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ABSTRACT
This research examines a generalization of the concept of an involutive weak globular

𝜔-category through Penon’s approach. We first introduce the notion of a globular cone,
then equip it with compositions, identities, and self-duality. Next, a free reflexive self-dual
globular-cone 𝜔-magma and a free strict involutive globular-cone 𝜔-category along with a
specified contraction over a given globular cone are established. An algebra for the monad
induced by the free-forgetful adjunction arising from the previously constructed structure
naturally defines an involutive weak globular-cone 𝜔-category. We finally provide crucial
examples of involutive weak globular-cone 𝜔-categories.

Keywords: Involutive Category; Higher Category; Monad

1. Introduction
Category theory was pioneered by S.

Eilenberg and S. Mac Lane [1] in their work
in algebraic topology. This branch of math-
ematics also finds applications in founda-
tion of mathematics, computer science, and
mathematical physics (see [2]).

Even though higher category theory
was implicitly invented during [1] (since
a natural transformation between functors
can be seen as a 2-cell in a certain envi-
ronment), the notion of strict 𝑛-categories
was formalized in both cubical form [3] and

globular form [4] by C. Ehresmann.
Involutions in category theory were

primarily studied in [5] and recently in [6].
Higher involutions in higher category the-
ory are studied in [7, 8].

Weak category theory was originally
present in the definition of monoidal cate-
gories and later that of bicategories [9].
After that the renowned manuscript by A.
Grothendieck [10] analyzed strict globular
𝜔-categories and weak 𝜔-groupoids along
with their applications.

Among several algebraic definitions
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of weak 𝜔-categories; for example, by M.
Batanin [11], J. Penon [12], T. Leinster
[13], and C. Kachour [14], we concentrate
in this research paper on a generalization of
the definition presented by J. Penon in the
involutive version (see also [15]).

2. Preliminaries
In order for this paper to be self-

contained, we primarily recall fundamental
concepts involved in this research. For fur-
ther discussion, we suggest [16, 17].

2.1 Basic Category Theory
We begin the section by revisiting

the notions of a category, a functor be-
ween categories, a natural transformation
between functors, a free structure over ob-
ject, a monad, and an algebra for a monad.

Definition 2.1. A category 𝒞 comprises a
collection𝑂𝑏𝒞 of objects; for each 𝐴, 𝐵 ∈
𝑂𝑏𝒞 a set 𝒞(𝐴, 𝐵) of morphisms from
𝐴 to 𝐵; every object 𝐴 ∈ 𝑂𝑏𝒞 admits
an identity morphism 𝜄𝐴 ∈ 𝒞(𝐴, 𝐴); for
any 𝐴, 𝐵, 𝐶 ∈ 𝒞 and 𝑓 ∈ 𝒞(𝐵,𝐶), 𝑔 ∈
𝒞(𝐴, 𝐵) a composition 𝑓 ◦ 𝑔 ∈ 𝒞(𝐴,𝐶)
such that 𝑓 ◦ (𝑔 ◦ ℎ) = ( 𝑓 ◦ 𝑔) ◦ ℎ when-
ever these compositions make sense, and
also 𝜄𝐵◦ 𝑓 = 𝑓 = 𝑓 ◦ 𝜄𝐴 for all 𝑓 ∈ 𝒞(𝐴, 𝐵).

Example 2.2. There are categories Set of
functions between sets, Mon of unital ho-
momorphisms of monoids, and Vect of lin-
ear transformations between vector spaces.

A (covariant) functor can be seen as
a relationship between two categories.

Definition 2.3. Let (𝒞, ◦, 𝜄) and (𝒟, ◦̂, 𝜄̂)
be categories. A (covariant) functor 𝐹 :
𝒞 → 𝒟 consists of a function 𝐹 : 𝑂𝑏𝒞 →
𝑂𝑏𝒟 and, for all 𝐴, 𝐵 ∈ 𝑂𝑏𝒞 a function
𝐹 : 𝒞(𝐴, 𝐵) → 𝒟(𝐹 (𝐴), 𝐹 (𝐵)) such that
𝐹 (𝜄𝐴) = 𝜄̂𝐹 (𝐴) for any object 𝐴 ∈ 𝑂𝑏𝒞 and
𝐹 ( 𝑓 ◦ 𝑔) = 𝐹 ( 𝑓 )◦̂𝐹 (𝑔) if they make sense.

Example 2.4. There is a forgetful functor
𝑈 : Mon → Setwhich associates a monoid
(𝑀, ∗, 𝑒) with its underlying set 𝑀 .

As before, a natural transformation
is a relationship between two functors.

Definition 2.5. Let 𝐹, 𝐺 : 𝒞 → 𝒟 be two
functors between two given categories. A
natural transformation 𝛼 : 𝐹 ⇒ 𝐺 is a
map 𝑂𝑏𝒞 ∋ 𝐴 ↦→ 𝛼𝐴 ∈ 𝒟(𝐹 (𝐴), 𝐺 (𝐴))
with𝛼𝐵◦𝐹 ( 𝑓 ) = 𝐺 ( 𝑓 )◦𝛼𝐴 if 𝑓 ∈ 𝒞(𝐴, 𝐵).

𝐹 (𝐴) 𝛼𝐴 //

𝐹 ( 𝑓 )
��

⟲

𝐺 (𝐴)
𝐺 ( 𝑓 )
��

𝐹 (𝐵) 𝛼𝐵

// 𝐺 (𝐵)

Example 2.6. There is a natural transfor-
mation 𝑒𝑣 : 𝐼𝑑Vect ⇒ (−)∗∗ associating
𝑒𝑣𝑉 : 𝑉 → 𝑉∗∗ sending 𝑣 ∈ 𝑉 to the linear
functional 𝑒𝑣𝑉𝑣 : 𝑓 ↦→ 𝑓 (𝑣) for any 𝑓 ∈ 𝑉∗.

We may ”freely” construct a certain
object with more structure from a given ob-
ject with less structure as follows.

Definition 2.7. Let 𝑈 : 𝒞 → 𝒟 be a
forgetful functor. A free structure in 𝒞

over 𝐷 ∈ 𝑂𝑏𝒟 consists of an object 𝐴 ∈
𝑂𝑏𝒞 and a morphism 𝑗 ∈ 𝒟(𝐷,𝑈 (𝐴))
such that, for each 𝐵 ∈ 𝑂𝑏𝒞 and 𝑘 ∈
𝒟(𝐷,𝑈 (𝐵)), there exists a unique mor-
phism𝜓 ∈ 𝒞(𝐴, 𝐵) satisfying 𝑘 = 𝑈 (𝜓)◦ 𝑗 .

𝑈 (𝐴) ∃!𝑈 (𝜓)//

⟲

𝑈 (𝐵)

𝐷
∀𝑘

::vvvvvvvvv
𝑗

OO

Example 2.8. A free monoid over a
(nonempty) set 𝑆 is a set 𝑀 := {()} ∪
{(𝑥1, . . . , 𝑥𝑛) | 𝑛 ∈ N, 𝑥1, . . . , 𝑥𝑛 ∈ 𝑆} with
concatenation and a function 𝑗 : 𝑆 → 𝑀
defined by 𝑗 (𝑥) := (𝑥) for every 𝑥 ∈ 𝑆.
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A significant relationship between
functors in the reverse direction is called an
adjunction which will be crucial later on.

Definition 2.9. Suppose 𝒞 and 𝒟 are cat-
egories, and 𝐹 : 𝒞 → 𝒟 and 𝐺 : 𝒟 → 𝒞

are functors. The functor 𝐹 is said to be
left adjoint to the functor 𝐺, denoted by
𝐹 ⊣ 𝐺, if there are natural transformations
𝜂 : 𝐼𝑑𝒞 ⇒ 𝐺𝐹 and 𝜖 : 𝐹𝐺 ⇒ 𝐼𝑑𝒟 such
that 𝜖𝐹 ◦ 𝐹𝜂 = 𝐼𝑑𝐹 and 𝐺𝜖 ◦ 𝜂𝐺 = 𝐼𝑑𝐺 .

𝐹

𝐼 𝑑𝐹 �&
EE

EE
EE

EE

EE
EE

EE
EE
𝐹𝜂 +3 𝐹𝐺𝐹
⟲

𝜖 𝐹
��
𝐹

𝐺

𝐼 𝑑𝐺 �&
EE

EE
EE

EE

EE
EE

EE
EE
𝜂𝐺 +3 𝐺𝐹𝐺
⟲

𝐺𝜖
��
𝐺

Example 2.10. The free monoid functor
𝐹 : Set → Mon is left adjoint to the for-
getful functor𝑈 : Mon → Set.

To encapsulate a certain algebraic
theory, it is sufficient to require a monad.

Definition 2.11. A monad (𝑇, 𝜇, 𝜂) on a
category𝒞 comprises a functor𝑇 : 𝒞 → 𝒞

and natural transformations 𝜂 : 𝐼𝑑𝒞 ⇒ 𝑇
and 𝜇 : 𝑇2 ⇒ 𝑇 satisfying the proper-
ties 𝜇𝑋 ◦ 𝑇𝜂𝑋 = 𝜄𝑇 (𝑋 ) = 𝜇𝑋 ◦ 𝜂𝑇 (𝑋 ) and
𝜇𝑋 ◦ 𝑇𝜇𝑋 = 𝜇𝑋 ◦ 𝜇𝑋𝑇 .

𝑇

𝐼 𝑑𝑇 �#
@@

@@
@@

@

@@
@@

@@
@

𝑇 𝜂 +3 𝑇2

⟲ 𝜇

��

⟲

𝑇
𝜂𝑇ks

𝐼 𝑑𝑇{� ~~
~~
~~
~

~~
~~
~~
~

𝑇

𝑇3

𝑇 𝜇
��

𝜇𝑇 +3

⟲

𝑇2

𝜇

��
𝑇2

𝜇
+3 𝑇

Example 2.12. Each adjunction provides a
monad. Particularly, there is a free-monoid
monad 𝑇 = 𝑈 ◦ 𝐹 on Set arising from the
free monoid functor 𝐹 : Set → Mon and
the forgetful functor𝑈 : Mon → Set.

An algebra for a monad prescribes
how the operations in a certain structure are
expected to evaluate.

Definition 2.13. Let 𝒞 be a category and
(𝑇, 𝜇, 𝜂) a monad on𝒞. An algebra for the
monad 𝑇 consists of an object 𝐴 ∈ 𝑂𝑏𝒞
and a morphism 𝜃 : 𝑇 (𝐴) → 𝐴 such that
𝜃 ◦ 𝜂𝐴 = 𝜄𝐴 and 𝜃 ◦ 𝑇𝜃 = 𝜃 ◦ 𝜇𝐴.

