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ABSTRACT

We investigate the notion of involutive weak cubical w-categories via Penon’s ap-
proach: as algebras for the monad induced by the free involutive strict w-category functor
on cubical w-sets. A few examples of involutive weak cubical w-categories are provided.
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1. Introduction

Motivated by research in algebraic
topology, category theory, starting from
Eilenberg-MacLane [[l]], developed into an
independent mathematical subject.  Al-
though higher categories had been al-
ready implicit in the definition of natural
transformations, the study of n-categories
(both in their globular and cubical ver-
sions) was initiated in C.Ehresmann [2].
Strict w-categories had been conjectured by
J Roberts (as later reported in J.Roberts [3])
and independently introduced and studied
by Brown-Higgins [4]. The development
of weak higher category theory (somehow
implicit in the definition of monoidal cate-
gory) probably started with the definition of
bicategory in J.Bénabou [S5] and n-category

in R.Street [6] and is now a quite active
area of research (see for example Cheng-
Lauda [7], Leinster [8,9]). Algebraic ap-
proaches to the definition of weak globu-
lar higher-categories have been developed
by M.Batanin [[10], Penon [[11] and Lein-
ster [9]. A similar study for the weak cu-
bical higher categories, using Penon’s tech-
nique, has been carried on by C.Kachour in
several important recent works [[12].

The notion of involution (duality) in
category theory has a relatively “involved”
history with concepts independently intro-
duced by several authors in different con-
texts and generality (see [[13] and [[14, sec-
tion 4] for some bibliographical details); a
recent systematic treatment of the topic is
contained in [[15] where further references
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can be found.

Here we are specifically interested
in a (vertical) categorification of the usual
x-operation in operator algebras: the “x-
categories” considered in [[16, [17] and the
“dagger categories” axiomatized in [[1§] and
utilized in [[19].

Strict  involutive  globular
categories have been considered in [[14].
Weak involutive globular w-categories
have been introduced, using Penon’s
contractions in [20, 21] and, in [22, 23],
using Leinster’s definition of globular
w-categories.

n-

In the present work, we aim at a
sufficiently general definition of involu-
tive weak cubical w-category following the
C.Kachour algebraic notion of weak cubical
Penon w-category.

The organization of the paper is the
following.

After this introduction, in section ,
we approach the study of strict involutive
cubical w-categories:

+ following the ideas of [4] and [[12],
suitably general notions of cubical w-

quivers and cubical w-sets are intro-
duced in definitions and .2,

* self-dualities on cubical w-sets and
the algebraic properties of cubical in-
volutions are axiomatized, following
the double category case in [24], in
definitions .3 and .3,

The proof that the free strict invo-
lutive cubical w-category of a cubical w-
set exists is postponed to section [ in lem-
mata B.3 and B.4 and hence the associated
monad is constructed in corollary B.3.

22

In section B we deal with the involu-
tive version of Penon-Kachour weak cubi-
cal w-categories:

» we introduce in definition a no-
tion of Penon-Kachour contraction
for our cubical w-sets,

« in lemma B.§ it is proved that the
free contracted Penon-Kachour cu-
bical involutive w-contraction exists
and hence, in theorem B.7, we show
that we have an associated monad,

« in definition B.§ weak involutive
cubical w-categories are introduced
(similarly to Kachour for cubical
groupoids) as algebras for the previ-
ous monad,

* some examples of such weak invo-
lutive cubical w-categories are sug-
gested in subsection B.1.

Finally in a brief outlook section H
we examine some possible future direction
of development of this work.

2. Strict (Involutive) Cubical w-
categories

The first definition only formal-
izes the idea that “n-dimensional cells”
r € Q" are equipped with a family of
“source/target” (n — 1)-dimensional cells,
indexed as the “faces of an n-dimensional
hypercube”. The sets D with cardinal-
ity |[D| = n indicate the possible “direc-
tions” of the m-dimensional cells, where
the “directions” are selected via subsets
(of cardinality n) in the infinite count-
able set Ng. In this generality, morphisms
are just a countable family of “dimension-
preserving” maps compatible with sources
and targets.
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Definition 2.1. A cubical w-quiver is a

5P Uh.d

. n ) ) n+1

Sfamily <QD—{d} +——— QF > of
neN

source maps sp, and target maps th g in-

dexed by n € N, by any D C Ny with car-
dinality |D| =n + 1 and any d € D.
A morphism of cubical w-quivers is

a family QY ¢—D> Q’l‘) indexed by n € N and
D C N with |D| = n, such that

. an nt+l _ n n
Spacdp = ¢D-{d} ©5D.d

and
. 7 +1_
tha©dp = ¢%—{d} oth

foralln € N, D C Ng with |D| = n and
deD.

The actual n-dimensional “cubical
shape” of n-cells is specified by the follow-
ing axioms.

Definition 2.2. A4 cubical w-set is a cubical
sT t
. D,d’ 'D,d
w-quiver Q%'H

Db (a}
neN

satisfying the cubical axioms:
foralln e N:n > 2, D C Ny with

|D| =nandd # e € D,

n—2 n—1 _ n—2 n—1
Sp—{d,e} ° SD—{d} = SD—{d,e} ° SD—{e}y

—2 —1 _ -2 -1

U taey O bty = Ub_{a,e} © Up—{ep
-2 -1 _ —2 -1

Sh_(de} °tp—tay = tp—{d.e} © SD—{e}
-2 —1 _ -2 -1

U {dey © SD—{d} = SD—{de} © L D—fe}

A morphism of cubical w-sets is
Jjust a morphism of underlying cubical w-
quivers.

