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ABSTRACT
The progressive iterative approximation method with memory and sequences of

weights for least square curve fitting (SSLSPIA) is presented in this paper. This method
improves the MLSPIA method by varying the weights of the moving average between it-
erations, using three sequences of weights derived from the singular values of a colloca-
tion matrix. It is proved that a sequence of fitting curves with an appropriate alternative of
weights converge to the solution of least square fitting and that the convergence rate of the
new method is faster than that of the MLSPIA method. Some examples and applications in
this paper prove the SSLSPIA method is superior.

Keywords: Least square curve fitting; Progressive iterative approximation; Sequences of
weights

1. Introduction
Least-squares fitting (LSF) to data

points is defined using a parametric curve
which is a commonly used method in sci-

entific and engineering research, involving
geometric modeling and Computer Aided
Design (CAD) [1–3]. It is widely used in-
side numerous applications. Due to its ra-
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pidity, it’s especially useful when dealing
with enormous data sets. LSF can be di-
vided into two types which are derived from
several metric descriptions. Control points
and parameter knots are variables in one,
and the problems are addressed using non-
linear least squares. Due to the nonlinear
nature of them, a sufficient initial fitting is
necessary. The second is data collection
that has been organized by giving each data
point a parameter. The control points can
then be obtained by solving the linear LSF.
This may be a simpler construction method
because it is linear. Details and examples
are provided in [1, 2, 4–21] and references
therein.

Smoothness and evenness are both
enhanced with the fitting curves and sur-
faces, according to user-defined parameters
(occasionally regarded, [2,5,6,12,22]). Al-
though there is no ideal alternative to these
user-defined settings, the smoothness and
precision of the fits may be impacted. Re-
searchers devised a method for defining a
relatively small amount of control points
[9] in order to improve fitting efficiency.
When examining linear LSF within a cer-
tain amount of control points, a value of pa-
rameters comes from each point of the data
set, we will assume no fairness terms in this
article. Standard fits to each type of data
collection can obtain the control points by
directly resolving consistent systems of lin-
ear equations. It is possible to collect and
solve a new type of linear equation.

One of the LSF methods that solves
a linear system is the MLSPIA method,
which is a least square form of the PIA
method [23] and LSPIA method [8] cre-
ated directly in [24]. It constructs a se-
quence of converging curves to arrive at a
least square fitting solution by repeatedly
approximating control points and construct-
ing a sequence of converging curves. It is

a straightforward approach to obtain a suit-
able solution that maintains the properties
by maintaining the shape. When an extra
control point is introduced in [8, 13, 24],
just the iterative formula has to be changed
rather than developing a new linear system.

In this work, Algorithm 1 presents a
progressive iterative approximation method
with memory and sequences of weights
for least square curve fitting (SSLSPIA)
to improve convergence rate. The method
frequently creates a sequence of curves
by iteratively updating the control points
and the sequence’s weighted sums. The
justification for naming this new tech-
nique ”SSLSPIA” is detailed in section 3.
The following are our contributions to the
SSLSPIA method:

• Whether or not the collocation ma-
trix has a deficient column rank, the
SSLSPIA method is feasible.

• The SSLSPIA method has a higher
convergence rate than the MLSPIA
method when the collocation matrix
has full column rank [24].

• The SSLSPIA method conserves the
MLSPIA benefits, including the abil-
ity to choose a large amount of set
points, and allowing the number of
starting control points, the shape con-
serving property, and parallel execu-
tion.

• The SSLSPIA method uses semi-
constant knots for fitting curve which
differs from knots in the MLSPIA
method.

• The MLSPIA method is a variant of
the SSLSPIA method that uses con-
stant weight sequences.
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The following is how the article is
organized. In Section 2, there is a brief
overview of related works. Section 3 pro-
poses an iterative format and a convergence
analysis for the SSLSPIA method. Section
4 performs the implementation, which in-
cludes three examples, and Section 5 de-
scribes the SSLSPIA applications. Finally,
Section 6 expresses the conclusion.

2. Related work
Progressive Iterative Approximation

(PIA) methods feature iterative forms simi-
lar to geometric interpolation (GI) methods,
as illustrated in [25, 26], and other exam-
ples. The PIA methods rely on parametric
distance identically to the GI methods. The
initial discoveries were made in the 1970s
by de Boor [27, 28], and Yamaguji [29] .
Each version of the PIA method creates a
sequence of curves by adjusting parameters
and directly solving a linear system.

Assume that {𝑄 𝑗}𝑚𝑗=1 is an ordered
point set for fitted and {0 = 𝑡1 < 𝑡2 <
𝑡3 < · · · < 𝑡𝑚 = 1} is an increasing se-
quence parameters of {𝑄 𝑗}𝑚𝑗=1. At the be-
ginning of the iteration, we select {𝑃0

𝑖 }𝑛𝑖=1
from {𝑄 𝑗}𝑚𝑗=1 to be the control point set
and generate a segment of blending curve
𝐶0(𝑡),i.e.,

𝐶0(𝑡) =
𝑛∑
𝑖=1

𝐵𝑖 (𝑡)𝑃0
𝑖 , 𝑡 ∈ [𝑡1, 𝑡𝑚],

(2.1)
where {𝐵𝑖 (𝑡)}𝑛𝑖=1 is a normalized totally
positive (NTP) that is used as the blending
base for real functions.

We know that if 𝐵𝑖 (𝑡) ≥ 0, 𝑖 ∈
{1, 2, 3, . . . , 𝑛} and ∑𝑛

𝑖=1 𝐵𝑖 (𝑡) = 1, the ba-
sis is NTP. For each 𝑡 in [0, 1], hold. Any
non-decreasing series of collocation matrix
is a totally positive matrix, meaning that ev-
ery one of the minors in the matrix is non-
negative [30, 31]. On 0 = 𝑡1 < 𝑡2 < 𝑡3 <
· · · < 𝑡𝑚 = 1, the collocation matrix of the

NTP blending basis is

𝐵𝑚×𝑛 =

©­­­­«
𝐵1 (𝑡1) 𝐵2 (𝑡1) ... 𝐵𝑛 (𝑡1)
𝐵1 (𝑡2) 𝐵2 (𝑡2) ... 𝐵𝑛 (𝑡2)
. . .

. . . ...
. . .

𝐵1 (𝑡𝑚) 𝐵2 (𝑡𝑚) ... 𝐵𝑛 (𝑡𝑚)

ª®®®®¬
, (2.2)

With a point set {𝑄 𝑗}𝑚𝑗=1 and starting
control point set {𝑃0

𝑖 }𝑛𝑖=1, the PIA method
assigned in [23], the LSPIA method in [8]
and the MLSPIA method in [24] approxi-
mate the curve with the NTP basis by the
following curves repetitively:

𝐶𝑘+1 (𝑡) =
𝑛∑
𝑖=1

𝐵𝑖 (𝑡)𝑃𝑘+1
𝑖 , 𝑡 ∈ [0, 1], 𝑘 ≥ 0,

(2.3)
the control points are adjusted

𝑃𝑘+1
𝑖 = 𝑃𝑘

𝑖 + Δ
𝑘
𝑖 , 𝑖 ∈ {1, 2, 3, . . . , 𝑛}, 𝑘 ≥ 0,

(2.4)
where adjusting the vector

Δ𝑘
𝑖 =

{
𝑄𝑖 −𝐶𝑘 (𝑡𝑖) , for PIA method,
𝜇

∑𝑚
𝑗=1 𝐵𝑖 (𝑡 𝑗 ) (𝑄 𝑗 −𝐶𝑘 (𝑡 𝑗 )) , for LSPIA method,

𝜇 is a constant, 𝑖 ∈ {1, 2, 3, . . . , 𝑛}, 𝑘 ≥
0, and adjusting the vector for MLSPIA
method

Δ0
𝑖 = 𝜈

∑𝑚
𝑗=1 𝐵𝑖 (𝑡 𝑗 )Φ0

𝑗 ,

Δ𝑘
𝑖 = (1 − 𝜔)Δ𝑘−1

𝑖 + 𝛾𝛿𝑘
𝑖 + (𝜔 − 𝛾) 𝛿𝑘−1

𝑖 , 𝑘 ≥ 1,

𝛿𝑘
𝑖 = 𝜈

∑𝑚
𝑗=1 𝐵𝑖 (𝑡 𝑗 ) (𝑄 𝑗 −𝐶𝑘 (𝑡 𝑗 )) , 𝑘 ≥ 0,

by Φ0
𝑗 is a vector where {𝑄 𝑗}𝑚𝑗=1 is located

for every 𝑗 ∈ {1, 2, 3, . . . , 𝑚}, and 𝜔, 𝛾, 𝜈
are real weights.

