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ABSTRACT
In the present manuscript, we established some results on coincidence points for two

pairs of compatible and weakly compatible mappings satisfying a generalized contraction
with a pair of partially weakly increasingmapping in ordered𝐶∗-algebra valuedmetric space.
Moreover, integral type contractions in space provide a few implications for the main result.
The result is an extension and generalization of several metric space results available.

Keywords: 𝐶∗-algebra valued metric space; Partially weakly increasing; Compatible map-
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1. Introduction and Preliminaries
One of the most important theorem

of analysis was initially presented by Ba-
nach [1], which is used widely in various
applications and fields of mathematics. It
requires a contractive condition on a self-
map that is simple to test in many situations,
the structure of complete metric space. In
essence, this concept provides a series of
approximation solutions and valuable infor-
mation about the fixed point rate of con-
vergence. A key strategy for generaliz-
ing fixed point results in metric space is
adding generalized metric space. Ma et
al. made one such attempt in [2], giv-
ing the notion of 𝐶∗-algebra valued metric

space and demonstrating some fixed point
results. Several fixed point results have
been achieved along with 𝐶∗-algebra val-
ued 𝑏-metric space (more general) as a part
of this line of investigations (see [3–21] and
references cite therein)

In the present manuscript, we estab-
lished some results on coincidence points
for two pairs of compatible and weakly
compatible mappings satisfying a gener-
alized contraction with a pair of partially
weakly increasing mapping in ordered 𝐶∗-
algebra valued metric space. Moreover, in-
tegral type contractions in space provide a
few implications for the main result. The
result is an extension and generalization of
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several metric space results available.
Throughout this work, we denote the

set of unital 𝐶∗-algebra with unity 𝐼A by A
and𝐶∗-algebra valuedmetric space by𝐶∗

𝑎𝑣-
metric space.

Definition 1.1 ([22]). A pair of self map-
pings (Γ1, Γ2) satisfying Γ1𝜍 ⪯ Γ2Γ1𝜍 and
Γ2𝜍 ⪯ Γ1Γ2𝜍 on partially ordered set ℧,
then the pair (Γ1, Γ2) is said to be weakly
increasing.

Definition 1.2 ([23]). A pair of self map-
pings (Γ1, Γ2) satisfying Γ1𝜍 ⪯ Γ2Γ1𝜍
on partially ordered set ℧, then the pair
(Γ1, Γ2) is said to be partially weakly in-
creasing.

Definition 1.3 ([24]). A pair of self map-
pings (Γ1, Γ2) with a self map Γ3 satisfying

1. Γ1(℧) ⊆ Γ3(℧) and Γ2(℧) ⊆
Γ3(℧);

2. Γ1𝜍 ⪯ Γ2𝜗 for all 𝜗 ∈ Γ−1
3 (Γ1𝜍) and

Γ2𝜍 ⪯ Γ1𝜗 for all 𝜗 ∈ Γ−1
3 (Γ2𝜍);

then the pair (Γ1, Γ2) is said to be weakly
increasing with respect to Γ3 on a partially
ordered set (℧, ⪯).

Definition 1.4 ([25]). A pair of self map-
pings (Γ1, Γ2) with a self map Γ3 satisfying

1. Γ1(℧) ⊆ Γ3(℧) and Γ2(℧) ⊆
Γ3(℧);

2. Γ1𝜍 ⪯ Γ2𝜗 for all 𝜗 ∈ Γ−1
3 (Γ1𝜍);

then the pair (Γ1, Γ2) is said to be partially
weakly increasing (PWI) with respect to Γ3
on a partially ordered set (℧, ⪯).

Definition 1.5 ([20]). Two self map-
pings Γ1 and Γ2 on 𝐶∗

𝑎𝑣-metric space
are said to be compatible if for an ar-
bitrary sequence {𝜍𝑛} ⊆ ℧ such that

lim
𝑛→∞

Γ1𝜍𝑛 = lim
𝑛→∞

Γ2𝜍𝑛 = 𝑡 ∈ ℧, then

𝑑 (Γ2Γ1𝜍𝑛, Γ1Γ2𝜍𝑛)
∥ .∥−−→ 𝜃A as 𝑛 → ∞.

Definition 1.6 ([20]). If two self mappings
Γ1 and Γ2 commute at all of their coinci-
dence points, i.e. Γ1Γ2𝜍 = Γ2Γ1𝜍 for all
𝜍 ∈ {𝜍 ∈ ℧ : Γ1𝜍 = Γ2𝜍} then Γ1 and Γ2
are called weakly compatible.

Definition 1.7 ([26]). Let (℧, ⪯) be a par-
tially ordered set. The self-mappings Γ3 is
called monotone Γ1-nondecreasing, if

Γ1𝜚 ⪯ Γ1𝜍 implies Γ3𝜚 ⪯ Γ3𝜍,

for all 𝜚, 𝜍 ∈ ℧.

Definition 1.8 ([2]). Suppose ℧ is a non-
empty set and a function 𝑑 : ℧ × ℧ → A
satisfying:

1. 𝑑 (𝜍, 𝜗) ⪰ 𝜃A and 𝑑 (𝜍, 𝜗) = 𝜃A if and
only if 𝜍 = 𝜗;

2. 𝑑 (𝜍, 𝜗) = 𝑑 (𝜗, 𝜍);

3. 𝑑 (𝜍, 𝜗) ⪯ 𝑑 (𝜍, 𝜈) + 𝑑 (𝜈, 𝜗);

for all 𝜍, 𝜗, 𝜈 ∈ ℧. Then, 𝑑 is called a 𝐶∗
𝑎𝑣-

metric and (℧,A, 𝑑) is called a 𝐶∗
𝑎𝑣-metric

space.

Definition 1.9 ([2]). Let (℧,A, 𝑑) be a
𝐶∗
𝑎𝑣-metric space, 𝜍 ∈ ℧ and {𝜍𝑛} be a se-

quence in ℧. Then,

1. {𝜍𝑛} converges to 𝜍 with respect
to A, whenever for every 𝜖 > 0
there is a natural number N such that
∥𝑑 (𝜍𝑛, 𝜍)∥ ≤ 𝜖 for all 𝑛 ≥ 𝑁;

2. {𝜍𝑛} is a Cauchy sequence with re-
spect to A, whenever for every 𝜖 > 0
there is a natural number N such that
∥𝑑 (𝜍𝑛, 𝜍𝑚)∥ ≤ 𝜖 for all 𝑛, 𝑚 ≥ 𝑁;

3. (℧,A, 𝑑) is said to be complete with
respect to A, if every Cauchy se-
quence converges to a point 𝜍 ∈ ℧
with respect to A.
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2. Main Result
In this section, we prove some coin-

cidence point theorems in the framework of
an ordered 𝐶∗

𝑎𝑣-metric space.

Definition 2.1. Let ℧ be a nonempty set.
Then, (℧,A, 𝑑, ⪯) is called a partially or-
dered 𝐶∗

𝑎𝑣-metric space if and only if 𝑑 is a
𝐶∗
𝑎𝑣-metric on a partially ordered set (℧, ⪯

).