𝑇2(𝐴)

𝑇 2 ( 𝑓 )
��

𝜇𝐴 //

⟲

𝑇 (𝐴)

𝑇 ( 𝑓 )
��

𝑇2(𝐵) 𝜇𝐵

// 𝑇 (𝐵)

𝐴

𝑓

��

𝜂𝐴 //

⟲

𝑇 (𝐴)
𝑇 ( 𝑓 )
��

𝐵 𝜂𝐵

// 𝑇 (𝐵)

Example 2.14. An algebra for the free
monoid monad is given by a monoid.

2.2 Strict Involutive Higher Categories
Next, we recall the formalism of a

strict involutive higher category, particu-
larly a strict involutive globular𝜔-category.
We first begin with the base structure of a
higher category, called an 𝜔-globular set.
For further detail, we suggest [15, 18].

Definition 2.15. An 𝜔-globular set is an

𝜔-quiver 𝑄0
𝑠0

⇔
𝑡0

𝑄1
𝑠1

⇔
𝑡1

· · ·
𝑠𝑛−1

⇔
𝑡𝑛−1

𝑄𝑛
𝑠𝑛

⇔
𝑡𝑛

· · ·

with the globularity condition: 𝑠𝑛−1 ◦ 𝑠𝑛 =
𝑠𝑛−1 ◦ 𝑡𝑛 and 𝑡𝑛−1 ◦ 𝑠𝑛 = 𝑡𝑛−1 ◦ 𝑡𝑛 for 𝑛 ∈ N.
Elememts of 𝑄𝑛 are called 𝑛-cells of 𝑄.

• •
��
DD

�& x�
_*4

Fig. 1. A globular 3-cell

Definition 2.16. Let 𝑄 and 𝑅 be two
given 𝜔-globular sets. A morphism of 𝜔-
globular sets 𝑓 : 𝑄 → 𝑅 is a family
of functions ( 𝑓 𝑛 : 𝑄𝑛 → 𝑅𝑛)𝑛∈N0 with
the properties 𝑠𝑛𝑅 ◦ 𝑓 𝑛+1 = 𝑓 𝑛 ◦ 𝑠𝑛𝑄 and
𝑡𝑛𝑅 ◦ 𝑓 𝑛+1 = 𝑓 𝑛 ◦ 𝑡𝑛𝑄 for every 𝑛 ∈ N0.
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𝑄0

𝑓 0

��
⟲

𝑄1
𝑠0𝑄oo

𝑡0𝑄

oo

⟲𝑓 1

��

· · ·

⟲· · ·

𝑠1𝑄oo

𝑡1𝑄

oo 𝑄𝑛

⟲

𝑠𝑛−1
𝑄oo

𝑡𝑛−1
𝑄

oo

𝑓 𝑛

��

· · ·
𝑠𝑛
𝑄oo
𝑡𝑛
𝑄

oo

· · ·

𝑅0 𝑅1
𝑠0𝑅oo

𝑡0𝑅

oo · · ·
𝑠1𝑅oo

𝑡1𝑅

oo 𝑅𝑛
𝑠𝑛−1𝑅oo

𝑡𝑛−1𝑅

oo · · ·
𝑠𝑛𝑅oo
𝑡𝑛𝑅

oo

It can be easily verifies that there ex-
ists a category GSet of all 𝜔-globular sets.

We then equip an𝜔-globular set with
identity functions at every level.

Definition 2.17. An 𝜔-globular set 𝑄 is
said to be reflexive if it is equipped with

functions 𝑄0 𝜄0→ 𝑄1 𝜄1→ · · · 𝜄𝑛−1→ 𝑄𝑛 𝜄𝑛→ · · ·
with 𝑠𝑛 ◦ 𝜄𝑛 = 𝐼𝑑𝑄𝑛 = 𝑡𝑛 ◦ 𝜄𝑛 for all 𝑛 ∈ N0.

A morphism of reflexive 𝜔-globular
sets is defined as follows.

Definition 2.18. Assume that (𝑄, 𝜄𝑄) and
(𝑅, 𝜄𝑅) are reflexive 𝜔-globular sets. A
morphism of reflexive𝜔-globular sets 𝑓 :
(𝑄, 𝜄𝑄) → (𝑅, 𝜄𝑅) is a morphism of 𝜔-
globular sets 𝑓 : 𝑄 → 𝑅 along with the
assertion 𝜄𝑛𝑅 ◦ 𝑓 𝑛 = 𝑓 𝑛+1 ◦ 𝜄𝑛𝑄 for all 𝑛 ∈ N0.

We observe that there exists a cate-
gory of reflexive 𝜔-globular sets.

Compositions in an 𝜔-globular set
are defined as follows.

Definition 2.19. A globular 𝜔-magma is
an 𝜔-globular set𝑄 with compositions ◦𝑛𝑝 :
𝑄𝑛 ×𝑝 𝑄𝑛 → 𝑄𝑛, where 𝑄𝑛 ×𝑝 𝑄𝑛 :=
{(𝑥, 𝑦) ∈ 𝑄𝑛 × 𝑄𝑛 | 𝑡 𝑝𝑡 𝑝+1 · · · 𝑡𝑛−1(𝑦) =
𝑠𝑝𝑠𝑝+1 · · · 𝑠𝑛−1(𝑥)} for all 0 ≤ 𝑝 < 𝑛 such
that if 0 ≤ 𝑝 < 𝑛 and (𝑥, 𝑦) ∈ 𝑄𝑛 ×𝑝 𝑄

𝑛,

𝑠𝑞 (𝑥 ◦𝑛𝑝 𝑦) =

{
𝑠𝑞 (𝑥) ◦𝑞𝑝 𝑠𝑞 (𝑦), 𝑞 > 𝑝;
𝑠𝑞 (𝑥), 𝑞 ≤ 𝑝,

𝑡𝑞 (𝑥 ◦𝑛𝑝 𝑦) =

{
𝑡𝑞 (𝑥) ◦𝑞𝑝 𝑡𝑞 (𝑦), 𝑞 > 𝑝;
𝑡𝑞 (𝑦), 𝑞 ≤ 𝑝.

• •
��
DD •

��
DD

�& x� �& x�
_*4 _*4

Fig. 2. The composition of 3-cells over 0-cells

�& x�
_*4

�' w�

_*4
• •

��
DD
//

Fig. 3. The composition of 3-cells over 1-cells

���& x�

_*4 _*4• •
��
DD

Fig. 4. The composition of 3-cells over 2-cells

Definition 2.20. Suppose that (𝑄, ◦)
and (𝑅, ◦̂) are globular 𝜔-magmas. A
morphism of globular 𝜔-magmas
𝑓 : (𝑄, ◦) → (𝑅, ◦̂) is a morphism of
𝜔-globular sets 𝑓 : 𝑄 → 𝑅 such that
𝑓 𝑛 (𝑥 ◦𝑛𝑝 𝑦) = 𝑓 𝑛 (𝑥)◦̂𝑛𝑝 𝑓 𝑛 (𝑦) whenever the
composition 𝑥 ◦𝑛𝑝 𝑦 exists.

Obviously, there is a category of
globular 𝜔-magmas.

A strict globular 𝜔-category is just
an 𝜔-globular set with compositions and
identities along with certain axioms.

Definition 2.21. A reflexive globular 𝜔-
magma 𝒞 is a strict globular 𝜔-category
if it satisfies the following properties:

1. if 0 ≤ 𝑝 < 𝑛 and 𝑥, 𝑦, 𝑧 ∈ 𝒞𝑛 such
that (𝑥, 𝑦), (𝑦, 𝑧) ∈ 𝒞𝑛 ×𝑝 𝒞𝑛, then
(𝑥 ◦𝑛𝑝 𝑦) ◦𝑛𝑝 𝑧 = 𝑥 ◦𝑛𝑝 (𝑦 ◦𝑛𝑝 𝑧),
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2. if 0 ≤ 𝑝 < 𝑛 and 𝑥 ∈ 𝒞𝑛, then
𝜄𝑛−1 · · · 𝜄𝑝𝑡 𝑝 · · · 𝑡𝑛−1(𝑥) ◦𝑛𝑝 𝑥 = 𝑥 =
𝑥 ◦𝑛𝑝 𝜄𝑛−1 · · · 𝜄𝑝𝑠𝑝 · · · 𝑠𝑛−1(𝑥),

3. if 0 ≤ 𝑝 < 𝑛 and (𝑥, 𝑦) ∈ 𝒞𝑛 ×𝑝 𝒞
𝑛,

then 𝜄𝑛 (𝑥) ◦𝑛+1𝑝 𝜄𝑛 (𝑦) = 𝜄𝑛 (𝑥 ◦𝑛𝑞 𝑦),

4. if 0 ≤ 𝑞 < 𝑝 < 𝑛 and 𝑥, 𝑥 ′, 𝑦, 𝑦′ ∈
𝒞𝑛 with (𝑦′, 𝑦), (𝑥 ′, 𝑥) ∈ 𝒞𝑛 ×𝑝 𝒞𝑛

and (𝑦′, 𝑥 ′), (𝑦, 𝑥) ∈ 𝒞𝑛 ×𝑝 𝒞
𝑛, then

(𝑦′ ◦𝑛𝑝 𝑦) ◦𝑛𝑞 (𝑥 ′ ◦𝑛𝑝 𝑥) = (𝑦′ ◦𝑛𝑞 𝑥 ′) ◦𝑛𝑝
(𝑦 ◦𝑛𝑞 𝑥).

Definition 2.22. A strict 𝜔-functor be-
tween strict globular 𝜔-categories is sim-
ply a morphism between their underlying
reflexive globular 𝜔-magmas.

There exists, as usual, a category Str-
𝜔-Cat of strict globular 𝜔-categories.

We then equip a strict globular 𝜔-
category with a family of involutions.

