all potential circuits G* = {g; € G|c'g; > 0, i = 1,...,m};
5: if g; # 0 forall g; € G* then
6: g =6
7 p:argmin{ai_b‘AlA—éx’”>0|ze{l m+2}\{r}};
8 else
9 do
T
10: Choose a circuit g, where r = argmax{ IICIIIIg | |g, € G* }
1: G*=G*\{g,}:
12: p:argmin{ai:%gxk >0 |i€{1,...,m+2}\{r}};
13: while (o), = 0);
14: Xk+1l = Xg +a@p8,;
15: k—k+1;
16: fori=1,...,m;
17: if A;.x;41 = b; andi # r then
18: [ —1;
19: i=i+1;
20: elseg, =g,;
T
21: Construct a sub-matrix A’ = [:l: } ;
p:
22: Compute w = (A") " L¢;
23: if w > 0 then return x* = xz41, [, p;
24: elseg, =g;;
25: end

implemented CDSA, SA, SM, and IPM us-
ing Python code on Colaboratory, a prod-
uct from Google Research. To test the
efficiency of the proposed approach, we
randomly generated special nondegenerate
two-dimensional linear programming prob-
lems for the various number of constraints
which are 50, 100, 200, 300, 400, 500, 600,
700, 800, 900, and 1,000. Thus, the results
are presented as Table [, and Figs. §-H show
the graphs of the average number of itera-
tions and the running time of the randomly
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generated nondegenerate problems.

In Table §, we can see that the sim-
plex method has the minimum average
number of iterations for the problem sizes
50 and 100, while CDSA has the second
minimum average of iterations. However,
CDSA has the minimum average number
of running for these sizes. For other prob-
lem sizes, the CDSA has the minimum av-
erage number of both iterations and the run-
ning time. We can see that the circuit direc-
tion search algorithm can reduce the num-



P. Jamrunroj and A. Boonperm | Science & Technology Asia | Vol.28 No.1 January - March 2023

Table 4. The results of the randomly nondegenerate tested problems.

The average number of iterations | The average number of the running time

Sizes IPM CDSA SA SM IPM CDSA SA SM

50 5.95 2.10 430 1.70 | 0.023 0.003 0.004 0.011
100 5.40 2.10 6.25 1.75 | 0.042 0.004 0.005 0.033
200 6.25 2.05 8.15 2.15 | 0.078 0.006 0.008 0.145
300 5.95 2.10 7.65 2.25 | 0.141 0.010 0.014 0.287
400 6.10 2.10 8.65 245 | 0.237 0.013 0.017 0.579
500 6.50 2.00 9.55 2.25 | 0.393 0.014 0.016 0.772
600 6.10 2.05 1080 225 | 0.554 0.018 0.041 1.291
700 6.15 2.00 9.55 2.35 | 0.767 0.020 0.026 1.753
800 6.05 2.00 9.90 2.25 | 1.065 0.023 0.031 2.276
900 6.25 2,00 1120 220 | 1.403 0.025 0.030 2.837
1000  6.30 2.05 1040 230 | 1.789 0.028 0.029 3.454

Total 67.00 22.55 9640 2390 | 6.493 0.192 0.220  13.438

Note: The minimum averages number of iterations and running time for each size are bolded.

The average number of iterations

i IPM 10.8
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The average number of iterations
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£ ol 205 21 21 2 205 2 2 2 205

&
N
&
&

2 5> o 2 o o2 7
% K2 % %, % % s,
y

The number of constraints

Fig. 3. The average number of iterations of the randomly tested problems.

The average number of running time

& IPM
CDSA

32 < SA
SM

The average number of running time

T 001 0.018 0.02 0.023 0.025 0.028
o= o e 503 8620

S 00 S el -
< R a 2 > <
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Fig. 4. The average number of the running time of the randomly tested problems.
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ber of iterations and the running time com-
pared with the slope algorithm, the simplex
method, and the interior point method for
the randomly special nondegenerate gener-
ated two-dimensional linear programming
problems. If the problem has many redun-
dant constraints, the CDSA performs quite
well, while the slope algorithm performs
more iterations to reach the optimal solu-
tion. Moreover, the CDSA can reduce the
number of iterations since it starts at the ori-
gin point and crosses through the feasible
region along with the appropriate circuit to
a feasible point while the simplex method
moves to a feasible adjacent point. It is the
reason that the CDSA can reduce the num-
ber of iterations.

5. Conclusions

In this paper, a new algorithm
called the circuit direction search algorithm
(CDSA), which is the interior search tech-
nique to solve the special nondegenerate
two-dimensional linear programming prob-
lem, is proposed. It uses the suitable circuit
of the problem as a direction for updating a
solution. Then, the complementary slack-
ness and the KKT conditions are used to
check the optimality for terminating the al-
gorithm. The results show that the proposed
algorithm could reduce the average number
of iterations and the running time compared
with the interior point, slope, and simplex
methods.

Although the proposed algorithm can
solve only a two-dimensional linear pro-
gramming problem, it can be used to ex-
change two entering and leaving variables
for a general nondegenerate linear pro-
gramming problem solved by the simplex
method. Consequently, in future work, we
will apply the CDSA to identify double piv-
ots at each iteration for the simplex method
to solve a general nondegenerate linear pro-
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gramming problem. Moreover, we will im-
prove this algorithm by finding the appro-
priate direction to update a solution to a de-
generate two-dimensional linear program-
ming problem. Finally, it will be used to
identify double pivots for a general linear
programming problem solved by the sim-
plex method.
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