Theorem 2.2. Consider four self mappings
Γ1, Γ2, Γ3, and Γ4 on℧ in ordered complete
𝐶∗
𝑎𝑣-metric space (℧,A, 𝑑, ⪯) satisfying:

1. Γ1(℧) ⊆ Γ3(℧) and Γ2(℧) ⊆
Γ4(℧);

2. Γ3𝜗 and Γ4𝜍 are comparable ele-
ments for all 𝜍, 𝜗 ∈ ℧;

3. for some 𝛼, 𝛽, 𝛾, 𝛿, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛼 + 𝛽 + 2(𝛾 + 𝛿) + 𝜆 ⪯ 𝐼A,
we have

𝑑 (Γ1𝜍, Γ2𝜗) ⪯ 𝛼

𝑑 (Γ1𝜍, Γ4𝜍)(1 + 𝑑 (Γ2𝜗, Γ3𝜗))
1 + 𝑑 (Γ1𝜍, Γ2𝜗)

+𝛽 𝑑 (Γ1𝜍, Γ4𝜍)𝑑 (Γ2𝜗, Γ3𝜗)
𝑑 (Γ4𝜍, Γ3𝜗)

+𝛾(𝑑 (Γ1𝜍, Γ4𝜍)
+𝑑 (Γ2𝜗, Γ3𝜗))
+𝛿(𝑑 (Γ1𝜍, Γ3𝜗)
+𝑑 (Γ4𝜍, Γ2𝜗))
+𝜆𝑑 (Γ4𝜍, Γ3𝜗); (2.1)

4. the pairs (Γ1, Γ4) and (Γ2, Γ3) are
compatible and continuous;

5. the pairs (Γ1, Γ2) and (Γ2, Γ1) satis-
fying PWI with respect to Γ3 and Γ4.

Then, the pairs (Γ1, Γ4) and (Γ2, Γ3) have
a coincidence point 𝜛 in ℧. Moreover, if
Γ3𝜛A and Γ4𝜛A are comparable, then 𝜛A

is a coincidence point of Γ1, Γ2, Γ3 and Γ4.

Proof. Let 𝜍0 ∈ ℧ be an arbitrary point.
Since, Γ1(℧) ⊆ Γ3(℧) and Γ2(℧) ⊆
Γ4(℧), one can find 𝜍1, 𝜍2 ∈ ℧ such that
Γ1𝜍0 = Γ3𝜍1 and Γ2𝜍1 = Γ4𝜍2 . Contin-
uing this process, we construct a sequence
{𝜛𝑛} defined by

𝜛2𝑛+1 = Γ1𝜍2𝑛 = Γ3𝜍2𝑛+1
and 𝜛2𝑛+2 = Γ2𝜍2𝑛+1 = Γ4𝜍2𝑛+2.

Since, 𝜍1 ∈ Λ−1
A (Γ1𝜍0), 𝜍2 ∈ Γ−1

A (Γ2𝜍1)
and the pairs (Γ2, Γ1) & (Γ1, Γ2) are par-
tially weakly increasing with respect to Γ3
and Γ4 respectively. Therefore, we have

Γ3𝜍1 = Γ1𝜍0 ⪯ Γ2𝜍1 = Γ4𝜍2,

⇒ 𝜛1 ⪯ 𝜛2;

Γ2𝜍1 = Γ4𝜍2 ⪯ Γ1𝜍2 = Γ3𝜍3,

⇒ 𝜛2 ⪯ 𝜛3;

Γ1𝜍2 = Γ3𝜍3 ⪯ Γ2𝜍3 = Γ4𝜍4,

⇒ 𝜛3 ⪯ 𝜛4.

Repeating this process, we get 𝜛2𝑛+1 ⪯
𝜛2𝑛+2 for all 𝑛 ≥ 0.
Define 𝑑𝑛 = 𝑑 (𝜛𝑛, 𝜛𝑛+1). Suppose that
𝑑2𝑛 = 𝜃A i.e. 𝑑 (𝜛2𝑛, 𝜛2𝑛+1) = 𝜃A for some
𝑛. Then, Γ1𝜍2𝑛 = Γ3𝜍2𝑛+1 = Γ2𝜍2𝑛−1 =
Γ4𝜍2𝑛. Thus, Γ1 and Γ4 have coincidence
points. Hence the result. Now, suppose
that 𝑑2𝑛 ≻ 𝜃A for all 𝑛 ∈ N. Substituting
𝜍 = 𝜛2𝑛+1 and 𝜗 = 𝜛2𝑛+2, we have

𝑑 (𝜛2𝑛+1, 𝜛2𝑛+2) =
𝑑 (Γ1𝜍2𝑛, Γ2𝜍2𝑛+1)
⪯ 𝛼𝑑 (Γ1𝜍2𝑛, Γ4𝜍2𝑛)
(1 + 𝑑 (Γ2𝜍2𝑛+1, Γ3𝜍2𝑛+1))/
1 + 𝑑 (Γ1𝜍2𝑛, Γ2𝜍2𝑛+1)
+𝛽𝑑 (Γ1𝜍2𝑛, Γ4𝜍2𝑛)
𝑑 (Γ2𝜍2𝑛+1, Γ3𝜍2𝑛+1)/
𝑑 (Γ4𝜍2𝑛, Γ3𝜍2𝑛+1)
+𝛾

(
𝑑 (Γ1𝜍2𝑛, Γ4𝜍2𝑛)

+𝑑 (Γ2𝜍2𝑛+1, Γ3𝜍2𝑛+1)
)
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+𝛿
(
𝑑 (Γ1𝜍2𝑛, Γ3𝜍2𝑛+1)

+𝑑 (Γ4𝜍2𝑛, Γ2𝜍2𝑛+1)
)

+𝜆𝑑 (Γ4𝜍2𝑛, Γ3𝜍2𝑛+1)
= 𝛼𝑑 (𝜛2𝑛+1, 𝜛2𝑛)
(1 + 𝑑 (𝜛2𝑛+2, 𝜛2𝑛+1))/
1 + 𝑑 (𝜛2𝑛+1, 𝜛2𝑛+2)
+𝛽𝑑 (𝜛2𝑛+1, 𝜛2𝑛)
𝑑 (𝜛2𝑛+2, 𝜛2𝑛+1)/
𝑑 (𝜛2𝑛, 𝜛2𝑛+1)
+𝛾

(
𝑑 (𝜛2𝑛+1, 𝜛2𝑛)

+𝑑 (𝜛2𝑛+2, 𝜛2𝑛+1)
)

+𝛿
(
𝑑 (𝜛2𝑛+1, 𝜛2𝑛+1)

+𝑑 (𝜛2𝑛, 𝜛2𝑛+2)
)

+𝜆𝑑 (𝜛2𝑛, 𝜛2𝑛+1)
𝑑2𝑛+1 ⪯ 𝛼𝑑2𝑛 + 𝛽𝑑2𝑛+1

+𝛾(𝑑2𝑛 + 𝑑2𝑛+1)
+𝛿(𝑑2𝑛 + 𝑑2𝑛+1) + 𝜆𝑑2𝑛

(𝐼A − (𝛽 + 𝛾 + 𝛿)𝑑2𝑛+1
⪯ (𝛼 + 𝛾 + 𝛿 + 𝜆)𝑑2𝑛

𝑑2𝑛+1 ⪯ (𝛼 + 𝛾 + 𝛿 + 𝜆)
(𝐼A − (𝛽 + 𝛾 + 𝛿) 𝑑2𝑛

𝑑2𝑛+1 ⪯ ℎ𝑑2𝑛,

where ℎ = (𝛼+𝛾+𝛿+𝜆)
(𝐼A−(𝛽+𝛾+𝛿 ) with ∥ℎ∥ ≤ 1. On

the same argument, we can conclude that
𝑑2𝑛 ⪯ ℎ𝑑2𝑛−1, 𝑑2𝑛−1 ⪯ ℎ𝑑2𝑛−2 and so
on. In general, we have 𝑑𝑛 ⪯ ℎ𝑑𝑛−1 for
all 𝑛 ∈ N i.e

𝑑 (𝜛𝑛, 𝜛𝑛+1) ⪯ ℎ𝑑 (𝜛𝑛−1, 𝜛𝑛)
⪯ ℎ2𝑑 (𝜛𝑛−2, 𝜛𝑛−1)

. . .