Definition 2.23. A strict globular 𝜔-
category𝒞 is involutive if, for each 𝑛 ∈ N,
there exists a function ∗𝑛𝑞 : 𝒞𝑛 → 𝒞𝑛 for
every 𝑞 < 𝑛, such that, for each 𝑥, 𝑦 ∈ 𝒞𝑛,

1. if 𝑥 ◦𝑛𝑝 𝑦 exists for some 𝑝 < 𝑛, then

(𝑥 ◦𝑛𝑝 𝑦)∗𝑛𝑞 =

{
𝑥∗

𝑛
𝑞 ◦𝑛𝑝 𝑦∗

𝑛
𝑞 , 𝑝 ≠ 𝑞;

𝑦∗
𝑛
𝑞 ◦𝑛𝑝 𝑥∗

𝑛
𝑞 , 𝑝 = 𝑞,

2. 𝜄𝑛 (𝑥)∗𝑛+1𝑞 = 𝜄𝑛 (𝑥∗𝑛𝑞 ),

3. (𝑥∗𝑛𝑞 )∗𝑛𝑞 = 𝑥 for every 𝑞 ∈ N0,

4. (𝑥∗𝑛𝑝 )∗𝑛𝑞 = (𝑥∗𝑛𝑞 )∗𝑛𝑝 for all 𝑝, 𝑞 ∈ N0.

Example 2.24. Strict globular𝜔-groupoids
are strict involutive globular 𝜔-categories
such that every morphism is invertible.

Definition 2.25. Assume that (𝒞, ◦, 𝜄, ∗)
and (𝒟, ◦̂, 𝜄̂, ∗̂) are strict involutive glob-
ular 𝜔-categories. A strict involutive 𝜔-
functor 𝐹 : (𝒞, ◦, 𝜄, ∗) → (𝒟, ◦̂, 𝜄̂, ∗̂) is a
strict𝜔-functor 𝐹 : (𝒞, ◦, 𝜄) → (𝒟, ◦̂, 𝜄̂) on

their underlying strict globular𝜔-categories
with the property 𝐹𝑛 (𝑥∗𝑛𝑞 ) = 𝐹𝑛 (𝑥)∗̂𝑛𝑞 for
every 0 ≤ 𝑞 < 𝑛 ∈ N and 𝑥 ∈ 𝒞𝑛.

Proposition 2.26. There exists a category
of strict involutive globular 𝜔-categories.

2.3 Weak Higher Categories
The concept of weakness in (higher)

category theory requires that axioms satis-
fied in strict situation need not hold true in
the weak case, yet to keep track of those re-
lations we need the notion of a contraction.
Here is the formulation of weak higher cat-
egories through J. Penon’s method [12].

Definition 2.27. Assume 𝑀 to be a given
reflexive globular 𝜔-magma, 𝐶 a strict
globular 𝜔-category, and 𝜋 : 𝑀 → 𝐶 a
morphism of reflexive globular 𝜔-magmas.
A contraction on 𝜋 is a sequence of func-
tions ( [·, ·]𝑛)𝑛∈N, where [·, ·]𝑛 : {(𝑥, 𝑦) ∈
𝑀𝑛 × 𝑀𝑛 | 𝑠𝑛−1𝑀 (𝑥) = 𝑠𝑛−1𝑀 (𝑦), 𝑡𝑛−1𝑀 (𝑥) =
𝑡𝑛−1𝑀 (𝑦), 𝜋𝑛 (𝑥) = 𝜋𝑛 (𝑦)} → 𝑀𝑛+1, for
each 𝑛 ∈ N, holding true the assertions:

1. 𝑠𝑛 ([𝑥, 𝑦]𝑛) = 𝑥 and 𝑡𝑛 ( [𝑥, 𝑦]𝑛) = 𝑦,

2. [𝑥, 𝑦]𝑛 = 𝜄𝑛𝑀 (𝑥) = 𝜄𝑛𝑀 (𝑦) if 𝑥 = 𝑦,

3. 𝜋( [𝑥, 𝑦]𝑛) = 𝜄𝑛𝐶 (𝜋(𝑥)) = 𝜄𝑛𝐶 (𝜋(𝑦)).

Proposition 2.28. There is a category 𝒬

whose objects are pairs (𝑀 𝜋→ 𝐶, [·, ·])
in which 𝜋 is a morphism from a reflexive
globular 𝜔-magma 𝑀 to a strict globular
𝜔-category 𝐶 and [·, ·] is a contraction on
the morphism 𝜋 : 𝑀 → 𝐶.

Proposition 2.29. [12] The forgetful func-
tor𝑈 : 𝒬 → GSet admits a left adjoint 𝐹.

Definition 2.30. A weak 𝜔-category is an
algebra for the monad 𝑇 = 𝑈 ◦ 𝐹.

Example 2.31. Every strict globular 𝜔-
category is a weak globular 𝜔-category.
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Example 2.32. The fundamental 𝜔-
groupoid over a given topological space is
an example of a weak globular 𝜔-category.

3. Main Results
The objective of this research is to

generalize Penon’s approach of weaken-
ing strict involutive globular 𝜔-categories
by adjoining an extra structure dominating
the entire given 𝜔-globular set and treat-
ing all the involved operations on such set-
ting by demonstrating the existence of a free
Penon cone-contraction on a certain mor-
phism over a provided globular cone.

3.1 Globular Cones
We commence with introducing the

notion of a generalized 𝜔-globular set.

Definition 3.1. Assume first that

𝑄 := 𝑄0
𝑠0𝑄
⇔
𝑡0
𝑄

𝑄1
𝑠1𝑄
⇔
𝑡1
𝑄

· · ·
𝑠𝑛−1
𝑄

⇔
𝑡𝑛−1
𝑄

𝑄𝑛
𝑠𝑛
𝑄

⇔
𝑡𝑛
𝑄

· · ·

is an 𝜔-globular set. A globular cone over
𝑄 is a collection ℰ equipped with source
and target functions 𝑠𝑛

ℰ
, 𝑡𝑛
ℰ

: ℰ → 𝑄𝑛 for
all 𝑛 ∈ N0 with 𝑠𝑛𝑄 ◦ 𝑠𝑛+1

ℰ
= 𝑠𝑛

ℰ
= 𝑠𝑛𝑄 ◦ 𝑡𝑛+1

ℰ

and 𝑡𝑛𝑄◦𝑡
𝑛+1
ℰ

= 𝑡𝑛
ℰ
= 𝑡𝑛𝑄◦𝑠

𝑛+1
ℰ

for any 𝑛 ∈ N0.

ℰ

𝑄0 𝑄1 · · · 𝑄𝑛

𝑠0𝑄

𝑡0𝑄

𝑠1𝑄

𝑡1𝑄

𝑠𝑛−1𝑄

𝑡𝑛−1𝑄

𝑠𝑛𝑄

𝑡𝑛𝑄

𝑠0
ℰ

𝑡0
ℰ

𝑠1
ℰ

𝑡1
ℰ

𝑠𝑛
ℰ

𝑡𝑛
ℰ

· · ·

· · ·· · ·

Remark 3.2. The collectionℰ of a certain
globular cone ℰ over 𝑄 can be thought of
as a family of infinite cells living on its un-
derlying 𝜔-globular set 𝑄.

A morphism of globular cones is in-
troduced in the obvious way.

Definition 3.3. Suppose that ℰ and ℱ are
globular cones over 𝜔-globular sets 𝑄 and
𝑅, respectively. A morphism of globular
cones from ℰ to ℱ consists of a function
Φ :ℰ → ℱ and a morphism of 𝜔-globular
sets 𝜙 : 𝑄 → 𝑅 such that 𝜙𝑛 ◦ 𝑠𝑛

ℰ
= 𝑠𝑛

ℱ
◦Φ

and 𝜙𝑛 ◦ 𝑡𝑛
ℰ
= 𝑡𝑛

ℱ
◦Φ hold for any 𝑛 ∈ N0.

Proposition 3.4. There exists a category
GCone of all globular cones.

Supposeℰ is a globular cone over an
𝜔-globular set 𝑄. Set 𝑄0 ⋄𝑄0 := 𝑄0 × 𝑄0

and𝑄𝑛⋄𝑄𝑛 := {(𝑥, 𝑦) ∈ 𝑄𝑛×𝑄𝑛 | 𝑠𝑛𝑄 (𝑥) =
𝑠𝑛𝑄 (𝑦), 𝑡𝑛𝑄 (𝑥) = 𝑡𝑛𝑄 (𝑦)} for each 𝑛 ∈ N. The
projectionmap 𝜋𝑛𝑄 : 𝑄𝑛+1⋄𝑄𝑛+1 → 𝑄𝑛⋄𝑄𝑛

is defined by 𝜋𝑛𝑄 (𝑥, 𝑦) := (𝑠𝑛𝑄 (𝑥), 𝑡𝑛𝑄 (𝑦))
for any (𝑥, 𝑦) ∈ 𝑄𝑛+1 ⋄ 𝑄𝑛+1. Moreover,
define 𝜋𝑛

ℰ
: ℰ → 𝑄𝑛 ⋄ 𝑄𝑛 by 𝜋𝑛

ℰ
(𝑥) :=

(𝑠𝑛
ℰ
(𝑥), 𝑡𝑛

ℰ
(𝑥)) for each 𝑥 ∈ ℰ. Observe that

𝜋𝑛
ℰ
= 𝜋𝑛𝑄◦𝜋

𝑛+1
ℰ

holds for every 𝑛 ∈ N0. As a
consequence, what follows is well-defined.

Definition 3.5. Utilizing the terminology
as above, the structureℰ

𝜋ℰ→ 𝑄 ⋄𝑄 is called
a cone over globular products.

ℰ

𝑄0 ⋄𝑄0 · · · 𝑄𝑛 ⋄𝑄𝑛
𝜋0𝑄 𝜋𝑛−1𝑄

𝜋𝑛𝑄

𝜋0
ℰ

𝜋𝑛
ℰ

· · ·

· · ·

· · ·

Proposition 3.6. [18] There is a category
GProd of cones over globular products.

Conversely, given a cone over glob-
ular productsℰ

𝜋ℰ→ 𝑄 ⋄𝑄, we can construct
a globular coneℰ over the𝜔-globular set𝑄
as follows. Note that, for each 𝑛 ∈ N0, there
are projections 𝑝𝑛1 , 𝑝

𝑛
2 : 𝑄𝑛 ⋄ 𝑄𝑛 → 𝑄𝑛

which are defined by 𝑝𝑛1 (𝑥, 𝑦) := 𝑥 and
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𝑝𝑛2 (𝑥, 𝑦) := 𝑦 for every (𝑥, 𝑦) ∈ 𝑄𝑛 ⋄ 𝑄𝑛.
Hence, we can define 𝑠𝑛

ℰ
, 𝑡𝑛
ℰ
: ℰ → 𝑄𝑛 by

𝑠𝑛
ℰ
:= 𝑝𝑛1 ◦ 𝜋𝑛

ℰ
and 𝑡𝑛

ℰ
:= 𝑝𝑛2 ◦ 𝜋𝑛

ℰ
. This im-

plies that ℰ becomes a globular cone over
𝑄. This leads to the following theorem.