A pictorial description of cubical n-
cells, for four cases n 0,D a;
n=1D={l}hn=2D={12}
n = 3,D = {1,2,3} respectively, is here

below:

23

casel:n =0 case2:n=1

cased:n =3

/

e —m @
Next we introduce three families of
(binary, nullary, unary) operations on cubi-
cal n-cells.

case3:n =2

Definition 2.3. Given a cubical w-set Q,
we can introduce on it the following oper-
ations.:

a. binary compositions: Yn € Ny,
Vde D CNy:|D|=n,

o4 9% X gn-1 Q% — Q%, where

D—{d}

QM X yn-1 Qn .
D Q%,{d} D

{@v) 5@ =510}

and we assume:
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The diagram of binary composition is Vde D CNy:|D|=n,
depicted as follows,
where we assume the following struc-
st () st () tural axioms:
sg;(y)l S l e lt’g,; @ s (@ 0a) = (s () Ped,
. n—1
n—1/_*" /-1 *D_fe
1 W) i @) the (@2) = (tp () Pt
Ve # d,
—1/, *% -1
maps to sha(@Pd) =th (),
(2 Dd) = s (z
$Be (?) ©beya S W) ba (@1 = bl
. . . .
i@ Tohay  |E (). The follo‘wmg diagram is a unary
self-duality
th (@) Ogil{e} b W) 1 ()
D,e
b. nullary reflectors s (m)l w J/t%’_dl (z)
. gn-1 —
L%d : QTLL)—{d} — Q%,Vn € Np, t%jel(x)
Vd € D C Ny : |D| =n,
maps to
where the following structural ax- et
ioms are assumed.: (s (@) P—{ehd
S%T;(L%’d(x)) =z = t%fdl(%’d(x)), S (ff:)i ) ;I*’Zv,d" it}}{j(w)-

She (Uha(@) =t}

: (
the (1ha(@)) = b g (1) gy o (2)),

Ye # d. A reflective cubical w-set is a cubical
w-set equipped with reflectors as in point

(b.) of definition 2.3 above; a self-dual cu-

IS

*nfl
(th (@) P={eh

The following diagram is a nullary

reflector,
A bical w-set is a cubical w-set equipped with
a 1 (a) the self-dualities, as in point (c.) of defi-
= nition R.3. A cubical w-magma is a cubi-
ﬂcl — rl L"ll‘),d(?)% J{z ) cal w-set equipped with the binary compo-
b e . e sitions in point (a.) of definition P.3: a re-
‘D,d

flective (self-dual) cubical w-magma is a
cubical w-set equipped with reflectors (self-

L o tions.
where a :— 3%—{51},@(37)7 dualities) and compositions

b 12 (z) A morphism of reflective cubical w-
D—{d}e sets is a morphism (d)%)nGN,DCNo:\D\:n Of
cubical w-sets that also satisfies:
botha=iha0dh gy foralln € N,
*ha b — b, Vn € Ny, D c Ngwith |D| =n, d € D.

c. unary self-dualities

24
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A morphism of self-dual cubical w-

sets is a morphism (¢') nen, DcNo:|Dj=n Of
cubical w-sets that also satisfies:
13

7 o *%,d = q‘%,d o ¢, foralln € N,
D C Ngwith |D| =n,d € D.

A morphism of cubical w-magmas is
a morphism (¢'f))neN, DcNy:|D|=n 0f cubi-
cal w-sets that also satisfies:
S %y y) = ()8 4(y), for all
n € Ng, D C Ngwith |D|=n,d € D and

(x,y) € QF Xgn-1_(qy -

To obtain strict cubical w-categories
we further impose the usual algebraic ax-
ioms.

Definition 2.4. A4 strict cubical w-category
is a cubical reflective w-magma such that
the following algebraic axioms are satis-

fied:

* associativity of compositions: for all
n € Ny, forall D C Nowith |D| =n
and for all d € D:

€ O%,d (y O%,d z) = (z O%,d Y) O%,d 2

V(x,y,2) € QP Xgn-1

Qn X An—1
boay P70

unitality of compositions: foralln €
Ny, for all D C No with |D| = n and

foralld € D:

TOp 4tp d(S?) dl(x)) =7
and

z =1} 4(th 4 (@) op 4 2,
Va € Q%,

Sfunctoriality of identities: foralln €
No—{1}, for all D C No with |D| =
nand foralle # d € D:

L%,d( D 1{d}e y) =

\/ g)n——l n ggn——y
(z,y) € Qp Xgn- 2, D

D—{d}

tD,a(%) ©p e th,a(Y);

* exchange property: for all n € Ny,
Sorall D C Ny with |D| = n and for
alle # f € D:

eY) Df(wODe z)

i
(@

°h,f W) °be (Y O s 2),

V(z,y), (w,z) € Q} b *an-1 Qp,
V(z,w), (y,2) € Qf X gn-1 QP

—{f}
A covariant functor between cubical w-

categories is just a morphism of reflective
cubical w-magmas.