The PIAmethod in the format of Eqs.
(2.3)-(2.4), described and originally labeled
in [32], depends on the notion of benefit and
loss improvement as proposed in [27, 28].,
and is based on the non-uniform B-spline
foundation. Of [33], the PIA approach in
[23] evolved into a weighted PIA method,
which accelerates convergence.

In the conventional PIA format, how-
ever, the amount of control points is equal to
the amount of input points. This is not feasi-
ble when the amount of input points is really
large. A new extended PIA (EPIA) format
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was introduced in [34], in which the amount
of control points is less than the amount of
input points. Because of its local property
and parallel processing capabilities, the ex-
tended PIA is an ideal approach for fitting
an extensive amount of data.

In addition, [35] has been expanded
to approximate NURBS curves. According
to the local property of the PIAmethod [36],
if a subset of the control points is repeat-
edly updated, only the limit curve interpo-
lates the subset of input points, leaving the
others unchanged. The PIA methods con-
verge with appropriate weights and have the
properties of convexity conserving, as well
as the evident exposition of curves, locality,
and adaptivity. By altering only the control
points which affect this segment to lower-
cost [23,32], the locality and adaptivity en-
sure improved probability that the resultant
curve segment approximation is accurate.
More details are shown in [13].

The LSPIA method assigned in [8]
is primarily designed for large sets of data
and inherits the benefits of PIA methods in
the form of Eqs. (2.3)-(2.4). The LSPIA
method has two distinct advantages. For
starters, the LSPIA method can fit much
larger sets quickly and reliably. Second,
when using the LSPIA method for incre-
mental data fitting, a new set of repetitively
may be begun from the initial result of the
previous output, saving a significant pro-
cessing. T-splines in [7] are used to con-
struct it. Then, in [10], replace the B-spline
basis with the generalized B-spline basis to
get the weighted LSF curve. In the nonsin-
gular situation, the LSPIA method [8] con-
verges, whereas [11] proves convergence in
the singular case.

The PIA method with memory for
least square fitting (MLSPIA) is one (LSF)
method which is ineffectual for solving lin-
ear systems, a least square version of PIA

method [23], and the LSPIA method [8]
created directly in [24] to enhance conver-
gence rate. It repeatedly estimates control
points and creates a sequence of converging
curves to arrive at a least square fitting solu-
tion. It is a way to obtain a suitable solution
that maintains the properties bymaintaining
the form.The construction of the MLSPIA
method in the format of Eqs. (2.3)-(2.4),
assigned in [8], is analogous to the LSPIA
method in the format of Eqs. (2.3)-(2.4), as-
signed in [8], except for the difference ofΔ𝑘

𝑖
for each possible 𝑖 and 𝑘 , which is similar to
the LSPIAmethod. For appropriate weights
𝜔, 𝜈, 𝛾, it also converged to the LSF curve
of {𝑄 𝑗}𝑚𝑗=1.

In this article, we will compare the
MLSPIA method from the difference of
three real weights to the difference of three
real sequences of weights. It will con-
verge to the LSF curve as well. Further-
more, for the cubic B-spline fitting curve,
we use semi-constant knots, which is differ-
ent from knots used in the LSPIA and ML-
SPIA methods.

3. The SSLSPIA method
We will present the SSLSPIA

method, which is a progressive iterative
approximation method for the LSF curve
with memory and weight sequences, and
analyze its convergence rate.

With the provided data point set
{𝑄 𝑗}𝑚𝑗=1 and starting control point set
{𝑃0

𝑖 }𝑛𝑖=1, and 𝑚 > 𝑛, the NTP basis
𝐵1(𝑡), 𝐵2(𝑡), 𝐵3(𝑡), . . . , 𝐵𝑛 (𝑡) and the se-
quence 0 = 𝑡1 < 𝑡2 < 𝑡3 < · · · < 𝑡𝑚 = 1, the
PIA method [23], LSPIA method [8], and
MLSPIA method [24] iteratively approxi-
mate the curve by Eqs. (2.3)-(2.4) in the
vector space where {𝑄 𝑗}𝑚𝑗=1 is located.

The SSLSPIA method iteratively ap-
proximates the curve using Eqs. (2.3)-
(2.4) by resetting the control points with
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the adjusting vector again from the previous
curve.

Δ0
𝑖 = 𝜈𝑘

∑𝑚
𝑗=1 𝐵𝑖 (𝑡 𝑗 )Φ0

𝑗 ,

Δ𝑘
𝑖 = (1 − 𝜔𝑘 )Δ𝑘−1

𝑖 + 𝛾𝑘 𝛿𝑘
𝑖 + (𝜔𝑘 − 𝛾𝑘 ) 𝛿𝑘−1

𝑖 , 𝑘 ≥ 1,

𝛿𝑘
𝑖 = 𝜈𝑘

∑𝑚
𝑗=1 𝐵𝑖 (𝑡 𝑗 ) (𝑄 𝑗 −𝐶𝑘 (𝑡 𝑗 )) , 𝑘 ≥ 0,

(3.1)

where Φ0
𝑗 is a point in the vector space

which {𝑄 𝑗}𝑚𝑗=1 is located for every 𝑗 ∈
{1, 2, 3, . . . , 𝑚}, and 𝜔𝑘 , 𝛾𝑘 , 𝜈𝑘 are real se-
quences of weights.

It is called the SSLSPIA method
as its construction is expected to develop
the difference of three real weight 𝜔,𝛾, 𝜈
to the difference of three real sequences
of weights 𝜔𝑘 , 𝛾𝑘 , 𝜈𝑘 for each possible 𝑘 ,
which is similar to the MLSPIA method
defined in [24]. It will also converge to
the LSF curve of {𝑄 𝑗}𝑚𝑗=1 for suitable se-
quences of weights 𝜔𝑘 , 𝜈𝑘 , 𝛾𝑘 which we
can discuss later. It is a memory method
because when we use Eq. (3.1) to com-
pute Δ𝑘−1

𝑖 , we have to gather and utilize
Δ𝑘−1
𝑖 and 𝛿𝑘−1𝑖 from the preceding curve, as

well as compute 𝛿𝑘𝑖 for every 𝑘 ≥ 1 and
𝑖 ∈ {1, 2, 3, . . . , 𝑛}. Furthermore, as shown
in section 4, we use semi-constant knots
for the cubic B-spline fitting curve, which
differ from knots used in the LSPIA and
MLSPIA methods. In [24], the SSLSPIA
method has a higher convergence rate than
MLSPIA.

The equivalent formulation of the
SSLSPIA methods developed by Eqs.
(2.3)-(3.1) is first given. The proof follow-
ing line by line of the proof of [24].