Theorem 3.7. [18] The categories GCone
and GProd are isomorphic; that is, there
are functors 𝐹 : GCone → GProd and
𝐺 : GProd → GCone holding the asser-
tions𝐺 ◦𝐹 = 𝐼𝑑GCone and 𝐹 ◦𝐺 = 𝐼𝑑GProd.

3.2 Reflexive Self-dual Globular-cone
Higher Magmas

On globular cones we are equip-
ping them with three operations: identities,
compositions, and involutions to obtain re-
flexive self-dual globular-cone 𝜔-magmas.
These are base structures of strict involu-
tive globular-cone 𝜔-categories which will
be carefully discussed later on.

Making use of Theorem 3.7, we can
now introduce the following structure.

Definition 3.8. A globular coneℰ over an
𝜔-globular set 𝑄 is reflexive if there exist
two sequences (𝜄𝑛𝑄 : 𝑄𝑛 → 𝑄𝑛+1)𝑛∈N0 and
(𝜄𝑛
ℰ

: 𝑄𝑛 → ℰ)𝑛∈N0 such that (𝑄, 𝜄𝑄) be-
comes a reflexive𝜔-globular set along with

𝜋𝑛+𝑘ℰ ◦ 𝜄𝑛ℰ = Δ𝑛+𝑘 ◦ (𝜄𝑛+𝑘−1𝑄 ◦ · · · ◦ 𝜄𝑛+1𝑄 ◦ 𝜄𝑛𝑄)

for each 𝑛 ∈ N0 and 𝑘 ∈ N, where the diag-
onal map Δ𝑛 : 𝑄𝑛 → 𝑄𝑛 ⋄𝑄𝑛 is given by
Δ𝑛 (𝑥) := (𝑥, 𝑥) for all 𝑛 ∈ N0 and 𝑥 ∈ 𝑄𝑛.

𝑄𝑛 𝑄𝑛+1

𝑄𝑛 ⋄𝑄𝑛 𝑄𝑛+1 ⋄𝑄𝑛+1

ℰ

Δ𝑛 Δ𝑛+1
𝑠𝑛𝑄

𝑡𝑛𝑄

𝜄𝑛𝑄

𝜋𝑛𝑄

𝜋𝑛
ℰ 𝜋𝑛+1

ℰ𝜄𝑛
ℰ

Proposition 3.9. There exists a category of
reflexive globular cones.

Next, we consider the notion of invo-
lutions on a globular cone as follows.

Definition 3.10. A globular coneℰ over an
𝜔-globular set 𝑄 is said to be self-dual if
there exist functions ∗𝛼 : ℰ → ℰ for each
𝛼 ⊆ N0 and (∗𝑛𝛼 : 𝑄𝑛 → 𝑄𝑛)𝛼⊆N0∋𝑛 such
that (𝑄, ∗) is a self-dual 𝜔-globular set and

1. 𝑠𝑛
ℰ
( 𝑓 ∗𝛼) =

{
𝑠𝑛
ℰ
( 𝑓 ), 𝑛 ∉ 𝛼;

𝑡𝑛
ℰ
( 𝑓 ), 𝑛 ∈ 𝛼,

2. 𝑡𝑛
ℰ
( 𝑓 ∗𝛼) =

{
𝑡𝑛
ℰ
( 𝑓 ), 𝑛 ∉ 𝛼;

𝑠𝑛
ℰ
( 𝑓 ), 𝑛 ∈ 𝛼,

for any 𝑓 ∈ ℰ and 𝑛 ∈ N0.

Proposition 3.11. There exists a category
of self-dual globular cones.

The final operations of composition
are established in the following definition.

Definition 3.12. A globular-cone 𝜔-
magma is a globular cone ℰ over an
𝜔-globular set 𝑄 equipped with compo-
sitions (◦𝑝 : ℰ ×𝑝 ℰ → ℰ)𝑝∈N0 , where
ℰ×𝑝ℰ := {(𝑥, 𝑦) ∈ ℰ×ℰ | 𝑠𝑝

ℰ
(𝑥) = 𝑡 𝑝

ℰ
(𝑦)},

and (◦𝑛𝑝 : 𝑄𝑛 ×𝑝 𝑄𝑛 → 𝑄𝑛)0≤𝑝<𝑛∈N such
that (𝑄, ◦) is a globular 𝜔-magma and

𝑠𝑞
ℰ
(𝑥 ◦𝑝 𝑦) =

{
𝑠𝑞
ℰ
(𝑥) ◦𝑞𝑝 𝑠𝑞

ℰ
(𝑦), 𝑞 > 𝑝;

𝑠𝑞
ℰ
(𝑦), 𝑞 ≤ 𝑝,

𝑡𝑞
ℰ
(𝑥 ◦𝑝 𝑦) =

{
𝑡𝑞
ℰ
(𝑥) ◦𝑞𝑝 𝑡𝑞ℰ (𝑦), 𝑞 > 𝑝;

𝑡𝑞
ℰ
(𝑥), 𝑞 ≤ 𝑝,

for any 𝑝, 𝑞 ∈ N0 and (𝑥, 𝑦) ∈ ℰ ×𝑝 ℰ.

Proposition 3.13. There exists a category
of globular-cone 𝜔-magmas.

Combining all these operations with
a globular cone, we obtain the following:
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Definition 3.14. A globular coneℰ is said
to be a reflexive self-dual globular-cone
𝜔-magma whenever it is equipped with
identities (𝜄𝑛

ℰ
)𝑛∈N0 , self-duality (∗𝛼)𝛼⊆N0 ,

and compositions (◦𝑝)𝑝∈N0 . For our con-
venience, we may denote it by (ℰ, ◦, 𝜄, ∗).

Definition 3.15. Suppose that (ℰ, ◦, 𝜄, ∗)
and (ℰ̂, ◦̂, 𝜄̂, ∗̂) are given reflexive self-dual
globular-cone 𝜔-magmas over 𝜔-globular
sets 𝑄 and 𝑄, respectively. A morphism
of reflexive self-dual globular-cone 𝜔-
magmas from (ℰ, ◦, 𝜄, ∗) to (ℰ̂, ◦̂, 𝜄̂, ∗̂) con-
sists of a morphism of globular cones Φ :
ℰ → ℰ̂ and a morphism of reflexive self-
dual globular 𝜔-magmas 𝜙 : 𝑄 → 𝑄 such
that the following assertions are satisfied:

1. Φ
(
𝜄𝑛
ℰ
(𝑤)

)
= 𝜄𝑛

ℰ̂

(
𝜙𝑛 (𝑤)

)
,

2. Φ(𝑧∗𝛼) = [Φ(𝑧)] ∗̂𝛼 , and

3. Φ(𝑥 ◦𝑝 𝑦) = Φ(𝑥)◦̂𝑝Φ(𝑦)

for every 𝑛 ∈ N0, 𝑤 ∈ 𝑄𝑛, 𝛼 ⊆ N0, 𝑝 ∈ N0,
and 𝑥, 𝑦, 𝑧 ∈ ℰ with (𝑥, 𝑦) ∈ ℰ ×𝑝 ℰ.

Proposition 3.16. There is a category of re-
flexive self-dual globular-cone 𝜔-magmas.

The next theorem assures that we
can construct a reflexive self-dual globular-
cone 𝜔-magma from a given globular cone.

Theorem 3.17. A free reflexive self-dual
globular-cone 𝜔-magma over a globular
cone exists.

Proof. Letℰ be a globular cone over an 𝜔-
globular set 𝑄. We proceed by construct-
ing a new 𝜔-globular set 𝑀 from 𝑄. We
denote Γ := {∅} ∪ {(𝛼1, . . . , 𝛼𝑘) | 𝑘 ∈
N, 𝛼1, . . . , 𝛼𝑘 ⊆ N0} and write △𝛼 :=
𝛼1 △ · · · △𝛼𝑘 for any 𝛼 = (𝛼1, . . . , 𝛼𝑘) ∈ Γ.

Set 𝑀0 := {(𝑥, 𝛼) | 𝑥 ∈ 𝑄0, 𝛼 ∈ Γ},
let 𝑀0 := {(𝑦, 0) | 𝑦 ∈ 𝑀0}, and also write

𝑀1 [1] := {(𝑧, 𝛼) | 𝑧 ∈ 𝑄1 ∪ 𝑀0, 𝛼 ∈ Γ}.
We define 𝑠0 [1], 𝑡0 [1] : 𝑀1 [1] → 𝑀0 by

𝑠0 [1]/𝑡0 [1]
(
(𝑦, 𝛼)

)
:=


(
𝑠0𝑄/𝑡0𝑄 (𝑦), 𝛼

)
, 𝑦 ∈ 𝑄1, 0 ∉ △𝛼;(

𝑡0𝑄/𝑠0𝑄 (𝑦), 𝛼
)
, 𝑦 ∈ 𝑄1, 0 ∈ △𝛼;

(𝑥, 𝛼), 𝑦 = (𝑥, 0) ∈ 𝑀0,

for every (𝑦, 𝛼) ∈ 𝑀1 [1]. Let 𝑀1 [2] :={
((𝑥, 0, 𝑦), 𝛼)

�� 𝑥, 𝑦 ∈ 𝑀1 [1], 𝑠0 [1] (𝑥) =
𝑡0 [1] (𝑦), 𝛼 ∈ Γ

}
. We define the source

and target 𝑠0 [2], 𝑡0 [2] : 𝑀1 [2] → 𝑀0 by

𝑠0 [2]/𝑡0 [2]
(
((𝑥, 0, 𝑦), 𝛼)

)
:=

{ (
𝑠0 [1] (𝑦)/𝑡0 [1] (𝑥), 𝛼

)
, 0 ∉ △𝛼;(

𝑡0 [1] (𝑦)/𝑠0 [1] (𝑥), 𝛼
)
, 0 ∈ △𝛼,

for every ((𝑥, 0, 𝑦), 𝛼) ∈ 𝑀1 [2]. Next,
suppose, by induction, that 𝑀1 [ℎ] and
𝑠0 [ℎ], 𝑡0 [ℎ] : 𝑀1 [ℎ] → 𝑀0 are well-
defined for all ℎ = 1, . . . , 𝑘 − 1. Set 𝑀1 [𝑘]
:= {((𝑥, 0, 𝑦), 𝛼) | 𝑥 ∈ 𝑀1 [𝑖], 𝑦 ∈ 𝑀1 [ 𝑗],
𝑖 + 𝑗 = 𝑘, 𝑠0 [𝑖] (𝑥) = 𝑡0 [ 𝑗] (𝑦), 𝛼 ∈ Γ}. We
define 𝑠0 [𝑘], 𝑡0 [𝑘] : 𝑀1 [𝑘] → 𝑀0 by