⪯ ℎ𝑛𝑑 (𝜛0, 𝜛1).

For any 𝑝 ∈ N, we get

𝑑 (𝜛𝑛+𝑝, 𝜛𝑛) ⪯ 𝑑 (𝜛𝑛+𝑝, 𝜛𝑛+𝑝−1)
+𝑑 (𝜛𝑛+𝑝−1, 𝜛𝑛+𝑝−2)
+ . . . + 𝑑 (𝜛𝑛+1, 𝜛𝑛)

⪯ ℎ𝑛+𝑝−1𝑑 (𝜛0, 𝜛1) + ℎ𝑛+𝑝−2

𝑑 (𝜛0, 𝜛1) + . . . + ℎ𝑛𝑑 (𝜛0, 𝜛1)
= ℎ𝑛𝑑 (𝜛0, 𝜛1)(1 + ℎ + ℎ2 + . . . + ℎ𝑝−1)

= ℎ𝑛𝑑 (𝜛0, 𝜛1)
1 − ℎ𝑝

1 − ℎ
.

Taking the limit as 𝑛 → ∞ with the norm
on both sides, we get

∥𝑑 (𝜛𝑛+𝑝, 𝜛𝑛)∥ ≤ ∥ℎ∥𝑛∥𝛽∥




1 − ℎ𝑝

1 − ℎ






→ 0 as 𝑛 → ∞,

where ∥𝛽∥ = 𝑑 (𝜛0, 𝜛1). Hence, {𝜛𝑛} is a
Cauchy sequence in (℧,A, 𝑑).
Now, we prove that Γ1, Γ2, Γ3 and Γ4 have
a coincidence point.
Since, {𝜛𝑛} is a Cauchy sequence in a com-
plete 𝐶∗

𝑎𝑣-metric space. Therefore, there
exists 𝜛 ∈ ℧ such that

lim
𝑛→∞

∥𝑑 (𝜛2𝑛+1, 𝜛)∥ =
lim
𝑛→∞

∥𝑑 (Γ3𝜍2𝑛+1, 𝜛)∥
= lim

𝑛→∞
∥𝑑 (Γ1𝜍2𝑛, 𝜛)∥ = 0

and

lim
𝑛→∞

∥𝑑 (𝜛2𝑛, 𝜛)∥ =
lim
𝑛→∞

∥𝑑 (Γ4𝜍2𝑛, 𝜛)∥
= lim

𝑛→∞
∥𝑑 (Γ2𝜍2𝑛−1, 𝜛)∥ = 0.

Hence,

Γ4𝜍2𝑛 → 𝜛 and Γ1𝜍2𝑛 → 𝜛 as 𝑛 → ∞.

Since, the pair (Γ1, Γ4) is compatible, there-
fore

lim
𝑛→∞

∥𝑑 (Γ4Γ1𝜍2𝑛, Γ1Γ4𝜍2𝑛)∥ = 0.

Moreover, from lim
𝑛→∞

∥𝑑 (Γ1𝜍2𝑛, 𝜛)∥ = 0,
lim
𝑛→∞

∥𝑑 (Γ4𝜍2𝑛, 𝜛)∥ = 0 and the continuity
of Γ1 and Γ4, we get

lim
𝑛→∞

∥𝑑 (Γ4Γ1𝜍2𝑛, Γ4𝜛)∥ = 0
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= lim
𝑛→∞

∥𝑑 (Γ1Γ4𝜍2𝑛, Γ1𝜛)∥.

Now,

∥𝑑 (Γ4𝜛, Γ1𝜛)∥
≤ ∥𝑑 (Γ4𝜛, Γ4Γ1𝜍2𝑛)∥

+∥𝑑 (Γ4Γ1𝜍2𝑛, Γ1𝜛)∥
≤ ∥𝑑 (Γ4𝜛, Γ4Γ1𝜍2𝑛)∥

+∥𝑑 (Γ4Γ1𝜍2𝑛, Γ1Γ4𝜍2𝑛)∥
+∥𝑑 (Γ1Γ4𝜍2𝑛, Γ1𝜛)∥. (2.2)

Taking limit as 𝑛 → ∞ in Eq. (2.2), we get

∥𝑑 (Γ4𝜛, Γ1𝜛)∥ ≤ 0.

Thus, Γ1𝜛 = Γ4𝜛 i.e. 𝜛 is a coincidence
point of the pair (Γ1, Γ4).
Similarly, it can be proved that Γ2𝜛 = Γ3𝜛
i.e. 𝜛 is a coincidence point of the pair
(Γ2, Γ3).

We have to prove that 𝜛 is a common
coincidence point of the mappings. Let
Γ3𝜛 and Γ4𝜛 are comparable. By Eq.
(2.1), we have

𝑑 (Γ1𝜛, Γ2𝜛) ⪯

𝛼
𝑑 (Γ1𝜛, Γ4𝜛)(1 + 𝑑 (Γ2𝜛, Γ3𝜛))

1 + 𝑑 (Γ1𝜛, Γ2𝜛)

+𝛽 𝑑 (Γ1𝜛, Γ4𝜛)𝑑 (Γ2𝜛, Γ3𝜛)
𝑑 (Γ4𝜛, Γ3𝜛)

+𝛾
(
𝑑 (Γ1𝜛, Γ4𝜛) + 𝑑 (Γ2𝜛, Γ3𝜛)

)
+𝛿

(
𝑑 (Γ1𝜛, Γ3𝜛) + 𝑑 (Γ4𝜛, Γ2𝜛)

)
+𝜆𝑑 (Γ4𝜛, Γ3𝜛)

= 𝛿
(
𝑑 (Γ1𝜛, Γ2𝜛) + 𝑑 (Γ1𝜛, Γ2𝜛)

)
+𝜆𝑑 (Γ1𝜛, Γ2𝜛)

= (2𝛿 + 𝜆)𝑑 (Γ1𝜛, Γ2𝜛),

which is a contradiction. Hence, Γ1𝜛 =
Γ2𝜛 = Γ4𝜛 = Γ3𝜛. This completes the
proof. □

We obtain the following conse-
quences from Theorem 2.2 on taking zero

value to 𝛼, 𝛽, 𝛾, 𝛿 and 𝜆 as exceptional
cases.