Lemma 3.1. Let {𝑃0
𝑖 }𝑛𝑖=1 be an starting

control point set and let {Φ0
𝑗 }𝑚𝑗=1 be a point

set. The 𝑃𝑘
𝑖 , 𝑖 ∈ {1, 2, 3, . . . , 𝑛}, 𝑘 ≥ 0

constructed by Eqs. (2.4)-(3.1). They can
be rewritten as

𝑃𝑘+1
𝑖 = 𝑃𝑘

𝑖 +𝜈𝑘
𝑚∑
𝑗=1

𝐵𝑖 (𝑡 𝑗 )Φ𝑘
𝑗 , 𝑖 ∈ {1, 2, 3, . . . , 𝑛}, 𝑘 ≥ 0,

(3.2)

where

Φ𝑘+1
𝑗 = (1 − 𝜔𝑘 )Φ𝑘

𝑗 + 𝜔𝑘𝑄 𝑗

−
𝑛∑
𝑖=1

𝐵𝑖 (𝑡 𝑗 )
𝜔𝑘𝑃

𝑘
𝑖 + 𝛾𝑘𝜈𝑘

𝑚∑
𝑗1=1

𝐵𝑖 (𝑡 𝑗1)Φ𝑘
𝑗1

 , 𝑘 ≥ 0.

(3.3)

Proof. It is simple to affirm that Eq. (3.2)
contains for 𝑘 = 0 via Eqs. (2.4)-(3.1).
Assume that for some 𝑘 ≥ 0, Eq. (3.2)
holds true. As a consequence, for each 𝑖 ∈
{1, 2, 3, . . . , 𝑛},

𝜔𝑘 𝛿
𝑘
𝑖 + 𝛾𝑘 (𝛿

𝑘+1
𝑖 − 𝛿𝑘

𝑖 )

= 𝜈𝑘𝜔𝑘

𝑚∑
𝑗=1

𝐵𝑖 (𝑡 𝑗 )
(
𝑄 𝑗 −𝐶𝑘 (𝑡 𝑗 )

)
− 𝜈𝑘𝛾𝑘

𝑚∑
𝑗=1

𝐵𝑖 (𝑡 𝑗 )
(
𝐶𝑘+1 (𝑡 𝑗 ) −𝐶𝑘 (𝑡 𝑗 )

)
= 𝜈𝑘𝜔𝑘

𝑚∑
𝑗=1

𝐵𝑖 (𝑡 𝑗 )
(
𝑄 𝑗 −

𝑛∑
𝑖=1

𝐵𝑖 (𝑡 𝑗 )𝑃𝑘
𝑖

)
− 𝜈𝑘𝛾𝑘

𝑚∑
𝑗=1

𝐵𝑖 (𝑡 𝑗 )
𝑛∑
𝑖=1

𝐵𝑖 (𝑡 𝑗 )
(
𝑃𝑘+1
𝑖 − 𝑃𝑘

𝑖

)
,

holds by Eq. (3.1), we get by Eqs. (2.4)-
(3.1) for every 𝑖 ∈ {1, 2, 3, . . . , 𝑛} that

Δ𝑘+1
𝑖 = (1 − 𝜔𝑘 )Δ𝑘

𝑖 + 𝜔𝑘 𝛿
𝑘
𝑖 + 𝛾𝑘 (𝛿

𝑘+1
𝑖 − 𝛿𝑘

𝑖 )

= (1 − 𝜔𝑘 )
(
𝑃𝑘+1
𝑖 − 𝑃𝑘

𝑖

)
+ 𝜈𝑘𝜔𝑘

𝑚∑
𝑗=1

𝐵𝑖 (𝑡 𝑗 )
(
𝑄 𝑗 −

𝑛∑
𝑖=1

𝐵𝑖 (𝑡 𝑗 )𝑃𝑘
𝑖

)
− 𝜈𝑘𝛾𝑘

𝑚∑
𝑗=1

𝐵𝑖 (𝑡 𝑗 )
𝑛∑
𝑖=1

𝐵𝑖 (𝑡 𝑗 )
(
𝑃𝑘+1
𝑖 − 𝑃𝑘

𝑖

)
= (1 − 𝜔𝑘 )𝜈𝑘

𝑚∑
𝑗=1

𝐵𝑖 (𝑡 𝑗 )Φ𝑘
𝑗

+ 𝜈𝑘𝜔𝑘

𝑚∑
𝑗=1

𝐵𝑖 (𝑡 𝑗 )
(
𝑄 𝑗 −

𝑛∑
𝑖=1

𝐵𝑖 (𝑡 𝑗 )𝑃𝑘
𝑖

)
− 𝜈2𝑘𝛾𝑘

𝑚∑
𝑗=1

𝐵𝑖 (𝑡 𝑗 )
𝑛∑
𝑖=1

𝐵𝑖 (𝑡 𝑗 )
𝑛∑

𝑗1=1

𝐵𝑖 (𝑡 𝑗1)Φ𝑘
𝑗1

= 𝜈𝑘

𝑚∑
𝑗=1

𝐵𝑖 (𝑡 𝑗 )Φ𝑘+1
𝑗 ,

if we give

Φ𝑘+1
𝑗 = (1 − 𝜔𝑘 )Φ𝑘

𝑗 + 𝜔𝑘𝑄 𝑗

−
𝑛∑
𝑖=1

𝐵𝑖 (𝑡𝑖)
𝜔𝑘𝑃

𝑘
𝑖 + 𝛾𝑘𝜈𝑘

𝑚∑
𝑗1=1

𝐵𝑖 (𝑡 𝑗1)Φ𝑘
𝑗1

 .
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It follows that, for 𝑖 ∈ {1, 2, 3, . . . , 𝑛},

𝑃𝑘+2
𝑖 = 𝑃𝑘+1

𝑖 + Δ𝑘+1
𝑖 = 𝑃𝑘+1

𝑖 + 𝜈𝑘
𝑚∑
𝑗=1

𝐵𝑖 (𝑡 𝑗 )Φ𝑘+1
𝑗 ,

which means that Eq. (3.2) holds for 𝑘 +
1. From mathematical induction, Eq. (3.2)
holds for every 𝑘 ≥ 0. □

Denote{
Φ𝑘
𝑖 =

[
Φ𝑘

1 ,Φ
𝑘
2 ,Φ

𝑘
3 , . . . ,Φ

𝑘
𝑚

]𝑇
, 𝑘 ≥ 0,

𝑃𝑘
𝑖 =

[
𝑃𝑘
1 , 𝑃

𝑘
2 , 𝑃

𝑘
3 , . . . , 𝑃

𝑘
𝑛

]𝑇 (3.4)

and
𝑄𝑖 = [𝑄1, 𝑄2, 𝑄3, . . . , 𝑄𝑚 ]𝑇 , 𝐵 =

(
𝐵𝑖 (𝑡 𝑗 )

)
𝑚×𝑛 ,

(3.5)
where 𝑃𝑘

𝑖 , 𝑖 ∈ {1, 2, 3, . . . , 𝑛}, and Φ𝑘
𝑗 , 𝑗 ∈

{1, 2, 3, . . . , 𝑚}, are assigned by Eqs. (3.2)-
(3.3), respectively, for every 𝑘 ≥ 0. There-
fore Eqs. (3.2)-(3.3) can be written as{
Φ𝑘+1 =

[
(1 − 𝜔𝑘 ) 𝐼𝑚 − 𝛾𝑘𝜈𝑘𝐵𝐵𝑇

]𝑇
Φ𝑘 + 𝜔𝑘 (𝑄 − 𝐵𝑃𝑘 ) ,

𝑃𝑘+1 = 𝜈𝑘𝐵
𝑇Φ𝑘 + 𝑃𝑘 , 𝑘 ≥ 0,

(3.6)
or equivalent to,(
Φ𝑘+1

𝑃𝑘+1

)
= 𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘

(
Φ𝑘

𝑃𝑘

)
+𝐶𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 , 𝑘 ≥ 0,

(3.7)
where

𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 =

(
(1 − 𝜔𝑘 ) 𝐼𝑚 − 𝛾𝑘𝜈𝑘𝐵𝐵𝑇 −𝜔𝑘𝐵

𝜈𝑘𝐵
𝑇 𝐼𝑛

)
,

(3.8)

and

𝐶𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 =

(
𝜔𝑘𝑄
0

)
.