𝑠0 [𝑘]/𝑡0 [𝑘]
(
((𝑥, 0, 𝑦), 𝛼)

)
:=

{ (
𝑠0 [ 𝑗] (𝑦)/𝑡0 [𝑖] (𝑥), 𝛼

)
, 0 ∉ △𝛼;(

𝑡0 [ 𝑗] (𝑦)/𝑠0 [𝑖] (𝑥), 𝛼
)
, 0 ∈ △𝛼,

for all ((𝑥, 0, 𝑦), 𝛼) ∈ 𝑀1 [𝑘] with 𝑖+ 𝑗 = 𝑘 .
By induction, we can set 𝑀1 :=

⋃
𝑘∈N

𝑀1 [𝑘],

𝑠0𝑀 :=
⋃
𝑘∈N

𝑠0 [𝑘], and 𝑡0𝑀 :=
⋃
𝑘∈N

𝑡0 [𝑘].
Assume that we have established

𝑀𝑚+1 and 𝑠𝑚𝑀 , 𝑡𝑚𝑀 : 𝑀𝑚+1 → 𝑀𝑚 for ev-
ery 𝑚 = 1, 2, . . . , 𝑛 − 1. We let 𝑀𝑛+1 [1] :=
{(𝑥, 𝛼) | 𝑥 ∈ 𝑄𝑛+1 ∪ 𝑀𝑛, 𝛼 ∈ Γ}, where
𝑀𝑛 := {(𝑥, 𝑛) | 𝑥 ∈ 𝑀𝑛}. Then we can
define 𝑠𝑛 [1], 𝑡𝑛 [1] : 𝑀𝑛+1 [1] → 𝑀𝑛 by

𝑠𝑛 [1]/𝑡𝑛 [1]
(
(𝑦, 𝛼)

)
:=

(
𝑠𝑛𝑄/𝑡

𝑛
𝑄 (𝑦), 𝛼

)
, 𝑦 ∈ 𝑄𝑛+1, 𝑛 ∉ △𝛼;(

𝑡𝑛𝑄/𝑠
𝑛
𝑄 (𝑦), 𝛼

)
, 𝑦 ∈ 𝑄𝑛+1, 𝑛 ∈ △𝛼;

(𝑥, 𝛼), 𝑦 = (𝑥, 𝑛) ∈ 𝑀𝑛,
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for each (𝑦, 𝛼) ∈ 𝑀𝑛+1 [1]. Set 𝑀𝑛+1 [2] :=
𝑛⋃

𝑝=0

{
((𝑥, 𝑝, 𝑦), 𝛼)

�� 𝛼 ∈ Γ, 𝑥, 𝑦 ∈ 𝑀𝑛+1 [1],

𝑠𝑝𝑄 ◦ · · · ◦ 𝑠𝑛 [1] (𝑥) = 𝑡 𝑝𝑄 ◦ · · · ◦ 𝑡𝑛 [1] (𝑦)
}
.

Define 𝑠𝑛 [2], 𝑡𝑛 [2] : 𝑀𝑛+1 [2] → 𝑀𝑛 by

𝑠𝑛 [2]/𝑡𝑛 [2]
(
((𝑥, 𝑛, 𝑦), 𝛼)

)
:={ (

𝑠𝑛 [1] (𝑦)/𝑡𝑛 [1] (𝑥), 𝛼
)
, 𝑛 ∉ △𝛼;(

𝑡𝑛 [1] (𝑦)/𝑠𝑛 [1] (𝑥), 𝛼
)
, 𝑛 ∈ △𝛼,

𝑠𝑛 [2]
(
((𝑥, 𝑝, 𝑦), 𝛼)

)
:={ (

𝑠𝑛 [1] (𝑥), 𝑝, 𝑠𝑛 [1] (𝑦), 𝛼
)
, 𝑛 ∉ △𝛼;(

𝑡𝑛 [1] (𝑥), 𝑝, 𝑡𝑛 [1] (𝑦), 𝛼
)
, 𝑛 ∈ △𝛼,

𝑡𝑛 [2]
(
((𝑥, 𝑝, 𝑦), 𝛼)

)
:={ (

𝑡𝑛 [1] (𝑥), 𝑝, 𝑡𝑛 [1] (𝑦), 𝛼
)
, 𝑛 ∉ △𝛼;(

𝑠𝑛 [1] (𝑥), 𝑝, 𝑠𝑛 [1] (𝑦), 𝛼
)
, 𝑛 ∈ △𝛼,

for 0 ≤ 𝑝 < 𝑛. Then suppose 𝑀𝑛+1 [ℎ]
and 𝑠𝑛 [ℎ], 𝑡𝑛 [ℎ] : 𝑀𝑛+1 [ℎ] → 𝑀𝑛 are all
constructed for every ℎ = 1, 2, . . . , 𝑘 − 1.
Let 𝑀𝑛+1 [𝑘] :=

𝑛⋃
𝑝=0

{
((𝑥, 𝑝, 𝑦), 𝛼)

�� 𝛼 ∈ Γ,

𝑥 ∈ 𝑀𝑛+1 [𝑖], 𝑦 ∈ 𝑀𝑛+1 [ 𝑗], 𝑖 + 𝑗 = 𝑘,
𝑠𝑝 [𝑖] · · · 𝑠𝑛 [𝑖] (𝑥) = 𝑡 𝑝 [ 𝑗] · · · 𝑡𝑛 [ 𝑗] (𝑦)

}
.

Define 𝑠𝑛 [𝑘], 𝑡𝑛 [𝑘] : 𝑀𝑛+1 [𝑘] → 𝑀𝑛 by

𝑠𝑛 [𝑘]/𝑡𝑛 [𝑘]
(
((𝑥, 𝑛, 𝑦), 𝛼)

)
:={ (

𝑠𝑛 [𝑖] (𝑦)/𝑡𝑛 [ 𝑗] (𝑥), 𝛼
)
, 𝑛 ∉ △𝛼;(

𝑡𝑛 [𝑖] (𝑦)/𝑠𝑛 [ 𝑗] (𝑥), 𝛼
)
, 𝑛 ∈ △𝛼,

𝑠𝑛 [𝑘]
(
((𝑥, 𝑝, 𝑦), 𝛼)

)
:={ (

𝑠𝑛 [𝑖] (𝑥), 𝑝, 𝑠𝑛 [ 𝑗] (𝑦), 𝛼
)
, 𝑛 ∉ △𝛼;(

𝑡𝑛 [𝑖] (𝑥), 𝑝, 𝑡𝑛 [ 𝑗] (𝑦), 𝛼
)
, 𝑛 ∈ △𝛼,

𝑡𝑛 [𝑘]
(
((𝑥, 𝑝, 𝑦), 𝛼)

)
:={ (

𝑡𝑛 [𝑖] (𝑥), 𝑝, 𝑡𝑛 [ 𝑗] (𝑦), 𝛼
)
, 𝑛 ∉ △𝛼;(

𝑠𝑛 [𝑖] (𝑥), 𝑝, 𝑠𝑛 [ 𝑗] (𝑦), 𝛼
)
, 𝑛 ∈ △𝛼,

for every 0 ≤ 𝑝 < 𝑛 and ((𝑥, 𝑝, 𝑦), 𝛼) ∈
𝑀𝑛+1 [𝑘]. Then set 𝑀𝑛+1 :=

⋃
𝑘∈N

𝑀𝑛+1 [𝑘],
𝑠𝑛𝑀 :=

⋃
𝑘∈N

𝑠𝑛 [𝑘], and 𝑡𝑛𝑀 :=
⋃
𝑘∈N

𝑡𝑛 [𝑘]. So

𝑀 := 𝑀0
𝑠0𝑀
⇔
𝑡0𝑀

𝑀1
𝑠1𝑀
⇔
𝑡1𝑀

· · ·
𝑠𝑛−1𝑀

⇔
𝑡𝑛−1𝑀

𝑀𝑛
𝑠𝑛𝑀
⇔
𝑡𝑛𝑀

· · ·

becomes an 𝜔-globular set. Furthermore,
we define the following operations

1. 𝜄𝑛𝑀 : 𝑀𝑛 → 𝑀𝑛+1 by 𝜄𝑛𝑀 (𝑥) := (𝑥, 𝑛)
for each 𝑛 ∈ N0 and 𝑥 ∈ 𝑀𝑛,

2. ◦𝑛𝑝 : 𝑀𝑛 ×𝑝 𝑀𝑛 → 𝑀𝑛 by 𝑥 ◦𝑛𝑝 𝑦 :=
(𝑥, 𝑝, 𝑦) for any 0 ≤ 𝑝 < 𝑛 ∈ N and
(𝑥, 𝑦) ∈ 𝑀𝑛 ×𝑝 𝑀𝑛, and

3. ∗𝑛𝛼 : 𝑄𝑛 → 𝑄𝑛 by 𝑥 ↦→ (𝑥, 𝛼) for
every 𝑛 ∈ N0 and 𝛼 ⊆ N0

so that the quadruple (𝑀, ◦, 𝜄, ∗) becomes a
reflexive self-dual globular 𝜔-magma.

Next, we construct a new globular
cone ℳ from ℰ as follows. We first let
ℰ̂ := {(𝑤, 𝛼) | 𝑤 ∈ ℰ, 𝛼 ∈ Γ} and define
ℰ̂𝑛 :=

{(
𝑛, (𝑥, 𝛼)

) �� 𝑥 ∈ 𝑀𝑛, 𝛼 ∈ Γ
}
for any

𝑛 ∈ N0. Then we setℳ[1] := ℰ̂ ∪ ⋃
𝑛∈N0

ℰ̂𝑛.