Corollary 2.3. Consider four self map-
pings Γ1, Γ2, Γ3, and Γ4 on ℧ in ordered
complete 𝐶∗

𝑎𝑣-metric space (℧,A, 𝑑, ⪯)
satisfying:

1. Γ1(℧) ⊆ Γ3(℧) and Γ2(℧) ⊆
Γ4(℧);

2. for all 𝜍, 𝜗 ∈ ℧, Γ3𝜗 and Γ4𝜍 are
comparable elements ;

3. for some

(𝑎) 𝛼, 𝛾, 𝛿, 𝜆 ∈ [0, 1) with 𝜃A ⪯ 𝛼+2(𝛾+
𝛿) + 𝜆 ⪯ 𝐼A with

𝑑 (Γ1𝜍, Γ2𝜗) ⪯

𝛼
𝑑 (Γ1𝜍, Γ4𝜍)(1 + 𝑑 (Γ2𝜗, Γ3𝜗))

1 + 𝑑 (Γ1𝜍, Γ2𝜗)
+𝛾

(
𝑑 (Γ1𝜍, Γ4𝜍) + 𝑑 (Γ2𝜗, Γ3𝜗)

)
+𝛿

(
𝑑 (Γ1𝜍, Γ3𝜗) + 𝑑 (Γ4𝜍, Γ2𝜗)

)
+𝜆𝑑 (Γ4𝜍, Γ3𝜗),

or

(𝑏) 𝛼, 𝛾, 𝜆 ∈ [0, 1) with 𝜃A ⪯ 𝛼+2𝛾+𝜆 ⪯
𝐼A with

𝑑 (Γ1𝜍, Γ2𝜗) ⪯

𝛼
𝑑 (Γ1𝜍, Γ4𝜍)(1 + 𝑑 (Γ2𝜗, Γ3𝜗))

1 + 𝑑 (Γ1𝜍, Γ2𝜗)
+𝛾

(
𝑑 (Γ1𝜍, Γ4𝜍) + 𝑑 (Γ2𝜗, Γ3𝜗)

)
+𝜆𝑑 (Γ4𝜍, Γ3𝜗),

or

(𝑐) 𝛼, 𝛿, 𝜆 ∈ [0, 1) with 𝜃A ⪯ 𝛼+2𝛿+𝜆 ⪯
𝐼A with

𝑑 (Γ1𝜍, Γ2𝜗) ⪯

𝛼
𝑑 (Γ1𝜍, Γ4𝜍)(1 + 𝑑 (Γ2𝜗, Γ3𝜗))

1 + 𝑑 (Γ1𝜍, Γ2𝜗)
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+𝛿
(
𝑑 (Γ1𝜍, Γ3𝜗) + 𝑑 (Γ4𝜍, Γ2𝜗)

)
+𝜆𝑑 (Γ4𝜍, Γ3𝜗),

or

(𝑑) 𝛾, 𝛿, 𝜆 ∈ [0, 1) with 𝜃A ⪯ 2(𝛾 + 𝛿) +
𝜆 ⪯ 𝐼A with

𝑑 (Γ1𝜍, Γ2𝜗) ⪯
𝛾
(
𝑑 (Γ1𝜍, Γ4𝜍) + 𝑑 (Γ2𝜗, Γ3𝜗)

)
+𝛿

(
𝑑 (Γ1𝜍, Γ3𝜗) + 𝑑 (Γ4𝜍, Γ2𝜗)

)
+𝜆𝑑 (Γ4𝜍, Γ3𝜗),

or

(𝑒) 𝛽, 𝛾, 𝛿, 𝜆 ∈ [0, 1) with 𝜃A ⪯ 𝛽+2(𝛾+
𝛿) + 𝜆 ⪯ 𝐼A with

𝑑 (Γ1𝜍, Γ2𝜗) ⪯

𝛽
𝑑 (Γ1𝜍, Γ4𝜍)𝑑 (Γ2𝜗, Γ3𝜗)

𝑑 (Γ4𝜍, Γ3𝜗)
+𝛾

(
𝑑 (Γ1𝜍, Γ4𝜍) + 𝑑 (Γ2𝜗, Γ3𝜗)

)
+𝛿

(
𝑑 (Γ1𝜍, Γ3𝜗) + 𝑑 (Γ4𝜍, Γ2𝜗)

)
+𝜆𝑑 (Γ4𝜍, Γ3𝜗),

or

( 𝑓 ) 𝛽, 𝛾, 𝜆 ∈ [0, 1) with 𝜃A ⪯ 𝛽+2𝛾+𝜆 ⪯
𝐼A with

𝑑 (Γ1𝜍, Γ2𝜗) ⪯

𝛽
𝑑 (Γ1𝜍, Γ4𝜍)𝑑 (Γ2𝜗, Γ3𝜗)

𝑑 (Γ4𝜍, Γ3𝜗)
+𝛾

(
𝑑 (Γ1𝜍, Γ4𝜍) + 𝑑 (Γ2𝜗, Γ3𝜗)

)
+𝜆𝑑 (Γ4𝜍, Γ3𝜗),

or

(𝑔) 𝛽, 𝛿, 𝜆 ∈ [0, 1) with 𝜃A ⪯ 𝛽+2𝛿+𝜆 ⪯
𝐼A with

𝑑 (Γ1𝜍, Γ2𝜗) ⪯

𝛽
𝑑 (Γ1𝜍, Γ4𝜍)𝑑 (Γ2𝜗, Γ3𝜗)

𝑑 (Γ4𝜍, Γ3𝜗)
+𝛿

(
𝑑 (Γ1𝜍, Γ3𝜗) + 𝑑 (Γ4𝜍, Γ2𝜗)

)
+𝜆𝑑 (Γ4𝜍, Γ3𝜗),

or

(ℎ) 𝛼, 𝛽, 𝜆 ∈ [0, 1) with 𝜃A ⪯ 𝛼+ 𝛽+𝜆 ⪯
𝐼A with

𝑑 (Γ1𝜍, Γ2𝜗) ⪯

𝛼
𝑑 (Γ1𝜍, Γ4𝜍)(1 + 𝑑 (Γ2𝜗, Γ3𝜗))

1 + 𝑑 (Γ1𝜍, Γ2𝜗)

+𝛽 𝑑 (Γ1𝜍, Γ4𝜍)𝑑 (Γ2𝜗, Γ3𝜗)
𝑑 (Γ4𝜍, Γ3𝜗)

+𝜆𝑑 (Γ4𝜍, Γ3𝜗).

4. the pairs (Γ1, Γ4) and (Γ2, Γ3) are
compatible and continuous;

5. pairs (Γ1, Γ2) and (Γ2, Γ1) satisfying
PWI with respect to Γ3 and Γ4.

Then, the pairs (Γ1, Γ4) and (Γ2, Γ3) have
a coincidence point 𝜛 in ℧. Moreover if
Γ3𝜛 and Γ4𝜛 are comparable, then 𝜛 is a
coincidence point of Γ1, Γ2, Γ3 and Γ4.

We replace the pairs of compatible
mappings with the pairs of weakly compati-
ble mappings and omit the condition of con-
tinuity of the mappings in the following the-
orem.