The matrix iterative format can be
thought of as Eq. (3.7). As a result, we an-

alyze the convergence of
(
Φ𝑘

𝑃𝑘

)
provided by

Eq. (3.7) from
(
Φ0

𝑃0

)
while considering the

curves generated by the SSLSPIA method.

Assumption 1. Assume that Eq. (3.5) as-
signs 𝑚 > 𝑛 and 𝐵. The singular values of
the matrix 𝐵 are 𝑟𝑎𝑛𝑘 (𝐵) = 𝑟 𝑎𝑛𝑑 𝜎1 ≥
𝜎2 ≥ 𝜎3 ≥ . . . ≥ 𝜎𝑟 > 0. Suppose that

0 < 𝜔𝑘 < 2, 𝜔𝑘 −
𝜔𝑘

𝜎2
1 𝜈𝑘

< 𝛾𝑘 <
𝜔𝑘

2
− 𝜔𝑘 − 2

𝜎2
1 𝜈𝑘

, 𝜈𝑘 > 0.

(3.9)

Lemma 3.2. Under the Assumption 1, sup-
pose that

∑
𝑟 = 𝑑𝑖𝑎𝑔(𝜎1, 𝜎2, 𝜎2, . . . , 𝜎𝑟 )

with 𝜎1 ≥ 𝜎2 ≥ 𝜎3 ≥ . . . ≥ 𝜎𝑟 > 0. 𝜆
is an eigenvalue of

𝐻̂𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘

=
©­«
(1 − 𝜔𝑘 ) 𝐼𝑟 − 𝛾𝑘𝜈𝑘

∑2
𝑟 0 −𝜔𝑘

∑
𝑟

0 (1 − 𝜔𝑘 ) 𝐼𝑚−𝑟 0
𝜈𝑘

∑
𝑟 0 𝐼𝑟

ª®¬ ,
(3.10)

equivalent to 𝜆 = 1 − 𝜔𝑘 or 𝜆 is a solution
of the one of the equations as follows

𝜆2+
[
𝛾𝑘𝜈𝑘𝜎

2
𝑖 − (2 − 𝜔𝑘 )

]
𝜆+𝜎2

𝑖 𝜈𝑘 (𝜔𝑘−𝛾𝑘 )+1−𝜔𝑘 = 0,
(3.11)

where 𝑖 ∈ {1, 2, 3, . . . , 𝑟}.

Proof. Because the matrices 𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 and
𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 are orthogonally identical, their
eigenvalues are the same. We consider that

|𝐻̂𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 − 𝜆𝐼𝑚+𝑟 |

=

������(1 − 𝜔𝑘 − 𝜆) 𝐼𝑟 − 𝛾𝑘𝜈𝑘
∑2

𝑟 0 −𝜔𝑘
∑

𝑟
0 (1 − 𝜔𝑘 − 𝜆) 𝐼𝑚−𝑟 0

𝜈𝑘
∑

𝑟 0 (1 − 𝜆) 𝐼𝑟

������
= (1 − 𝜔𝑘 − 𝜆)𝑚−𝑟

×
𝑟∏
𝑖=1

[
(1 − 𝜆) (1 − 𝜔𝑘 − 𝜆 − 𝛾𝑘𝜈𝑘𝜎

2
𝑖 ) + 𝜔𝑘𝜈𝑘𝜎

2
𝑖

]
.

So 𝜆 is an eigenvalue of 𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 equiva-
lent to 𝜆 = 1 − 𝜔𝑘 or

𝑟∏
𝑖=1

[
(1 − 𝜆) (1 − 𝜔𝑘 − 𝜆 − 𝛾𝑘𝜈𝑘𝜎

2
𝑖 ) + 𝜔𝑘𝜈𝑘𝜎

2
𝑖

]
= 0.

Therefore, 𝜆 = 1 − 𝜔𝑘 or 𝜆 is a solution of
the equations Eq. (3.11). □

Lemma 3.3. [37] The solutions of the real
quadratic equation 𝜆2 − 𝑏𝜆 + 𝑐 = 0 are
smaller than unity in modulus, equivalent to
|𝑐 | < 1 and |𝑏 | < 1 + 𝑐.

Lemma 3.4. Under the Assumption 1,
𝜌(𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 ) < 1, where 𝜌(𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 ) de-
notes the spectral radius of 𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 as-
signed by Eq. (3.10), equivalent to weights
𝜔𝑘 , 𝛾𝑘 , 𝜈𝑘 satisfy Eq. (3.9).
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Proof. Defined weights 𝜔𝑘 , 𝛾𝑘 , 𝜈𝑘 , by
Lemma 3.3 unity in modulus are larger
than all the solutions of equations in
Eq. (3.11) if and only if{
|𝜎2

𝑖 𝜈𝑘 (𝜔𝑘 − 𝛾𝑘 ) + 1 − 𝜔𝑘 | < 1, 𝑖 ∈ {1, 2, 3, . . . , 𝑟 },
|𝛾𝑘𝜈𝑘𝜎2

𝑖 − (2 − 𝜔𝑘 ) | < 2 − 𝜔𝑘 + 𝜎2
𝑖 𝜈𝑘 (𝜔𝑘 − 𝛾𝑘 ) .

(3.12)

Then, by Lemma 3.2 𝜌(𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 ) < 1 if
and only if |𝜔𝑘−1| < 1 and Eq. (3.11) holds.
Or equivalently, equations in Eq. (3.11) are
smaller than unity in modulus if and only if


0 < 𝜔𝑘 < 2,

𝜎2
𝑖 𝜈𝑘𝜔𝑘 > 0,

𝜔𝑘 − 2 < 𝜎2
𝑖 𝜈𝑘 (𝜔𝑘 − 𝛾𝑘 ) < 𝜔𝑘 ,

𝜎2
𝑖 𝜈𝑘 (𝜔𝑘 − 2𝛾𝑘 ) > 2(𝜔𝑘 − 2) ,

𝑖 ∈ {1, 2, 3, . . . , 𝑟 }.

(3.13)

Eq. (3.9) is equivalent to Eq. (3.13) because
𝜎2
1 ≥ 𝜎2

2 ≥ 𝜎2
3 ≥ . . . ≥ 𝜎2

𝑟 > 0. □

Theorem 3.5. Assume that the Assump-
tion 1. Then, for every starting con-
trol point set {𝑃0

𝑖 }𝑛𝑖=1 and every point set
{Φ0

𝑗 }𝑚𝑗=1, the curve sequences which are
created by the SSLSPIA method, assigned
by Eq. (2.3), Eq. (2.4) and Eq. (3.1), with
weights 𝜔𝑘 , 𝛾𝑘 , 𝜈𝑘 , converge to the LSF
curve of the given {𝑄0

𝑗 }𝑚𝑗=1.