For each 𝑞 ∈ N0, we can define the source
𝑠̂𝑞 [1] : ℳ[1] → 𝑀𝑞 by 𝑠̂𝑞 [1]

(
(𝑥, 𝛼)

)
:=

(
𝑠𝑞
ℰ
(𝑥), 𝛼

)
, 𝑥 ∈ ℰ, 𝑞 ∉ △𝛼;(

𝑡𝑞
ℰ
(𝑥), 𝛼

)
, 𝑥 ∈ ℰ, 𝑞 ∈ △𝛼;(

𝑠𝑞𝑀 · · · 𝑠𝑘−1𝑀 (𝑦), 𝛼
)
, (𝑥, 𝛼) =

(
𝑘, (𝑦, 𝛼)

)
,

𝑦 ∈ 𝑀𝑘 , 𝑘 ≥ 𝑞 ∉ △𝛼;(
𝑡𝑞𝑀 · · · 𝑡𝑘−1𝑀 (𝑦), 𝛼

)
, (𝑥, 𝛼) =

(
𝑘, (𝑦, 𝛼)

)
,

𝑦 ∈ 𝑀𝑘 , 𝑘 ≥ 𝑞 ∈ △𝛼;
((((𝑧, 𝑘), 𝛽), 𝑞 − 1), 𝛾), 𝑧 ∈ 𝑀𝑘 , 𝑘 < 𝑞,

(𝑥, 𝛼) = (𝑞 − 1, ((𝑧, 𝑘), 𝛽), 𝛾),
while the target 𝑡̂𝑞 [1] : ℳ[1] → 𝑀𝑞 can
be defined in a similar fashion. Assume
ℳ[𝑘] and, 𝑠̂𝑞 [𝑘], 𝑡̂𝑞 [𝑘] : ℳ[𝑘] → 𝑀𝑞,
for all 𝑞 ∈ N0, are constructed for any
𝑘 = 1, 2, . . . , 𝑛 − 1. Next, we letℳ[𝑛] :=
∞⋃
𝑝=0

{
((𝑥, 𝑝, 𝑦), 𝛼)

�� 𝛼 ∈ Γ, 𝑥 ∈ ℳ[𝑖], 𝑦 ∈

ℳ[ 𝑗], 𝑖+ 𝑗 = 𝑛, 𝑠̂𝑝 [𝑖] (𝑥) = 𝑡̂ 𝑝 [ 𝑗] (𝑦)
}
and

the source function 𝑠̂𝑞 [𝑛] : ℳ[𝑛] → 𝑀𝑞

is then defined by 𝑠̂𝑞 [𝑛]
(
(𝑥, 𝑝, 𝑦), 𝛼

)
:=

(
𝑠̂𝑞 [𝑖] (𝑥), 𝑝, 𝑠̂𝑞 [ 𝑗] (𝑦), 𝛼

)
, 𝑝 < 𝑞 ∉ △𝛼;(

𝑡̂𝑞 [𝑖] (𝑥), 𝑝, 𝑡̂𝑞 [ 𝑗] (𝑦), 𝛼
)
, 𝑝 < 𝑞 ∈ △𝛼;(

𝑠̂𝑞 [ 𝑗] (𝑦), 𝛼
)
, 𝑝 ≥ 𝑞 ∉ △𝛼;(

𝑡̂𝑞 [𝑖] (𝑥), 𝛼
)
, 𝑝 ≥ 𝑞 ∈ △𝛼,

for every
(
(𝑥, 𝑝, 𝑦), 𝛼

)
∈ ℳ[𝑛] such that
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𝑥 ∈ ℳ[𝑖], 𝑦 ∈ ℳ[ 𝑗] with 𝑖 + 𝑗 = 𝑛.
The target 𝑠̂𝑞 [𝑛] : ℳ[𝑛] → 𝑀𝑞 can be
similarly constructed. In this way, we can
define ℳ :=

⋃
𝑛∈N

ℳ[𝑛], 𝑠𝑞
ℳ

:=
⋃
𝑛∈N

𝑠̂𝑞 [𝑛],

and 𝑡𝑞
ℳ

:=
⋃
𝑛∈N

𝑡̂𝑞 [𝑛]. This implies that ℳ

is a globular cone over 𝑀 . Additionally,
we define the operations

1. 𝜄𝑛
ℳ

: 𝑀𝑛 → ℳ by 𝑥 ↦→ (𝑛, (𝑥,∅))
for every 𝑛 ∈ N0 and 𝑥 ∈ 𝑄𝑛,

2. ◦𝑝 : ℳ ×𝑝 ℳ → ℳ by 𝑥 ◦𝑝 𝑦 :=
(𝑥, 𝑝, 𝑦) for all 𝑝 ∈ N0 and (𝑥, 𝑦) ∈
ℳ ×𝑝 ℳ, and

3. ∗𝛼 : ℳ → ℳ by 𝑥 ↦→ (𝑥, 𝛼) for
each 𝑥 ∈ ℳ and 𝛼 ∈ Γ.

It follows that (ℳ, ◦, 𝜄, ∗) is a reflexive self-
dual globular-cone 𝜔-magma over 𝑀 .

Ultimately, we verify its universal
factorization property. Observe that there
exists a morphism Ξ : ℰ → ℳ given by
𝑥 ↦→ (𝑥,∅) for every 𝑥 ∈ ℰ. Suppose that
(𝒩, ◦̄, 𝜄̄, ∗̄) is a reflexive self-dual globular-
cone 𝜔-magma and Φ : ℰ → 𝒩 is a
morphism of globular cones. There exists
a unique morphism of reflexive self-dual
globular-cone 𝜔-magmas Ψ : ℳ → 𝒩

satisfying the property Φ = Ψ ◦ Ξ which
can be defined on simple cells as follows:
for all 𝑤 ∈ ℰ, 𝑛 ∈ N0, 𝑥 ∈ 𝑄𝑛, 0 ≤
𝑝 < 𝑛, ((𝑦, 𝑝, 𝑧), 𝛼) ∈ ℳ ×𝑝 ℳ and
𝛼 = (𝛼1, . . . , 𝛼𝑚) ∈ Γ,

Ψ(𝑤,∅) := Φ(𝑤)∗̄∅ ,
Ψ(𝑥, 𝑛) := 𝜄̄𝑛𝑁 (𝜙𝑛 (𝑥)),
Ψ(𝑛, 𝑥) := 𝜄̄𝑛𝒩 (𝜙𝑛 (𝑥)),
Ψ(𝑤, 𝛼) := Φ(𝑤)∗̄𝛼1 · · ·∗̄𝛼𝑚 ,

Ψ(𝑦, 𝑝, 𝑧) := Φ(𝑦)◦̄𝑝Φ(𝑧).

ℳ
Ψ // 𝒩

ℰ

Ξ

OO

Φ

>>||||||||

As a consequence, the pair
(
(ℳ, ◦, 𝜄, ∗),Ξ

)
is a free reflexive self-dual globular-cone
𝜔-magma over the globular coneℰ. □

3.3 Strict Involutive Globular-cone
Higher Categories

The cone version of a strict invo-
lutive globular 𝜔-category is introduced
through a reflexive self-dual globular-cone
𝜔-magma satisfying a number of analogous
axioms. This section aims to prove the ex-
istence of a free strict involutive globular-
cone 𝜔-category over a provided globular
cone.

Definition 3.18. A strict involutive
globular-cone 𝜔-category (𝒞, ◦, 𝜄, ∗) is a
reflexive self-dual globular-cone 𝜔-magma
(𝒞, ◦, 𝜄, ∗) satisfying the properties:

1. 𝑥 ◦𝑝 (𝑦 ◦𝑝 𝑧) = (𝑥 ◦𝑝 𝑦) ◦𝑝 𝑧 when
(𝑥, 𝑦), (𝑦, 𝑧) ∈ 𝒞 ×𝑝 𝒞 and 𝑝 ∈ N0,

2. 𝜄𝑛−1
𝒞

· · · 𝜄𝑝𝑄𝑡
𝑝
𝑄 · · · 𝑡𝑛−1

𝒞
(𝑥) ◦𝑝 𝑥 = 𝑥 and

𝑥 ◦𝑝 𝜄𝑛−1𝒞
· · · 𝜄𝑝𝑄𝑠

𝑝
𝑄 · · · 𝑠𝑛−1

𝒞
(𝑥) = 𝑥 for

every 0 ≤ 𝑝 < 𝑛 and 𝑥 ∈ 𝒞,

3. 𝜄𝑛
𝒞
(𝑥) ◦𝑝 𝜄𝑛𝒞 (𝑦) = 𝜄𝑛

𝒞
(𝑥 ◦𝑛𝑝 𝑦) for each

0 ≤ 𝑝 < 𝑛 with (𝑥, 𝑦) ∈ 𝑄𝑛 ×𝑝 𝑄
𝑛,

4. (𝑥◦𝑝 𝑦)◦𝑞 (𝑤◦𝑝 𝑧) = (𝑥◦𝑞𝑤)◦𝑝 (𝑦◦𝑞
𝑧) for any (𝑥, 𝑦), (𝑤, 𝑧) ∈ 𝒞 ×𝑝 𝒞,
(𝑥, 𝑤), (𝑦, 𝑧) ∈ 𝒞 ×𝑞 𝒞, 0 ≤ 𝑞 < 𝑝,

5. (𝑥∗𝛼)∗𝛼 = 𝑥 and (𝑥∗𝛼)∗𝛽 = (𝑥∗𝛽 )∗𝛼
for every 𝑥 ∈ 𝒞 and 𝛼, 𝛽 ⊆ N0,

6. (𝑥 ◦𝑝 𝑦)∗𝛼 =

{
𝑥∗𝛼 ◦𝑝 𝑦∗𝛼 , 𝑝 ∉ 𝛼;
𝑦∗𝛼 ◦𝑝 𝑥∗𝛼 , 𝑝 ∈ 𝛼,

if 𝛼 ⊆ N0 ∋ 𝑝 and (𝑥, 𝑦) ∈ 𝒞 ×𝑝 𝒞,

7. 𝜄𝑛
ℳ
(𝑥∗𝑛𝛼) = 𝜄𝑛

ℳ
(𝑥)∗𝛼 for each 𝑛 ∈ N0,

𝛼 ⊆ N0, and 𝑥 ∈ 𝑄𝑛.

Proposition 3.19. There exists a cate-
gory of strict involutive globular-cone 𝜔-
categories.
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The upcoming theorem ensures that
a strict involutive globular-cone𝜔-category
can be ”freely” constructed from a given
globular cone. Before doing so, we intro-
duce the notion of a congruence in a reflex-
ive self-dual globular-cone 𝜔-magma.