Theorem 2.4. Consider four self mappings
Γ1, Γ2, Γ3, and Γ4 on ℧ in regular par-
tially ordered complete 𝐶∗

𝑎𝑣-metric space
(℧,A, 𝑑, ⪯) satisfying:

1. Γ1(℧) ⊆ Γ3(℧) and Γ2(℧) ⊆
Γ4(℧);

2. for all 𝜍, 𝜗 ∈ ℧, Γ3𝜗 and Γ4𝜍 are
comparable elements ;
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3. for some 𝛼, 𝛽, 𝛾, 𝛿, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛼 + 𝛽 + 2(𝛾 + 𝛿) + 𝜆 ⪯ 𝐼A

𝑑 (Γ1𝜍, Γ2𝜗) ⪯

𝛼
𝑑 (Γ1𝜍, Γ4𝜍)(1 + 𝑑 (Γ2𝜗, Γ3𝜗))

1 + 𝑑 (Γ1𝜍, Γ2𝜗)

+𝛽 𝑑 (Γ1𝜍, Γ4𝜍)𝑑 (Γ2𝜗, Γ3𝜗)
𝑑 (Γ4𝜍, Γ3𝜗)

+𝛾
(
𝑑 (Γ1𝜍, Γ4𝜍) + 𝑑 (Γ2𝜗, Γ3𝜗)

)
+𝛿

(
𝑑 (Γ1𝜍, Γ3𝜗) + 𝑑 (Γ4𝜍, Γ2𝜗)

)
+𝜆𝑑 (Γ4𝜍, Γ3𝜗); (2.3)

4. the pairs (Γ1, Γ4) and (Γ2, Γ3) are
weakly compatible;

5. pairs (Γ1, Γ2) and (Γ2, Γ1) satisfying
PWI with respect to Γ3 and Γ4.

Then, the pairs (Γ1, Γ4) and (Γ2, Γ3) have
a coincidence point 𝜛 in ℧. Moreover, if
Γ3𝜛 and Γ4𝜛 are comparable then 𝜛 is a
coincidence point of Γ1, Γ2, Γ3 and Γ4.

Proof. On the similar lines of Theorem
(2.2), {𝜛𝑛} is a Cauchy sequence and there
exists 𝜛 ∈ ℧ such that

lim
𝑛→∞

𝑑 (𝜛𝑛, 𝜛) = 𝜃A.

Since, Γ3(℧) is complete and {𝜛2𝑛+1} ⊂
Γ3(℧). Therefore, 𝜛 ∈ Γ3(℧). Hence,
there exists 𝑢 ∈ ℧ such that 𝜛 = Γ3𝑢 and

lim
𝑛→∞

𝑑 (𝜛2𝑛+1, Γ3𝑢) =
lim
𝑛→∞

𝑑 (Γ3𝜍2𝑛+1, Γ3𝑢) = 𝜃A.

Similarly, there exists 𝑣 ∈ ℧ such that 𝜛 =
Γ3𝑢 = Γ4𝑣 and

lim
𝑛→∞

𝑑 (𝜛2𝑛, Γ4𝑣) = lim
𝑛→∞

𝑑 (Γ4𝜍2𝑛, Γ4𝑣) = 𝜃A.

Now, we shall show that 𝑣 is a coincidence
point of the pair (Γ1, Γ4).
Since, Γ3𝜍2𝑛+1 → 𝜛 = 𝐻𝑣 as 𝑛 → ∞ and

regularity of ℧, Γ3𝜍2𝑛+1 ⪯ Γ4𝑣. Substitut-
ing 𝜍 = 𝑣 and 𝜗 = 𝜍2𝑛+1 in the contractive
condition, we have

𝑑 (Γ1𝑣, Γ2𝜍2𝑛+1) ⪯

𝛼
𝑑 (Γ1𝑣, Γ4𝑣)(1 + 𝑑 (Γ2𝜍2𝑛+1, Γ3𝜍2𝑛+1))

1 + 𝑑 (Γ1𝑣, Γ2𝜍2𝑛+1)

+𝛽 𝑑 (Γ1𝑣, Γ4𝑣)𝑑 (Γ2𝜍2𝑛+1, Γ3𝜍2𝑛+1)
𝑑 (Γ4𝑣, Γ3𝜍2𝑛+1)

+𝛾
(
𝑑 (Γ1𝑣, Γ4𝑣) + 𝑑 (Γ2𝜍2𝑛+1, Γ3𝜍2𝑛+1)

)
+𝛿

(
𝑑 (Γ1𝑣, Γ3𝜍2𝑛+1) + 𝑑 (Γ4𝑣, Γ2𝜍2𝑛+1)

)
+𝜆𝑑 (Γ4𝑣, Γ3𝜍2𝑛+1), (2.4)

Taking limit as 𝑛 → ∞ in Eq. (2.4) implies,
𝑑 (Γ1𝑣, 𝜛) = 𝜃A. Hence, Γ1𝑣 = 𝜛 = Γ4𝑣.

Since, the pair (Γ1, Γ4) are weakly
compatible, therefore Γ1𝜛 = Γ1Γ4𝑣 =
Γ4Γ1𝑣 = Γ4𝜛. Thus, 𝜛 is a coincidence
point of the pair (Γ1, Γ4).

Similarly, it can be shown that 𝜛 is a
coincidence point of the pair (Γ2, Γ3). The
rest of the proof can be done using similar
arguments as in Theorem (2.2). □

Corollary 2.5. Consider four self map-
pings Γ1, Γ2, Γ3, and Γ4 on ℧ in regu-
lar partially ordered complete 𝐶∗

𝑎𝑣-metric
space (℧,A, 𝑑, ⪯) satisfying:

1. Γ1(℧) ⊆ Γ3(℧) and Γ2(℧) ⊆
Γ4(℧);

2. for all 𝜍, 𝜗 ∈ ℧, Γ3𝜗 and Γ4𝜍 are
comparable elements

(𝑎)

𝑑 (Γ1𝜍, Γ2𝜗) ⪯

𝛼
𝑑 (Γ1𝜍, Γ4𝜍)(1 + 𝑑 (Γ2𝜗, Γ3𝜗))

1 + 𝑑 (Γ1𝜍, Γ2𝜗)
+𝛾

(
𝑑 (Γ1𝜍, Γ4𝜍) + 𝑑 (Γ2𝜗, Γ3𝜗)

)
+𝛿

(
𝑑 (Γ1𝜍, Γ3𝜗) + 𝑑 (Γ4𝜍, Γ2𝜗)

)
+𝜆𝑑 (Γ4𝜍, Γ3𝜗),
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for some 𝛼, 𝛾, 𝛿, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛼 + 2(𝛾 + 𝛿) + 𝜆 ⪯ 𝐼A.

(𝑏)

𝑑 (Γ1𝜍, Γ2𝜗) ⪯

𝛼
𝑑 (Γ1𝜍, Γ4𝜍)(1 + 𝑑 (Γ2𝜗, Γ3𝜗))

1 + 𝑑 (Γ1𝜍, Γ2𝜗)
+𝛾

(
𝑑 (Γ1𝜍, Γ4𝜍) + 𝑑 (Γ2𝜗, Γ3𝜗)

)
+𝜆𝑑 (Γ4𝜍, Γ3𝜗),

for some 𝛼, 𝛾, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛼 + 2𝛾 + 𝜆 ⪯ 𝐼A.

(𝑐)

𝑑 (Γ1𝜍, Γ2𝜗) ⪯

𝛼
𝑑 (Γ1𝜍, Γ4𝜍)(1 + 𝑑 (Γ2𝜗, Γ3𝜗))

1 + 𝑑 (Γ1𝜍, Γ2𝜗)
+𝛿

(
𝑑 (Γ1𝜍, Γ3𝜗) + 𝑑 (Γ4𝜍, Γ2𝜗)

)
+𝜆𝑑 (Γ4𝜍, Γ3𝜗),

for some 𝛼, 𝛿, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛼 + 2𝛿 + 𝜆 ⪯ 𝐼A.