Definition 2.5. A strict involutive cubical
w-category further requires these algebraic
axioms:

* involutivity: for all € Ny, for all
D c Ny with |D| =nandd € D,

Vo € Q)

n n
(a;*D,d)*D,d — x’

* commutativity of involutions:
for all € Ny, for all D C Ny with
[D| =n,
* * * *
x D.e)'D,f = (x D,f) D,e
@by = (a%h)

D>

Ve e 9}, Ve#feD,

* functoriality of involutions:
for all € Ny, for all D C Ny with
[D| =n,
Vd € D,
(wolh qy) Pt = (y Pd)o}
Yd#e€ D,
(2o 9) e = (@ Be) o o (y7e),
* Hermitianity of identities:
for all € Ny, for all D C Ny with
D] = n,
Vo € O, (h q(2)) D = i 4(),
Ve € Q. Vd # e € D,

(tp,a(w)) D = 1] g(™Dre).

(o),
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A covariant functor between involutive cu-
bical w-categories is a morphism of self-
dual reflective cubical w-magmas.

3. Penon Kachour Weak (Involutive)
Cubical w-categories

We proceed to define Penon-Kachour
contractions in the cubical setting.

Definition 3.1. Given a cubical (self-dual)
reflective w-magma M, a strict cubical (in-
volutive) w-category € and a morphism
of cubical (self-dual) reflective w-magmas
M 5 @, a Penon-Kachour t-contraction
is a family of maps

K g M) — My, (ay

foralln € Ny, D C Ny with |D| = n and
all d € Nog — D such that: M5 (n) =
{(z,y) e M T x MB | () = 7(y)},

n—1

* SpogayalFpal®:y) =z,

t%al{d},d(’i%,d(xv Y) =y

" Sty (RD.a(@y)) =
ey (552, 55.20) ),

oty (Kb a(@.y)) =

ey (P52, 05 2W)),
Ve € D,

* oot (FDa(T:y) =

ol(x))

L%ud,d(WD
1
Uhud,d(Tp (W),

cr=yc M%_l = H%d(l‘,y)
L%,d(x)’

26

In pictures, under the following con-
dition of “parallelism” of (n — 1)-arrows

xT

_
Y
WI

m(x)=m(y)

we have the following “shape” for the
Penon-Kachour contraction n-cells

HE_l{e},d(S%ff (), 3%;2 ()
and B = /-@%7_1{6}@(75%;2 (), t%ff(y)).

where A

A morphism of cubical Penon-
Kachour contractions
T (9,2) S TN AN - .
M = C k) —> (M — C,R) is given
by a covariant morphism of reflexive (self-
dual) w-magmas M 2, M, a covariant (in-

volutive) functor C 2y @ such that:

Tod=¢om, Pok=~roo.

With some abuse of notation, we de-
note by 4l forgetful functors, without explic-
itly indicating the categories (that will be
clear from the context).

Definition 3.2. 4 free (self-dual, reflec-
tive) cubical w-magma over a cubical w-set
Q is a morphism of cubical w-sets

Q L ((M(Q)), into a (self-dual, reflec-
tive) cubical w-magma M(Q), such that the
following universal factorization property
holds: for any other morphism of cubical

w-sets Q 5 (M) into another (self-dual,
reflective) cubical w-magma, there exists a
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unique morphism of (self-dual, reflective)

w-magmas M(Q) %y M such that
¢ =U(g)o

A free (involutive) cubical w-
category over a cubical w-set Q is a
morphism of cubical w-sets Q 2 $4(C(Q)),
into an (involutive) cubical w-category
C(Q), such that the following universal
factorization property holds: for any other

morphism of cubical w-sets Q 2 U(C) into
another (involutive) cubical w-category,
there exists a unique morphism of (invo-

lutive) w-categories C(Q) %y @ such that
¢ =)o

A free (self-dual) cubical Penon-
Kachour w-contraction over a cubical
w-set Q is a morphism of cubical w-sets
Q L (M) into the underlying cubical
w-set U(M) of the magma of a (self-dual)
Penon-Kachour contraction (M = €, k),
such that the following universal fac-
torization property holdS' for any other

morphism Q LA M) of cubical w-sets
into the underlying cubical w-set ${(M) of
the magma of another (self-dual) Penon-

Kachour contraction (M 5 C,R), there
exists a unique morphism of (self-dual)
Penon-Kachour contractions
GL
d))o

The uniqueness of free structures, up
to a unique isomorphism compatible with
the universal factorization property, is as-
sured from the definition. The existence is
proved in lemma 3.3 below.

™M 5 e M 5 &, k)

such that ¢ = il((gzg,

Lemma 3.3. There exists a free self-dual
reflective cubical w-magma over a cubical
w-set Q.

27

Proof. The following proof follows the re-
cursive construction strategy in [21,, propo-
sition 3.1], also recalled in [23, proposi-
tion 3.2 point a.], adapted to our specific cu-
bical w-set definition.

We start with a given cubical w-set
5P.ar t'h.a +1
(9 2222 03
D C Ny such that |[D| =nandd € D.
We
self-dual
an , tAn
(M@ 424 202131,

with compositions % - self-dualities
* 4 and reflectors (7, ; as in defini-
tion R.3; and a morphlsm of cubical w-sets

(Q;g b, Q) the

universal factorization property in the first
part of definition B.2.

,withn € N,

to construct a
cubical w-magma

are going
reflective

that satisfies

We start, for n := 0 and necessar-
ily D := @, defining M(Q)%, := QY and

QY n—D> M(Q)Y as the identity map.