Proof. The rewritten format of the iteration
matrix𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 assigned by Eq. (3.8). As-
sume that the singular value decomposition
(SVD) of 𝐵 is

𝐵 = 𝑈

(∑
𝑟 0
0 0

)
𝑉𝑇 , (3.14)

for 𝑈 ∈ R𝑚×𝑚 and 𝑉 ∈ R𝑛×𝑛

are the orthogonal matrices and
∑

𝑟 =
𝑑𝑖𝑎𝑔(𝜎1, 𝜎2, 𝜎3, . . . , 𝜎𝑟 ) with 𝜎1 ≥ 𝜎2 ≥
𝜎3 ≥ . . . ≥ 𝜎𝑟 > 0. Suppose

𝑊 =

(
𝑈 0
0 𝑉

)
, (3.15)

then 𝑊 ∈ R(𝑚+𝑛)×(𝑚+𝑛) is the orthogonal
matrix. Next,

𝑈𝑇 𝐵𝑉 =

(∑
𝑟 0
0 0

)
∈ R𝑚×𝑛,

𝑉𝑇 𝐵𝑇𝑈 =

(∑
𝑟 0
0 0

)
∈ R𝑛×𝑚,

and

𝑈𝑇 𝐵𝐵𝑇𝑈 =

(∑2
𝑟 0
0 0

)
∈ R𝑚×𝑚,

it holds that

𝑊𝑇 𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘𝑊 =

(
𝐻̂𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 0

0 𝐼𝑛−𝑟

)
, (3.16)

where

𝐻̂𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘

=
©­«
(1 − 𝜔𝑘 ) 𝐼𝑟 − 𝛾𝑘𝜈𝑘

∑2
𝑟 0 −𝜔𝑘

∑
𝑟

0 (1 − 𝜔𝑘 ) 𝐼𝑚−𝑟 0
𝜈𝑘

∑
𝑟 0 𝐼𝑟

ª®¬ .
(3.17)

We focus on the convergence of the
sequence {𝑃𝑘 }∞𝑘=0 because proving that
the curve sequence {𝐶𝑘 (𝑡)}∞𝑘=0 generated
by the SSLSPIA method converges to a
LSF curve is equivalent to proving that
the repetitively sequence {𝑃𝑘 }∞𝑘=0 created
by Eq. (3.6) converges to a solution of
𝐵𝑇 𝐵𝑋 = 𝐵𝑇𝑄,where 𝐵 and𝑄 are assigned
by Eq. (3.5). For any weights 𝜔𝑘 , 𝛾𝑘 , 𝜈𝑘
satisfying Eq. (3.9), let 𝛼 = 𝑄 − 𝐵𝛽, where
𝛽 is the solution of 𝐵𝑇 𝐵𝑋 = 𝐵𝑇𝑄, then it
can be simply affirmed that (𝛼𝑇 𝛽𝑇 )𝑇 is the
result of the equation

(𝐼𝑚+𝑛 − 𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 ) (𝑥
𝑇 𝑦𝑇 )𝑇 = 𝐶𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 , (3.18)

where 𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 and 𝐶𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 , are as-
signed in Eq. (3.8). That means, the equa-

tion Eq. (3.18) is compatible. Assume
(
Φ
𝑃

)
be the result of the equation Eq. (3.18), i.e.,

(𝐼𝑚+𝑛 − 𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 )
(
Φ
𝑃

)
= 𝐶𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 . (3.19)
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Then, for all 𝑘 ≥ 1(
Φ𝑘 −Φ
𝑃𝑘 − 𝑃

)
= 𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘

(
Φ𝑘−1 −Φ
𝑃𝑘−1 − 𝑃

)
= . . . = 𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 ◦ 𝐻𝜔𝑘−1 ,𝛾𝑘−1 ,𝜈𝑘−1

◦ . . . ◦ 𝐻𝜔1 ,𝛾1 ,𝜈1

(
Φ0 −Φ
𝑃0 − 𝑃

)
. (3.20)

The convergence rate of any method
equivalent to Eq. (3.7) is usually de-
fined using the spectral radius of the it-
eration matrix. When the spectral ra-
dius is small, the convergence rate is
fast. From Lemma 3.4, Eq. (3.9) assures
that 𝜌(𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 ) < 1 for the weights
chosen 𝜔𝑘 , 𝛾𝑘 , 𝜈𝑘 and 𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 defined
by Eq. (3.17), so lim𝑘→∞(𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 ◦
𝐻𝜔𝑘−1,𝛾𝑘−1,𝜈𝑘−1 ◦ . . . ◦ 𝐻𝜔1,𝛾1,𝜈1) = 0. By
Eq. (3.16), it holds that

lim
𝑘→∞
(𝑊𝑇 𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 ◦ . . . ◦ 𝐻𝜔1 ,𝛾1 ,𝜈1𝑊 )

= lim
𝑘→∞

(
𝐻̂𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 ◦ . . . ◦ 𝐻̂𝜔1 ,𝛾1 ,𝜈1 0

0 𝐼𝑛−𝑟

)
=

(
0 0
0 𝐼𝑛−𝑟

)
,

where𝑊 is assigned by Eq. (3.15). Conse-
quently,

lim
𝑘→∞
(𝑊𝑇 𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 ◦ . . . ◦ 𝐻𝜔1 ,𝛾1 ,𝜈1𝑊 )

= 𝑊

(
0 0
0 𝐼𝑛−𝑟

)
𝑊𝑇 . (3.21)

By Eq. (3.20), lim𝑘→∞

(
Φ𝑘 −Φ
𝑃𝑘 − 𝑃

)
exists.

Therefore, lim𝑘→∞

(
Φ𝑘

𝑃𝑘

)
exists, too. As-

sume
(
Φ∞

𝑃∞

)
be the limit of

(
Φ𝑘

𝑃𝑘

)
as 𝑘 →

∞, i.e., lim𝑘→∞

(
Φ𝑘

𝑃𝑘

)
=

(
Φ∞

𝑃∞

)
, thus by

Eq. (3.20) and Eq. (3.21),(
Φ∞

𝑃∞

)
=

(
Φ
𝑃

)
+

(
Φ∞ −Φ
𝑃∞ − 𝑃

)
=

(
Φ
𝑃

)
+𝑊

(
0 0
0 𝐼𝑛−𝑟

)
𝑊𝑇

(
Φ0 −Φ
𝑃0 − 𝑃

)
, (3.22)

holds as 𝑘 →∞ in Eq. (3.20). As

(𝐼𝑚+𝑛 − 𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 )𝑊
(
0 0
0 𝐼𝑛−𝑟

)

= 𝑊

(
𝐼𝑚+𝑛 − 𝐻̂𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 0

0 0

) (
0 0
0 𝐼𝑛−𝑟

)
= 0,

(3.23)

from Eq. (3.16), we get by Eq. (3.19) that

(𝐼𝑚+𝑛 − 𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 )
(
Φ∞

𝑃∞

)
= (𝐼𝑚+𝑛 − 𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 )

(
Φ
𝑃

)
+

[
(𝐼𝑚+𝑛 − 𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 )𝑊

(
0 0
0 𝐼𝑛−𝑟

)]
𝑊𝑇

(
Φ0 −Φ
𝑃0 − 𝑃

)
= 𝐶𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘 . (3.24)

Thus,
(
Φ∞

𝑃∞

)
is a solution of Eq. (3.18)

too, and
(
Φ𝑘

𝑃𝑘

)
converges to a solution of

Eq. (3.18). As 𝜔𝜈 ≠ 0, from Eq. (3.24) we
have(

𝜔𝑘Φ∞ + 𝛾𝑘𝜈𝑘𝐵𝐵𝑇Φ∞ + 𝜔𝑘𝐵𝑃∞

−𝜈𝑘𝐵𝑇Φ∞

)
=

(
𝜔𝑘 𝐼𝑚 + 𝛾𝑘𝜈𝑘𝐵𝐵𝑇 𝜔𝑘𝐵

−𝜈𝑘𝐵𝑇 0

) (
Φ∞

𝑃∞

)
=

(
𝐼𝑚+𝑛 − 𝐻𝜔𝑘 ,𝛾𝑘 ,𝜈𝑘

) (
Φ∞

𝑃∞

)

=

©­­­­­­­­­­«

𝜔𝑘𝑄1

...
𝜔𝑘𝑄𝑚

0
...
0

ª®®®®®®®®®®¬
.