(𝑑)

𝑑 (Γ1𝜍, Γ2𝜗) ⪯
𝛾
(
𝑑 (Γ1𝜍, Γ4𝜍) + 𝑑 (Γ2𝜗, Γ3𝜗)

)
+𝛿

(
𝑑 (Γ1𝜍, Γ3𝜗) + 𝑑 (Γ4𝜍, Γ2𝜗)

)
+𝜆𝑑 (Γ4𝜍, Γ3𝜗),

for some 𝛾, 𝛿, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 2(𝛾 + 𝛿) + 𝜆 ⪯ 𝐼A.

(𝑒)

𝑑 (Γ1𝜍, Γ2𝜗) ⪯

𝛽
𝑑 (Γ1𝜍, Γ4𝜍)𝑑 (Γ2𝜗, Γ3𝜗)

𝑑 (Γ4𝜍, Γ3𝜗)
+𝛾

(
𝑑 (Γ1𝜍, Γ4𝜍)

+𝑑 (Γ2𝜗, Γ3𝜗)
)

+𝛿
(
𝑑 (Γ1𝜍, Γ3𝜗)

+𝑑 (Γ4𝜍, Γ2𝜗)
)

+𝜆𝑑 (Γ4𝜍, Γ3𝜗),

for some 𝛽, 𝛾, 𝛿, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛽 + 2(𝛾 + 𝛿) + 𝜆 ⪯ 𝐼A.

( 𝑓 )

𝑑 (Γ1𝜍, Γ2𝜗) ⪯

𝛽
𝑑 (Γ1𝜍, Γ4𝜍)𝑑 (Γ2𝜗, Γ3𝜗)

𝑑 (Γ4𝜍, Γ3𝜗)
+𝛾

(
𝑑 (Γ1𝜍, Γ4𝜍)

+𝑑 (Γ2𝜗, Γ3𝜗)
)

+𝜆𝑑 (Γ4𝜍, Γ3𝜗),

for some 𝛽, 𝛾, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛽 + 2𝛾 + 𝜆 ⪯ 𝐼A.

(𝑔)

𝑑 (Γ1𝜍, Γ2𝜗) ⪯

𝛽
𝑑 (Γ1𝜍, Γ4𝜍)𝑑 (Γ2𝜗, Γ3𝜗)

𝑑 (Γ4𝜍, Γ3𝜗)
+𝛿

(
𝑑 (Γ1𝜍, Γ3𝜗)

+𝑑 (Γ4𝜍, Γ2𝜗)
)

+𝜆𝑑 (Γ4𝜍, Γ3𝜗),

for some 𝛽, 𝛿, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛽 + 2𝛿 + 𝜆 ⪯ 𝐼A.

(ℎ)

𝑑 (Γ1𝜍, Γ2𝜗) ⪯ 𝛼

𝑑 (Γ1𝜍, Γ4𝜍) (1 + 𝑑 (Γ2𝜗, Γ3𝜗))
1 + 𝑑 (Γ1𝜍, Γ2𝜗)

+𝛽 𝑑 (Γ1𝜍, Γ4𝜍)𝑑 (Γ2𝜗, Γ3𝜗)
𝑑 (Γ4𝜍, Γ3𝜗)

+𝜆𝑑 (Γ4𝜍, Γ3𝜗),

for some 𝛼, 𝛽, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛼 + 𝛽 + 𝜆 ⪯ 𝐼A;

3. the pairs (Γ1, Γ4) and (Γ2, Γ3) are
weakly compatible;

4. the pairs (Γ1, Γ2) and (Γ2, Γ1) are
PWI with respect to Γ3 and Γ4.

Then, the pairs (Γ1, Γ4) and (Γ2, Γ3) have
a coincidence point 𝜛 in ℧. Moreover, if
Γ3𝜛 and Γ4𝜛 are comparable then 𝜛 is a
coincidence point of Γ1, Γ2, Γ3 and Γ4.
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Some integral consequences of the
main result for self mappings are as fol-
lows: Let 𝜉 denote the set of all functions
𝜙 : A+ → A+ satisfying the following hy-
pothesis:

1. each 𝜙 is Lebesgue integrable func-
tion on every compact subset of A+

and

2. for 𝛼 > 𝜃A,
∫ 𝛼

𝜃A
𝜙(𝑡) ≻ 𝜃A for 𝑡 ∈ A+.

Corollary 2.6. Consider four self map-
pings Γ1, Γ2, Γ3, and Γ4 on ℧ in regu-
lar partially ordered complete 𝐶∗

𝑎𝑣-metric
space (℧,A, 𝑑, ⪯) satisfying:

1. Γ1(℧) ⊆ Γ3(℧) and Γ2(℧) ⊆
Γ4(℧);

2. for all 𝜍, 𝜗 ∈ ℧, Γ3𝜗 and Γ4𝜍 are
comparable elements

(𝑎) ∫ 𝑑 (Γ1 𝜍 ,Γ2𝜗)

𝜃A

𝜙(𝑡) ⪯ 𝛼∫ 𝑑 (Γ1 𝜍,Γ4 𝜍 ) (1+𝑑 (Γ2𝜗,Γ3𝜗) )
1+𝑑 (Γ1 𝜍,Γ2𝜗)

𝜃A

𝜙(𝑡)

+𝛾
∫ (𝑑 (Γ1 𝜍 ,Γ4 𝜍 )+𝑑 (Γ2𝜗,Γ3𝜗) )

𝜃A

𝜙(𝑡) + 𝛿∫ (𝑑 (Γ1 𝜍 ,Γ3𝜗)+𝑑 (Γ4 𝜍 ,Γ2𝜗) )

𝜃A

𝜙(𝑡) + 𝜆

∫ 𝑑 (Γ4 𝜍 ,Γ3𝜗)

𝜃A

𝜙(𝑡),

for some 𝛼, 𝛾, 𝛿, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛼 + 2(𝛾 + 𝛿) + 𝜆 ⪯ 𝐼A.

(𝑏) ∫ 𝑑 (Γ1 𝜍 ,Γ2𝜗)

𝜃A

𝜙(𝑡) ⪯ 𝛼∫ 𝑑 (Γ1 𝜍,Γ4 𝜍 ) (1+𝑑 (Γ2𝜗,Γ3𝜗) )
1+𝑑 (Γ1 𝜍,Γ2𝜗)

𝜃A

𝜙(𝑡)

+𝛾
∫ (𝑑 (Γ1 𝜍 ,Γ4 𝜍 )+𝑑 (Γ2𝜗,Γ3𝜗) )

𝜃A

𝜙(𝑡) + 𝜆

∫ 𝑑 (Γ4 𝜍 ,Γ3𝜗)

𝜃A

𝜙(𝑡),

for some 𝛼, 𝛾, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛼 + 2𝛾 + 𝜆 ⪯ 𝐼A.