Definition 3.20. A congruence in a re-
flexive self-dual globular-cone 𝜔-magma
(ℳ, ◦, 𝜄ℳ, ∗) is a reflexive self-dual
globular-cone 𝜔-magma (ℛ,⋄, 𝜄ℛ,★) such
that ℛ𝑛 ⊆ ℳ𝑛 × ℳ𝑛 is an equivalence
relation for each 𝑛 ∈ N with the properties:

1. (𝑥, 𝑦) ∈ ℛ implies
(
𝑠𝑛
ℛ
(𝑥), 𝑠𝑛

ℛ
(𝑦)

)
,(

𝑡𝑛
ℛ
(𝑥), 𝑡𝑛

ℛ
(𝑦)

)
∈ ℛ for any 𝑛 ∈ N0,

2. (𝑥1, 𝑦1) ⋄𝑝 (𝑥2, 𝑦2) =
(
𝑥1 ◦𝑝 𝑥2, 𝑦1 ◦𝑝

𝑦2
)
whenever these composites exist,

3. (𝑥, 𝑦)★𝛼 = (𝑥∗𝛼 , 𝑦∗𝛼) for every 𝛼 ∈ Γ
and (𝑥, 𝑦) ∈ ℛ, and

4. 𝜄𝑛
ℛ
(𝑥, 𝑦) = (𝜄𝑛

ℳ
(𝑥), 𝜄𝑛

ℳ
(𝑦)) for each

𝑛 ∈ N0 and (𝑥, 𝑦) ∈ 𝑅𝑛 × 𝑅𝑛.

Next proposition asserts that a quo-
tient of a reflexive self-dual globular-cone
𝜔-magma by its congruence is a reflexive
self-dual globular-cone 𝜔-magma and the
quotient map becomes a morphism of re-
flexive self-dual globular-cone 𝜔-magmas.

Proposition 3.21. Let ℛ be a congruence
in a reflexive self-dual globular-cone 𝜔-
magma (ℳ, ◦, 𝜄ℳ, ∗). Then the family of
quotient sets ℳ/ℛ := (ℳ𝑛/ℛ𝑛)𝑛∈N0 be-
comes a reflexive self-dual globular-cone
𝜔-magma (ℳ/ℛ,⋄, 𝜄ℳ/ℛ,★) in which

𝑠ℳ/ℛ( [𝑥]) := [𝑠ℳ (𝑥)]
𝑡ℳ/ℛ( [𝑥]) := [𝑡ℳ (𝑥)]
[𝑥] ⋄𝑝 [𝑦] := [𝑥 ◦𝑝 𝑦]
𝜄ℳ/ℛ( [𝑥]) := [𝜄ℳ (𝑥)]

[𝑥]★𝛼 := [𝑥∗𝛼]

whenever the operations can be performed.
Furthermore, the quotient map Π : ℳ →
ℳ/ℛ, defined by 𝑥 ↦→ [𝑥] for all 𝑥 ∈ ℳ, is
a morphism of reflexive self-dual globular-
cone 𝜔-magmas.

Theorem 3.22. A free strict involutive
globular-cone 𝜔-category over a globular
cone exists.

Proof. Assume that (ℳ,Ξ) is the free re-
flexive self-dual globular-cone 𝜔-magma
over the given globular coneℰ established
in Theorem 3.17. Construct the smallest
congruence ℛ in ℳ generated by all the
pairs of terms contained in the expressions
in Definition 3.18 as follows. Let us denote
by𝒳 the following union{(

(𝑥 ◦𝑝 𝑦) ◦𝑝 𝑧, 𝑥 ◦𝑝 (𝑦 ◦𝑝 𝑧)
) ��

(𝑥, 𝑦), (𝑦, 𝑧) ∈ ℳ ×𝑝 ℳ, 𝑝 ∈ N0

}
∪

{
(𝜄𝑛−1ℳ · · · 𝜄𝑝𝑄𝑡

𝑝
𝑄 · · · 𝑡𝑛−1ℳ (𝑥) ◦𝑝 𝑥, 𝑥)�� 𝑥 ∈ ℳ, 0 ≤ 𝑝 < 𝑛 ∈ N

}
∪

{
(𝑥 ◦𝑝 𝜄𝑛−1ℳ · · · 𝜄𝑝𝑄𝑠

𝑝
𝑄 · · · 𝑠𝑛−1ℳ (𝑥), 𝑥)�� 𝑥 ∈ ℳ, 0 ≤ 𝑝 < 𝑛 ∈ N

}
∪

{(
𝜄𝑛ℳ (𝑥 ◦𝑛𝑝 𝑦), 𝜄𝑛ℳ (𝑥) ◦𝑝 𝜄𝑛ℳ (𝑦)

) ��
(𝑥, 𝑦) ∈ 𝑄𝑛 ×𝑝 𝑄

𝑛, 0 ≤ 𝑝 < 𝑛
}

∪
{(
(𝑦′ ◦𝑝 𝑦) ◦𝑞 (𝑥 ′ ◦𝑝 𝑥),

(𝑦′ ◦𝑞 𝑥 ′) ◦𝑝 (𝑦 ◦𝑞 𝑥)
) �� 0 ≤ 𝑞 < 𝑝

(𝑦′, 𝑦), (𝑥 ′, 𝑥) ∈ ℳ ×𝑝 ℳ,

(𝑦′, 𝑥 ′), (𝑦, 𝑥) ∈ ℳ ×𝑞 ℳ
}

∪
{(
(𝑥∗𝛼)∗𝛼 , 𝑥)

�� 𝑥 ∈ ℳ, 𝛼 ⊆ N0

}
∪

{(
(𝑥∗𝛼)∗𝛽 , (𝑥∗𝛽 )∗𝛼

) �� 𝛼, 𝛽 ⊆ N0,

𝑥 ∈ ℳ
}
∪
{(
𝜄𝑛ℳ (𝑥∗𝑛𝛼), (𝜄𝑛ℳ (𝑥))∗𝛼

)�� 𝑛 ∈ N0, 𝑥 ∈ 𝑄𝑛, 𝛼 ⊆ N0

}
∪

{(
(𝑥 ◦𝑝 𝑦)∗𝛼 , 𝑥∗𝛼 ◦𝑝 𝑦∗𝛼

) �� 𝑝 ∈ N0,

(𝑥, 𝑦) ∈ ℳ ×𝑝 ℳ, 𝑝 ∉ 𝛼 ⊆ N0}
∪

{(
(𝑥 ◦𝑝 𝑦)∗𝛼 , 𝑦∗𝛼 ◦𝑝 𝑥∗𝛼

) �� 𝑝 ∈ N0,

(𝑥, 𝑦) ∈ ℳ ×𝑝 ℳ, 𝑝 ∈ 𝛼 ⊆ N0}
∪

{(
𝜄𝑛ℳ (𝑥) ◦𝑝 𝜄𝑛ℳ (𝑦), 𝜄𝑛ℳ (𝑥 ◦𝑛𝑝 𝑦)

) ��
20
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0 ≤ 𝑝 < 𝑛 ∈ N, (𝑥, 𝑦) ∈ 𝑄𝑛 ×𝑝 𝑄
𝑛
}

Then we take the quotient reflexive self-
dual globular-cone 𝜔-magmaℳ/ℛ. Since
𝒳 ⊆ ℛ, ℳ/ℛ becomes a strict involutive
globular-cone 𝜔-category.

Finally, the universal factorization
property is verified: suppose that 𝒞 is a
strict involutive globular-cone 𝜔-category
and Φ : ℰ → 𝒞 is a morphism of glob-
ular cones. Since (ℳ,Ξ) is the free re-
flexive self-dual globular-cone 𝜔-magmas,
there exitsts a unique morphism of reflex-
ive self-dual globular-cone 𝜔-magmas Ψ :
ℳ → 𝒞 such thatΦ = Ψ ◦Ξ. Observe that

ℛΨ := {(𝑥, 𝑦) ∈ ℳ ×ℳ | Ψ(𝑥) = Ψ(𝑦)}

is naturally a congruence in ℳ. Holding
true 𝒳 ⊆ ℛΨ implies that ℳ/ℛΨ is a
strict involutive globular-cone 𝜔-category.
The map Ψ̃ : ℳ/ℛΨ → 𝒞, defined by
Ψ̃
(
[𝑥]Ψ

)
:= Ψ(𝑥) for every 𝑥 ∈ ℳ, is the

unique morphism such that Ψ̃ ◦ 𝜋Ψ = Ψ,
where 𝜋Ψ : ℳ → ℳ/ℛΨ is defined by
𝜋Ψ(𝑥) := [𝑥]Ψ for any 𝑥 ∈ ℳ. Since ℛ

is the smallest congruence containing 𝒳,
ℛ ⊆ ℛΨ and so Θ : ℳ/ℛ → ℳ/ℛΨ,
defined byΘ([𝑥]) := [𝑥]Ψ for all 𝑥 ∈ ℳ, is
the unique morphism such that 𝜋Ψ = Θ ◦ 𝜋.
Therefore, Ψ̃◦Θ : ℳ/ℛ → 𝒞 is the unique
morphism of strict involutive globular-cone
𝜔-categories satisfying the assertions:

Φ = Ψ ◦ Ξ = Ψ̃ ◦ 𝜋Ψ ◦ Ξ = Ψ̃ ◦ Θ ◦ 𝜋 ◦ Ξ.

ℳ/ℛ Θ // ℳ/ℛΨ
Ψ̃ // 𝒞

ℳ

Ψ

55jjjjjjjjjjjjjjjjjjjjj

𝜋

OO

ℰ

Φ

::uuuuuuuuuuuuuuuuuuuuuuuu
Ξ

OO

As a consequence, (ℳ/ℛ, 𝜋 ◦ Ξ) becomes
a free strict involutive globular-cone 𝜔-
category over the globular coneℰ. □

3.4 Involutive Weak Globular-cone
Higher Categories

Having organized all the ingredients
involved, we are now in a fit state to
define involutive weak globular-cone 𝜔-
categories. We begin with the concept of
a Penon contraction in our situation.

Definition 3.23. Letℳ be a reflexive self-
dual globular-cone 𝜔-magma,𝒞 a strict in-
volutive globular-cone 𝜔-category, and Φ :
ℳ → 𝒞 a morphism of reflexive self-dual
globular-cone 𝜔-magmas. Consider the set
𝑃𝑎𝑟Φ := {(𝑥, 𝑦) ∈ ℳ ×ℳ | Φ(𝑥) = Φ(𝑦),
𝑠𝑛
ℳ
(𝑥) = 𝑠𝑛

ℳ
(𝑦), 𝑡𝑛

ℳ
(𝑥) = 𝑡𝑛

ℳ
(𝑦)∀𝑛 ∈ N0}.