The construction of “free 1-arrows”
starts defining free 1-identities, in every di-
rection D := {d} with d € Ny, corre-
sponding to the already available objects in
M(Q)%: we set, for all d € Ny and 1-
direction D := {d}, d(Q") := {(x,d) |z €
Q% and M(Q)0]% = Qb u 4(Q%;
furthermore we extend the definition of
sources and targets for the extra identity
d(Q°%) by

0 0
Sp.a>tD.d
l-arrows: M(Q)% +———=

SOD’d(SU, d):=x=: tOD,d(x, d).

We also introduce the structural map
L 9b — M(Q)10]% as the inclusion of
of .

We now further introduce arbitrary
free duals (in the already available direc-
tion) of the 1-arrows in M(Q)*[0]° by the
following iterative procedure: suppose that
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M(Q)}[0]Y has been already constructed; [
forall d € Ny and D := {d} we provide

M@0} = {(z,7a) | = € M(Q)'[0]3,};

furthermore, we extend the source and
target maps to the new extra free dual
1-arrows: s%d(w Vi) = t%d( ) and
t%,d(%%l) = SD d( ), Vo € M(Q)0 ]D
and D = {d} with d € No. We then take
M(Q)'0]p = Ujeny M(Q)'[0]7, with the
given source and targets.

The next step consists in introducing
free “concatenations” (in the only available
direction) of the previous 1-arrows (and
their source/target maps). Suppose that we
already got M(Q)![m] forall 0 < m < k;
for all d € Ny, D := {d}, we recursively
introduce:

M(Q)[k + 1]% that is defined by
{(z,d.y) | (2.y) € M(Q) [i]p x M(Q)'[j
wherei +j =k +1, s%’d(x) = s()D,d(y)

we also recursively extend the source and
target maps to the newly introduced free
concatenations:

8%7(1(*%7 d7 y) = S()D,d(y)’

t%d(x, d, y) = tOD,d(:U)’

V(z,d,y) € M(Q)'[k +1]p

The family M(Q)*[k+1]p is defined
by Ujen M(Q) [k +1]3, for D := {d} and
d € Ny, with its source and target maps into

M(Q)?, is obtained repeating the iteration
construction of duals.

"Notice that the running index j € N is here de-
noting the number of successive iterations of a given
duality, here denoted by the symbol 4, applied to an
element x € M(Q)'[0]°.

Notice that here the running index m € Ny de-
notes the level of concatenations, corresponding to
the number of compositions in the given direction d.

Then we introduce M(Q)L by
Uren M(Q)![k]p with the already dis-
jointly defined sources and targets.

As a final recursive step,
pose now that we
Qn, 2L M(Q),, for D' C Ny with
|D’| = n, and, for all d € D’ also all the
source and target maps

sup-
already defined

snfl tnfl
n— D',d> "D’,d n
M5 M(Q),
we proceed to define the next stage
n 8%,d7 t%,d nt1
MQ)D_ g M@,
for all D C Ny with [D| = n + 1

and d € D, with the structural maps
n+1 Qn+1—>M(Q)n+l

We start setting M(Q)"™1[0]% by

U (UdeDd(Q%_{d})), where,

alIDCN0w1th|D|—n+1andd€D

n+1
QD

D} We also extend the source and target

28

maps to each set d(Q%_{d}), ford € D,
via s} 4(z,d) = z = 1} 4(x,d) and,
whenever e # d € D, with

5%,5(1"(1) (3% 1{d} (z),e),
t%,e(%d) (t?) l{d} (z),e).
Then we recursively introduce

M(Q)™ {0} via

{(@70) | & € M(Q)" [0}, d € D;
we further extend the source and tar-
get maps as s} ;(z,7a) th a(z),
th (x,va) = s}p,(x) and, whenever
d # e € D, via sge(aj,’)/d) = she(2)
and % (z,74) = t}h . (2); finally we set
M(Q)" 0] p = Ujen M(Q)" (0], for
all D C Ny with |D| n + 1 with the
already introduced source and target maps.

At last we suppose already defined
all M(Q)"*L[m]p, forall 0 < m < k, with
their source and target maps and we are
going to introduce M(Q)" [k + 1] via
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(x,d,y), where (x,y) is in Cartesian prod-
uct of M(Q)" 1] p and M(Q)"*1[4] p, for
i+j=k+1,deD, sp,(z)="1th,(y)
defining

S%,d(xa d7 y) = STIL),d(y)a

t%,d(x’ d,y) = t%,d(‘r) and,
whenevere # d € D,
S%,e(x7 d, y) = (S%,e(x)ﬂ d, s%,e(y))’
t%,d(xa d,y) = (tE,e (2),d, t”b,@ )
setting M(Q)" 1 [k]p via
U]GNO M(Q)"*+1[k]%,, with the same pre-
vious recursion strategy freely adding
dual (n + 1)-arrows, we finally define
MQ) B = Upen M(Q)™ ! [K] p, with al-
ready locally well-defined source and tar-
get maps. We also define 775" is a mor-
phism Q75 — M(Q)’Z‘;Ll as the inclusion
into M(Q)"“[ 19 € M(Q)5H.

Up to this point we managed to re-
cursively define a morphism Q -5 M(Q) of
cubical w-sets.

The nullary, unary and binary opera-
tions on the cubical w-set M(Q) are readily
available as follows:

LDd M(Q)D (d} — M(Q)p,
*pa s M(Q)p — M(Q)p, (z)*Da =

opha: MQ)D X o L
where (z o}, ,y) := (x,d,y).