(𝑐) ∫ 𝑑 (Γ1 𝜍 ,Γ2𝜗)

𝜃A

𝜙(𝑡) ⪯ 𝛼∫ 𝑑 (Γ1 𝜍,Γ4 𝜍 ) (1+𝑑 (Γ2𝜗,Γ3𝜗) )
1+𝑑 (Γ1 𝜍,Γ2𝜗)

𝜃A

𝜙(𝑡)

+𝛿
∫ (𝑑 (Γ1 𝜍 ,Γ3𝜗)+𝑑 (Γ4 𝜍 ,Γ2𝜗) )

𝜃A

𝜙(𝑡) + 𝜆

∫ 𝑑 (Γ4 𝜍 ,Γ3𝜗)

𝜃A

𝜙(𝑡),

for some 𝛼, 𝛿, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛼 + 2𝛿 + 𝜆 ⪯ 𝐼A.

(𝑑) ∫ 𝑑 (Γ1 𝜍 ,Γ2𝜗)

𝜃A

𝜙(𝑡) ⪯ 𝛾∫ (𝑑 (Γ1 𝜍 ,Γ4 𝜍 )+𝑑 (Γ2𝜗,Γ3𝜗) )

𝜃A

𝜙(𝑡) + 𝛿∫ (𝑑 (Γ1 𝜍 ,Γ3𝜗)+𝑑 (Γ4 𝜍 ,Γ2𝜗) )

𝜃A

𝜙(𝑡) + 𝜆

∫ 𝑑 (Γ4 𝜍 ,Γ3𝜗)

𝜃A

𝜙(𝑡),

for some 𝛾, 𝛿, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 2(𝛾 + 𝛿) + 𝜆 ⪯ 𝐼A.

(𝑒) ∫ 𝑑 (Γ1 𝜍 ,Γ2𝜗)

𝜃A

𝜙(𝑡) ⪯ 𝛽∫ 𝑑 (Γ1 𝜍,Γ4 𝜍 )𝑑 (Γ2𝜗,Γ3𝜗)
𝑑 (Γ4 𝜍,Γ3𝜗)

𝜃A

𝜙(𝑡)

+𝛾
∫ (𝑑 (Γ1 𝜍 ,Γ4 𝜍 )+𝑑 (Γ2𝜗,Γ3𝜗) )

𝜃A
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𝜙(𝑡) + 𝛿∫ (𝑑 (Γ1 𝜍 ,Γ3𝜗)+𝑑 (Γ4 𝜍 ,Γ2𝜗) )

𝜃A

𝜙(𝑡) + 𝜆

∫ 𝑑 (Γ4 𝜍 ,Γ3𝜗)

𝜃A

𝜙(𝑡),

for some 𝛽, 𝛾, 𝛿, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛽 + 2(𝛾 + 𝛿) + 𝜆 ⪯ 𝐼A.

( 𝑓 ) ∫ 𝑑 (Γ1 𝜍 ,Γ2𝜗)

𝜃A

𝜙(𝑡) ⪯ 𝛽∫ 𝑑 (Γ1 𝜍,Γ4 𝜍 )𝑑 (Γ2𝜗,Γ3𝜗)
𝑑 (Γ4 𝜍,Γ3𝜗)

𝜃A

𝜙(𝑡)

+𝛾
∫ 𝑑 (Γ1 𝜍 ,Γ4 𝜍 )+𝑑 (Γ2𝜗,Γ3𝜗)

𝜃A

𝜙(𝑡) + 𝜆

∫ 𝑑 (Γ4 𝜍 ,Γ3𝜗)

𝜃A

𝜙(𝑡),

for some 𝛽, 𝛾, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛽 + 2𝛾 + 𝜆 ⪯ 𝐼A.

(𝑔) ∫ 𝑑 (Γ1 𝜍 ,Γ2𝜗)

𝜃A

𝜙(𝑡) ⪯ 𝛽∫ 𝑑 (Γ1 𝜍,Γ4 𝜍 )𝑑 (Γ2𝜗,Γ3𝜗)
𝑑 (Γ4 𝜍,Γ3𝜗)

𝜃A

𝜙(𝑡)

+𝛿
∫ (𝑑 (Γ1 𝜍 ,Γ3𝜗)+𝑑 (Γ4 𝜍 ,Γ2𝜗) )

𝜃A

𝜙(𝑡) + 𝜆

∫ 𝑑 (Γ4 𝜍 ,Γ3𝜗)

𝜃A

𝜙(𝑡),

for some 𝛽, 𝛿, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛽 + 2𝛿 + 𝜆 ⪯ 𝐼A.

(ℎ) ∫ 𝑑 (Γ1 𝜍 ,Γ2𝜗)

𝜃A

𝜙(𝑡) ⪯ 𝛼∫ 𝑑 (Γ1 𝜍,Γ4 𝜍 ) (1+𝑑 (Γ2𝜗,Γ3𝜗) )
1+𝑑 (Γ1 𝜍,Γ2𝜗)

𝜃A

𝜙(𝑡)

+𝛽
∫ 𝑑 (Γ1 𝜍,Γ4 𝜍 )𝑑 (Γ2𝜗,Γ3𝜗)

𝑑 (Γ4 𝜍,Γ3𝜗)

𝜃A

𝜙(𝑡)

+𝜆
∫ 𝑑 (Γ4 𝜍 ,Γ3𝜗)

𝜃A

𝜙(𝑡),

for some 𝛼, 𝛽, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛼 + 𝛽 + 𝜆 ⪯ 𝐼A;

3. the pairs (Γ1, Γ4) and (Γ2, Γ3) are
compatible and continuous;

4. the pairs (Γ1, Γ2) and (Γ2, Γ1) are
PWI with respect to Γ3 and Γ4.

Then, the pairs (Γ1, Γ4) and (Γ2, Γ3) have
a coincidence point 𝜛 in ℧. Moreover if
Γ3𝜛 and Γ4𝜛 are comparable, then 𝜛 is a
coincidence point of Γ1, Γ2, Γ3 and Γ4.

Corollary 2.7. Consider four self map-
pings Γ1, Γ2, Γ3, and Γ4 on ℧ in regu-
lar partially ordered complete 𝐶∗

𝑎𝑣-metric
space (℧,A, 𝑑, ⪯) satisfying:

1. Γ1(℧) ⊆ Γ3(℧) and Γ2(℧) ⊆
Γ4(℧);

2. for all 𝜍, 𝜗 ∈ ℧, Γ4𝜍 and Γ3𝜗 are
comparable elements

(𝑎) ∫ 𝑑 (Γ1 𝜍 ,Γ2𝜗)

𝜃A

𝜙(𝑡) ⪯ 𝛼∫ 𝑑 (Γ1 𝜍,Γ4 𝜍 ) (1+𝑑 (Γ2𝜗,Γ3𝜗) )
1+𝑑 (Γ1 𝜍,Γ2𝜗)

𝜃A

𝜙(𝑡)

+𝛾
∫ (𝑑 (Γ1 𝜍 ,Γ4 𝜍 )+𝑑 (Γ2𝜗,Γ3𝜗) )

𝜃A

𝜙(𝑡) + 𝛿∫ (𝑑 (Γ1 𝜍 ,Γ3𝜗)+𝑑 (Γ4 𝜍 ,Γ2𝜗) )

𝜃A

𝜙(𝑡) + 𝜆

∫ 𝑑 (Γ4 𝜍 ,Γ3𝜗)

𝜃A

𝜙(𝑡),

for some 𝛼, 𝛾, 𝛿, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛼 + 2(𝛾 + 𝛿) + 𝜆 ⪯ 𝐼A.
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(𝑏) ∫ 𝑑 (Γ1 𝜍 ,Γ2𝜗)

𝜃A

𝜙(𝑡) ⪯ 𝛼∫ 𝑑 (Γ1 𝜍,Γ4 𝜍 ) (1+𝑑 (Γ2𝜗,Γ3𝜗) )
1+𝑑 (Γ1 𝜍,Γ2𝜗)

𝜃A

𝜙(𝑡)

+𝛾
∫ (𝑑 (Γ1 𝜍 ,Γ4 𝜍 )+𝑑 (Γ2𝜗,Γ3𝜗) )

𝜃A

𝜙(𝑡) + 𝜆

∫ 𝑑 (Γ4 𝜍 ,Γ3𝜗)

𝜃A

𝜙(𝑡),

for some 𝛼, 𝛾, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛼 + 2𝛾 + 𝜆 ⪯ 𝐼A.