Thus,

𝜔𝑘Φ
∞ + 𝛾𝑘𝜈𝑘𝐵𝐵𝑇Φ∞ + 𝜔𝑘𝐵𝑃

∞ = 𝜔𝑘𝑄,

and

𝐵𝑇Φ∞ = 0,

which implies

𝜔𝑘 (Φ∞ + 𝐵𝑃∞ −𝑄) = −𝛾𝑘𝜈𝑘𝐵𝐵𝑇Φ∞,

Φ∞ + 𝐵𝑃∞ −𝑄 = 0,

it means that

Φ∞ + 𝐵𝑃∞ = 𝑄.
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By eliminating Φ∞, we obtain

𝐵𝑇 𝐵𝑃∞ = 𝐵𝑇𝑄,

so the sequence{𝑃𝑘 }∞𝑘=0 converges to the
solution of a LSF. We have a convergence
theorem for blending curve fitting based on
the above discussion. □

Corollary 3.6. Assume that Eq. (3.5) as-
signs 𝑚 > 𝑛 and 𝐵. The singular values
of the matrix 𝐵 are 𝑟𝑎𝑛𝑘 (𝐵) = 𝑟 𝑎𝑛𝑑 𝜎1 ≥
𝜎2 ≥ 𝜎3 ≥ . . . ≥ 𝜎𝑟 > 0.

𝐼 𝑓 0 < 𝜔𝑘 < 2, 0 < 𝛾𝑘 <
𝜔𝑘

2
, 0 < 𝜈𝑘 <

1

𝜎2
1

,

(3.25)

so, for every starting control point set
{𝑃0

𝑖 }𝑛𝑖=1 and every point set {Φ0
𝑗 }𝑚𝑗=1, the

curve sequences generated by the SSLSPIA
method, assigned by Eqs. (2.3)-(2.4) and
(3.1), with weights 𝜔𝑘 , 𝛾𝑘 , 𝜈𝑘 , converge to
the LSF curve of the given {𝑄0

𝑗 }𝑚𝑗=1.

Proof. Clearly Eq. (3.25) satisfies condi-
tion Eq. (3.9). □

We next summarize our algorithm in
the matrix form, ready to be implemented.
This matrix form is taken into account when
we test our algorithm with examples in the
next section. Since we focus on plane
curves, each 𝑄 𝑗 and 𝑃𝑖 have a 2D repre-
sentation 𝑄 𝑗 = (𝑄 𝑗 (1), 𝑄 𝑗 (2)) and 𝑃𝑘

𝑖 =
(𝑃𝑘

𝑖 (1), 𝑃𝑘
𝑖 (2)), respectively. We therefore

adopt the following matrices

Q :=

©­­­­«
𝑄1 (1) 𝑄1 (2)
𝑄2 (1) 𝑄2 (2)

...
...

𝑄𝑚 (1) 𝑄𝑚 (2)

ª®®®®¬
and P𝑘 :=

©­­­­­«
𝑃𝑘
1 (1) 𝑃𝑘

1 (2)
𝑃𝑘
2 (1) 𝑃𝑘

2 (2)
...

...
𝑃𝑘
𝑛 (1) 𝑃𝑘

𝑛 (2)

ª®®®®®¬
.

4. Implementation and examples
4.1 Implementation

From MLSPIA method [24], given
an ordered point set {𝑄 𝑗}𝑚𝑗=1,we assign the
parameters {𝑡 𝑗}𝑚𝑗=1 for {𝑄 𝑗}𝑚𝑗=1 with the

Algorithm 1: SSLSPIA
Input: Data matrix Q, initial control point

matrix P0 with 𝑚 > 𝑛, initial guess
matrix Φ0 of size 𝑚 × 2, acceptable
error tol > 0, and maximum
number of iterations MaxIter > 0.

Parameter: Weight sequences 𝜔𝑘 , 𝛾𝑘 , 𝜈𝑘
Define the increasing
sequence0 = 𝑡1 < 𝑡2 < · · · < 𝑡𝑚 = 1

Compute NTP basis matrix B as in Eq. (2.2)
Set an initial error 𝐸−1 = Inf.
Step 0:
𝜹0 ← 𝜈0B

⊤ (Q −C0);
∆0 ← 𝜈0B

⊤Φ0;
P1 ← P0 +∆0;
C1 ← BP1;

𝐸0 ← ∥Q −C1 ∥2𝐹 ;

while { 𝑘 = 1 : MaxIter } do
𝜹𝑘 ← 𝜈𝑘B

⊤ (Q −C𝑘 );
∆𝑘 ← (1 − 𝜔𝑘 )∆𝑘−1 + 𝛾𝑘𝜹𝑘

+(𝜔𝑘 − 𝛾𝑘 )𝜹𝑘−1;
P𝑘+1 ← P𝑘 +∆𝑘 ;

C𝑘+1 ← BP𝑘+1;

𝐸𝑘 ← ∥Q −C𝑘+1 ∥2𝐹 ;

if |𝐸𝑘 − 𝐸𝑘−1 | < tol then
STOP ;

𝑘 ← 𝑘 + 1;
Output: Control points P𝑘

normalized accumulated chord parameteri-
zation method [8, 38], that is, 𝑡1 = 0, 𝑡𝑚 =
1,

𝑡 𝑗 = 𝑡 𝑗−1 +
∥𝑄 𝑗 −𝑄 𝑗−1 ∥

𝐷
, 𝑗 ∈ {2, 3, 4 . . . , 𝑚 − 1},

(4.1)

where 𝐷 =
∑𝑚

𝑗=2 ∥𝑄 𝑗 − 𝑄 𝑗−1∥ is the
sum of chord length. In addition, the
knots for the cubic B-spline fitting curve
𝐶 (𝑡) =

∑𝑛
𝑖=1 𝐵𝑖,3(𝑡)𝑃𝑖 , are defined as

{0, 0, 0, 0, 𝑡̄4, 𝑡̄5, . . . , 𝑡̄𝑛, 1, 1, 1, 1}, where

𝑡̄𝑖+3 = (1 − 𝛼)𝑡 𝑗−1 + 𝛼𝑡 𝑗 , (4.2)

where 𝑑 = 𝑚
𝑛−2 , 𝛼 = 𝑖𝑑 − 𝑖,

𝑗 = ⌊𝑖𝑑⌋ and 𝑖 ∈ {1, 2, 3 . . . , 𝑛 − 3}.
For SSLSPIA method, the semi-

constant knots for the cubic B-spline
fitting curve 𝐶 (𝑡) =

∑𝑛
𝑖=1 𝐵𝑖,3(𝑡)𝑃𝑖

which is different from knots in
MLSPIA method, are defined as
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{0, 0, 0, 0, 𝑡̄4, 𝑡̄5, . . . , 𝑡̄𝑛, 1, 1, 1, 1}, where,

𝑡𝑖 = 𝑡̄𝑖 ,

𝑡̄𝑖+3 = 𝑡̄𝑖+2 + 𝑅, 𝑖 ∈ {1, 2, 3, . . . , 𝑛 − 3},

𝑅 =
1

𝑛 − 2 . (4.3)

In the SSLSPIA method, we split 𝑡𝑖
in the close interval related to the number
of data points such that
∥𝑡𝑖−1 − 𝑡𝑖 ∥ = ∥𝑡𝑖 − 𝑡𝑖+1∥. On the other hand,
the MLSPIA method splits 𝑡 𝑗 in the close
interval according to the distance between
the data points.

In our execution, we choose the start-
ing control points {𝑃𝑖}𝑛𝑖=1 as
𝑃1 = 𝑄1, 𝑃𝑛 = 𝑄𝑚,

𝑃𝑖 = 𝑄 𝑓 (𝑖) , 𝑖 ∈ {2, 3, 4 . . . , 𝑛 − 1}
(4.4)

where 𝑓 (𝑖) = ⌊ (𝑚𝑖)
𝑛 ⌋.