With such definition and the already
provided recursive definition of source and
target maps, the cubical w-set M(Q) be-
comes a self-dual reflective cubical w-
magma.

We only need to check the univer-
sal factorization property of the morphism
Q 5 m(Q).

29

— (z,d),

(x77d)7
M(Q)p = M(Q)p

Given a morphism Q 2, M into the
underlying cubical w-set of a self-dual re-
flective cubical w-magma M, the require-
ment ¢ = ¢E o 7 already implies that the re-
striction of qg to the cubical w-subset Q must
coincide with ¢.

Since M(Q) 2, M must be a mor-
phism of self-dual reflective cubical w-
magmas, we necessarily have

S(pl (@) = U (dh(x),
hence (z,d) — (¢(x),d);

similarly P(x*Da) = A(¢($))*%«{ and fi-
nally ¢(z o}, ; y) = ¢(z) o ; ¢(y) and
hence the morphism qg is uniquely deter-
mined by our recursive construction, once it
has been fixed (as in this case) onn(Q). [

Instead of giving a direct recursive
proof, the following lemma 3.4 is obtained
with the same “quotient by congruences”
technique as in [21, section 3.2]. In or-
der to do so, we briefly recall the necessary
preliminary material on congruences in the
present setting of cubical w-magmas:

* The category of morphisms of cu-
bical w-sets/magmas admits finite
products (it is actually complete).
Given two cubical w-magmas M, N,
their product w-magma M x N can
be constructed via Cartesian products
(M xN)P =M} x Np, Vn €N,
D C Ny with cardinality of D equal
n, equipped with componentwise de-
fined sources/target maps, reflectors,
self-dualities and compositions.

* A congruence R in a cubical w-
magma M is a cubical w-magma
R such that R}, C Mp x Mp,
foralln € Nand all D C Ny
with |[D| = n, and such that the
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. . Ij/n/ .
inclusion (fRTIL) RSN MpE x M ) is

a morphism of cubical w-magmas,
from R into the product cubical w-
magma M x M. H

 Given a congruence R in a cubical w-
magma M, we define the quotient w-
magma M /R and the quotient mor-

(M;}, ‘o, (M/ﬂ%)%) , for

n € N, D C Ny with |D| = n, as
follows:

phism

the quotient sets

(M/R)D == Mp/ R
are a cubical w-magma with
well-defined  sources/targets:

[2lxp, > (5 g(@)]s 0

[z, = [t a(@)]rp, o

Vo e M5, de D;

and one gets a (self-dual reflec-
tive) cubical w-magma with the
well-defined operations:

(2] Oy gy [y]xp, defined by
[z 0] () Ylxp,»

([2)gp ) Dt 1= [27D~(] g ,
ipr ([2lzg) = [ (@))gns,
Va,y € MY,

the maps 7, : x — [z]xy , for
x € M, provide the quotient
morphisms between cubical w-
magmas.

* Every morphism M 2, @ of self-dual
reflective cubical w-magmas induces

3Equivalently R is a cubical w-subset of the
product cubical w-set M x M that is algebraically
closed under all the nullary reflectors, unary self-
dualities and binary composition operations in the cu-
bical w-magma M.
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a kernel congruence of self-dual re-
flective w-magmas K4 C M x M de-
fined by:

Ky o= {(,y) € MxM| 6(z) = B(y)}.

cLetM % Cbea morphism of self-
dual reflective cubical w-magmas,
given another congruence in M with
& C Xy, there exists a unique mor-

phism M/ % € of self-dual re-
flective cubical w-magmas such that
¢ = ¢ o me, where M =5 M/€
is the quotient morphism. The well-
defined morphism qg is uniquely de-
termined by the relation

d([z]e) := ¢(x), forall z € M.

Lemma 3.4. There exists a free involutive
cubical strict w-category over a cubical w-

set Q. H

Proof. Starting with the cubical w-set Q, we
first utilize lemma B.3 to produce

Q & M(Q), a free self-dual reflective cubi-
cal w-magma over Q. Forn € Ny, D C Ny
with |D| = n, then we consider the fam-
ily of relations X% C M(Q)% x M(Q)%
consisting of all the pairs of elements cor-
responding to the “missing cubical cate-
gorical axioms equalities” within terms of
M(Q);

in practice X', is obtained as the union
of the following families of subsets of
M(Q), x M(Q):

U { (95 O%,d (y O%,d z), (z O%,d Y) OBd 2)} )

such that d € D and

Vx ZEQanfl Qanf
(@.,2) € xqp1 b Xay,

Qp,

UL, @) |z € 9p} U {(z, B) |z € Qp},

“For simplicity, we omit in the following the ex-
plicit indication of the forgetful functors.
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where A is x o} , L’[),d(s%j; (x)),
Bis L%d(t%jdl (z)) op gz andd € D,

UJ{(5.4(C), i a(@) oo i a@)) }

where C'is x 072‘;_1{0{}7e y,e #d € D and

V(z,y) € 9} Xgn-t 7,
U i, 4},

e£feD
where A; is (z o, . y) o ¢ (w ol . 2) and

Ajiis (z oh s w) o . (Y o ¢ 2)
such that (z,y), (w, z) € Q}, Xgnot Qn,

and (.T},’LU), (ya Z) < Q?) XQ’E)il{f} QTlL)
9 {((:c*%vd)*%ﬁd, :c) |z e Qg} G.1)

deD

U{ (@), @) be) |2 e ap},

wheree # f € D,

U{ (@ obam™e (r7Ba) o g (B0)) }

x Qm

where (x,y) € Up_(ay D—{d}

andd € D,

U{(@oban®e, be)oha (b))}

where (z,y) € by % D(ay
ande #d € D,

U { (b ate)) e, o)) 1o ep),

U {(@hat@nbe, ipatabe)) ),
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such that z € Q.