We define a Penon cone-contraction on Φ
as a map [·, ·] : 𝑃𝑎𝑟Φ → ℳ with the fol-
lowing assertions: for each (𝑥, 𝑦) ∈ 𝑃𝑎𝑟Φ,

1. 𝑠𝑛
ℳ
([𝑥, 𝑦]) = 𝑠𝑛

ℳ
(𝑥) for all 𝑛 ∈ N0,

2. 𝑡𝑛
ℳ
([𝑥, 𝑦]) = 𝑡𝑛

ℳ
(𝑦) for any 𝑛 ∈ N0,

3. Φ([𝑥, 𝑦]) = Φ(𝑥) = Φ(𝑦).

Proposition 3.24. There is a category 𝒬∗

whose objects are pairs (ℳ Φ→ 𝒞, [·, ·]),
where ℳ is a reflexive self-dual globular-
cone 𝜔-magma, 𝒞 is a strict involutive
globular-cone 𝜔-category, Φ : ℳ → 𝒞 is
a morphism of reflexive self-dual globular-
cone 𝜔-magmas, and [·, ·] is a Penon cone-
contraction on Φ, whereas its morphism(
ℳ

Φ→ 𝒞, [·, ·]1
)
→

(
𝒩

Ψ→ 𝒟, [·, ·]2
)

consists of a morphism of reflexive self-dual
globular-cone𝜔-magmasΘ : ℳ → 𝒩 and
a morphism of strict involutive globular-
cone 𝜔-categories Ω : 𝒞 → 𝒟 such
that Ω ◦ Φ = Ψ ◦ Θ and Φ

(
[𝑥, 𝑦]1

)
=

[Φ(𝑥),Φ(𝑦)]2 for any (𝑥, 𝑦) ∈ 𝑃𝑎𝑟Φ.

ℳ

Θ
��

Φ // 𝒞

Ω
��

𝒩
Ψ

// 𝒟
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Provided a globular cone, we can
construct from it a Penon cone-contraction
on a morphism from a reflexive self-dual
globular-cone 𝜔-magma to a strict involu-
tive globular-cone 𝜔-category as follows.

Theorem 3.25. A free Penon cone-
contraction on a morphism from a reflexive
self-dual globular-cone 𝜔-magma to a
strict involutive globular-cone 𝜔-category
over a given globular cone exists.

Proof. Letℰ be a globular cone over an 𝜔-
globular set 𝑄. By Theorem 3.17, we have
a free reflexive self-dual globular-cone 𝜔-
magmaℳ overℰ. Adopting the notation in
Theorem 3.22, we construct a Penon cone-
contraction (ℳ Φ→ 𝒞, [·, ·]) as follows.

Set ℳ[1] := ℰ̂ ∪
( ⋃

𝑛∈N0
ℰ̂𝑛

)
∪

𝒳[1], where 𝒳[1] := 𝒳 is the domain
of the map [·, ·]1. For each 𝑛 ∈ N0, de-
fine 𝑠𝑛

ℳ
(𝑥, 𝑦) := 𝑠𝑛

ℳ
(𝑥) and 𝑡𝑛

ℳ
(𝑥, 𝑦) :=

𝑡𝑛
ℳ
(𝑦) for every (𝑥, 𝑦) ∈ 𝒳[1]. The con-

traction map [·, ·]1 : 𝒳[1] → ℳ[1] is
defined as the inclusion 𝒳[1] ⊆ ℳ[1].
Let ℛ[1] ⊆ ℳ[1] × ℳ[1] be the con-
gruence generated by all algebraic axioms
in 𝒳[1], set 𝒞[1] := ℳ[1]/ℛ[1], and
Φ[1] : ℳ[1] → 𝒞[1] is the quotient map.
Moreover, we define Φ[1] (𝑥, 𝑦) := Φ(𝑥) =
Φ(𝑦) for any (𝑥, 𝑦) ∈ 𝒳[1].

Next, we assume that the family
ℳ[𝑘], the source and target functions
𝑠̂𝑚 [𝑘], 𝑡̂𝑚 [𝑘] : ℳ[𝑘] → 𝑀𝑚 and the con-
traction map [·, ·]𝑘 : 𝒳[𝑘] → ℳ[𝑘] have
been defined for any 𝑘 = 1, 2, . . . , 𝑛−1 and
𝑚 ∈ N0. We define the familyℳ[𝑛] :=
∞⋃
𝑝=0

{
((𝑥, 𝑝, 𝑦), 𝛼)

�� 𝛼 ∈ Γ, 𝑥 ∈ ℳ[𝑖], 𝑦 ∈

ℳ[ 𝑗], 𝑖 + 𝑗 = 𝑛, 𝑠̂𝑝 [𝑖] (𝑥) = 𝑡̂ 𝑝 [ 𝑗] (𝑦)
}
.

The source and target functions can be de-
fined as in Theorem 3.17. Let 𝒳[𝑛] ⊆
ℳ[𝑛] × ℳ[𝑛] denote the set of algebraic
axioms between arrows inℳ[𝑛]. The con-
traction map [·, ·]𝑛 : 𝒳[𝑛] → ℳ[𝑛] is,

as before, the inclusion map. Let ℛ[𝑛] ⊆
ℳ[𝑛] × ℳ[𝑛] be the congruence gen-
erated by all algebraic axioms in 𝒳[𝑛],
set 𝒞[𝑛] := ℳ[𝑛]/ℛ[𝑛], and Φ[𝑛] :
ℳ[𝑛] → 𝒞[𝑛] is the quotient map. Then
define ℳ :=

∞⋃
𝑘=1

ℳ[𝑘], 𝒞 :=
∞⋃
𝑘=1

𝒞[𝑘],

Φ :=
∞⋃
𝑘=1

Φ[𝑘], and [·, ·] :=
∞⋃
𝑘=1

[·, ·]𝑘 . Note
that𝒞 becomes a strict involutive globular-
cone 𝜔-category.

Observe that Proposition 3.21 as-
sures that the quotient map Φ : ℳ → 𝒞

immediately becomes a morphism of re-
flexive self-dual globular-cone 𝜔-magmas.
From this construction, the pair (ℳ Φ→
𝒞, [·, ·]) immediately becomes a Penon
cone-contraction. Notice also that there is
a structural morphism Λ : ℰ →

(
ℳ

Φ→
𝒞, [·, ·]

)
which is defined byΛ(𝑥) := (𝑥,∅)

for all 𝑥 ∈ ℰ. Ultimately, it remains to ex-
amine its universal factorization property.(

ℳ
Φ→ 𝒞, [·, ·]

) (Θ,Ω) // (𝒩 Ψ→ 𝒟, [·, ·] ′
)

ℰ

Λ

OO

Σ

66llllllllllllllll

Assume that
(
𝒩

Ψ→ 𝒟, [·, ·] ′
)
is

a Penon cone-contraction and Σ : ℰ →(
𝒩

Ψ→ 𝒟, [·, ·] ′
)
is a morphism of globular

cones. We must define a unique morphism
of Penon cone-contractions (Θ,Ω) :

(
ℳ

Φ→
𝒞, [·, ·]

)
→

(
𝒩

Ψ→ 𝒟, [·, ·] ′
)
satisfying the

equation Σ = Θ ◦Λ. Necessarily, we define
by induction, for each 𝑢, 𝑣, 𝑤 ∈ ℰ, 𝑛 ∈ N0,
𝑥 ∈ 𝑄𝑛, 0 ≤ 𝑝 < 𝑛, and ((𝑦, 𝑝, 𝑧), 𝛼) ∈
ℳ ×𝑝 ℳ with 𝛼 = (𝛼1, . . . , 𝛼𝑚) ∈ Γ, by

Σ(𝑤,∅) := Θ(𝑤)∗̄∅ ,
Σ(𝑥, 𝑛) := 𝜄̄𝑛𝑁 (𝜃𝑛 (𝑥)),
Σ(𝑛, 𝑥) := 𝜄̄𝑛𝒩 (𝜃𝑛 (𝑥)),
Σ(𝑤, 𝛼) := Θ(𝑤)∗̄𝛼1 · · ·∗̄𝛼𝑚 ,

22
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Σ(𝑦, 𝑝, 𝑧) := Θ(𝑦)◦̄𝑝Θ(𝑧),
Σ( [𝑢, 𝑣]) := [Σ(𝑢),Σ(𝑣)] ′.

The construction thus defined immediately
becomes the desired morphism. As a con-
sequence, the pair

( (
ℳ

Φ→ 𝒞, [·, ·]
)
,Λ

)
is

indeed a free Penon cone-contraction over
the provided globular coneℰ. □

As a consequence, the free functor
ℱ : GCone → 𝒬∗ constructed in Theorem
3.25 is left adjoint to the obvious forgetful
functor 𝒰 : 𝒬∗ → GCone. This gives rise
to the monad𝒯 = 𝒰 ◦ℱ on GCone, mak-
ing sense the desired definition.

Definition 3.26. An involutive weak
globular-cone 𝜔-category is an algebra
for the monad𝒯 = 𝒰 ◦ℱ on GCone.

Example 3.27. Strict involutive globular-
cone𝜔-categories are a particular case of an
involutive weak globular-cone 𝜔-category
of which contraction map is the identity.

Example 3.28. Globular 𝜔-spans together
with compositions (pullbacks over common
sets), identities (lifting sets), and involu-
tions (permuting source and target sets) de-
scribed in [7] are an example of involutive
weak globular-cone 𝜔-categories.

Example 3.29. Fundamental 𝜔-groupoids
Π𝜔 (𝑋) over a topological space 𝑋 dis-
cussed in [18] are a typical example of in-
volutive weak globular-cone 𝜔-categories.

4. Outlook
This paper focuses on the formu-

lation of a generalization of involutive
weak globular 𝜔-categories together
with the usual exchange property. We
may further relax such a property to
the non-commutative one to be conve-
nient for the environment of categorical
non-commutative geometry.

Regarding the shape of cells in
weak higher categories, we can investi-
gate the cone-version concepts of involu-
tive weak cubical/hybrid higher categories
using Penon’s method as well as other per-
spectives described in the introduction.

We can further scrutinize the possi-
ble notions of involutive weak𝜔-algebroids
and thus of weak 𝜔-C*-categories in either
globular, cubical, hybrid, or even globular-
cone setting whenever we can equip the for-
mer with an appropriate uniform structure
and completeness which will be a gener-
alization of the notion of strict higher C*-
categories investigated in [8].
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