4.2 Examples and weights
The following are three instances

that demonstrate the effectiveness of the
SSLSPIA method :

• Example 1: A subdivision curve gen-
erated using the incenter subdivision
technique yielded 198 points (music
notation).

• Example 2: 𝑟 = 𝑠𝑖𝑛 𝜃
4 (𝜃 ∈ [0, 8𝜋]) is

a sample of 402 points taken evenly
from the polar coordinate equation.

• Example 3: 315 points with G-
shape font characteristics measured
and smoothed.

The spectral radius of the iteration
matrix is commonly used to quantify the
convergence rate of any method similar to
Eq. (3.7). The convergence rate is quick
when the spectral radius is small.

From the convergence rate of ML-
SPIA method for approximating curves at
the weights 𝜔 = 𝜔∗, 𝛾 = 𝛾∗, 𝜈 = 𝜈∗ is

𝜌(𝐻𝜔∗,𝛾∗,𝜈∗) =
𝜎1 − 𝜎𝑟

𝜎1 + 𝜎𝑟
≤

𝜎2
1 − 𝜎2

𝑟

𝜎2
1 + 𝜎2

𝑟

< 1.

𝜔∗, 𝛾∗, and 𝜈∗ are assigned here by

𝜔∗ = 𝛾∗ =
4𝜎1𝜎𝑟

(𝜎1 + 𝜎𝑟 )2
, 𝜈∗ =

1

𝜎1𝜎𝑟
,

𝜌(𝐻𝜔∗,𝛾∗,𝜈∗) is the spectral radius of the
matrix 𝐻𝜔∗,𝛾∗,𝜈∗ , and 𝜎𝑟 and 𝜎1 are the
smallest as well as the largest singular val-
ues of the matrix B, respectively.

With the same assumption of The-
orem 3.5, we get the convergence rate of
SSLSPIA method Eq. (3.6) for approximat-
ing curves at the weights𝜔𝑘 = 𝜔∗𝑘 , 𝛾𝑘 = 𝛾∗𝑘 ,
𝜈 = 𝜈∗𝑘 is

𝜌(𝐻̂𝜔∗
𝑘
,𝛾∗

𝑘
𝑡,𝜈∗

𝑘
) = 𝜎1 − 𝜎𝑟

𝜎1 + 𝜎𝑟
≤

𝜎2
1 − 𝜎2

𝑟

𝜎2
1 + 𝜎2

𝑟

< 1. (4.5)

𝜔∗𝑘 , 𝛾
∗
𝑘 , and 𝜈∗𝑘 are defined here by

𝜔∗𝑘 =
4𝜎1𝜎𝑟

(𝜎1 + 𝜎𝑟 )2
, 𝜈∗𝑘 =

1

𝜎1𝜎𝑟
,

𝛾∗𝑘 =

(
𝜔∗𝑘 −

𝜔∗𝑘
𝜎2
1 𝜈
∗
𝑘

)
+

[
1 − 7

(2𝑘)

] [(
𝜔∗𝑘
2
−
(𝜔∗𝑘 − 2)
𝜎2
1 𝜈
∗
𝑘

)
−

(
𝜔∗𝑘 −

𝜔∗𝑘
𝜎2
1 𝜈
∗
𝑘

)]
.

(4.6)

𝜌(𝐻𝜔∗
𝑘
,𝛾∗

𝑘
,𝜈∗

𝑘
) is the spectral radius of the

matrix 𝐻𝜔∗
𝑘
,𝛾∗

𝑘
,𝜈∗

𝑘
, and 𝜎𝑟 and 𝜎1 are the

smallest and the largest singular values of
the matrix B, respectively, as in Theorem
3.5.

Moreover from Corollary 3.6, we de-
fined 𝜔∗𝑘 , 𝛾

∗
𝑘 , 𝜈
∗
𝑘 by

𝜔∗𝑘 = 1.95, 𝜈∗𝑘 =
1

𝜎2
1

×
(
1 − 1

10𝑘

)
,

𝛾∗𝑘 =
𝜔∗𝑘
2
×

(
1 − 1

100𝑘

)
. (4.7)
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4.3 Numerical results
The iteration process is stopped

for the comparison of the MLSPIA and
SSLSPIA methods if ∥𝐸𝑘+1 − 𝐸𝑘 ∥ < 10−7,
where the fitting inaccuracy of the 𝑘−th it-
eration is computed by

𝐸𝑘 =
𝑚∑
𝑗=1

∥𝑄 𝑗 −
𝑛∑
𝑖=1

𝐵𝑖 (𝑡 𝑗 )𝑃𝑘
𝑖 ∥

2, 𝑘 ≥ 0, (4.8)

and we compare 𝐸𝑘 of each iteration to
show the efficiency and validity of the
SSLSPIA.

All the examples are operated on a
laptopwith a 2.4GHzQuad-Core Intel Core
i5 processor and 8 GB memory via MAT-
LAB R2019a.

To consider the amount of starting
control points for the SSLSPIA and ML-
SPIA methods, we first present the iteration
numbers of three cases in Table 1. We can
see that the iteration numbers do not rely
on the amount of starting control points. It
implies we may select any amount of con-
trol points that are appropriate for each data
set. After that,then all of the starting control
points in this experiment are chosen from
⌊𝑚7 ⌋.

Table 1. The iteration numbers for a various
amount of control points.

IT
Example Method ⌊𝑚7 ⌋ ⌊

𝑚
6 ⌋ ⌊

𝑚
5 ⌋ ⌊

𝑚
4 ⌋ ⌊

𝑚
3 ⌋

1 MLSPIA 30 30 33 34 33
SSLSPIA 24 25 27 28 29

2 MLSPIA 40 39 39 30 77
SSLSPIA 38 33 37 28 30

3 MLSPIA 40 44 37 37 86
SSLSPIA 37 32 35 35 40

In Example 1, 2, and 3, the cubic
B-spline curves created by the MLSPIA
method, SSLSPIA Eq. (4.6) method, and
SSLSPIA Eq. (4.7) method at the initial fit-
ting and fitting result are shown in Figs.
1,2, and 3, respectively. The blue points in
each of the three instances represent known
points that form a dotted limit curve to be

fitted, green points represent control points
gained at the appropriate step, and the red
line shows the curve of each iteration.

(a) Initial fitting (b)MLSPIA

(c) SSLSPIA Eq. (4.6) (d) SSLSPIAEq. (4.7)

Fig. 1. 198 points is fitted with 28 control
points.

(a) Initial fitting (b)MLSPIA

(c) SSLSPIA Eq. (4.6) (d) SSLSPIA Eq. (4.7)

Fig. 2. 402 points is fitted with 57 control
points.
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(a) Initial fitting (b)MLSPIA

(c) SSLSPIA Eq. (4.6) (d) SSLSPIA Eq. (4.7)

Fig. 3. 315 points is fitted with 45 control
points.

In Figs. 4a-4c, we can see that
the SSLSPIA Eq. (4.6) method has the fit-
ting inaccuracy of the 𝑘−th iteration less
than theMLSPIAmethod and the SSLSPIA
Eq. (4.7) method, respectively.

In Table 2 columns “IT” (iteration
numbers), “CPU time(s)” (ten times the
average amount of CPU times(s)) and
“∥𝐸𝑘+1 − 𝐸𝑘 ∥” (the fitting error difference
of the 𝑘−th and (𝑘 + 1)−th iteration) for the
MLSPIA and SSLSPIA methods are listed.
We can observe that the SSLSPIA method
Eq. (4.6) requires fewer iteration numbers,
uses less CPU time, and has a minor fit-
ting error difference between the 𝑘−th and
(𝑘 + 1)−th iteration. We can now conclude
from the experiments that, at a significance
level of 0.05, the SSLSPIAmethodEq. (4.6)
is faster than the MLSPIA method and the
SSLSPIA method Eq. (4.7) in terms of con-
vergence rate.