The congruence Ry generated by
the cubical w-relation X in M(Q) is the
smallest congruence in M(Q) containing X
and is obtained taking the intersection of the
family of all the congruences in M(Q) con-
taining X.

The quotient self-dual reflective cu-
bical w-magma M(Q)/Ry by the congru-
ence Ry turns out to be a strict involutive
cubical w-category, since XX C Ry.

QL M(Q) & M(Q)/Ry, the com-
position of the quotient morphism of self-
dual reflective cubical w-magmas
M(Q) & M(Q)/Ry with the natural in-
clusion of cubical w-sets Q M(Q), is
a morphism of cubical w-sets that satisfies
the universal factorization property defin-
ing free involutive cubical w-categories:

given Q % ea morphism of cubical
w-sets into the underlying cubical w-set
of an involutive cubical w-category C, by
the universal factorization property of the
free self-dual reflective cubical w-magma
Q % M(Q), there exists a unique morphism
of self-dual reflective cubical w-magmas

M(Q) % € such that ¢ = ¢ o 1.

The kernel relation X5 C M(Q) x M(Q),
induced by the morphism qE, is a congruence
of self-dual reflective cubical w-magma and
it necessarily satisfies X C X 3 and hence
Ry € K p It follows that there exists a
unique morphism of involutive cubical w-

categories M(Q) /Ry ii> € such that
¢ =¢omandso ¢ = pon = ¢omwon. [

Corollary 3.5. There is a free w-category
monad obtained by composing the free in-
volutive w-category functor with the forget-
ful fuctor into the category of w-sets.

The subsequent lemma is obtained
recursively, as done for the globular case
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in [21, proposition 3.3], introducing an
intermediate construction of “free cubical
contraction n-cells” at each stage n of
the construction of free self-dual reflective
magmas, in lemma .3, and of their quotient
free involutive categories over a given cubi-
cal w-set in lemma B.4.

Lemma 3.6. There exists a free self-dual
cubical Penon-Kachour contraction over a
cubical w-set Q.

Proof. Starting with a cubical w-set Q,
we will recursively construct a free self-
dual cubical Penon-Kachour contraction
(M*(Q) 5 €%(Q),x) over Q. No-
tice that the self-dual relfective cubical w-
magma M"(Q) and the involutive cubical
w-category C(Q) differ from the free cubi-
cal w-magma M(Q) and the free involutive
cubical w-category C(Q) already introduced
in lemmata 3.3 and B.4, since further “free-
contraction n-cells” (and consequently fur-
ther congruence terms) are introduced at ev-
ery level n € N of the procedure.

For n = 0, define M~(Q)? := QU;
consider X° := @ c Q° x QO (the empty
relation) and its generated equivalence re-
lation R§. = Ago (the identity equivalence
relation in Q°), obtaining
€®(Q)° := M~(Q)?/RY. and the bijective

0
quotient map M*(Q)° = €+%(Q)". There
are no object-valued free-contractions in
M*(Q)°. The structural inclusion

0
Q0% L5 M (Q)Y is just the identity map.

Passing now to the case n = 1, in
principle, we should modify the construc-
tion in lemma B.3 of the “level-1” free self-
dual reflective magma M(Q)?, introducing
as input (for the arbitrary composition of
self-dualities and concatenations) not only
all the 1-cells in Q' and the free identi-
ties Ugen,d(Q°), but also the free 1-cells
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k!(m") coming from the contractions in-
duced by the map 7°.

Since 7 is bijective, we have
MHQ)(m)° = {(z,y) | 7°(x) = 7°(y)}
= Aqo forall (z,y) € M®(Q)? x M*(Q)°
and hence, from the last axiom in the def-
inition of cubical Penon-Kachour contrac-
tion Kfla,d : MR(Q) — MF(Q)E, we
obtain rj, 4(z,y) = 15 4(x) = 1 4(y),
for all (z,y) € M%(Q)(x)° and for all
d € Ny Hence, in the case n
1 the free-contraction cells are coinciding
with the already defined free level-1 iden-
tities in M(Q)!. Hence we simply define
ME(Q)F = M(Q)! and, taking R} as
the equivalence relation in M(Q)! gener-
ated by all the “axioms” X! listed in the
equations Eq. (B.1)), we define €%(Q)! :=
C(Q)! == M(Q)'/RL with MF(Q)!
C%(Q)! the quotient map and contrac-
tion k! @ MF(Q)(m)? — MF(Q)! as
I‘il@’d@?,y) = ngyd(x) = ng’d(y), for all
d € Ny. Finally we also define the struc-
tural free-inclusion

1
ol s M (Q)' = M(Q)" as in lemma B.3.