(𝑐) ∫ 𝑑 (Γ1 𝜍 ,Γ2𝜗)

𝜃A

𝜙(𝑡) ⪯ 𝛼∫ 𝑑 (Γ1 𝜍,Γ4 𝜍 ) (1+𝑑 (Γ2𝜗,Γ3𝜗) )
1+𝑑 (Γ1 𝜍,Γ2𝜗)

𝜃A

𝜙(𝑡)

+𝛿
∫ (𝑑 (Γ1 𝜍 ,Γ3𝜗)+𝑑 (Γ4 𝜍 ,Γ2𝜗) )

𝜃A

𝜙(𝑡) + 𝜆

∫ 𝑑 (Γ4 𝜍 ,Γ3𝜗)

𝜃A

𝜙(𝑡),

for some 𝛼, 𝛿, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛼 + 2𝛿 + 𝜆 ⪯ 𝐼A.

(𝑑) ∫ 𝑑 (Γ1 𝜍 ,Γ2𝜗)

𝜃A

𝜙(𝑡) ⪯ 𝛾∫ (𝑑 (Γ1 𝜍 ,Γ4 𝜍 )+𝑑 (Γ2𝜗,Γ3𝜗) )

𝜃A

𝜙(𝑡) + 𝛿∫ (𝑑 (Γ1 𝜍 ,Γ3𝜗)+𝑑 (Γ4 𝜍 ,Γ2𝜗) )

𝜃A

𝜙(𝑡)

+𝜆
∫ 𝑑 (Γ4 𝜍 ,Γ3𝜗)

𝜃A

𝜙(𝑡),

for some 𝛾, 𝛿, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 2(𝛾 + 𝛿) + 𝜆 ⪯ 𝐼A.

(𝑒) ∫ 𝑑 (Γ1 𝜍 ,Γ2𝜗)

𝜃A

𝜙(𝑡) ⪯ 𝛽∫ 𝑑 (Γ1 𝜍,Γ4 𝜍 )𝑑 (Γ2𝜗,Γ3𝜗)
𝑑 (Γ4 𝜍,Γ3𝜗)

𝜃A

𝜙(𝑡)

+𝛾
∫ (𝑑 (Γ1 𝜍 ,Γ4 𝜍 )+𝑑 (Γ2𝜗,Γ3𝜗) )

𝜃A

𝜙(𝑡) + 𝛿∫ (𝑑 (Γ1 𝜍 ,Γ3𝜗)+𝑑 (Γ4 𝜍 ,Γ2𝜗) )

𝜃A

𝜙(𝑡) + 𝜆

∫ 𝑑 (Γ4 𝜍 ,Γ3𝜗)

𝜃A

𝜙(𝑡),

for some 𝛽, 𝛾, 𝛿, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛽 + 2(𝛾 + 𝛿) + 𝜆 ⪯ 𝐼A.

( 𝑓 ) ∫ 𝑑 (Γ1 𝜍 ,Γ2𝜗)

𝜃A

𝜙(𝑡) ⪯ 𝛽∫ 𝑑 (Γ1 𝜍,Γ4 𝜍 )𝑑 (Γ2𝜗,Γ3𝜗)
𝑑 (Γ4 𝜍,Γ3𝜗)

𝜃A

𝜙(𝑡)

+𝛾
∫ (𝑑 (Γ1 𝜍 ,Γ4 𝜍 )+𝑑 (Γ2𝜗,Γ3𝜗) )

𝜃A

𝜙(𝑡) + 𝜆

∫ 𝑑 (Γ4 𝜍 ,Γ3𝜗)

𝜃A

𝜙(𝑡),

for some 𝛽, 𝛾, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛽 + 2𝛾 + 𝜆 ⪯ 𝐼A.

(𝑔) ∫ 𝑑 (Γ1 𝜍 ,Γ2𝜗)

𝜃A

𝜙(𝑡) ⪯ 𝛽∫ 𝑑 (Γ1 𝜍,Γ4 𝜍 )𝑑 (Γ2𝜗,Γ3𝜗)
𝑑 (Γ4 𝜍,Γ3𝜗)

𝜃A

𝜙(𝑡)

+𝛿∫ (𝑑 (Γ1 𝜍 ,Γ3𝜗)+𝑑 (Γ4 𝜍 ,Γ2𝜗) )

𝜃A

𝜙(𝑡) + 𝜆

∫ 𝑑 (Γ4 𝜍 ,Γ3𝜗)

𝜃A

𝜙(𝑡),
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for some 𝛽, 𝛿, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛽 + 2𝛿 + 𝜆 ⪯ 𝐼A.

(ℎ) ∫ 𝑑 (Γ1 𝜍 ,Γ2𝜗)

𝜃A

𝜙(𝑡) ⪯ 𝛼∫ 𝑑 (Γ1 𝜍,Γ4 𝜍 ) (1+𝑑 (Γ2𝜗,Γ3𝜗) )
1+𝑑 (Γ1 𝜍,Γ2𝜗)

𝜃A

𝜙(𝑡) + 𝛽∫ 𝑑 (Γ1 𝜍,Γ4 𝜍 )𝑑 (Γ2𝜗,Γ3𝜗)
𝑑 (Γ4 𝜍,Γ3𝜗)

𝜃A

𝜙(𝑡)

+𝜆
∫ 𝑑 (Γ4 𝜍 ,Γ3𝜗)

𝜃A

𝜙(𝑡),

for some 𝛼, 𝛽, 𝜆 ∈ [0, 1) with
𝜃A ⪯ 𝛼 + 𝛽 + 𝜆 ⪯ 𝐼A;

3. the pairs (Γ1, Γ4) and (Γ2, Γ3) are
weakly compatible;

4. the pairs (Γ1, Γ2) and (Γ2, Γ1) are
PWI with respect to Γ3 and Γ4.

Then, the pairs (Γ1, Γ4) and (Γ2, Γ3) have
a coincidence point 𝜛 in ℧. Moreover, if
Γ3𝜛 and Γ4𝜛 are comparable then 𝜛 is a
coincidence point of Γ1, Γ2, Γ3 and Γ4.

3. Conclusion
We replace Γ1℧ = Γ3℧ = 𝐼A℧

and the condition of partially weakly in-
creasing of the pair by Γ2 is monotone Γ4-
nondecreasing in the Theorems (2.2)-(2.4),
one can also obtain the required results
which is present by the Kalyani et al. [26]
and some corollary by Sumit Chandok [28].
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