5. Applications
Traditional Thai Patterns, or Lai

Thai, arose as a result of Buddhism’s influ-
ence. Originally, Thai master artists drew

(a) 𝐸𝑘 of Example 1.

(b) 𝐸𝑘 of Example 2.

(c) 𝐸𝑘 of Example 3.

Fig. 4. The comparision of 𝐸𝑘 of Example 1-3.

inspiration for their designs from candle
flames, lotus blossoms, and jasmine gar-
lands.Ancient masters were able to produce
patterns that may be used to identify Thai-
ness. The origins of Thai patterns may be
traced back to the ancient Chiang Saen pe-
riod. They then went through the Sukho
Thai, Ayutthaya, and Rattanakosin eras in
succession. Current Thai patterns are in sta-
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Table 2. Comparision of IT, CPU time(s) and ∥𝐸𝑘+1 − 𝐸𝑘 ∥.
Examples Methods IT CPUtime(s) ∥𝐸𝑘+1 − 𝐸𝑘 ∥

1 MLSPIA 30 0.0065976 7.21051E-08
SSLSPIA Eq. (4.6) 24 0.0038542 2.05646E-08
SSLSPIA Eq. (4.7) 88 0.0068420 8.50730E-08

2 MLSPIA 40 0.0095162 9.15621E-08
SSLSPIA Eq. (4.6) 38 0.0059756 6.45981E-08
SSLSPIA Eq. (4.7) 191 0.0128047 9.88253E-08

3 MLSPIA 42 0.0065685 8.25362E-08
SSLSPIA Eq. (4.6) 37 0.0046745 8.16037E-08
SSLSPIA Eq. (4.7) 74 0.0072864 9.68625E-08

ble and flawless shapes from generations of
refining and evolution of designs.

Ancient traditional Thai patterns in
various locations in Thailand have become
antiquated and fade away. Thus, these pat-
terns deserve to be preserved and main-
tained in an image file format that can be
expanded and relayed to younger genera-
tions for learning. However, the techni-
cians nowadays copy the patterns by using
stencil paper. This might cause damage to
the prototype patterns and it takes a long
time to copy. For this reason, our devel-
oped SSLSPIA Method can be effectively
applied in this work as the following exam-
ples.

The procedure starts with inputting
the image of Thai patterns and converting
the image to black and white. After that,
collect the coordinates at the edges of the
image to be the data point sets {𝑄 𝑗}𝑚𝑗=1 for
the fitting curve. As we know, each Thai
patterns image has many data point sets or
lines. This means that we must fit the data
point set {𝑄 𝑗}𝑚𝑗=1 by using the MLSPIA
method and the SSLPIAmethod line by line
for all lines.

The amount of data points obtained
in each line from the picture varies in
this experiment. The data is large, and
the image’s coordinates round to an in-
teger at the edges. It is for this reason
that the total of starting control points is

set to 𝑚𝑎𝑥
{
10, ⌊𝑚𝑄

10 ⌋
}
with 𝑚𝑄 being the

amount of data points set to {𝑄 𝑗} 𝑗 = 1𝑚

and the iteration process being stopped if
∥𝐸𝑘+1 − 𝐸𝑘 ∥ < 10−7. We present three ex-
amples to illustrate the SSLSPIA Eq. (4.6)
method’s applications, as indicated in Sec-
tion 3.

Traditional Thai Patterns (I), (II)
and (III), generated by using the MLSPIA
method and the SSLSPIA method are pre-
sented in Figs. 5-7 respectively.

Then we compare 𝐸𝑘 of Traditional
Thai Patterns (I), (II) and (III) in Figs. 8a,
8b, and 8c respectively. It shows that the
SSLSPIA method has the fitting inaccuracy
of the 𝑘−th iteration less than the MLSPIA
method, which means that the convergence
speed of the SSLSPIA method is faster than
the MLSPIA method.

In Table 3 columns “CPU time(s)”
(ten times the average amount of CPU
times(s)) “∥𝐸𝑘+1 − 𝐸𝑘 ∥” (the fitting error
difference of the 𝑘−th and (𝑘 + 1)-th iter-
ation) “PSNR” (Peak Signal-to-Noise Ra-
tio) “SNR” (Signal-to-Noise Ratio) “SSIM”
(Structural Similarity Index) and“RE” (Rel-
ative Entropy Index) [39] for the MLSPIA
and SSLSPIA methods are listed. We can
see that the SSLSPIA method uses less
computer processing time than theMLSPIA
method. The inaccuracy in fitting differ-
ence of the 𝑘−th and (𝑘 + 1)−th iterations
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(a) Image via MLSPIA. (b) Original Image. (c) Image via SSLSPIA.

Fig. 5. Traditional Thai pattern (I) generated by using MLSPIA method and SSLSPIA method.

(a) Image via MLSPIA. (b) Original Image. (c) Image via SSLSPIA.

Fig. 6. Traditional Thai pattern (II) generated by using MLSPIA method and SSLPIA method.

(a) Image via MLSPIA. (b) Original Image. (c) Image via SSLSPIA.

Fig. 7. Traditional Thai pattern (III) generated by using MLSPIA method and SSLPIA method.

are too small. The PSNR, SNR, and SSIM
values of the SSLSPIA method are higher
than theMLSPIAmethod, and the RE value

of the SSLSPIA method is less than that
of the MLSPIA method. From the results,
we can summarize that the convergence rate
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Table 3. Comparision of IT, CPU time(s) , ∥𝐸𝑘+1 − 𝐸𝑘 ∥, PSNR, SNR, SSIM and RE

Patterns Methods CPU time(s) ∥𝐸𝑘+1 − 𝐸𝑘 ∥ PSNR SNR SSIM RE
I (Fig 5) MLSPIA 3.150 3.07029E-08 17.92859883 17.8638222 0.85980192 0.00722463

SSLSPIA 3.031 2.61640E-08 17.97269449 17.8643835 0.86080893 0.00722380
II (Fig 6) MLSPIA 12.268 8.07340E-08 15.73578343 15.5508787 0.77210345 0.01192810

SSLSPIA 11.856 9.12400E-08 15.74444306 15.6542628 0.77251080 0.01190534
III(Fig 7) MLSPIA 81.666 5.79711E-08 17.67461186 17.6133920 0.76816473 0.00765417

SSLSPIA 72.977 9.20428E-08 17.68775476 17.6265349 0.83274903 0.00763077

(a) 𝐸𝑘 of Thai Patterns (I).

(b) 𝐸𝑘 of Thai Patterns (II).

(c) 𝐸𝑘 of Thai Patterns
(III).

Fig. 8. The comparision of 𝐸𝑘 of Thai Patterns
(I), (II) and (III).

of the SSLSPIA method is faster than the
MLSPIA method at a significance level of
0.05. Moreover,the SSLSPIA method has
0.82 percent higher image quality than the
MLSPIA method.

6. Conclusion
A discussion of the progressive iter-

ative approximation method with memory
and sequences of weights for least square
curve fitting (SSLSPIA) is presented in
this paper. The method improves the ML-
SPIA method by varying the weights of
the moving average between iterations, us-
ing the three real sequences of weights de-
rived from the singular values of the collo-
cation matrix and uses semi-constant knots
which differ from knots in the MLSPIA
method. At a significance level of 0.05, it
is shown that a sequence of fitting curves
with appropriate weight alternatives would
converge to the LSF solution, and that
the SSLSPIA method’s convergence rate is
faster than the MLSPIA method described
in [24]. Furthermore, the SSLSPIA method
has a higher image quality than the ML-
SPIA method by 0.82 percent when applied
to Traditional Thai pattern preservation in
an image file.
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