Suppose now, by recursion, that
we already constructed, for n € N,
a morphism of self-dual reflective cubi-
cal n-magmas M"(Q)" N cr(Q)”
onto the involutive cubical n-category
C*(Q)™, with cubical Penon-Kachour con-
traction M*(Q)"~1(7") i M*(Q)™ and
with structural morphism of cubical n-sets
or 1 Q)"

The projection =#" determines
the domain set M"(Q)(m)" defined by
{(z,y) | 7"(x) = 7"(y)} for all (z,y) in
M=(Q)™ x M"(Q)"of the free-contraction
k"1 We consider, as in lemma B.3, the
(n + 1)-cells Q5 U (UdeD d(Q%,{d}))
(containing already the “freely generated”
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(n 4 1)-identities) and we further add the
“freely-generated” (n + 1)-contractions
kp.a(Q") [z,d,y],"" such that
W%i{d}(.%’) = wgf{d}(y), where (z,y) is
in M*(Q)7_(gy X M (Dp_rgp> © # ¥,
D Cc Nogwith |[D|=n+1andd € D.

In this way, we introduce M*(Q)’;[0]°

defined by 055 U (Uyep d(Qh () U
(Uuep £0,a(Q™)), extending the defi-
nition of sources and targets to the extra
free-contractions as required by the axioms
of Penon-Kachour contraction:

S%,d([l‘)da y]%—i_l) =,

tha(fe, d, g5 ) =y
and, Ve € D with e # d, we pro-
ceed to define sp ([z,d, Y5t by

H%,{e},d (5%7_1{61}76 (2), S’Zf_l{d},e ),

and to define t%ﬁ([x,d,y]gﬂ) by
A GO COR IR ()

The Penon-Kachour contraction is defined

as "%J,rdl(%y) = [z,d,y]"tp, for all
(a:,y) € MH(Q)(T")TL with x # y and
by Kl (@, y) = ii(a) = i),

whenever x = y.

The iterative construction of the sets
MF(Q)" k)7 and MF(Q)"F! and the
nullary, unary and binary operations of cu-
bical (n 4 1)-magma, proceeds at this point
exactly as in lemma B.3; similarly, the new
binary relation,
xn—l—l C Mﬁ(Q)n—l-l X Mn(Q)n—H is ob-
tained using the same type of pairs, as in
equation Eq. (B.1)), but with terms from
the bigger set M*(Q)"*+!; furthermore we
set C7(Q)"HL = M%(Q)" L /RET, where
\'Rgéﬂ is the congruence relation generated
by X"*! in the cubical (n + 1)-magma
M*F(Q)"*! and with

n+1

MH(Q)R-‘,—l ™ en(g)n—i—l
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we denote the quotient map into the cubical
involutive (n + 1)-category €(Q)" 1,

Now that the recursive construction
of the cubical Penon-Kachour contraction
(M*(Q) 5 €%(Q), ) has been completed,
we only need to show that it satisfies the
universal factorization property.

For any morphism Q 2 M of cu-
bical w-magmas into the cubical w-magma
M of another cubical Penon-Kachour con-
traction (M N é, k), we need to show the
existence of a unique morphism of Penon-
Kachour contractions
(MF(Q) 5 e%(Q), w) 22 (it 5 &, %)
such that ® o k = & o (¢, P).

Since & s already fixed as
2(n(x)) = Blx) on n(Q) C MY(Q),
and since ® must be a morphism of

cubical self-dual reflective w-magmas
compatible ~ with  the  contractions
O([z,d,ylp™) = Al (9"(x), 0" ()

we see that d"H is uniquely determined
inductively by ®" and ¢"*!, for all n € N.
The existence of the unique mor-

phism C*(Q) % @ of involutive cubical
w-categories such that 7 o P ¢f om
follows immediately from the fact that the
kernel relation of # o & is a congruence
of cubical w-magma in M"*(Q) containing
the set X and hence its generated congru-

ence Ry, so that there exists a unique well-
defined involutive functor C*(Q) LG
given by ¢([z]|x,. ) := 7(P(x)), forall z €
ME(Q). O

Theorem 3.7. There is an adjunction
PEAN
2
S
U

of morphisms of cubical w-sets and the cat-
egory of morphisms of contractions of cubi-
cal reflective (self-dual) w-magmas, where

JH, F U between the category
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U is the forgetful functor associating to ev-
ery contraction (M 5 @, k) the underlying
cubical w-set of M and F' associates to ev-
ery cubical w-set Q the free contraction as
constructed above in lemma 3.4,

Proof. The existence of a left adjoint func-
tor I' and an adjunction F' 4 U is a stan-
dard consequence of the already proved uni-
versal factorization property for the free
Penon-Kachour contraction over cubical w-
sets (see for example [25, section 2.3 and
theorem 2.3.6]). O

As a consequence of the existence of
any adjunction F© 4 U, with unit 7 and
counit €, we have an associated monad (U o
F,n, F oeoU), where the unit 7 of the ad-
junction takes the role of the monadic unit
for the monad endofunctor U o F' and the
monadic multiplication FoeoU is obtained
from the co-unit € of the adjunction (see for
example [26, section 5.1 and lemma 5.1.3]).

After all this preliminary work, we fi-
nally arrive at our definition of involutive
weak cubical w-category.

Definition 3.8. An involutive weak cubical
w-category is an algebra for the monad U o
F associated to the adjunction F' 4 U.

3.1 Examples

Every weak cubical w-groupoid as
already studied in [[12] becomes an example
of weak involutive w-category, simply con-
sidering as involutions of n-arrows the “di-
rectional inverses” of the cubical n-arrows.

As anotable special example of weak
cubical w-groupoid, we can consider the
weak w-groupoid of homotopies (without
fixed extrema) of a topological space.

Every strict involutive cubical w-
category is of course an example of weak
involutive cubical w-category.
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Also in this trivial strict case, the spe-
cific definition of cubical w-sets that we
have adopted in the present paper is suffi-
ciently general to allow the usage of dif-
ferent classes Q%, depending on the choice
of the “n-direction” D: for example a
countable family of involutive 1-categories
(Crs Sny tns Ons Lns %1 ), N € No, produces a
product strict involutive cubical w-category
D := 1I,,en, Cy, specified as follows:

« forn € Nand D C Ny with |D| = n,
we define:
b = {(zj)jeno} where
Vj € D such that z; € €},Vj ¢ D

such that z; € G?,

o forall n € Ny, for all D C Ny with
|D| = nand d € D, sources and tar-
gets are defined by:

sha + (@)jen, = (&) jeny,

A._{ j#d,
where Z; := g
J=a,

Lj
Sd(ZCj)
thd + (@)jeny = (5)jeN,

~__{ j#d,
where ;= 4
J=a,

z;
ta(zy)

« foralln € N, D C Ng with |D| =n
and d € D, identities are given by:

L%,d : (xj)jENo = (fj)]'ENm

| # d
where T := { ‘7 7 d’
J=a,

T
La(z5)

* Vn € Ny, D C Ny with |[D| = n,
d € D composition are defined via:

(z7)jeNo ©D.a (Y5)jeNo = (25)jeNo,

x;=vy; J#d,
where z; := {; o4 ZJ‘ 7
J j

Jj=d,
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* Vn € Ny, D C Ny with |D‘ = n,
d € D, involutions are provided by:

((#5)jeny) P4 == (wy) jeN,

where  w; := {xﬂ j7#d,

*d

Tj

j=d.

Whenever we substitute the sequence
of strict involutive 1-categories above, with
a sequence of weak involutive 1-categories,
one immediately obtains some non-trivial
examples of weak involutive cubical w-
categories (for example using as morphisms
bimodules over different pairs of involutive
monoids).

Making full use of the material on in-
volutions of multimodules recently devel-
oped in [27], one can immediately obtain
weak cubical involutive w-categories that
are analogs of the example of product cubi-
cal w-categories, by considering a family O
of objects consisting of involutive monoids
and n-arrows in the direction D as left-D-
right- D-multimodules between finite fami-
lies (with cardinality D) of the monoids in
O; the compositions in the direction d will
consists in tensor products of multimodules
over a single monoid in position d and in-
volutions will consist in duals of multimod-
ules with respect to the involutive monoids
in position d.

Interestingly, the previous “product”
examples of strict/weak involutive cubical
w-categories suggests an immediate gener-
alization of the formalism of higher cate-
gories to the case (C,)r of indexes labeled
by well-ordered sets I of arbitrary cardinal-
ity (beyond the countable case N); we will
not pursue here such directions.

A similar cubical product strict/weak
involutive w-category, can actually be
defined for any (countable) family of
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strict/weak globular involutive n-categories
simply taking sequences (z;);en, of glob-
ular n-cells.

More interesting examples can be ob-
tained considering “higher multimodules”
as in this inductive construction:

* as objects (n = 0), we consider in-
volutive monoids (or more generally
involutive 1-categories) A, B, ...,

+ as l-morphisms, we take all the bi-
modules 4 Mg over the already de-
fined objects: compositions will be
the usual tensor products of bimod-
ules s Mg ®5 3Ne and involution of
1-morphisms will be the usual notion
of contragradient bimodule BM A,

* given a 1-morphism bimodule 4 Mg,
and its contragradient BM A, 0ne con-
structs their generated free involutive
category A(M)[1) with two objects
A, B,

» one iterates the construction with
the above generated involutive cate-
gories A, B in place of the
original involutive monoids, obtain-
ing bimodules of level-2 and so on,

ey

* given a square (not necessarily com-
mutative) diagram of the level-1 bi-
modules, cubical 2-arrows can be de-
fined as level-2 multimodules over
the pairs of level-1 bimodules of the
diagram,

» proceeding recursively, given an
n-dimensional cubical diagram of
level-(n — 1) multimodules, one can
introduce n-arrows as level-n multi-
modules with n-source and n-targets
consisting of the level-(n — 1) multi-
modules appearing in the diagram,
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* the operations of composition are it-
erated as tensor products of level-
n multimodules over the involutive
categories generated by level-(n —
1) multimodules and involutions are
provided by the controgradient con-
struction.

4. Outlook

The present paper is only a starting
point in the study of involutions suitable for
the definition of operator algebraic struc-
tures in the weak infinite vertically cate-
gorified (cubical) case (see the introduction
of [[14] for motivations).

It might be of interest to try to for-
mulate a similar definition of weak invo-
lutive cubical w-category using M.Batanin
and T.Leinster’s operadic techniques, as al-
ready done for the globular case in [23].

A more ambitious future goal will
be the exploration of equivalences be-
tween weak globular involutive w-cate-
gories in [21]] and the present weak cubical
involutive w-categories, extending to the in-
volutive weak category case famous results
in [28]. In this direction, one must first
generalize to the strict w-category environ-
ment the (already quite involved) results ob-
tained for strict involutive double categories
and strict involutive globular 2-categories
in [24].
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